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ABSTRACT. Let k be a field and let H be a rigid braided Hopf k-algebra. In this
paper we continue the study of the theory of braided Hopf crossed products
began in [“Theory of braided Hopf crossed products”, Journal of Algebra 261
(2003) 54-101]. First we show that to have an H-braided comodule algebra is
the same that to have an HT-braided module algebra, where H' is a variant
of H*, and then we study the maps [, | and (, ), that appear in the Morita
context introduced in the above cited paper.

INTRODUCTION

Let k be a field, H a finite dimensional Hopf k-algebra and H* the dual Hopf
algebra of H. It is well-known that to have a right H-comodule is “the same” that
to have a left H*-module. A similar duality exists between the notions of right H-
comodule algebra and left H*-module algebra. More generality, these duality results
are also satisfied by rigid Hopf algebras in a braided category (see for instance [T2,
Proposition 2.7]). The main purpose of this paper is to extend them to the context
introduced in [G-G], and to show that most of the results that appears in [C-F-M]
and [C-F], remain valid in this setting.

Let H be a braided Hopf k-algebra. Recall from [G-G] that a left H-braided
space (V, s) is a k-vector space V together with a bijective map s: HQV — V®H,
which is compatible with the operations of H and satisfies

(s@ H)o(H®s)(c@V)=(V®c)(s® H)(H®s),

where ¢ is the braid of H (compatibility of s with ¢). When V is replaced by a
k-algebra A and s is also compatible with the operations of A we say that (A, s) is
a left H-braided algebra and s is a left transposition on H on A. Assume that H
is rigid and let H* be the dual of H. Following V. Lyubashenko, given a bijective
map s: H®V — V ® H we define a map (s~1)’: H*®@V — V @ H* by

(571 = (evg @V @ H*)o(H* ® s7' @ H*)o(H* ® V & coevy),

where evg: H* ® H — k and coevy: k — H ® H* are the evaluation and coeval-
uation maps. Then, we show that (V)s) is a left H-braided space if and only if
(V,(s~1)°) is a left H*-braided space. Similarly, we show that if A is a k-algebra,
then s: H® A — A® H is a transposition if and only if (s7!)": H*® A — A® H*
is. Let (V,s) be a left H-braided space and let (A, s) be a left H-braided algebra.
Recall from [G-G] that:
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(V,s) is a left H-module if V' is a left H-module in the standard sense and
the action p: H ® V' — V satisfies so(H ® p) = (p @ H)o(H ® 5)°(c® V).
(V, s) is aright H-comodule if V' is a right H-comodule in the standard sense
and the coaction v: V' — V@ H satisfies (V@ H )es = (V@c)o(s@ H)(HQV).
(4, s) is a left H-module algebra if (A, s) is a left H-module and the action
p: H® A — A satisfies:

a): p(h®1) =e(h)l,

b): po(H @ p) = pe(p @ p)o(H s @ A)e(A®@ AR A).
(4, s) is a right H-comodule algebra if (A, s) is a right H-comodule and
the coaction v: A — A ® H satisfies:

a); v(l)=1®1,

b): vepu = (L@ p)(A®s® A)e(v ).
Assume that H is rigid and let HT = H*°P©PPP  Given a map v: V — V @ H
we define a map p,: H' @ V — V by

poi= (V@ eviy)o((s™") ® H)e(H' © ).

We show that (V,s) is a right H-comodule via v if and only if (V, (s71)) is a left
Hf-module via p,. Furthermore we show that if we have a left H-braided algebra
(4, s) instead of a left H-braided space (V,s), then (A4, s) is a right H-comodule
algebra via v if and only if (V, (s~1)") is a left HT-module algebra via p,. Note that
this does not work if we use H* instead H', as was pointed by Takeuchi in [T2,
Proposition 2.7].

Let H be a braided Hopf algebra and (A, s) a left H-module algebra. There are
two associative k-algebras associated with (A, s). The ring of invariants

BA={a€ A:h-a=eh)a}

and the smash product A# H, which is the vector space A ® H, endowed with the
product

(a#th)(b#1) = Y ahqy - bi#thil,

where ). b; ® h; = s(h ® b) and, as usual, a#h denotes a ® h, etcetera. Recall
from [G-G] that if H is rigid, then A has a structure of (fA, A# H)-bimodule and
a structure of (A#H, HA)-bimodule, such that

[, ]: N®u M — A#H given by [a,b] = aTb
(,): M®ayn N — 4, given by (a,b) =T - (ab),

is a Morita context relating “A and A#H, where T € H' is a fixed non zero left
integral, M = ngAappg and N = qupgAmy.

Using the results mentioned above we establish conditions for any or both of the
maps [, ] and (, ) be surjective and we give some applications. In particular we
generalize Theorems 1.2 and 1.2’ of [C-F-M] and Theorems 1.8, 1.11 and 1.15 of
[C-F].

1. PRELIMINARIES

In this article we work in the category of vector spaces over a field k. Then we
assume implicitly that all the maps are k-linear and all the algebras and coalgebras
are over k. The tensor product over k is denoted by ®, without any subscript,
and the category of k-vector spaces is denoted by Vect. Given a vector space
V and n > 1, we let V" denote the n-fold tensor power V ® --- ® V. Given
vector spaces U,V,W and a map f: V — W we write U ® f for idy ®f and
f®U for f ®idy. We assume that the algebras are associative unitary and the
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coalgebras are coassociative counitary. Given an algebra A and a coalgebra C,
welet p: A A — A, ik - A A:C — C®C and e: C — k denote the
multiplication, the unit, the comultiplication and the counit, respectively, specified
with a subscript if necessary.

Some of the results of this paper are valid in the context of monoidal categories.
In fact we use the nowadays well known graphic calculus for monoidal and braided
categories. As usual, morphisms will be composed from up to down and tensor
products will be represented by horizontal concatenation in the corresponding order.
The identity map of a vector space will be represented by a vertical line. Given an
algebra A, the diagrams

Yoo 7 and \4

stand for the multiplication map, the unit and the action of A on a left A-module,
respectively. Given a coalgebra C', the comultiplication, the counit and the coaction
of C' on a right C-comodule will be represented by the diagrams

A L and =

respectively. The maps c and s, which appear in Definition 1.1 and at the beginning
of Section 2, will be represented by the diagrams

A and X

respectively. The inverse maps of ¢ and s will be represented by

X and X

Finally, any other map g: V — W will be geometrically represented by the diagram

® -

Let V, W be vector spaces and let ¢: V@ W — W ® V be a map. Recall that:

e If V is an algebra, then c is compatible with the algebra structure of V if
cen@W)=Wenand co(p@W) =W @ p)e(c®@V)(V®c).

o If V is a coalgebra, then ¢ is compatible with the coalgebra structure of V'
if (WReoc=e@W and (W & A)ec = (c® V)o(V ® ¢)o(A R W).

Of course, there are similar compatibilities when W is an algebra or a coalgebra.

1.1. Braided bialgebras and braided Hopf algebras. Below we recall briefly
the concepts of braided bialgebra and braided Hopf algebra following the presenta-
tion given in [T1]. For a study of braided Hopf algebras we refer to [T1], [T2], [L1],
[F-M-S], [A-S], [D], [So] and [B-K-L-T].

Definition 1.1. A braided bialgebra is a vector space H endowed with an algebra
structure, a coalgebra structure and a braiding operator ¢ € Auty(H?) (called the
braid of H), such that ¢ is compatible with the algebra and coalgebra structures
of H, Aoy = (p @ p)o(H ® c® H)o(A® A), nis a coalgebra morphism and e is
an algebra morphism. Furthermore, if there exists a map S: H — H, which is the
inverse of the identity map for the convolution product, then we say that H is a
braided Hopf algebra and we call S the antipode of H.

Usually H denotes a braided bialgebra, understanding the structure maps, and
¢ denotes its braid. If necessary, we will use notations as cg, pug, etcetera.
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Remark 1.2. Assume that H is an algebra and a coalgebra and ¢ € Auty(H?)
is a solution of the braiding equation, which is compatible with the algebra and
coalgebra structures of H. Let H ®. H be the algebra with underlying vector space
H ® H and multiplication map given by ppe.m = (@ p)o(H @ c® H). It is easy
to see that H is a braided bialgebra with braid ciff A: H - H®.H ande: H — k
are morphisms of algebras.

Definition 1.3. Let H and L be braided bialgebras. A map g: H — L is a
morphism of braided bialgebras if it is a morphism of algebras, a morphism of
coalgebras and ¢o(g ® g) = (g ® g)ec.

Let H and L be braided Hopf algebras. It is well known that if g: H — L is a
morphism of braided bialgebras, then goSy = Speg.

Remark 1.4. Let H be a braided bialgebra. A direct computation shows that
H = (H, per,n, 7oA €), where 7: H ® H — H ® H denotes the flip, is a braided
bialgebra, with braid ¢ := 7ecer. Note that if H is a braided Hopf algebra with
antipode S, then H also is.

Remark 1.5. If H is a braided bialgebra, then H®P := (H,puec™1,n,A, €) and
HSP := (H, u,n,c 1oA, €) are braided bialgebras, with braid ¢~!. By combining
these constructions we obtain the braided bialgebras HPP := (H, jioc™1, 1, coA €)
and HSPOP := (H, jiec,m, ¢~ oA €), with braid c¢. Furthermore, if S is an antipode
for H, then S is also an antipode for HSP“P and HSP°P, and if S is bijective,
then S~! is an antipode for HP and HSP. For a proof of these facts see [A-G,
Proposition 2.2.4].

Let H be a braided Hopf algebra. The antipode S of H is a morphism of
braided Hopf algebras from HSPP to H, and from H to HSP°P. Furthermore,
(S®@ H)ec=co(H®S) and (H @ S)oc = co(S ® H) (compatibility of S with c).

1.2. Rigid braided bialgebras. In this subsection we recall the definition and
some properties of rigid braided bialgebras and Hopf algebras, that we will need
later.

Let V and W be vector spaces. Assume that W is finite dimensional. Let
eviy: W* ®@ W — k be the evaluation map and let coevyy: £ — W ® W* be the
coevaluation map. For each map T: V @ W — W ® V, Lyubashenko [L2] has
introduced the map

"W eV -VeW:,
defined by T := (evyy @V @ W*)o(W* @ T @ W*)o(W* @ V ® coevy ).

Definition 1.6. A finite dimensional braided bialgebra H is called rigid if the map
@: H*® H — H ® H* is bijective. In this case (¢~ 1)": H* @ H — H ® H* is also
a bijective map.

-1

For each rigid braided bialgebra H, let cgy-g = (¢~ 1)’ ey = ()~ and

CH* — Cbb.

Theorem 1.7 (T1, Theorem 5.7). Let H be a rigid braided bialgebra. There exists
a Hopf algebra L, with bijective antipode, and a braided bialgebra $ in the Yetter-
Drinfeld category YD¥, such that:

(1) (F(9), F(us), F(ns), F(As), Fles)) = (H,pu,nu, Au,€n), where F is
the forgetful functor from YDE to Vect.

(2) ]fC is the braid Ofy'D%, then F(Cﬁyj) = CH, F(Cﬁﬁ*) = CHH*, F(Cf)*ﬁ) =
CH*H and F(Cg,*yj*) = CHg*.
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(3) F(evam) = evp(ar) and F(coevyr) = coevp(ap) for each rigid object M &
ny, whereevyr: M*QM — k and coevys: k — MOM™* are the evaluation
and coevaluation maps of M.

