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ABSTRACT This study introduces a simplified parametric model of the backward movements of a
Multi-articulated Robotic Vehicle (MARV). The model underwent simulation testing and experimental
validation, considering a MARV setup comprising a tractor and a trailer with varying loads. This scenario
mirrors situations such as truck-trailer maneuvers in reverse or applications involving a tractor moving a
passive trailer in settings like ports, airports, or warehouses. The primary concern is enabling these articulated
vehicles to navigate without collisions between their components (referred to as jackknife), which could
halt their movement. The experiments utilized a pre-existing adaptive dynamic controller to assess whether
incorporating new parameters about the trailer’s influence on the tractor element within the differential robot
model could enhance MARYV navigation. This approach aims to develop a more accurate model for MARYV,
taking into account the effects of loaded and unloaded trailers. The findings indicate that accounting for
these effects reduces navigation errors, albeit at the expense of marginally increased model complexity.

INDEX TERMS Multi-articulated robotic vehicle, parametric model, nonlinear control, robot model, mobile
robotics.

I. INTRODUCTION

This study delves into controlling multi-articulated robotic
vehicles, known as MARVs. Equipped with autonomous nav-
igation systems, these vehicles execute maneuvers relevant
to various applications. Navigating these robots, especially
during backward movements, poses a significant challenge
due to the potential occurrence of jackknife situations,
in which the vehicle’s motion is halted — a scenario to be
avoided.

The primary aim is to develop tools aiding human
operators in navigating MARVs during complex maneuvers,
particularly in reverse. Advancements in this domain could
lead to cost reductions and enhanced efficiency in industrial
and agricultural settings [1], particularly in logistics and
cargo transportation. This is crucial because utilizing a
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single MARV (a truck with trailers) incurs lower operational
costs than employing multiple individual trucks. However,
navigating MARVs presents a formidable challenge due to
their complex, nonlinear nature, as they are under-actuated
systems with intricate kinematics and dynamics [2].

Several control methodologies have been implemented to
guide MARVs autonomously, spreading from simpler ones,
like time-varying linear quadratic regulator [3], feedback
linearization [4], to more complex ones, relying on neural
networks [5], [6], and fuzzy logic [7], [8]. There are also
approaches exploring modularity [9], employing adaptive
control [10], [11], sliding mode control [12], [13], and
predictive control [14], [15], whose adoption is much likely
determined by the highly nonlinear behavior of the MARYV,
which poses challenges in precise modeling, inherent to the
use of feedback linearization, for instance.

This study focuses on refining the modeling of MARV's by
proposing a new parameterized model for tractor dynamics,
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which takes into account the impact of attached trailers.
Traditionally, MARV modeling, as seen in [4] and [11], for
instance, has employed the classical dynamic model of the
differential robot, used as the tractor, without accounting for
the influence of the trailers. Therefore, the main contribution
of the paper is the proposition of a model that considers
the influence of the passive trailers on the dynamics of the
tractor robot, albeit in a simplified manner. In other words,
the focus of the study is to answer the question “Does the
model previously published (see [11]) suitably represent
the dynamics of the tractor robot, mainly when the MARV
transports heavier payloads?”’. The proposed hypothesis is
that such a model is insufficient to ensure the controller’s
good performance, as demonstrated by the experiments
conducted here. Then, our proposal is to introduce two new
parameters to account for the influence of the trailer on
the tractor, represented by 67 and 6g. The results of the
experiments, which considered an adaptive controller based
on a model with just 6 parameters and the new model
with 8 parameters, show a meaningful difference in system
performance for increased payloads. However, accurately
capturing this influence is a challenge. As a first step towards
contributing to a more comprehensive MARV model, this
research considers a MARV configuration consisting of a
differential robot and a single trailer. It introduces two
additional parameters into the dynamic model of the tractor to
represent the trailer’s influence and proposes a model based
on eight parameters. In experimental trials involving eight
different loads, the effectiveness of the adaptive dynamic
control system developed in [11] in adapting to these
new parameters is examined. The results are compared
with those from the same MARV setup, excluding the
two new parameters associated with the influence of the
trailer, as described in [11]. Achieving a control system that
significantly reduces control errors is crucial to the task’s
performance, particularly when operating in constrained
spaces. Thus, the investigation assesses whether increased
model complexity enhances system performance, particularly
in terms of position error, justifying its adoption. The result is
a significant reduction in position error when using the new
model proposed in this paper, which is its first contribution.
In addition, the paper generalizes the dynamic model of the
tractor robot to account for the influence of multiple trailers,
a meaningful additional contribution.

To discuss the topics involved, the remaining text is
organized into four sections. Section II delves into the
structure of the robot-trailer(s), detailing their geometry and
the interplay of angular and linear velocities within the
articulated chain. It also revisits the kinematic model of each
MARYV element, all of which are nonholonomic vehicles.
Furthermore, this section introduces a novel dynamic model
for the tractor element of the MARYV, now incorporating
the influence of the trailer(s). Moving forward, Section III
outlines how to implement the dynamic adaptive control
structure, now considering the new dynamic model of
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the tractor element. Subsequently, Section IV presents the
outcomes obtained by comparing the performance of the
complete control system, utilizing the new dynamic tractor
model, with that based on the classical dynamic model,
and Section V generalizes the proposed system for n
trailers. Finally, Section VI summarizes the key findings and
conclusions drawn from the study.

In summary, the focus of the paper is on developing a
more precise dynamic model for the tractor element of the
MARY, which includes two specific parameters to account for
the additional effort required to move one trailer. The more
suitable comparison, therefore, is with the model adopted
in [11], which considers just the dynamics of the tractor
element, disregarding the influence of the trailer. The paper’s
primary objective is to validate this hypothesis, which is
effectively achieved. In a second moment, the paper extends
this new model to account for the presence of two trailers, and
generalizes the model formulation to consider # trailers.

In terms of model validation, the paper considers its use
in designing an adaptive controller, which is essentially the
same as that adopted in [11]. This approach allows for
a fair comparison of the two models, which are essential
components of the designed controllers. Moreover, the reason
for adopting an adaptive controller is that the applications
of MARVs in load transportation often involve different
payloads in each task. For instance, in the case of luggage
transportation from the terminal to the aircraft in airports,
where MARVs are commonly adopted, each flight requires
a different payload. As is well known, adaptive control
allows for correcting the model parameters mapped into
the control law; however, it has limitations because it does
not permit changing the model structure, only changing
parameter values, which limits its capability to achieve
better performance. In several cases, such as when the
payload undergoes significant changes, it is necessary to
obtain an enhanced model to achieve better performance in
task accomplishment, as demonstrated by the experiments
reported here.

Il. MARV DESCRIPTION AND MODELING

A. MARV STRUCTURE

This study employs the widely recognized differential-drive
mobile robot Pioneer 3-DX as the tractor component of the
MARYV, which is configured to push one or more trailers
(passive elements incapable of self-propulsion), as depicted
in Figure 1. Therefore, the control signals designed to
navigate the MARYV should be delivered to such a robot.

In terms of geometry, as detailed in [11] (from where
Figure 1 is sourced), Lo,, Li,, Loy, -+, Ly—1, represents
the distances between the midpoint of the axle of one element
and the hitch point of the subsequent one. Meanwhile, L;, i =
1,2,---,n—1, n,denotes the distance between the midpoint
of the axle of the i-th trailer and its frontal hitching point.
Additionally, b signifies the distance from the midpoint of the
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FIGURE 1. A sketch of a MARV having n trailers, showing the geometric/angular parameters and velocities involved (see [11]).

last axle and the Pol (point of interest for control), located at
(xc, yc) in the middle of the rear section of the final trailer,
which requires control over its position. The coordinates
(xi, yi), i = 0,1,2,--- ,n — 1, n, represent the midpoint
of the axle of the i-th element, while (x,,y,) denotes the
coordinates of a generic Pol rigidly attached to the tractor
element, in the inertial frame.

Furthermore, u;, i = 0,1,2,---,n — 1, n, denote the
linear velocities along the longitudinal axis of the i-th MARV
element, and w;, i = 0,1,2,---,n — 1, n, represent the

angular velocities for these elements, with positive values
indicating counterclockwise rotation. Similarly, v;, i
0,1,2,---,n— 1, n, denote the orientation of each MARV
element relative to the axis X" of the inertial frame,
also measured positively in a counterclockwise direction.
Lastly, y5, i = 1,2,---,n, refer to the angles between
consecutive MARYV elements, with positive values indicating
counterclockwise rotation.

The coordinates (x.,y.) of the Pol are derived from
the midpoint coordinates of the axle of the final ele-
ment within the assembly. This relationship is expressed

as
Xe| | Xn| _p [0S ¥n
Ye|  Lom 7 sin Vn ]’

Additionally, referencing Figure 1, one can establish the

ey

relationship
X Xi—1 cos ¥ oS Yr;
= —L;_ . —L; . ) 2
|:yi:| |:yi—l:| =lo |:Slmﬁi—1 :| ' |:Sln%] @
for i = 1,---,n, thereby establishing the connection

between the midpoint coordinates of the axle of the i-th trailer
and that of the (i — 1)-th trailer. Consequently, this enables
the determination of the midpoint coordinates of the axles
for each trailer, starting from the tractor element (referred to
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as the robot) and moving towards the trailers. Furthermore,
by examining Figure 1, the angular relationships can be
expressed as

Yi=vi-1—¥i, i=1--,n (3)
B. VELOCITY RELATIONSHIPS

The kinematic model adopted here for the differential drive
robot is that of [16]. It considers a Pol placed anywhere,
however rigidly coupled to the robot, apart from a m of
the midpoint of its virtual axle and rotated « degrees/rads
concerning the axis X" of the robot frame (see the point
(xr, yr) in Figure 1).