Furthermore, if H is a braided Hopf algebra, we can take 9 as a Hopf algebra in
VDL In this case, we have F(Sg) = Sy

As was pointed in [T2, Section 1], each map f: V® W — 1, in a braided tensor
category C with initial object 1, satisfies

(U f)e(cvvaW)=(fol)(Vecyy,) and (URf)e(cgy@W)=(fU)(Vecuw),
for all object U € C. Similarly, each map g: 1 — V ® W satisfies

(cov@W)e(Ucg)=(V&cpy)e(9@U) and (cyp@W)(Ueg)=(Vecwy)(goU).
Let H be a rigid braided bialgebra. Thanks to Theorem 1.7 this remark applies
to the maps evy and coevy. More importantly, as was noted in [T1, Section 6],
this theorem allows to reformulate all the known results about rigid bialgebras in a

Yetter-Drinfeld category as results about rigid braided bialgebras. Next, we recall
those ones that we will need later.

Theorem 1.8 (T2, Theorem 4.1). The antipode of a rigid braided Hopf algebra is
bijective.

Definition 1.9. Let H be a rigid braided Hopf algebra. An element ¢t € H is a
left integral if ht = e(h)t, for all h € H, and it is a right integral if th = e(h)t, for
all h € H. We let f ;1 denote the set of left integrals and we let f ;1 denote the set
of right integrals.

Theorem 1.10 (L2, Theorem 1.6; F-M-S, Corollary 5.8; T2, Theorem 4.6; D,
Theorem 3). The sets f]l—l and f;} are one dimensional vector subspaces of H.

Theorem 1.11 (T1, Section 7). The sets fIl—I and [}, satisfy c(fIl_I ®H) = H®fll{,
C(H® [1) = [y ©H, o[}, oH) = H [}, and «(H® [1,) = [}, ©H.
Corollary 1.12. Let H be a rigid braided Hopf algebra. There exist unique iso-
morphisms of braided Hopf algebras

fy:H—H and  fy:H— H,
such that c(h ®t) = t ® fL(h) and c(u ® h) = fi;(h) @ u, for all t € fIl{ \{0},
ue [;;\{0} and h € H.

Corollary 1.13. Let t € [},. Since S(t)S(fly(h)) = pe(S © S)ec(h @ t) = S(ht) =
e(h)S(t) = e(S(fY(R)S(t), we have S(f;l) = [;- In a similar way it can be
proven that S([;,) = flli, f]li = f;gp and [;, = fllizp.

Remark 1.14. Let t € f;I \{0}, u € [;;\{0} and h € H. From the fact that c and S
are compatible, S(f}ll) =[5 and S([};) = fIl{, it follows that c(t ® h) = f§,(h) ®t
and c¢(h ® u) = u ® fL(h). Using this it is easy to see that there exists ¢ € k \ {0}
such that ¢(t ®t) = gt @t and c(u ® u) = qu ® w.

Let H be a rigid braided Hopf algebra and let ¢ be a non zero left integral of
H. There is an algebra map «: H — k such that th = a(h)t, for all h € H. This
map is called the modular function of H. From Corollary 1.13 and Remark 1.14 it
follows that if u is a non zero right integral, then hu = a(S(f4 (h)))u.

Theorem 1.15 (T1, Section 7). We have (a®@H)ec = HRa and (HRa)oc = aQH.
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Theorem 1.16 (Maschke’s Theorem). A rigid braided Hopf algebra H is semisim-
ple iff there exists t € fIl{, such that €(t) # 0.

Using this theorem it is easy to see that if H is semisimple, then | ;I =/ I:, and
the maps f%; and f& of Corollary 1.12 are the identity maps.

Theorem 1.17 (T2, Theorem 2.16). If H is a rigid braided bialgebra, then H*
is also a rigid braided bialgebra, with braid cy~ = (cH)bb and multiplication, unit,
comultiplication and counit given by,

= (evyg @H*)o(H* @ evy @H @ H*)o(H*®? @ Ay @ H*)o(cp+ ® coevy),
na=(A) := X-eg for all X € k,

Apg- = (evg ®ct)o(H* @ pg @ H*®*WH* @ H @ coevyg @H*)o(H* ® coevyr),
e~ (@) = (1) for all p € H*.

Furthermore, if H is a braided Hopf algebra, then so is H*, with antipode Sy~ (o) :=
poSy. Finally, the correspondence H — H* 1is functorial in an evidence sense.

Remark 1.18. For each rigid braided bialgebra H, the canonical bijection H — H**
is a bialgebra isomorphism (in the sense of Definition 1.3, but not as bialgebras in

a Yeter-Drinfeld category YDE, since i is not compatible with the actions of L on
H and H**).

Notation 1.19. For each rigid braided bialgebra H, we write H := (H*)°PcoPopcop,
Note that the multiplication and the comultiplication of Ht are described by inter-
changing ¢ and ¢! in Theorem 1.17. We will write cpriy := cH+H, Chut = CHH*
and ¢yt := cy-. It is immediate that HTt = H** and that, if ¢ is involutive,
then H' = H*. Finally, when H is a braided Hopf algebra, then S?: HT — H* is
an isomorphism of braided Hopf algebras and, by Corollary 1.13, [, Ilﬁ = ;I and
f Ht — fH*'

Throughout this work ¢ < h and h — ¢ denote the right and left standard

actions of H on HT, given by (¢ < h)(I) = @(hl) and (h — ¢)(I) = @(lh),
respectively.

Proposition 1.20 (D, Theorem 3b). Let H be a rigid braided Hopf algebra and
let ¢ be a non zero left or right integral of HY. The map ©9: H — HT, defined by
I(h) := ¢ < h, is a right H-module isomorphism. Similarly the map ¥': H — HT,
defined by ¥'(h) := h — ¢, is a left H-module isomorphism.

Corollary 1.21. Given a left or right non zero integral ¢ of H' there exist t € f;I
and u € f; such thatt — ¢ = € and ¢ — u = €. Note that this is equivalent to say
that ¢(t) = ¢(u) = 1.

Remark 1.22. Let H be a rigid braided bialgebra. Then H' acts on the left on H
viagp =~ h:=)", h(1y,(h2),), where > heay, ® hyy, = c’l(h(l) ® hygy). Similarly
H' acts on the right on H via h +— ¢ = > p(hy,)h(2),- Composing these
actions with the canonical bijection H — HTT we recover the standard left and
right actions of Ht on Hf. Assume that H is a rigid braided Hopf algebra. Hence,
by Corollary 1.21, for each left or right non zero integral [ of H there exist T € |, ;ﬁ
and U € [;; such that T — 1 =1 and | — U = 1. Note that this is equivalent
to say that T'(I) = U(l) = 1. Since (HP)" = (H*)°P, applying this result to HSP
and taking into account Corollary 1.21 and Notation 1.19, we obtain that there
exist T € fIlﬁ and U’ € [;;; such that [1)T"(L2)) = 1 and U’(l(1))l(2) = 1. Since
T')=1=T()and U'(l) =1 =U(l), we have that 7" =T and U’ = U.
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Remark 1.23. Let H be a rigid braided Hopf algebra and let o be the modular
function. For h € H we write h* := o = h. So, h* = 3, h(y),a(h(2),), where
> hea), ® b1y, = c’l(h(l) ® h(gy). From Theorem 1.15 it follows easily that h* =
hya(h(2y) and that the map h — h® is an algebra automorphism.

Lett € f}q be a non zero left integral, a the modular function and ¢ € k such that
c(t®t) = qt@t. By [G-G, Lemma 8.3] we know that S(t) = qt(1)a(t(2)). Applying
this result to HSP we obtain S~(t) = ¢ ' 3, a(tn ) )t@2); Where > to), @1, =
¢ Mty @ t2)). We will use this formula in the proof of the following proposition.

Proposition 1.24. Let H be a rigid braided Hopf algebra. If T € f;ﬂ and t € f;I
satisfyt =~ T = ¢, then T — t = a, T — S7t) = ¢ le, T =t = 1 and
T — S7t)=q 1.

Proof. For each h € H we have (T — t)(h) = T(th) = a(h)T(t) = a(h). So,
the first formula holds. Let us prove the third one. For h € H, let ¢ 1(A(h)) =
Zi h(g)l ® h(l)z Since Zi (p(h(l)Z)T(h(z)z) = (QOT)(/’L) = (p(l)T(h), where gOT is
the product in H', we have Y, hy, T(h(2),) = T(h)1. Thus T — t = T(t)1 = 1.
Next we prove the second and fourth equalities. By the discussion preceding this
proposition, T(S~1(t)) = ¢! Yaltwy,)T(te),) = g HaT)(t) = T(SL(t) =
¢ 'a(1)T(t) = ¢~*. Hence,

(T = S7H(t))(h) = T(S™H(t)h) = T(S™H(t))e(h) = ¢~ "e(h)
for all h € H, and

Q(T — S~ ZSD ) TS (1) ),)

= (@T)(S 1) = e(MT(S™HH) = ¢ (1)

for all p € Hf. From these facts it follows immediately that T < S~!(t) = ¢ 'e
and T — S~Y(t) = ¢ 1. O

Let H be arigid braided Hopf algebra and ¢ a non zero left or right integral of HY.
Given a map ¢: H — H we let ¢* denote the transpose of ¢ Let fH H — H and
fH H — H be the automorphisms of H defined by fo = (fH) and fj; = (fH) .
Using that

¢ = (HRH' @ evy)o(H ® cpi ® H)o(coevy @H' @ H),
caip = (H®H' ®evy)o(H ® ¢yt ® H)o(coevy @H' ® H),
we easily obtain that ci i (h®¢) = ¢®(ﬁ1)_1(h) and cpt g (p®h) = (f}g)_l(h)®¢.

2. TRANSPOSITIONS

Let H be a braided bialgebra. We recall from [G-G] that a left H-braided space
(V, s) is a vector space V' endowed with a bijective map s: H®V — V® H, which is
compatible with the bialgebra structure of H and satisfies (s® H)o(H ®s)e(c®V') =
(V®c)o(s®@H)o(H®s) (compatibility of s with the braid). Actually in the definition
given in [G-G] is not required that s be bijective, but here we add this condition,
since it is necessary to prove most of the properties. When H is a braided Hopf
algebra it is also true that so(S ® V) = (V ® S)es, as was shown in [D-G-G,
Section 1]. It is easy to check that (V,s) is a left H-braided space iff (V,s) is a
left HP-braided space and that this happens iff (V) s) is a left HS°P-braided space.
A map g: V — V' is said to be an homomorphism of left H-braided spaces, from
(V,s) to (V') ¢), if (9@ H)es = s'o(H ® g).
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The notion of right H-braided space can be introduced in a similar way. We
leave the details to the reader.

Let H be a braided bialgebra, V' a vector space and s: H®V — V&® H a bijective
map. It is easy to check that (V,s) is a left H-braided space iff (V,s71) is a right
H-braided space.

Let H be a rigid braided bialgebra and let (V, s) be a left H-braided space. From
the definition of (s~1) it follows immediately that

H v H* H Vv H*

For each result about left H-braided spaces there is an analogous result about
right H-braided spaces. The same is valid for the notions of transposition, H-
module, H-module algebra, H-comodule and H-comodule algebra that we will
consider later. In general we will enounce the left version for H-braided spaces,
transpositions and modules and the right version for comodules, and we leave the
other ones to the reader.

Let H be a rigid braided bialgebra, V' a vector space and s: H* @V — V@ H*
a bijective map. We define the map b(sil): HeV -V ®H, by

(s71) i=(eviecum- @V @ H)o(H® s~ @ H)o(H®V @ ¢t o coevy).

A direct computation shows that

RI-RS i wn (8- (%

Using this and the definition of ’(s~!) it is easy to check that

H\ V H* H v;*
N/ = w d ) = k% * where X = "(s~1) and W =51
Kg 5 " H%\H Hé{ H ) g

Lemma 2.1. Let H be a rigid braided bialgebra. For each left H-braided space
(V,s), we have

(V& i )o((s7) @ H)o(H* @) = (s ® H')o(H ® (s71)")e(cprpy- @ V),
(V@emm)((s™) @H)(H ®s) = (s® H)o(H® (s7')")e(cr-r @ V).

Proof. By basic properties of the evaluation and coevaluation maps and the fact
that (V,s) is a left H-braided space, we have

K= (b (- U -

which proves the first equahty. The second one can be checked in a similar way. [J

Lemma 2.2. Let H be a rigid braided bialgebra. For each left H*-braided space
(V,s), we have

(V@ cyrg)-((s) @ HY)o(H®s) = (s @ H)o(H" @ (s 1)elcytp @ V),
(V@enn)o((s™) @ H)o(H®s) = (s @ H)o(H* @(s™"))e(cun- ® V).
Proof. The first equality can be proven by replacing H* by H, H by H*,

N
M by /Q and W by 6
in the diagrams used in the proof of Lemma 2.1. The second one is similar. O
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Proposition 2.3. Let H be a rigid braided bialgebra. The following assertions
hold:

(1) If (V,s) is a left H-braided space, then (V,(s™)°) is a left H*-braided space.
(2) If (V,s) is a left H*-braided space, then (V,"(s™1)) is a left H-braided space.

(3) The above constructions are inverse one of each other

Proof. (1): Using the definition of 7y and the fact that s~! is compatible with ey
it is easy to check diagrammatically that (s=')” is compatible with 7z-. We left
the details to the reader. Similarly, (s’l)*’ is compatible with eg«. Next, we check
the other compatibilities and that (s~1) is bijective.

Compatibility of (s=1)” with pu-: Since (H®s )e(s 1@ H)o(VRA) = (A®@V)es™!
and (c®@V)o(H® s Yo(s '@ H) = (H®s 1)(s1 @ H)(V ® c), we have

Compatibility of (s~1)” with Ag-: This can be checked dualizing the proof that
(s71)° is compatible con fig-.

Compatibility of (s71)” with cg.: We have

SREAbARIT RS

(8’1)" is bijective: By the discussion at the beginning of this section, basic prop-
erties of the evaluation and coevaluation maps and Lemma 2.1,

A similar argument shows that (s~1)” is left invertible.

(2): Using the definition of ep«, that n is compatible with cg g+, and that eg« is
compatible with s~! and c;il* 1, it is easy to check diagrammatically that b(5’1)
is compatible with ny. We leave the details to the reader. Similarly, *(s~') is
compatible with ey. Next, we check the other compatibilities and that *(s1!) is
bijective
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Compatibility of *(s™') with pupg: By the compatibility of ¢k, with uy and the

definition of Ag-«,
%: /
(r ) (X1

Using thls fact, the definitions of ”(s~1) and Ag-, and the compatibility of ¢, e LoA g
with ¢} and 57!, we obtain

N\

-y HHV/ HHV/ [TL2 1] 1
T8 sz

Compatibility of "(s~!) with Ap: This can be checked dualizing the proof that
°(s71) es compatible con pp.

Compatibility of °(s~!) with cz: By the compatibility of s~! with ¢z, we have

\s
H H V
&A1
G- (5%
b(5*1) is bijective: By the discussion before Lemma 2.1, basic properties of the
evaluation and coevaluation maps and Lemma 2.2,

- £ %R /J
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A similar argument shows that *(s~1) is left invertible.

(3): Left to the reader (use the formulas for the inverse of (s~1)” and "(s~!) obtained
in the proofs of items (1) and (2), respectively). O

Remark 2.4. Let H be a rigid braided bialgebra and (V, s) a left H-braided space.
In the proof of item (1) of Proposition 2.3, it was shown that

(H* @V @evy ey )o(H* @ s® H*)o(cph o coevy @V @ H*)
is the compositional inverse of (5*1)". Applying this result with H replaced by
H°P, we obtain that

(H* @V @ evyocys )e(H* @ 5@ H*)o(cprp-ocoevy @V @ H*)
is also the inverse of (s7)*. So, both maps coincide. In a similar way, we can check
that if (V) s) is a left H*-braided space, then

(s 1) = (evocyt y @V @ H)o(H® s ' @ H)o(H®V ® cppeocoevy).

Using the last equality of the Remark 2.4, and arguing as in the discussion above
Lemma 2.1, it is easy to check that

FX = %] and ?\)\ = %  where X ="(s7!) and )} = sL.

Definition 2.5 (G-G). Let H be a braided bialgebra and A an algebra. A left
transposition of H on A is amap s: H @ A — A® H, satisfying

(1) (4,s) is a left H-braided space,
(2) s is compatible with the algebra structure of A.

Note that by condition (1) s is bijective, which was not required in the definition
given in [G-G]. It is immediate that s is a left transposition of H on A iff it is a
left transposition of HP on A and that this happens iff s is a left transposition of
HS°P on A.

Definition 2.6. Let H be a braided bialgebra and A an algebra. A right transpo-
sition of H on Ais amap s: A® H — H ® A, satisfying

(1) (A,s) is a right H-braided space,
(2) s is compatible with the algebra structure of A.

As for left transpositions, to have a right transposition of H on A is the same
that to have a right transposition of HSP on A and this is equivalent to have a right
transposition of H:°P on A.

Let H be a braided bialgebra, A an algebra and s: H ® A — A ® H a bijective
map. It is immediate that s is an left transposition of H on A iff s7! is a right
transposition of H on A.

A pair (A, s) consisting of an algebra A and a left transposition of H on A will
be called a left H-braided algebra. Similarly, if s is a right transposition, then (A, s)
will be called a right H-braided algebra.

Proposition 2.7. Let H be a rigid braided bialgebra and let A be an algebra. The
following facts hold:
(1) If s: H® A — A® H 'is a left transposition, then (s=')": H* @ A — A® H*
15 50 too.
(2) If s: H*®@ A — A® H* is a left transposition, then "(s™1): H® A — A® H
15 50 too.
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Proof. We prove the first assertion and we leave the second one to the reader. By
Proposition 2.3 we only must check that (s~')” is compatible with the algebra
structure of A. It is easy to check that (s~ )b is compatible with na4. Let us see

that it is compatible with p4. Since (H @ p)o(s™t ® A)o(A® s71) = s Lo(u® H),
S Kﬂ \}
as desired. O

Theorem 2.8 (G-G, Theorem 4.3.1). Let H be a rigid braided Hopf algebra, A an
algebra and s a left transposition of H on A. There is a unique automorphism of
algebras gs: A — A, such that s(t®a) = gs(a) @t for all left or right integral t € H.
Furthermore, we have so(fi; ® gs) = (9s ® fi;)es and so(fi @ g;71) = (971 @ fl)es

where fy; and fL; are the maps introduced in Corollary 1.12.

Proposition 2.9 (G-G, Proposition 4.17). Let H be a rigid braided Hopf algebra,
a: H — k the modular function, A an algebra and s: H @ A — A® H a bijective
transposition. Then, (A ® a)es = a ® A.

Lemma 2.10. Let H be a braided bialgebra and (V) s) a left H-braided space. The
following equality holds:

(PR H)(V@ce )e(VeAp)s=(H®s)(c'@V)e(Ay @ V).
Proof. Since (V@ ¢ 1)e(s @ H)o(H @ s) = (s ® H)o(H ® 5)°(c™! ® V), we have

K

as desired. O

Proposition 2.11. Let H be a rigid braided Hopf algebra, s: HRQ A — AQ H a
left transposition and 0: HY — H the map defined by 0(p) = ¢ — t, where t is a
non zero left integral of H. Then, (A® 0)s(s™)" = so(f @ g5 1).

Proof. By definition

woneitr - 13- &

Using this fact, Lemma 2.10 and Theorem 2.8, we obtain

fokt A TI? i
@)
\

as we want. O

Corollary 2.12. Let H be a rigid braided Hopf algebra and s: HQ@ A — AQ H a
left transposition. Then Gis—1y» = gt

Proof. Let T € f;ﬂ such that §(T) = 1. By Proposition 2.11,
Gy (@) @ 1= (A O)(s (T @ a) = so(0® g, )T @ 0) = g7 ' (a) & 1,

as we want. O
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Remark 2.13. Let f}} be as in the discussion at the end of Section 1. By the
comments at the end of Section 1, we know that f;; = fj;. Consequently, if
fi =id, then f7; =id. Similarly, fi = fb and if f5, =id, then f}” =id.

3. MODULES AND COMODULES

Let H be a braided bialgebra. In this section we recall from [G-G] the notions of
left H-braided module and right H-braided comodule and we establish a relation
between these concepts.

Definition 3.1 (G-G). Let (V,s) be a left H-braided space.

(1) We say that (V,s) is a left H-module or V is a left H-braided module if V
is a left H-module in the standard sense and the action p: H @V — V
satisfies se(H ® p) = (p® H)o(H ® s)°(c® V).

(2) We say that (V, s) is a right H-comodule or V is a right H-braided comodule
if V' is a right H-comodule in the standard sense and the coaction v: V. —
V ® H satisfies (v @ H)es = (V ®c¢)o(s®@ H)o(H @ v).

A map f: (V,s) = (V',§') is a morphism of left H-modules if it is morphism of
left H-braided spaces and fop = p'o(H ® f), where p and p’ are the actions of H on
(V,s) and (V’,s'), respectively. The definition of morphism of right H-comodules
is similar.

Let (V, s) be a right H-braided space. The concepts of right action of H on (V] s)
and left coaction of H on (V,s) can be introduced in a similar way. We leave the
details to the reader. Next, we establish a relation between these last notions and
the ones introduced in Definition 3.1.

Proposition 3.2. Let H be a braided bialgebra and (V,s) a left H-braided space.
Then (V,s) is a left H-module via p iff (V,s™1) is a right H®-module via pes~*.
Similarly, (V,s) is a right H-comodule via v iff (V,s™) is a left HSP-comodule via
s Lov,

Proof. Left to the reader. O

Let H be arigid braided bialgebra and let (V] s) be a left H-braided space. Given
amapv:V — V ® H, we define amap p,: H' @V — V by

py = (V@evy)((s™') @ H)o(H @ v).
Conversely, given a map p: Hf @ V — V, we define v,: V=V ®H by
v, = s°(H @ p)e(coevy ®V).
It is easy to check that these constructions are inverse one of each other.

Let H be a rigid braided bialgebra and let H' be as in Notation 1.19. By
Proposition 2.3 and the discussion at the beginning of Section 2, we know that
(V,s) is a left H-braided space iff (V, (s~1)") is a left Hf-braided space.

Lemma 3.3. Let H be a rigid braided bialgebra and let (V,s) be a left H-braided
space. Then, each left Hf-module structure on (V,(s~1)°), satisfies

(H®p® H)o(coevy ®s) = (H ® s)o(c® p)o(H @ coevy QV),
where p: HT @ V. — V is the action of HT on V.
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Proof. By the definitions of (s~')? and ¢+, the fact that (V,(s~')?) is a left Hi-
module and basic properties of the evaluation and coevaluation maps, we have

From this it follows that
vV H
s
AN

which clearly implies our assertion. O

Lemma 3.4. Let H be a rigid braided bialgebra. If (V,s) is a right H-comodule,
then

(@ HN)e(s7') = (V@eyrin)((s7) @ H)(H' @v),
where v is the coaction of (V,s).