To regulate the movement of the Pol, situated within
the final trailer, it is imperative to govern the motion of
each preceding trailer. This is achieved by adopting the
same kinematic model used for the robot, since the trailers
are nonholonomic platforms, meaning they cannot move in
line with their axles. The sole contrast lies in the absence
of traction capability within the trailers. Thus, conceiving
the system as a sequence of n robots sharing an identical
kinematic model is essential. Consequently, in devising the
controller, it is crucial to account for the Pol within the
last trailer, positioned at a distance b from the center of its
axle, and to produce control signals that induce the desired
motion of such point, denoted as (x, y.). Subsequently, these
control signals must be transmitted to the leading tractor unit,
specifying its movement to ensure the desired motion of the
point (x¢, yc).

The relationship between the velocities of the elements
of the articulated chain, from the last trailer to the tractor
element, is a generalization of the one between the velocities
of two consecutive MARV elements. For the i-th and the
(i — 1)-th trailers such a relationship is given by [17]

182167



IEEE Access

D. N. Bertolani et al.: New Parameterization of a MARV for Adaptive Control in Backward Movements

and [18],
. cosy; Lisiny; . .
|:ul 1:| == Sin)/,'l lL,’COS ]l/,' |:ul:| :(l D T([)lll', (4)
Wi—1 Ly~ Licgg Wi
ui—| (i*‘)T(,-) u;
fori = n,n—1,---,2,1 (n > 1), where “"VT; is a

nonsingular matrix, since its determinant is —L;/L;_1, # 0.
The extension to the entire composition results in [11]

u = Ty DTy - “VTyuy = Teyun.  (5)

which gives the velocities the tractor element should develop
to move the Pol (x., y.) accordingly. An important remark is
that ©T, is a nonsingular matrix so that its inverse exists.
Therefore, u, = [(O)T(n)]_luo = T(yug is also a valid
relationship.

C. KINEMATIC MODELS
According to [16], the characterization of the movement of
the point (x,, y,) shown in Figure 1 follows

X cos Yo — sinyrg —asin (o + Yg) uo
)'./r = | sinyg cosyg acos(a+ Yo) vo |, (6)
I/f0 0 0 1 w(

where u is the longitudinal linear velocity of the robot, vg is
its linear velocity in line with its virtual axle, a fictitious
velocity, because the robot is a nonholonomic vehicle, and
wp is its angular velocity. However, the objective here is to
design a controller for the Pol in the last trailer. However,
as nonholonomic vehicles, the trailers have kinematic models
similar to the one in (6). Therefore, the kinematic model for
the last trailer, for which a = b and o« = 180°, is

Xn cos Y, — siny, —bsin (180° + ;) Uy
jf,, = | siny, cosy, bcos(180°+ ¥r,) v |,
/s 0 0 1 wn

(N

which will be used to design the controller that will generate
the velocity commands u,, and w, for the last trailer, besides
guaranteeing the nonholonomic condition v, = 0.

D. KINEMATIC CONTROLLER FOR THE LAST TRAILER
The kinematic controller designed for the last trailer is based
on the feedback linearization strategy [19], considering just
the inverse kinematics of this MARV element, in which
the Pol is. Such a design assumes perfect velocity tracking,
meaning the vehicle’s velocity instantaneously assumes the
commanded value. The result is that control errors arise,
referring to the Pol position, mainly when the trailers are
loaded. The kinematic control law adopted is the same one
adopted in [4] and [11], for which the commanded velocities
are, imposing that vﬁm ;= 0, thus fulfilling the nonholonomic
restriction,

Uk = Vycos ¥, + Vysinyy, + Vybsina, and  (8)

Nref

ok =V, ©
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where V, = Xcd + kpx(xcd — X¢)s Vy = ).}cd + kpy(ycd - Ye)
—Vy siny+Vy cos . . .
and Vy, = — e with (x¢,, y¢,) being the desired
position of the Pol and (x., y.) being its current position
(see [19]). Such control signals are then propagated to the
tractor element using (5), thus getting the velocity references

¥ and wf for the tractor element.
Oref Orej

E. DYNAMIC MODEL OF THE DIFFERENTIAL ROBOT
The dynamic model employed for the robot in question is
derived from prior research [4], [20]. It can be expressed as

, 0,2 6 1

|:l/t01| _ 991 wy o, ZO + 2 (1) |:M0mf:| (10)
vl | =% _ Y% 1 ’
o 7 Uowo — @0 0 7 | L20

where ug,,, and wy,,, denote the control signals, and 6;, i =
1,---,6, represent parameters of the dynamic model of the
robot, such as mass, moment of inertia, Coulomb friction,
motor constants, and servo controller gains. However, obtain-
ing precise values for these parameters is challenging, as they
involve numerous physical characteristics of the robot that are
often undisclosed by the manufacturer. Moreover, measuring
them is intricate due to the complex interplay of dynamic
effects they represent. To address this, an identification
procedure was undertaken solely on the tractor element,
yielding the estimates 6; = 0.23882's, 6, = 0.23938 s, f3 =
0.0038418 sm/rad?, 6, = 0.9435,05 = —0.007849 s/m,
and O = 0.92249 for the dynamic parameters.

The differential drive robot’s complete model combines
kinematic and dynamic aspects. Despite their interdepen-
dence, these modules can be treated separately, enabling the
design of a controller using an inner-outer loop structure.
However, this control structure varies slightly for the
Multi-Articulated Robotic Vehicle (MARV). The kinematic
controller, designed using the feedback linearization tech-
nique, considers the kinematics of the last trailer, producing
velocity commands that are propagated through the chain
to get up and wg for the tractor element. Meanwhile, the
inner loop involves a dynamic controller tailored for the
tractor element, as outlined in [21]. This setup ensures that
the tractor element receives velocity commands derived from
the overall MARV kinematics, allowing coordinated motion
according to the specified task. At the same time, its dynamics
is partially compensated by the dedicated inner control loop
(4], [11].

F. THE NEW DYNAMIC MODEL ACCOUNTING FOR THE
TRAILERS

So far, the dynamic compensation considers that the dynam-
ics of the tractor element is not influenced by the trailers
attached to it [11]. Although simplifying the design of
the controller, this strategy may generate significant errors
when loading the trailers, for instance. To account for this,
the trailers’ influence on the composition’s movement is
considered here, although in a simplified way. Firstly, the
effect of one trailer on the tractor, which is concentrated as
longitudinal and transversal forces in the junction between
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FIGURE 2. The proposed strategy to include the trailer’s influence in the
dynamics of the tractor element, for a MARV with one trailer.

the tractor element and the first trailer, as shown in Figure 2,
is considered. After, a generalization for n trailers is presented
in Section V.

Manipulating (10) one can write

7 6 0 1o
] =0 o] i) o
. 00—-w2uy 0 O
_ 0
with B = |:O 0 0 0 wou w0:|’ and
6 = [61 62 63 64 65 96]T . In matrix notation one has
Vg =DV +1) (12)
where v, = [Momf worgf]T, D = diag(0,,0;), v =

[ito @0]", and n = BY.

The effect caused by the trailer on the tractor robot is
considered as two forces, as Figure 2 illustrates. These forces
come from the decomposition of the reaction force that
the trailer applies to the tractor. Two new parameters are
considered to account for the interaction force between the
tractor and the trailer. Thus, o1 = 67|cosy;| accounts for
the effect of the trailers on the linear acceleration of the
robot, whereas o, = 6g|siny;| accounts for their effect on the
angular acceleration of the tractor element. These terms aim
to model the inertial effects of the trailer on the tractor, which
is a dominant dynamic effect that must be taken into account.
Notice that the angle y; is supposed to be always lower than
90° to avoid jackknife, so that even when the first trailer is at
the right of the trailer, a situation in which the red vector in
Figure 2 would point to the left, one would get the angle —y1,
instead of y1, to calculate o1, and y; + 90°, instead of y, to
calculate 07. Anyway, the values of the cos and sin would
be the same, always positive, thus corresponding to | cos y1|
and | sin y1|. With such considerations, one can write the new
dynamic model as

o | | (61 O o1 0 it ;
[wo?] - [(0 92) + (0 02)] [wo} +Blo,  (13)

or, in matrix notation,

Veor = DIV 4T, (14)
which is similar to (12), now with DI = diag(0; +
67\cosyi|, 02 + 6glsinyi]), nf = B4, BT =
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00 0 O woug wg 00
eters 0 = [91 6> 03 64 05 B¢ 67 Qg]T . Moreover, from such
an equation one can perceive that o1 and o>, and thus 67 and
03, are dimensionless values, with 67 and 6g being constants
to be identified.

Therefore, in this section, the kinematic model for an
MARV with 7 trailers and the dynamic model for the
case of one trailer have been obtained, and will be used
in the following section to design an adaptive controller
for the single robot-trailer configuration. A generalization
of the design for an MARV with n trailers is presented in
Section V.

_2
|:0 0—wju 0 00 0] and the new vector of param-

lIll. ADAPTIVE DYNAMIC COMPENSATION

The adaptive dynamic controller proposed here resembles
the one introduced in [11] (refer to the provided block
diagram), incorporating a kinematic controller and a dynamic
compensator. This compensator leverages the decoupling of
kinematics and dynamics [21], [22], alongside a parameter
updating law. The kinematic controller generates velocity
references for the last trailer of the assembly (a passive
element), which are then transmitted to the tractor element
(robot). Subsequently, dynamic compensation is executed on
the tractor robot, now considering the updated parameter set
01, - - - , 03. Notably, this approach accounts for the influence
of the trailers on the tractor robot. While the design of the
kinematic controller mirrors that of [11], the focus here is
solely on the design of the dynamic compensator.

Initiating such a design involves utilizing the velocity
references u’ém and a)gmf provided by the kinematic controller
intended for the last trailer, yet transmitted to the tractor
robot. However, the robot does not immediately adopt these
velocities, leading to a velocity-tracking error caused by
dynamic factors such as friction, mass, inertia, internal forces,
torques, and disturbances. This error varies based on the
robot’s dynamics. Thus, developing a dynamic compensator
becomes crucial to alter these dynamics, aiming to reduce
the velocity tracking error more swiftly and enhance the
maneuverability of the entire articulated chain. Since it is the
sole active element in the assembly, dynamic compensation
is confined to the tractor robot. Nevertheless, all passive
elements are expected to be influenced by the compensation
applied to the robot dynamics, which results from the
enhanced performance of the tractor element.