Proof. Since v is a map of H-braided spaces, we have

KUK L i

where the first equality follows from the definition of (s~1)”. O

Theorem 3.5. Let H be a rigid braided bialgebra and (V, s) a left H-braided space.
Then (V,s) is a right H-comodule via v iff (V,(s~1)°) is a left H-module via p,,.

Proof. =): Since (V, (s71)") is a left Hf-braided space and v is a coaction, we have
pule@ o) = (V@evin)o((s™) @ H)o(H' @ v)(e @ v) = (v ooy = v,

for all v € V. Hence, p, is unitary. By Lemma 3.4, the fact that (V,v) is a right
H-comodule, the discussion following Theorem 1.7, the compatibility of s with c,
the discussion at the beginning of Section 2, and the compatibility of s with A, we
have

va A A

which shows that p, is associative. It remains to check that (s=1)’«(HT ® py) =
(py @ HY)o(HT @ (s71)")e(cyyt @ V). But, by the compatibility of (s~1)° with ¢+,
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the discussion following Theorem 1.7 and Lemma 3.4, we have

N R - () )
h ( N
<): Let v € V. Since s is compatible with € and p, is unitary, we have
(V & ov(v) = (V @ e)ose(H & p, )o(coevy @V)(v)
— (e® V)o(H @ p,)e(coevy &V)(v)

= py(e® V)

:’U,

as desired.

where the first equality follows from the discussion following Proposition 3.2. Hence,
v is counitary. By Lemma 3.3, the fact that (V,s) is a left HT-module, the defini-
tion of the multiplication in H, basic properties of the evaluation and coevaluation
maps, the relation between p, and v, the compatibility of s with A and the discus-
sion at the beginning of Section 2, we have

N
puo(HT®pu)§ @@ @

\4 H
V H H

V H H
V H H

which shows that v is coassociative. It remains to check that
(v@H)es =(V®c)(s® H)(H Q).
But, by the relation between p, and v, the compatibility of s with ¢ and Lemma 3.3,

we have
| t >
N
0 -\S - K- B
VH\I-I \) V\IiH v HH
VH\I-I V\I-IH
as we want. O

4. MODULE ALGEBRAS AND COMODULE ALGEBRAS

Let H be a braided bialgebra. In this section we introduce the notions of left H-
module algebra and right H-comodule algebra and we study the relation between
these concepts.

Definition 4.1 (G-G). Let (A4, s) be a left H-braided algebra.

(1) We say that (A, s) is a left H-module algebra if (A, s) is a left H-module
and the action p: H ® A — A satisfies:
a): p(h@1) = e(h)1,
b): pe(H @ p) = pe(p @ p)o(H ® s ® A)o(A® AR A).
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(2) We say that (A,s) is a right H-comodule algebra if (A,s) is a right H-
comodule and the coaction v: A — A ® H satisfies:
a); v(l)=1®1,
b): vepu = (1@ pn)(A®s® A)(vQ@v).

Items (1) and (2) of the above definition can be expressed saying that p and v
are compatible with the algebra structure of A.

A map f: (A, s) — (A, ¢) is a morphism of left H-module algebras if it is mor-
phism of left H-modules and a morphism of algebras. The definition of morphism
of right H-comodule algebras is similar.

Let A be a k-algebra and s: AQ H — H® A a right transposition. The notion of
right H-module algebra structure and left H-comodule algebra structure on (A4, s)
can be introduced in a similar way. We leave the details to the reader. Next, we
establish a relation between these notions and the ones introduced in Definition 4.1.

Proposition 4.2. Let H be a braided bialgebra and let (A, s) be a left H-braided
algebra. Then (A, s) is a left H-module algebra via p: H® A — A iff (A,s7 ') is a
right H2P-module algebra via pes~'. Similarly, (A, s) is a right H-comodule algebra
via v iff (A, s71) is a right HP-comodule algebra via s™'ov.

Proof. From Proposition 3.2 and the discussion following Definition 2.6 it follows
immediately that in order to check the first assertion it suffices to show that p
satisfies conditions a) and b) of item (1) of Definition 4.1 iff pos™! satisfies the
analogous conditions. We leave this task to the reader. The second assertion can
be checked similarly. O

Lemma 4.3. Let H be a rigid braided bialgebra and let (V,s) be a left H-braided
space. If (V,(s71)?) is a left Hf-module, then

sThe(p@ H) = (H @ p)e(cyyy @ V)eo(H ©57"),
where p denotes the action of H on V.

Proof. By Lemma 3.3, the discussion following Theorem 1.7, and basic properties
of the evaluation and coevaluation maps

The assertion follows immediately from this equality. O

Theorem 4.4. Let H be a rigid braided bialgebra and let (A, s) be a left H-braided
algebra. Then (A, s) is a right H-comodule algebra via v iff (A, (s™1)") is a left
Hf-module algebra via p,,.

Proof. =): By Proposition 2.7 and Theorem 3.5 it suffices to check that p, (p®1) =
(D)1 forall g € HY and pye(H @ p) = pe(py@py)o(HT @ (s @ A)o(Ayi AR A).
The first assertion is immediate. Let us consider the second one. By the definitions
of Ag+ and p,,, the discussion following Theorem 1.7, the discussion at the beginning
of Section 2, the compatibility of s with pg, na and ¢, the fact that (V) s) is a right
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H-comodule via v and vep = (1 ® p)o(A® s @ A)o(v ® v), we have

HN A A HY A A
H A A

/

3-\8- |31

as desired.

<): We must check that v(1) = 1® 1 and vep = (u® p)o(A® s @ H)o(v @ v).
The first assertion is immediate. Let us consider the second one. By the relation
between v and p,, the facts that (A, (s1)°) is a left HT-module algebra and s is a
left transposition, the definition of A+, the discussion following Theorem 1.7, the
discussion at the beginning of Section 2, and Lemma 4.3, we have

A A A A
A A
A A A A \ /\\
ji\ %\/
\ \ N
A A A A A A
A A
/ %
f— pr— f— pr— b
\ N\ \j
as we want. O

5. H-INVARIANTS

Let H be a braided bialgebra and let V' be a standard left (right) H-module.
Recall that an element v of V' is H-invariant if h - v = e(h)v (v - h = e(h)v) for all
h € H. We let 7V (VH) denote the set of H-invariants of V. Note that this is not

the notation used in [G-G], where the set of invariants of a left action is denoted
Vi,

Proposition 5.1. Let (V,s) be a left H-module and let x: HQV — V ® H be the
map X = (p® H)o(H ® s)o(A®V). Then, an element v € V is H-invariant iff
x(h®v)=s(h®wv) forallh € H.



18 MAURICIO DA ROCHA, JORGE A. GUCCIONE, AND JUAN J. GUCCIONE

Proof. For (V,s) a left H-module algebra this is [G-G, Proposition 7.2]. The same
proof works for left H-modules. O

Proposition 5.2. s(H ® V) C iV @ H for each left H-module (V,s).

Proof. For (V,s) a left H-module algebra this is [G-G, Proposition 7.4]. Se same
proof works for left H-modules. O

Let V' be a standard right (left) H-comodule with coaction v. Recall that an
element v of V is H-coinvariant if v(v) =v® 1 (v(v) = 1®v). We let VH (HY)
denote the set of H-coinvariant elements of V under a right (left) action. In [G-G,
Remark 5.1] it was note that if (V,s) is a right H-comodule, then V<! is stable
under s (that is, s(H @ V<H) C VH @ H). Assume that H is a rigid braided
bialgebra. By Theorem 3.5, we know that if (V,s) is a right H-comodule, then
(V,(s71)°) is a left Hf-module.

Proposition 5.3. It is true that V<t = Hly
Proof. Let v € V. Since (s')° is compatible with e+,
prv=(Vaen) (s @H)(povel)=(Vaeg)(s™) (¢ ev) =p(l)w,

for all ¢ € Hf. So, v € H'y, Conversely, if v € HTV, then by the discussion
following Proposition 3.2 and the compatibility of s with 1, we have

v(v) = s(ih ® R .v> - s(ihih’{(l) ®v> =s(1®@v)=v®1,

where v is the coaction of V' and (h;, h})1<i<n are dual basis of H. O
The following theorem was communicated to us by the referee of [G-G].

Theorem 5.4. Let (V,s) be a left H-module. If H be a rigid braided bialgebra,
then s(H @ V) = HV @ H.

Proof. Consider s as a map from HIT®@V to Ve H'T and (V, s) as a left HT-module.
By Theorem 3.5 (V,%(s~ 1)) is a right Hf-comodule. Let v: V — V ® HT denote
the corresponding coaction. By Proposition 5.3, #V = yeoH' et C:V-VeH
be the map defined by ((v) = v(v) —v®e Let s;: H® *V — HV @ H be

the map induced by s and let s': H ® (V ® H') — (V ® H') ® H be the map
s’ =(V®ecypt)(s® HT). Since the commutative diagram

H
0—=Holy — HoV > He (Ve H)
lﬂ ‘LS \LS/
C®H
0—="oH—>H®V—=(VoH)®H
has exact rows and s and s’ are isomorphisms, s| is also. 0
By this theorem, (*V, s) is an H-braided space. Furthermore, by [G-G, Propo-
sition 7.3], if (A, s) is a left H-module algebra, then s;: H ® HA — HA @ H is a
transposition.
Recall that, by Proposition 3.2, if (V,s) be a left H-module, then (V,s7!) is a

right HSP-module. The following result is used without mention in the proof of
[G-G, Proposition 8.1].

Proposition 5.5. Suppose that (V,s) is a left H-module. Then "V = VH,
Proof. Left to the reader. O
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Proposition 5.6. Let H be a rigid Hopf algebra and (A, s) a left H-module algebra.
The automorphism gs: A — A of Theorem 2.8 satisfies g,(fA) = HA.

Proof. By Theorem 2.8 and the discussion preceding Proposition 2.7, we know
that the map s: kt ® A — A ® kt is bijective. Hence, By Theorem 5.4, the map
s: kt®fA — HA®kt is also. The proposition follows immediately from this fact. O

6. SMASH PRODUCTS

Let H be a braided bialgebra. By [G-G, Theorem 6.3 and Proposition 6.5], we
know that if (A4, s) is a left H-module algebra, then the map x: H® A - A® H,
defined by x := (p® H)o(H ® s)°(A ® A), is compatible with the algebra structures
of A and H. Hence, as was shown in [C-S-V], the tensor product A® H is an algebra
A ®, H, with multiplication pag, # = (ks ® pu)(A® x ® H). This algebra is
called the smash product of A with H associated with (s, p), and it is also denoted
A#H. We frequently identify A and H with the subsets A® 1 and 1® H of A#H,
respectively. Consequently, we sometimes write ah instead of a#h.

It is easy to check that A is an (A#H, fA)-bimodule via the regular right action
and the left action

(1) (afth) - b=a(h-b).
Furthermore, arguing as in the proof of [G-G, Proposition 8.1] it can be shown that

if H is a braided Hopf algebra with bijective antipode S, then A is an (A*, A#H)-
bimodule via the regular left action and the right action

(2) b- (a#th) = Z S7(hy) - (ba);,

where Y, h; @ (ba); = s7!(ba ® h) and AT is the set of invariants of A under the
right action of H obtained by restriction of (2).

Let H be a braided Hopf algebra with bijective antipode S. We just note that
if (A, s) is left H-module algebra via p: H® A — A, then (A4,s7!) is a right HP-
module algebra via pes~'o(A ® S~1). By Proposition 5.5 we know that A# = 4.
To unify expressions, from now on we always will write 74 to denote this set of
invariants.

The next results generalize Lemmas 0.3 and 0.6 of [C-F-M], and their proof are
closed to the ones given in that paper.