Therefore, what is proposed here is an extension of the
dynamic controller of [21], now considering the new model
of (14). The control law adopted is

[Mom,} _ |:él + b1lcosyi | 0 ] [51] LB

D0ref 0 02 + Bglsinyr|] [ 52
(15)
A tA A A A A A A AAT
with = [91 6, 63 64 05 6 67 93] ,
81 = a{gmf +kyit,  ky >0, (16)
182169
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and

8 =ap,, +ko@, ko >0, (17)

where i1 = u(ljmf —upand © = w(’jmf — wy.

The reference velocities u’(‘)m and w’émf and the feedback
data are handled by the dynamic controller according to
equations (16) and (17), to generate the control signals §; and
87 to be applied to the robot, configuring the inner-outer loops
control architecture [19], [23], also known as a cascade one.

Continuing with the discussion on dynamic compensation,
if the estimated parameters of the controller in (15) (éi, i =
1, -+, 8) match those of the dynamic model (refer to (13)),
then the compensation represents a perfect inversion of the
model. However, in scenarios where uncertainties exist in the
actual parameters of the MARV or variations occur during
navigation, such as adding or dropping out a load, the fixed
parameters of the dynamic compensation become insufficient
to mitigate navigation errors. In such cases, it becomes
advantageous to implement a parameter adaptation law to
adjust the dynamic controller and compensate for parameter
variations, as elaborated further.

A. PARAMETERS ADAPTATION LAW
The adaptive control scheme integrates a regulation mech-
anism to adjust the parameters 6 of the dynamic controller
described in (15). This adjustment relies on the dynamic
model specified in (14).

First of all, the control law in (15) can be reformulated as

Veet = D1 + 71 (18)
where § = [ 62]T,

D' = diag(d1 + 67|cosy1 |, 62 + 08|siny1]),
and
. AA A A A A A AqT
At =B [0, 6, 65 b, 65 86 &7 6s] -

Ifé; = 6, i = 1,---,8, then DI = DI, 3T = 4,
and the dynamic controller perfectly inverses the model.
However, typically, the 6 estimates of the parameters 6
include uncertainties, which can fluctuate with changes in
trailer payload, for example. Consequently, the dynamic
controller generally contains inherent errors, which can be

mitigated by updating laws for the estimated parameters.
Manipulating (18), one can write

Vref =G(81,82,M0, Wo)é’ (19)
where
_[810 —wfup 0 0 ¢ 0
G= |:() 8 0 0 wougp wg 0 ¢ |’ (20)
with ¢1 = 8i|cosyi| and ¢ = 82|siny;|. Introducing

uncertainties in the parameters, (19) becomes

Vf =GO =GO+ GO =Dls+nl +G4, (1)
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where & = 6 — 6 denotes an unknown deviation between
the estimated and real values. The adaptive controller aims to
reduce such discrepancies over time.

For parameter updating, the sigma-modification law [24,
p 253] is considered, which adds to the typical gradient law
a term aimed at preventing parameter drift. The parameter
updating law is then

0 =2"'GTv — A~od, (22)

where A, 0 € R¥*® are positive definite diagonal matrices,

T
k koo [k ok — r
vt = Vs Vip = [u()ref wOref] ,and v = [u, o]’ .

This updating process begins with the initial estimate of
0 in Section II-E, incorporating additional terms 6; =
03 = 0.1, which are empirically set due to the limited
data available from open-loop MARV navigation in reverse
motions. Initially, using only 6 introduces errors in the system
response, which gradually decrease with the parameter
updating law.

Therefore, the diagram of the whole controller proposed
here is shown in Figure 3, which is reproduced from [11].
The only difference is that here the dynamic compensator
is based on 0 = [él, cee ég]T. However, for the sake of
comparison, such a controller has also been run considering

b=[6, . 6]

V=1yv

B. STABILITY ANALYSIS

The stability of the control system when adopting the
proposed dynamic compensation is now analyzed. To close
the loop means to equate (21) and (14). By doing that, one
gets

D'V +nf =Dis + ot + G, 23)

and, after rearranging the terms,
D(5 — ) = —G4. (24)
Considering § = v,y + KV (see (16) and (17)), where K

is a diagonal positive definite gain matrix, and V = v,er — v,
one gets § — v = v 4+ KV, and, therefore,

DIV +K¥) = -G& (25)
or
v=-Dp''GI—K¥. (26)

Taking into account the theory of Lyapunov, let the Lyapunov
candidate function be

1 1.7 -
v =39Dlv+ Eerxe, @7

where § = 6 — 6. Notice that such a Lyapunov candidate
function is feasible because DI > 0, according to
the discussion about the new dynamic model considering
8 parameters. Notice that this is true whenever the MARV
is not in a jackknife condition, which means in normal
operation. Therefore, y; < 90°, and the parameters 67|cosy |
and 6g|siny, | are always positive. This guarantees that Df >
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FIGURE 3. Block diagram of the whole controller (reproduced from [11] and adapted).

0 as well as A, arbitrarily chosen to be a positive definite
matrix. As for the time derivative of such a function, it is

. . 1 . ~ 2
V=D 4+ SV DTV + Y (28)
Introducing (26) in (28) it comes
. 1 . ~ ~ <
V = —¥"DIKV + ¥ DIV -7 Gi + '\ (29)

Now, assuming 6 constant and using the sigma modification
adaptation law =0 =\x'GTv - /\*]09, which can be
rewritten as

G=0=2"GTv—A""od — A~1os, (30)
and substituting (30) in (29) one gets
. 1 .. T ~ o~
V = —3'DTK¥ + EvTDTv —9"0—0"00. (31

Now, choosing K such that ||K]|| > %||DT_1||||DT|| + ¢,
with ¢ > 0, one concludes that

V<=8 0f—0 ob. (32)

Considering the constants ¢ o(() and uo = o/(0),
where 0 (A) =/ k,nin(ATA) is the minimum singular value
of A, whereas A;i,(.) is the smallest eigenvalue of a matrix,
it results that

V< —uc |57 = noll@ + mol@ 161, (33)
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Considering the squared difference

1. 2
(—||9|| —§0||9||)
%

1 -2 ~
1611° = 20101 161 + > 11611,

T
(34)
where ¢ € RT, it can be written that
~ 1 -2 ¢*
o110l = =—= 116 — |0
o1 et 2(pzll I+ > o1
1 (1 - 2
== | =10l —<p||9||) .
2 (rp
(35)
Disregarding the negative term, the inequality
2
1oi el < 2 2IIt‘)II +Z ||9I| (36)
is obtained, and after replacing (36) in (33) one gets
. ~n2 ~ 2
V< —uc |7 = nollfll
1
+ o 2—||e|| + = ||9||2) 37)
or,
. -2 1 ~ 2 2
V< —uc|v]" - (1 - 2—2) 11l +uo% 191>

(38)
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In the sequence, the parameters &y = p¢ > 0 and ap =

Wo ( 1— ﬁ) > ( are defined, with ¢ conveniently selected.
Then, (38) can be rewritten as

V < —a 7] = 2081 + p, (39)

2% 119112
where p = o5 (10117
Now, equation (27) can be stated as

V< B |57 + BB’ (40)

where fi = jupi. B2 = vn, with Uy = Kua(N),

Upt = Kmax (D), With Kpax(A) =v/Amax (AT A) denoting the
maximum singular value of the matrix A. Then,

V<—AV+p 41)

. _ . o o
with A —mm[ﬂl, ﬂz}‘

Given that~p is bounded, (41) allows concluding that
both Vv(¢) and 6(¢) are ultimately bounded. Consequently, the
sigma modification enhances the robustness of the adaptation
law compared to the conventional derivative law, albeit at
the cost of enlarging the error threshold. Since p depends
on the smallest singular value of the gain matrix o in the
sigma-modification term and can take arbitrary values, it is
feasible to minimize the error threshold. In theory, as o
approaches zero, it can be demonstrated that v tends to zero
as ¢ approaches infinity.

Remark 1: Let us consider the dynamic model (14) and
include a term £ representing bounded unmodeled dynamics
and disturbances. Then, (26) becomes,

v=-D'GI—Kv+D! ¢

Through an analysis similar to the one previously done,
we can get a new version of (39), in the form

V < —ay [¥]7 = a2llB” + o + 9111,

from where we immediately conclude that the control error v
is ultimately bounded under the condition

arllVI1F < V1€l + p.

As can be seen, considering bounded unmodelled dynamics
and disturbances, an exponential decrease in the errors
cannot be proved, as in the previous analysis; however,
the ultimate boundedness shows a robustness property of
the controller to bounded disturbances and unmodelled
dynamics.

IV. RESULTS

The results presented in this section were acquired in indoor
experiments by controlling a tractor-trailer system to track a
specified trajectory, a Bernoulli lemniscate characterized by
xq(t) = 2sin(2wt/60) m, and y (¢t) = 1.5sin(4mwt/60) m.
For such a trajectory the maximum velocity in the x direction
is Vyqy, = 0.2091 m/s, while for the y direction it is Vyq,, =
0.3141 m/s, which corresponds to the maximum values of
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the time derivative of the desired trajectory (in trajectory-
tracking tasks the velocity of the robot is the velocity of the
trajectory). The MARV should complete five laps along the
trajectory in each experiment trial. Two sets of trials were run:
the first considered the dynamics of the tractor robot modeled
using six parameters, as in [11], and the second considered
the new model discussed here, with eight parameters. Each
set of trials involved load changing from zero to 35Kg in
steps of 5Kg, so that the whole experiment consisted of
2 x 8 x 5 laps of the MARV. Moreover, each set of trials
was repeated three times. The experiment was standardized
to obtain comparable results. This way, the only change is
the number of parameters used to model the dynamics of the
tractor robot, increasing from six to eight. The movements
always started with @ = 0.50 to start the adaptation process
with wrong parameters. In addition, since the maneuvers
were performed with load changes throughout the movement,
it was decided to begin the adaptation process at t = 30 s to
exclude the data corresponding to the time it takes for the
MARY to reach the trajectory.