Proposition 6.1. Let H be a braided bialgebra and let (A, s) be a left H-module
algebra. The following assertions hold:

(1) #A ~ End(axmA)°, where we consider A as a left A#H-module as in (1).

(2) If H is a braided Hopf algebra with bijective antipode, then "A~End(Aaym),
where A is considered as a right A#H-module as in (2).

Proof. We prove the second assertion because the first one is easier. Let L,: A — A
denote the left multiplication by a. Is is clear that the map a +— L, from PA to
End(Aagm), is well defined and injective. We claim that it is surjective. Let
f € End(Aaxm). Since, f(a) = f(1-a) = f(1) - a, for each a € A, in order to check
the claim it suffices to show that f(1) € fA. This follows from the above discussion
and the fact that f(1)-h = f(1-h) = f(S7Y(h)-1) =€(h)f(1), foral he H. O

Proposition 6.2. Let H be braided bialgebra and let (A,s) be a left H-module
algebra. Consider A as a left A#H-module via the action (a). For each left A#H -
module M and each mg € M, the map V: A — M, defined by V(a) := a - my, is
a left A#H-homomorphism. Furthermore, if a € YA, then a-mg € FM.
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Proof. Let a,b € A and h € H. Since my is invariant and s is compatible with e,
(b#h) - W(a) = (b#h) - (a- mo)
= ((b#h)(a#1)) - mo

=Y b(hq) - aitthiz),) - mo
= b(hq) - ai)e(h),) - mo

:Zb(h'a)'mo

= W((b#h) - a),
where >, h1) ® a; @ hz), = (H ® s)°(A ® A)(h @ a). The last assertion can be

easily checked. O

Proposition 6.3. Let H be braided Hopf algebra with bijective antipode S and
(A, s) a left H-module algebra. Consider A as a right A#H-module via the action
(b). For each right A#H-module M and each mo € MY, the map ¥': A — M,
defined by V'(a) := myg-a, is a right A#H-homomorphism. Furthermore, if a € HA,
then mgo -a € M™Y.

Proof. Let a,b € A and h € H. By the proof of [G-G, Proposition 6.9],
abtth =3 (1#hie), ) (S (hiqry,) - (ab)itl),
ij

where Z” hZ(Q)] ®571 (hl(l)J) . (Clb)z = (H@pO(Sfl ®A))0(0710A®A)03*1(ab®h).
Using this, the fact that mg € M and the compatibility of ¢~ with €, we obtain
U'(a) - (b#h) = (mo - a) - (b#th)
= myg - (ab#h)

= mo - (Z(1#hi(2)j) (57 (hicy,) - (ab)i#1>)

)

—mg - (Z (hi),) (S (hawy,) (ab)i#1>)
=mp- (S*l(hi) : (ab)i#l)
— W(a- (b)),

as we want. The last assertion can be easily checked. O

Proposition 6.4. Let H be a rigid braided Hopf algebra and (A, s) a left H-module
algebra. Let t be a non zero left or right integral of H. Then AtA is an ideal of
A#H.

Proof. For left integrals ¢ this result is [G-G, Proposition 7.8]. For right integrals ¢
the assertion can be check in a similar way. We leave the details to the reader. [

Let H be a rigid braided Hopf algebra, (A, s) a left H-module algebra and A#H
the smash product constructed from these data. Consider H @ A and A#H as left
H-modules via the actions [ - (h ® a) := lh® a and [ - (ah) := lah, respectively. Let
t be a non zero left integral of H. We assert that #(A#H) = tA. In fact, in [G-G,
Proposition 6.9] it was proved that the H-linear map 6: H ® A — A#H given by
9(h ® a) = ha is bijective. So, H(A#H) =0((H® A)) = 0(t ® A) = tA.
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Proposition 6.5. Let H be a rigid braided Hopf algebra, o the modular function
of H and (A,s) a left H-module algebra. The map (—)*: A#H — A#H, de-
fined by (a#h)* = a#h®, where h* is the map introduced in Remark 1.23, is an
automorphism of algebras.

Proof. Clearly (—)“ is bijective and (1#1)* = 1#1. For h € H and b € A let
s(h®b) =>",b; ®h;. Then

((asth) o))" = D _(alhqr) - b)#hea) 1)°
= Za(h(l) - bi)#(hz) 1)
= Za(hu) - bi)# (h2), )1
= Za(h(l) i)#h ), 02, )1

= alhq) - bi)#he),alhe)l®

= (a#th)* (b#1)",
where the third and fourth equality follow from Remark 1.23 and the last one from
the compatibility of s with the comultiplication and Proposition 2.9. O

7. GALOIS EXTENSIONS

Let H be a braided bialgebra and let (A, s) be a right H-comodule algebra. Let
v denote the coaction of A. Recall from [G-G, Section 10] that (A" — A s)
is called a right H-extension of A", and that such an H-extension is said to be
H-Galois if the map $4: A ®40n A = A® H, defined by fa(a®b) = (a ® 1)v(b),
is bijective. Furthermore, by Theorem 4.4 and Proposition 5.3, if H is rigid, then
(A, (s71)°) is a left Hf-module algebra and H'p — Ao,

Remark 7.1 and Theorem 7.2 below generalize results of [K-T]. In the proof of
the second one we follow closely an argument of Schneider [Sch].

Remark 7.1. Let H be a braided Hopf algebra with bijective antipode S and let
(4, s) be a right H-comodule algebra. Let

B AQpen A— AR H and ®: A®QH — A® H

be the maps defined by 3 := (uaQH)o(A®s)o(va®A) and @ := (AQup)e(ra®S).
Then, the following facts hold:

(1) @ is bijective, with inverse ® ! = (A ® pug)(A®c1)e(vg @ S7L).

(2) @84 = (4. Consequently, 4 is injective (surjective) if and only if §/, is.
Theorem 7.2. Let H be a rigid braided Hopf algebra and (A, s) a right H-comodule

algebra such that the Galois map (4 is surjective. Let T € H' be a non zero left
integral. Then:

(1) There exist elements ay,...,an,b1,...,by € A such that (x — T - (bjz),a;)
is a projective basis of A as a right H'A module.

(2) Ba is injective, and so bijective.

Proof. (1): By Corollary 1.21 there exists a right integral w € H, such that T'(uh) =
€(h), for all h € H. Since f4: A®puiy A — A® H is surjective and g(,-1y,: A — A
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is an algebra automorphism, there exists ), a; ® b; € A ®py1, A, such that

(3) Z aig(s—1y (i) @iy =1 @ u.

By Theorem 4.4, the definition of p,, Lemma 3.4 and the compatibility of Ag+
with (s~

(4)

o-80-G-80-1

Let T(l) (9 T(Q) = AHT a
> by ®Tay @ bz‘u)j ® Tia); = bico) @ Ty @ et (T(2) ® biy))-
J
Let ¢;: A — H'A denote the right H'A linear map defined by ¢i(a) = T - (b;a).
Using (4) and that (s™")*(T ® b) = g(s-1y>(b) ® T', we obtain

(5) Zaszi(a) = ZCMT Zazg (=1 (bi )Ty, bi) ;) (T2 ; - @)-

Now, from Remark 1.14 it follows easily that cpt (0 @ u) = u ® po(fL)~! for all
¢ € H. Using this fact, (3) and (5) we obtain

Za2¢z T(l)v >(T(2)°(f1lr{)_l) ca.

Since, by the deﬁnitlon of Ag+ and Remark 1.14,
(Tays u)(Ti), (Fir) ™ (R)) = (T, poe((fr) " (h) @ w)) = (T, uh) = e(h),
for all h € H, we have ), a;¢;(a) = €-a = a, as we want.

(2): By Remark 7.1 it suffices to show that 3, is injective. To simplify notations
we set B = AH. Let

Zuj ®@p v; € ker(B)), so that Zuj(o)vji ®ujq, =0,
J J

where > uj ) ® vj; © Wiy, =22, (o) @ s(uj(q) ®vj). Let

X=(pp@H)e(H @ (s7)")o(Ayi ® A) and 2= > a; ® T @ b; @ u; @ v;.

ij
We have
Y ouj@pv; = (14 © A)(A® p, @p A)(A® H' @ pa ©p A)(2)

= (A®p pa)(A® p, @5 A)(AQ H' @ ppy @p A)(z)

=(A®p pa)(A®A® p1a)(A®A®p, ® A)(A® x ® A® A)(z)
=(ARpua®@evy)(A®A® (s @ H)o(A® x ® B4)(x) =0,

where the first equality follows from item (1), the second one from Proposition 5.3,
the third one from the fact that A is a left Hf-module algebra and the last one

from the fact that
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Thus (3 is injective. d

Lemma 7.3. Let H be a rigid braided bialgebra and s: H® A — A® H a left
transposition. Then,

(A@evy @Ho((s™) @ eprig)o(H @ (s71) @ H)o(HN®? @ s)
= (evg ®(s™ )" )o(H' @ cyyrp ® A).

Proof. By the discussion following Theorem 1.7, the discussion at the beginning of
Section 2 and the compatibility of (s7')* with ¢y,

HIHT H A

Theorems 7.4 and 7.5 below generalize Theorems 1.2 and 1.2’ of [C-F-M] and
their proofs are very close to the ones given in that paper.

Theorem 7.4. Let H be a rigid braided Hopf algebra and let (A, s) be a right H-

comodule algebra. Consider A as an (A#HT, Hi‘l)—bimodule via the actions defined
at the beginning of Section 6. Let gs: A — A be the automorphism of algebras
introduced in Theorem 2.8. Let us 9A denote A endowed with the left A-module
structure given by a -b = gs(a)b. The following assertions are equivalent:

(1) (HTA — A, s) is H-Galois.
(2) (a) The map m: A#H' — End(Ays,), defined by w(a#p)(b) := (a#tp) - b,
s an algebra isomorphism.

(b) A is a finitely generated projective right H'A module.
(3) A is a left A#HT-generator.

(4) If0#£T € fiﬁ, then the map [, ]+ A®y1,A — A#HT' given by [a,b] = aTb
18 surjective.

(5) For any left A#H'-module M, the map Fy: A Quty HyNr M defined by

1

Fr(a®@m) = a-mis a left A#HT-module isomorphism, where A® 1, " M

has the A#H'-module structure

(a#p) - (b@m) = w(a#p)(b) @ m.

Proof. (2) < (3): As in the classical setting it follows from a well-known theorem
of Morita [Fa, 4.1.3].

(1) < (4): Let 9: H — HT be the map defined by
I(h) = (evg ®H)e(H' @ cyyi)o(Api (T) @ h).

A direct computation shows that ¥(h)(l) = T'(hl) for all h,l € H. Hence, by [D,
Theorem 3.b], we know that ¥ is a bijective map. Since g(s—1y» 1s also bijective, to
prove that (1) < (4) it suffices to show that (g(s—1y @0)oBa = [, Jo(g(s-1)> @uiy A).
Let g = g(s-—1)» and g’ = g,. By the definition of ¥, the discussion following Propo-
sition 3.2, the definition of g, the fact that g is an algebra map, the compatibility
of (s1)” with A+, Corollary 2.12, Lemma 7.3, the fact that (A, (s—1)") is a left
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Ht-module and basic properties of the evaluation and coevaluation maps, we have

o

as desired.

(4) = (3): By hypothesis there exist z1,...,zs,y1,...,ys € A such that 1#e =
>~ iTy;. By this fact, Proposition 6.2 and the discussion following Proposition 6.4,
the map f: A®) — A#HT given by f(a1,...,as) =Y., a;Ty; is A#H'-linear and
surjective. Hence A is a left A4 Hf-generator.

(5) = (4): By the discussion following Proposition 6.4, HT(A#HT) = TA. The
assertion follows immediately from this fact.

(2) = (4): By Proposition 6.4 it suffices to prove that 1#e € AT A. This can be
checked as in [C-F-M].

(4) = (5): The proof given in [C-F-M] works in our setting. O

Theorem 7.5. Let H be a rigid braided Hopf algebra and let (A, s) be a right H-
comodule algebra. Consider A as an (HTA, A#HY)-bimodule via the actions defined
at the beginning of Section 6. Let %A be as in Theorem 7.4. The following assertions
are equivalent:
(1) (HTA — A, s) is H-Galois.
(2) (a) The map n': A#H' — End(,1,A)®P, defined by 7'(a#p)(b) = b -
(a#), is an algebra isomorphism.
(b) A is a finitely generated projective left H'A module.
(3) A is a right A#H?'-generator.
(4) If0£U € f;IT, then the map [, ]': A @y, A — A#H' given by [a,b] =
alUb is surjective.
(5) For any right A#HT-module M, the map G- MH Qputy A — M, de-
fined by Gpr(m @ a) =m - a, is a right A#HT-module isomorphism, where
M ®pty A has the A#HT -module structure

(m®D) - (a#kp) = m @ ' (agte)(b).
Proof. (2) < (3): Is the same as Theorem 7.4.
(1) & (4): Mimic the argument given in the proof of Theorem 7.4, replacing T' by
U.
(4) = (3): By hypothesis there exist z1,...,Zs,y1,...,ys € A such that 1#e =
>; #iUy;. By this, the fact that (A#HT)HT = AU and Proposition 6.3, the map
f: AW — A#HT given by f(a1,...,as) =Y, a;Uy; is A#H-linear and surjective.
Hence A is a right A# H'-generator.
(5) = (4): This follows immediately from the fact that (A#HT)HT = AU.
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(2) = (4): By Proposition 6.4 it suffices to prove that 1#e € AUA. This can be
checked as in [C-F-M].
(4) = (5): The proof given in [C-F-M] works in our setting. O

Corollary 7.6. Let H be a rigid braided Hopf algebra, (A, s) a right H-comodule
algebra and T € f;ﬁ \{0}. Let %A be as in Theorem 7.4. If (HTA — A,s) is H-
Galois, then the map 7: 9A — Hom(Ays,, HTAmA), defined by 7(a)(b) =T - (ab), is

an isomorphism of (HTA, A)-bimodules.
Proof. Tt is clear that 7 is right A-linear. Let c € ¥ 'A. We have

7(ca)(b) = 7(gs(c)a)(b) = T~ (gs(c)ab) = cT - (ab),
where the last equality follows from Corollary 2.12 and the fact that, by Propo-
sition 5.6, we know that g,(c) € H'A. This shows that 7 is left #'A-lincar. Let
us prove that it is bijective. Consider A#HT and End(Ay1,) as left Hf-modules
via ¢ - (a) = pap and (¢ - f)(a) = ¢ - f(a). The map 7: A#H' — End(A,1,),
introduced in Theorem 7.4, is H'-linear. It is immediate that Hom(Aj1y, HTAHTA)

is the set of invariants of End(Ay1,). Hence, by the discussion following Propo-

T

sition 6.4 the map  restricts to a bijective map from T'A to Hom(Ays,, HAHTA).
U

The assertion follows immediately from this fact.

Corollary 7.7. Let H be a rigid braided Hopf algebra, (A, s) a right H-comodule
algebra and U € [} \{0}. Consider A as a right A#H'-module as in Theo-
rem 7.5. Let A9 denote A endowed with the right A-module structure given by
b-a= bg(s—l)b(a), where g1y 1 A — A is the automorphism of algebras intro-
duced in Theorem 2.8. If (HTA — A, s) is H-Galois, then the map 7': A9 —
Hom (41, A, HfAHtA)} defined by 7 (a)(b) = (ba) - U, is an isomorphism of (A, "'A)-
bimodules.

Proof. Tt is clear that 7’ is left A-linear and we leave to the reader the task to check
that it is right H'A linear. Let us prove that it is bijective. Consider A#H' and
End(,1,A)° as right Hi-modules via (a1)) - ¢ = atpp and (f - ¢)(a) = f(a) - ¢.
The map 7': A#HT — End( 1, A)°P, introduced in Theorem 7.5, is Ht-linear. It

is immediate that AU and Hom(+, A4, HTAHM) are the sets of invariants of A#HT
and End(+ -, A)°, respectively. Hence, the map 7’ restricts to a bijective map from

AU to Hom(1, A, HTAHM). This implies that 7/ is also bijective. d

8. EXISTENCE OF ELEMENTS OF TRACE 1
Let H be a rigid braided Hopf algebra and (A, s) a right H-comodule algebra.
Recall from Corollary 2.12 that g(_sl,l)b = gs. In [G-G, Section 8] it was shown

that A is a left #'A-module via a > b = gs(a)b and a right A#H'-module via
b — (atte) = >, S7H((p%)i) - (ba);, where a: H — k is the modular function
and Y, (¢%); @ (ba); = ((s71)°)"!(ba ® ¢*). Furthermore, A is an (HM,A#HT)—
bimodule. Consider the bimodules

M= HTAAA#HT and N = A#HTAHTAa

where the actions on N are the ones introduced in Section 6. In [G-G, Theorem 8.4]
it was proved that the maps

[, }:N@HfAM—)A#HT7 given by [a,b] = aTh
( ) ): A4(®A#:HJr N — HtAa given by (aab) =T- (a‘b)a
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in which T # 0 is a left integral of H', give a Morita context for A and A#HT.
The purpose of this section is to study the implications of the surjectivity of the
map (, ). Proposition 8.1 generalizes item (1) of Proposition 2.5 of [C-F-M] and
Propositions 8.2, 8.4 and 8.9 generalize Propositions 1.4, 1.5 and 1.7 of [C-F],
respectively. We prove neither the first one, the second one nor the fourth one,
because the proofs given there work in our context. Before beginning we recall that
an element ¢ of A is called a trace 1 element of A if T- ¢ = 1. It is clear that the
existence of a trace 1 element is equivalent to the surjectivity of (, ).

Proposition 8.1. The map ( , ) is surjective if and only if there evists v € AFHT
such that TaT =1T.

Proposition 8.2. Let V be a left H'A module. Consider A Qputy V as a left Hf-
module via p-(a®@v) = @-a®v. If (, ) is surjective, then the map iy : V — AQpyt,V,

defined by iy (v) = 1 ® v, is injective and its image is HT(A Quty V).
Definition 8.3. A total integral is a right H-colinear map g: H — A such that
g(1) =1.
Proposition 8.4. The following facts hold:
(1) The map (, ) is surjective if and only if there is a total integral g: H — A.
(2) There exists c € A such that T - ¢ =1 and ca = gs(a)c, for all a € H'A if
and only if there exists a total integral g: H — A satisfying pao(g@™'A) =
pac(A® g)"S\H@HTA-
Proof. (1): If (, ) is surjective, then there exists ¢ € A such that T - ¢ = 1. Define
g(h) = 0=1(h) - ¢, where : H' — H is the bijection given by 0(¢) = ¢ — t. It is
immediate that g is H-linear and that g(1) = §=!(1)- ¢ =T - ¢ = 1. Conversely,
if g: H — A is a total integral, then, by Proposition 1.24, T'- g(t) = g(T" — t) =
g(1) =1.
(2): Let he H and a € H'A. If ¢ € A satisfies the hypothesis of item (2), then

g(h)a = (07 (h) - c)a=07"(h) - (ca) = 07" (h) - (gs(a)c) = ng(a)z‘w*l(h)i -¢),

where 37, gs(a); ® 071(h); = (s71)°(07*(h) ® gs(a)) and the last equality follows
from Proposition 5.6. So, by Proposition 2.11,

(6) g(h)a = pa~(A® g)es(h @ a).
Conversely, if g satisfies (6), then ¢ = g(t) satisfies ca = pag°(A ® g)os(t ® a) =
gs(a)g(t) = gs(a)e, for all a € Hy, O

Now we recall the notion of trace ideal. For any ring R and any right R-module
M we let T (M) denote the image of the evaluation map Hom(Mg, Rgp)®@M — R. It
is easy to see that 7 (M) is a two sided ideal of R. It is well known that 7 (M) = R
if and only if M is a generator of the category of right R-modules. Also, if R is a
subring of a ring S, then 7(S) = R if and only if R is a right R-summand of S [Fa,
3.26 and 3.27]. Of course, similar results are valid for left R-modules.

The following result generalizes [K-T, Proposition 1.9] and [C-F-M, Theorem 2.2].
Our proof follows closely the ones given in those papers.

Proposition 8.5. Let T:A—HA andU: A— H'A denote the trace maps defined
by T(a) =T -a and U(a) = a - U, where U = S(T). Assume that (H'A — A, s)
is right H-Galois and consider A as a (A#HT, HTA)—bimodule and a (HTA, A#HY)-
bimodule via the actions given in Section 6. The following facts are equivalent:
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8) H'4 is a left direct H'A_symmand of A.

(9) A is a generator of the category of left H'A modules.
(10) A is a finitely generated projective right A#HT-module.

(1) T is surjective.
(2) T(Anyy) = "4,
(3) H'A is a right direct ®'A-summand of A.
(4) A is a generator of the category of right H'A modules.
(5) A is a finitely generated projective left A#HT -module.
(6) U is surjective.
(7) T(a1yA) = A,
(8)
)

Furthermore any of these conditions implies that A#H' and H'A are Morita equiv-
alent.

Proof. From Corollary 7.6, it follows easily that 7(Ayt,) = T - A. Hence, (1) <
(2). That (2) < (3) < (4) follow from the discussion above this proposition. Now
(4) & (5) follows from Morita’s Theorem [Fa, 4.1.3], since Hp ~ End(appmtA)®
by Proposition 6.1 and A#H' ~ End(A+,) by Theorem 7.4 (2). Finally, (4) and
Theorem 7.4 (2) say that A is a right HTA-progenerator and A#H' ~ End(Apty),
which imply that A#H' and # 'A are Morita equivalent [Fa, 4.29]. Alternatively
we can use Corollary 8.5 of [G-G]. The equivalence of (6), (7), (8), (9) and (10)
can be proven in a similar way. We end the proof by noting that (1) < (6), since

U(a)=a-U=T-gs(a) = T(gs(a)). O
Remark 8.6. Note that the hypothesis that (¥ 4 A, s) is right H-Galois is not
necessary to prove (1) = (2) & (3) & (4) & (5), (6) = (7) & (8) & (9) & (10)
and (1) < (6).

Remark 8.7. Let m: A#H' — End(A,1,) be the morphism introduced in Theo-

rem 7.4. Arguing as in [C-F, Proposition 1.6] it can be proven that:

(1) if T-c=1, then n(Tc) is a right H'A linear projection of A on Hy.

(2) Assume that (HTA — A,s) is right H-Galois. By Theorem 7.4, the map
m is bijective and [ , | is surjective. If zq,...,2,,y1,...,y, € A satisfy
>i_ilzi,y:] = 1 and p € End(Ay+,) is a projection of A onto H'A, then
c=>_,gs(e-x;)y;, where e = 7 *(p), satisfy T'- ¢ = 1.

(3) if T-c =1and ca = gs(a)cforalla € H'A, then #'A is a direct #'A-bimodule
summand of A.

(4) It (HTA < A, s) is right H-Galois and ' is a direct #'A-bimodule summand
of A, then A has a trace 1 element ¢, such that ca = gs(a)c for all a € H'p,

Corollary 8.8. Let H be a rigid braided Hopf algebra and let (A,s) be a right
comodule algebra. If HY is semisimple, then H'A s an H'A-bimodule direct summand

of A.