The physical parameters of interest for the MARV are
Lo, = 0.30m, L; = 0.455m, and b = 0.20m, featuring an
off-axle hitch type. In particular, the dimensions of the trailer
are 40 cm in length (65 cm if including the off-axle hitching
stick), 28 cm in width (46 cm if including the tires), 15.5 cm in
height (29 cm of total height, including the wheels), and 21 cm
in wheel diameter, including the tires, with the total mass of
approximately 4 Kg, when not loaded. In terms of sensing,
each trailer contains a potentiometer to measure the angle
between two adjacent elements of the chain, y;, i=1,--- , n
(see Figure 1). However, for the experiments here reported,
such angles were estimated using the motion capture system.
The gains involved are k, = k, = 4and K| = K> = 0.8,
A1 = diag[2.50 0.42 50 50 50 50 1 1] x 107> and 0 =
0.1 x A~!, with the sampling time of 100 ms. Finally, all trial
runs began with the vehicle in the same initial position and
orientation.

To collect the positions of the Pol along the experiment,
the test arena depicted in Figure 4 was used. Such an
arena features an installation of the motion capture system
OptiTrack, comprising twelve full HD cameras. These
cameras visually measure the current position and orientation
of the tractor-trailer system with high accuracy, allowing
for the determination of the position error relative to the
desired positions specified in the lemniscate. In addition to
Figure 4, Figure 5 shows four snapshots taken during one
of the trial runs, in which the trailer is loaded, as part of the
experiment.

As mentioned above, three experiments were conducted
with the model containing six parameters, and the same
procedure was repeated for the model with eight parameters
for each load. Eight different loads were used, namely, O kg,
5kg, 10kg, 15kg, 20kg, 25kg, 30kg and 35kg. Thus,
a total of forty-eight maneuvers were performed. The TAE
(Integral of the Absolute Error) index was adopted to compare
performances, and the corresponding values were calculated
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FIGURE 4. The test arena where the experiment was run.

FIGURE 5. Four snapshots of the robot-trailer composition transporting a
load of 20 Kg during one of the experiment trails.

60

B W
oS O

TIAE index
3

|

—
oS O

0 5 10 15 20 25 30 35
Load mass (Kg)

——Exp | (6 parameters) =—=—Exp 2 (6 parameters) Exp 3 (6 parameters)

Exp 1 (8 parameters) ==—Exp 2 (8 parameters) ==—Exp 3 (8 parameters)

FIGURE 6. Error index IAE for a MARV pushing a single trailer with a load.

between the time instants + = 150s and + = 300s,
thus comprising a stage of the movement in which the
parameters had already converged. Figure 6 shows a graphic
of the IAE indexes obtained for the three experiments run
considering the controller designed according to the model of
six parameters and for the three experiments run considering
the controller designed according to the new model here
considered for the tractor element of the MARV.

As shown in the figure, the average reduction in the IAE
index when using the proposed model for the tractor robot is
approximately 40%, considering all trials. This indicates that
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the 8-parameter model captures some dynamic effects that are
effectively present in the system but are not addressed when
adopting the simplified 6-parameter model. As expected, the
interaction trailer-tractor is not represented when considering
the model with only six parameters. However, it has already
been proven that even by adopting this more simplified
model, the controller finds parameter values that produce
low navigation errors [11], at least for low-mass loads.
Nonetheless, the results of the 8-parameter model, which
considers some interaction between the trailer and the
tractor, show that this is a much better option. Moreover,
as shown in Figure 6, the 8-parameter model exhibits
significantly lower growth in the IAE index compared to
the results obtained when the model with six parameters is
used.

To reinforce these results, Figure 7 shows the desired
(black line) and the effectively traveled routes for the MARV
along one of the trials when the payload was 30kg for
the controllers based on the six-parameter (red line) and
the eight-parameter (blue line) models. For such a figure,
one can notice the difference in the effectively traveled
routes, with greater errors associated with the six-parameter
model. However, the green segment, in both cases, should
not be considered because it corresponds to the time before
the adaptation begins to work. Moreover, Figure 8 shows
the distance of the robot to the trajectory being tracked
during navigation for the six-parameter (red line) and eight-
parameter (blue line) models, clearly indicating that the
error is larger for the six-parameter model. In this case, the
time interval before adaptation (corresponding to the green
segment of both cases depicted in Figure 7), the first 30s
should be disregarded.

To conclude the analysis of the controller’s perfor-
mance, designed considering the influence of the trailer
on the tractor for the MARYV, an animation is available at
https://youtu.be/ESVCMuzALYU. The video consists of two
parts: the first part considers the controller designed using the
six-parameter MARV model, and the second part considers
the controller designed using the eight-parameter MARV
model proposed in this work. The animation was built using
the data corresponding to the desired trajectory (black line,
present in the two parts of the video), the controller based
on the six-parameter model (red line, present in the first part
of the video) and the controller based on the eight-parameter
model (blue line, present in the second part of the video),
when considering the same experiment of Figures 7 and 8.
Once more, the green part of the route traveled by the MARYV,
in both parts of the video, corresponds to the time interval
before the adaptation starts.