Proof. Let T € fIlﬂ such that €(T") = 1. By Corollary 2.12 and [G-G, Remark 4.16],
we know that g, = id and so ¢ = 1 satisfies the condition of item (3) of Remark 8.7.
O

The following result generalizes items (1) and (3) of Remark 8.7.

Proposition 8.9. Let B be a k-algebra and let M be a (A#H', B)-bimodule.
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(1) If there exists an element ¢ of A of trace 1, then H\ s right B-direct
summand of M.

(2) If there exists an element ¢ of A of trace 1, such that ca = gs(a)c for all
a€ A, then HM is a (HTA,B)—direct summand of M.

Recall that a ring A has invariant basis number if in each free A-module M each
pair of basis of M has equal cardinality. Given such a ring and a free left A-module
M, we let [M : A]; denote the dimension of M as a left A-module. Similarly if
M is a free right A-module, then [M : A], denotes the dimension of M as a right
A-module. The following result generalizes Corollary 8.3.5 of [M] and its proof is
similar to the one given there.

Corollary 8.10. Let H be a rigid braided Hopf algebra and (A,s) a right H-
comodule algebra. The following assertions hold:

(1) If A#HT is simple, then (HTA — A, s) is H-Galois.

(2) A#H? is simple and any of the conditions in Proposition 8.5 is valid if and
only if (Htﬁl — A, s) is H-Galois and H'A s simple.

(3) A#HT is simple Artinian if and only if H'A s, A is a free left and right

H'A-module of rank n = dim H and A#H' ~ Mn(HTA)

Proof. (1): From Proposition 6.4 we know that [A, A] = AT A is a two sided ideal
of A#H'. So, if A#H' is simple, then A#H' = [A, A] and by Theorem 7.4,
(HTA — A, s) is H-Galois.

(2): Assume that A#H' is simple and any of the conditions in Proposition 8.5 is
valid. Then, by item (1), the extension (#'A < A, s) is H-Galois. Hence Propo-
sition 8.5 implies that A#HT and # 'A are Morita equivalent and so A is simple.
Conversely, assume that (24 < A, s) is H-Galois and #'4 is simple. By the equiv-
alence between items (1) and (2) of Theorem 7.4, the map T: A — H'4 is non zero,
and since its image is a two sided ideal of ¥ TA, it is surjective. Hence, again by
Proposition 8.5, A#H' and # 'A are Morita equivalent and so A#H' is simple.
(3): Assume that A#H' is simple Artinian. Then, it is von Neumann regular,
and thus there exists # € A#HT such that T = TxT. By Proposition 8.2 the
map T:A — HA is surjective. Then, by Proposition 8.5, A#H' and H'A are
Morita equivalent, and so, ¥ 'A is Artinian semisimple. It then follows by the
lemma of Artin-Whaples that A is a free left 7 TA—module, say of rank m. Now, by
Theorem 7.4, A#H' ~ End(A,1,) ~ Mm(HTA). But then

+

Al = [A#HT : Aj[A: 2

m? = [A#HT : H A} = nm.

Thus m = n. Similarly A is a free right 7 A-module of rank n. The converse is

trivial. O

Theorem 8.11. Let H be a rigid braided Hopf algebra and let (D,s) be a right
H-comodule algebra, where D is a division ring. Then the following facts are equiv-
alent:

:

(1) ('D < D, s) is H-Galois.

(2) [D:H#'D), = dim H.

(3) [D:H'D]; = dim H.

(4) D#HT is simple.

(5) D is a faithful right D4 H'-module.
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(6) D is a faithful left D#HT-module.

Proof. Arguing as in [M, Theorem 8.3.7] we can see that (1) = (5), (1) = (6), (5)
= (4), (6) = (4), (2) = (1) and (3) = (1). Corollary 8.10 implies that (4) = (1),
(1) = (2) and (1) = (3). O
Example 8.12. Let H be the algebra k[X]/(X?), endowed with the braided Hopf
algebra structure given by A(X) =1 X + X ®land ¢(X @ X)=-X® X. It is
easy to check that HT ~ H. In fact if €, £x is the dual basis of 1, X, then the map
1— €, X — {x is an isomorphism. In [D-G-G, Example 2.4] it was shown that if
(1)
(2) 0: A — Ais an a-derivation,
(3) docx + aed = 0,
(4) 6% =0,

a: A — A is an automorphism,

then the formulas s({x ®a) = a(a)®€x and p(Ex ®a) = d(a), define a transposition
s: H'® A — A® H' and a s-action p: HT ® A — A. By Proposition 2.7 the map
(s71): H® A — A® H, defined at the beginning of Section 2, is a transposition,
and, by Theorem 4.4, we know that (A,°(s™!)) is a right H-comodule algebra via
the map v,: A — A® H, introduced below Proposition 3.2. A direct computation
shows that *(s71)(X ® a) = @™ (a) ® X and v,(a) = a® 1+ aled(a) ® X. The
following concrete examples satisfy the hypothesis of Theorem 8.11.

(1) k=Q, A=Q(V2), ala+bV/2) = a— b2 and §(a + by/2) = b.
(2) A the field of Laurent series Y. a;Y* with coefficients in k, a(>" a;Y?) =
Z(—l)iaiYi and 5(2 G,ZY’L) = ZangY%.
In fact, in the former H'A — Q and then [A : HTA]T = 2 = dim H, and, in the
second one #'A = {37 ay; Y%} and then [A : #'4], = 2 = dim H.

From now on, given a left braided space (V,s), we let 3 denote (((s~1)?)~1)".

Let H be a rigid braided bialgebra and let (A, s) be a right H-comodule alge-
bra. Then, (A, (s™)") is a left Hf-module algebra. Let us consider the smash
product A#HT and let § = (A® cpyi)o((s~!)” ® HT). Note that with the notations
of [G-G, Proposition 10.3], § = (s~1)’. By [G-G, Proposition 10.4] we know that
(A#H',5) is a right Hf-comodule algebra via va := A ® Ag+. Then, by Theo-
rem 4.4, (A#HT,(571)") is a left HTf-module algebra via p,,. We let ¥  (a#¢)
denote p,, (T ® a#p).

Let H be a rigid braided Hopf algebra. Given a non zero left integral T € HT
we let 7 denote from now on the unique left integral of HT such that 7(T) = 1.
Note that 7 = t**, where ¢ is the left integral of H satisfying T'(¢) = 1.

Proposition 8.13. The following assertions hold:
(1) 1) =(A@cpirpt) (@ HY).
(2) T+T=e.

Proof. (1): A direct computation shows that if (V,sy) and (W, sy) are left H-
braided spaces, then

(svaw)” = (V@ (sy)))((sy') @ W).
Using this we immediately see that

() = (A (ct))GE® HY) = (A® cyrigi)-(3 @ H).
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(2): Let ¥ € H'T and ¢ € HT. We have

#@@M

Using this and that T and 7 are left integrals satisfying 7(T) = 1, we obtain
Tx+xT =¢e. O

The next remark is an adaptation of [C-F, Remark 0.13].

Remark 8.14. Let (th4 — A, s) be a right H-Galois extension. By Theorem 7.4
there exists ), 2; ® y; € A @y, %A such that ) [z;,y;] = 1. Then, for all a € A,

= Z[x'uyz] ca= in(yi7a) = Z%‘T- (yia)
and
a:aHZ[m,yi] :Z a xz >y, = ng CLLCZ yi:Zq_l(T'gs(ami))yh

where ¢ € k is such that cy+(T ® T) = ¢T ® T and the last equality can be
easily checked using Corollary 2.12 and Lemma 8.2 of [G-G]. In particular, 1 =
Soiwi(T-yi) =Y, ¢ T - gs(;))y;. Furthermore, surjectivity of [, ] implies its
injectivity by the Morita theorems. Thus,

(1) If D", ui®v; € A®pt, %A satisfies Y [ui, vila = gs(a) >, [ui, vi] for alla € A,

then
ng(a)ui Qv; = Zui ®uv;a for all a € A.
K3 K3

(2) If )", ui®@v; € A®y1, %A is such that ), [u;, v;] € Cappt(A) (the centralizer
of A'in A#HT), then

Zaui®vi=Zui®via for all a € A.

The following result generalizes Theorem 1.8 of [C-F] and its proof follows closely
the one given there.
Theorem 8.15. Let H be a rigid Hopf algebra and let (A, s) be a right H-comodule
algebra. Assume that (HTA — A, s) is a Galois extension. The following conditions
are equivalent:
(1) A/HTA is separable.
(2) There exists w € A#H' such that T xw = 1 and wa = g; (a)w for all
a € A

(3) A is a direct summand of A#H' as an A-bimodule.
4) Let > .1 2;Qy; € AQpui, A such that > . ;[x;,y;) = 1. There exists c € A
i€l 'A i€l
such that ), ; xicy; = 1 and ac = cgs(a) for all a € Hy,

Proof. (1) = (2): Let }_,c ; a; ®b; be an idempotent of separability of A/HTA Let
w =3 c;95 " (a;)Th; € A#HT, where g5 is as in Theorem 2.8. Corollary 2.12
implies that g, = ge. Using this fact, that A = HH(A#HT) and Proposition 8.13,

we obtain
Trw=> a;(T+T)b; =Y ajbj=1.
jeJ jeJ
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Furthermore,
wa = ng_l(aj)Tbja = Zg;l(aaj)Tbj =g (a)w,
jed jeJd
for all a € A, since ), ;a; ® bja =}, ;aa; ®bj.
(2) = (1): Since g; and [, ] are bijective maps, there exists ), _; u;®v; € A®y1, A,

such that 3, ;{95 (us), vi] = w. Furthermore, since

Z[ggl(aui)vvi] =g, (Q)w = wa = Z[ggl(ui)vvia}v

i€l iel

Zaui@)vi 22%‘@%&-

i€l i€l

we have

Finally, Y,  uivi = > ;e wiT « Tog =T % (3,0, 95 (ui)Tv;) = T % w.

(2) < (3): This follows immediately from Corollary 2.12 and item (3) of Remark 8.7
applied to the left Hf-module algebra A#HT.

(1) = (4): Let > a; ® by € A®py+, A be a separability idempotent for A/HTA, and
set ¢ = Y2, q 'a;T - gs(bj), where g € k is such that cy+(T ® T) = ¢T ® T. By
Remark 8.14,

incyi:Zq Yzia;T - gs(b;) Zq a;T - gs(bjx;)y Zab =1,
i ij ij
where the second equality follows from the fact that 3 jTia; ®bj = > ;0 ®b;;.

Furthermore, using that > a; ® b; is a separability idempotent and Proposition 5.6,
we see that

ac-Zq Yaa;T - g5(b Zq Ya;T - gs(bja Zq Ya;T - gs(bj)gs(a) = cgs(a)

J

for all a € H'A.

(4) = (1): Since ac = cgy(a) for all a € #'A, the map Y: A Quiy A — AQpuiy A,
given by YT(z ® y) = zc ® y, is well defined. Let Y . a; ® bj = Y, zic®@y; =
T (>, zi ®y;). By item (2) of Remark 8.14, the equality Y, aa; ®b; = >, a; ® ba
is satisfied for all a € A, and by hypothesis, > a;b; = >, zicy; = 1. O

Corollary 8.16. Let H be a semisimple braided Hopf algebra. Lett be a left integral
of H such that e(t) = 1. Let A#¢H be a braided Hopf crossed product in the sense
of [G-G, Definition 9.4]. If f is invertible, then A#;H is a separable extension of

Proof. Let s be the transposition of H on A. By [G-G,Theorem 10.6] we know that
(A — A#H,3) is a right Galois extension. Then, by Theorem 8.15, the comment
following Theorem 1.16, and [G-G, Remark 4.16] we must pick a w € (A#;H)#H'
such that bw = wb for all b € A#;H and 7 xw = 1. But an easy computation
shows that w = 1#1#e¢ satisfies these conditions. O

The following result generalizes a theorem due to Doi.