Finally, it is important to justify why the experiment was
not repeated for an MARV with two trailers. First, the test
arena has an area of about 30 m2, insufficient to perform
the same maneuvers. A second point is that the tractor robot
adopted can not push much more than the 35 Kg used for
the first trailer. This way, the experiment only considered the
case of one trailer. However, we believe that this experiment
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FIGURE 7. Routes traveled by the MARV when using the six-parameter
(red line, in part a) and the eight-parameter (blue line, in part b) models.
The black line, present in both parts of the figure, is the desired route.

is enough to support our proposal of using more parameters
to represent the dynamics of the tractor robot when pushing
trailers.

V. THE MARV WITH N TRAILERS

Considering that all the influence of the trailers is con-
centrated in the first one, it is equivalent to considering
just a single trailer, akin to a tractor-trailer configuration.
Now, we are considering additional trailers to generalize
the eight-parameter dynamic model for the tractor robot.
First, as Figure 9 illustrates, we consider two trailers as an
intermediate step to generalize to n trailers.

For such a case (14), namely,

Veer = DIV 47T, (42)

is still valid, now with
0
pt—|x O
|:0 X2
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FIGURE 8. Distance MARV-trajectory when using the six-parameter and
the eight-parameter models.
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FIGURE 9. Accounting for the effect of two trailers on the tractor robot.

where X1 = 01 + 97|cosy1| + 99|c0sy2c0sy1| and yp = 92 +
93|smy1| + Qlolcosyzsmyl, and 77T = BTH where

Bt — [oo —wjup 0 0 0000}
00 0 O woupwp0000
and 9 = [él éz é3 é4 és éﬁ é7 ég ég élo]T
é7 and ég in (14), ég and é1 o are also constants to be identified.
As one can see from the above dynamic model, the
controller designed for the case of (14) is also valid for this
case, as well as the stability proof, with the only difference
being the order of the matrices involved.
Expanding the analysis associated to (42) to the case of
n trailers, it is intuitive that such an equation remains valid,
as well as the controller designed and the stability proof, now
with

. Similarly to

X1 = 91 + 97|Cy1| + 09|c)/2€]/1 | + 911|Cy3cy2cy1| +---
and
X2 = 62 + 08]sy, | + O10lcy, 8y, | + O12]Cy0p, 80,1 + -+ -,

with ¢, standing for cosy; and s,, standing for siny;. As for

the vector 9, it becomes
A A ANA A A A A A T
0 =101 06 07 6 09 O10 611 012 -] .
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whereas the matrix BT receives additional columns of zeros,
two for each new pair of parameters added, which means a
pair of parameters for each new trailer. Therefore, the total
number of parameters is six plus two for each trailer, which
is the same number of columns of B

VI. CONCLUSION

This work demonstrates that coupling a trailer to a differential
robot, when adopted as the tractor element of a MARYV,
results in changes to its model. This was already expected,
but modeling this new system is not a trivial task, and
this work comes precisely to provide a simple and easy-
to-implement alternative to this problem. Effectively, it was
demonstrated that by incorporating two new parameters
previously unknown into the dynamic model associated with
the MARV tractor element, and utilizing adaptive dynamic
control, it is possible to enhance MARV navigation during
backward movements. This work demonstrates that for a
single trailer, the most commonly used MARV configuration,
increasing the number of parameters in the dynamic model of
the tractor element is beneficial to account for the trailer’s
impact. The reason is that this results in much smaller
navigation errors, even with an increased set of parameters
to be adjusted by the parameter updating law associated with
the adaptive controller. Moreover, the reported results show
that when adopting the model with eight parameters, the
error indices do not increase as the load transported by the
MARY increases, which validates the usefulness of the trailer
interaction model proposed in this study. The experiments
have been carried out with a velocity considered normal.
Executions with higher speeds would certainly increase the
control errors, but also emphasize the advantages of the new
parameterization proposal while incorporating the dynamic
effects of the trailers.

This work also investigates how to consider the dynamic
behavior of the tractor element of an MARV with multiple
trailers. Specifically, it analyzes the case of two trail-
ers, incorporating two additional parameters to model the
dynamics of the tractor robot. The analysis concludes by
proposing a generalization for a MARV with n trailers in
the articulated chain. The paper demonstrates that the same
controller can be adopted by simply enlarging the matrices
involved. Therefore, the theoretical analysis made for one
trailer remains valid, and the results obtained for one trailer
can be generalized to n trailers.

As future research, it would be interesting to consider other
kinematic structures both for the tractor and the trailers. For
instance, consider a car-like robot as the tractor element,
which is a more realistic case when considering real-world
applications. Also, experiments in real-world environments,
such as rough terrain, will be of interest.
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