Corollary 8.17. Let H be a semisimple braided Hopf algebra and let (A,s) be
a right H-comodule algebra. Let t be a left integral of H such that e(t) = 1. If
(HTA — A, s) is a Galois extension, then A/HTA s separable.

Proof. Letting w = 1#e¢, condition (2) of Theorem 8.15 is satisfied. O
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Note that Corollary 8.16 is a particular case of Corollary 8.17.
Recall that a braided bialgebra H is cocommutative if cy is involutive and
creAg = cg. The following result generalizes Theorem 1.11 of [C-F].

Theorem 8.18. Let H be a cocommutative rigid braided Hopf algebra with braid c
andlet s: HR A — A®H be a transposition. Let A#rH be a braided Hopf crossed
product in the sense of [G-G, Definition 9.4]. If there exists a left integral t of H
and an element ¢ of A such that:

(1) t-c=1,

(2) c(t®@h)=h&t forallh € H,

(3) s(h®@c)=c®h forallh e H,

(4) s(t®a)=a®t foralla€ A,
then, A#rH is a separable extension of A.
Proof. By [G-G, Theorem 10.6] we know that (A — A#H,5) is a right H-Galois
extension with transposition § = (A ® ¢)e(s ® H) and coaction v = A ® A. Let

v: H — A#H be the map defined by v(h) = 1#h and let y~! be the convolution
inverse of y. Let

w = (7" uq))#T) (c# pu#e),
where u = S(t) and T is a left integral of H satisfying T'(t) = 1. By Theorem 8.15
(applied to (A — A#;H)) we must see that

Txw=1#s1#e and w(a#l) = (a#)w

forall a € Aand |l € H. Let 5: HT @ (A#;H) — (A#;H) ® H' be as in the
discussion preceding Proposition 8.13. By Corollary 2.12, we know that gg = gs =
id. So,

= (v (uqy)#e) (T * (L, 1#T)) (c# ruz) #e)
= (v (uq)#e) (c# pu)#e)
= (v (uqy)#e) (1 rue #he) (S(ug)) - et r13¢)
= S(u) - c#yl#te

= 14ff1#e,

where the second equality follows from item (2) of Proposition 8.13 and the third
one from the hypothesis and the fact that, since H is cocommutative,

(H®c)(A®S)A=(HS®H)(H®c)(HRA)A=(H®S®H)(H®A)A.

By the bijectivity of [, |: A#t;H @4 A#;H — At ¢H#HT, in order to check that
w(a#sl) = (a#s)w, it suffices to show that for each z € A#H,

2(v (uy)) @a ey(ug) =7 (u) @a ev(u)z
First let z = a € A. For h € H and b € A, write >_,b; ® h; = s(h ® b). Since
h-b =3 v(hay) bi#t s )y (Rz),),

Y (uy) ®a ey(uz))a = Z“fl (u(1)) ©a ev(u))aiy™ (u), )y (ue),)
= Z’Y (u1)) (v (w2))aiy ™ (ue),) @a cv(u),)
= Za”’y Huqy,) ®a ev(ug),)

=ay  (ug)) ®a cy(ug)).
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Now, let z = 144. For h,h' € H, write >, h; ® h; = c(h ® h’). Since f(h,h’) =
ZiW(h(l))’Y(hlu)i)V_I(h(Z)ihl(z))’

Y N u@)) ®a cy(ue))z = Z“fl uey) @a cf (we), ), )v(ueE) o)
= ZV (uy) f(u)la),) ®a ev(ue),l2)
= ZV Ly, )7 ) L) ©a ev(ug), L)

= Z”fl(uu)) ®a cy(u(2))-

This finishes the proof. U
Corollary 8.19. Under the hypothesis of Theorem 8.18, if A is semisimple Ar-
tinian, so is A#rH.

Lemma 8.20. Let H be a rigid braided Hopf algebra and let H' a be a braided
Hopf subalgebra of H. Lett' € H'\ {0} be a left integral. If H' is semisimple, then

i
there exist T € le such that T —t' = 1.

Proof. The proof of [C-F, Proposition 1.14] works in our setting. O

Theorem 8.21. Let H be a semisimple bmzded Hopf algebra and let HT C HY be

a braided Hopf subalgebra of HY. Let T' € fl \{0} and T € fl \{O} Assume
that there exist @,vp € H' such that T = T'p = ¢T'. If (A,s) is a Galois right
H-comodule algebra with a trace 1 element and (s™')’(HT ® A) C A® HY', then
HTA/HTA is separable.

Proof. We follow closely the proof of [C-F, Theorem 1.15]. Let >, 2;®y; € A®y1, A
such that >, [z;,y;] = 1 and let ¢ € A be an element of trace one. We claim that
2T 2@y, T (yi(p-c)) is a separability idempotent for H}l/HTA By Lemma 8.20
we know that there exists a left integral 7 of H't such that 7 « T’ = e. We have

Z(T’ cx)y; =T * Z(T' cxi) Ty, =T * ZT':z:iTy,; =TT =e¢,

% A

and so,
Z(T“xi)(T’-(yi(w-C))) = T’-Z(T'-wi)(yi(s@~6)) =T"(pc)=(T'¢p)c=T-c=1

To finish the proof it remains to check that

(7) ZwT’mi@HTAT vi( ZT’ i Quty T (i - ))w

for all w € ’A. To prove (7) we will use that, for all w € o' A,

(1) 22T 2)T(yi(p - w) = w,

(2) 25T - (wz))T' (g - ¢)) = w,

(3) T+ (yi(p- )T~ (wz;)) =T (T" - (y;( - Jw)a;).
The proof of (1) is similar to the proof of (2) but easier. Let us see (2). First note
that there exists a quotient braided Hopf algebra H’ of H such that HT ~ H'T.

Since H is semisimple, the map g, introduced in Theorem 2.8 is the identity map.
By Corollary 2.12 we also have g(,-1), = id and so (571" (T®a) = a®T for alla € A.

Similarly, since H' is semisimple, (s~1)*(T"®a) = a®T" for all a € A. Furthermore,
from Remark 2.13 it follows that ¢+ (T ®T) = T ® T and so, Remark 8.14 implies
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that a = >, ;T - (yia) = Y_.(T - (ax;))y;, for all a € A. Using all these facts we
obtain that

YT (we)T (yilp- ) =T Y (T - (way))yi(p-c) =T - (w(p- )

i 7

Let us see (3): We have
T- (yj(go )T - (wxz)) =T- (yj(go e )w(T - xl))

= (T (y;(¢ - Qu)(T" - z;))
=T (T" (y;(¢ - w)z;).
The proof of (7) now can be finished as in [C-F, Theorem 1.15]. O

Let G be a finite group. The k[G]-module algebra structures were described
in [G-G, Theorem 4.14 and Example 9.8]. The following result generalizes [H-S,
Proposition 3.4].

Corollary 8.22. Let (A, s) be a k|G]-module algebra. If A has an element of trace
1, then, for each subgroup G' < G, the extension GA/GA is separable.

Proof. The proof given in [C-F, Corollary 1.18] works in our setting. U

Corollary 8.23. Let H be a semisimple braided Hopf algebra and let HY C HT be
a braided Hopf subalgebra of HY. Let T' € leT \{0} and T € leT \{0}. Assume
that H' is also semisimple, that T(1) = 1 and that there exists p € H' such that
T =T'o. If (A,s) is a Galois right H-comodule algebra and (s—')°(HT ® A) C
A® H, then HTA/HTA is separable.

Proof. The element ¢ = 1 is a trace 1 element since ¢(T) = T'(1) = 1 and €(T”) # 0,
since 1 = ¢(T') = e(T")e(p). Since T = S(T) = S(¢)S(T") = S(p)T" we are in the

hypothesis of Theorem 8.21 and so the result follows from that theorem. O
REFERENCES
[A-G] N. Andruskiewitsch and M. Grana Braided Hopf algebras over mon abelian finite

groups, Boletin de la Academia Nacional de Ciencias de Cérdoba (Argentina) vol 63
(1999) 45-78.

[A-S] N. Andruskiewitsch and H. J. Schneider Hopf algebras of order p? and braided Hopf
algebras of order p, Journal of Algebra, vol 199 (1998) 430-454.

[B-K-L-T] Y. Bespalov, T. Kerler, V. Lyubashenko and V. Turaev Integrals for braided Hopf
algebras, preprint.

[C-F] M. Cohen, D. Fischman Semisimple extensions and elements of trace 1, Journal of
Algebra, vol 149 (1992) 419-437.
[C-F] M. Cohen, D. Fischman Erratum: Semisimple extensions and elements of trace 1,

Journal of Algebra, vol 165 (1994) 242.

[C-F-M] M. Cohen, D. Fischman and S. Montgomery Hopf Galois extensions, smash products
and Morita equivalence, Journal of Algebra, vol 133 (1990) 351-372.

[C-S-V] A. Cap, H. Schichl and J. Vanzura On twisted tensor products of algebras, Communi-
cations in Algebra, vol 23 (1995) 4701-4735.

D] Y. Doi Hopf modules in Yetter Drinfeld categories, Communications in Algebra, vol 26
(1998) 3057-3070.

[D-G-G] C. Di Luigi, J. A. Guccione and J. J. Guccione Brzeziriski’s crossed products and
braided Hopf crossed products, Communications in Algebra, vol 32 (2004) 3563—-3580.

[Fa] C. Faith Ring, Modules and Categories, Springer-Verlag, Berlin-Heidelberg-New York
(1973).

[F-M-S]  D. Fishman, S. Montgomery and H. J. Schneider Frobenius extensions of subalgebras
of Hopf algebras, Transactions of the American Mathematical Society, vol 349 (1997)
4857-4895.



[G-G]
[H-S]
[K-T]
(L1]
(L2]
(M]
[Sch]

[So]
[T1]

(T2]

BRAIDED MODULE AND COMODULE ALGEBRAS 35

J. A. Guccione and J. J. Guccione Theory of braided Hopf crossed products, Journal
of Algebra, Vol 261 (2003) 54-101.

K. Hirata and K. Sugano On semi-simple and separable extensions over non-
commutative rings, J. Math. Soc. Japan 18(4) (1966) 360-373.

H. F. Kreimer and M. Takeuchi Hopf algebras and Galois extensions of an algebra,
Indiana Mathematical Journal, Vol 30 (1981) 675-692.

V. Lyubashenko Modular tranformations for tensor categories, Journal of Pure and
Applied Algebra, vol 98 (1995) 279-327.

V. Lyubashenko Hopf algebras and vector symmetrries, Russian Mathematical Surveys,
vol 4 (1988) 153-154.

S. Montgomery Hopf algebras and their actions on rings, CBMS Regional Conference
Series in Mathematics, vol 82 AMS Providence Rhode Island (1993).

H. J. Schneider Normal basis and transitivity of crossed products for Hopf algebras,
Journal of Algebra, vol 152 (1992) 289-312.

Y. Sommerhduser Integrals for braided Hopf algebras, preprint.

M. Takeuchi Survey of braided Hopf algebras, Contemporary Mathematics, vol 267
(2000) 301-323.

M. Takeuchi Finite Hopf algebras in braided tensor categories, Journal of Pure and
Applied Algebra, vol 138 (1999) 59-82.

CicLo BAsico CoMUN, PABELLON 3 - CIUDAD UNIVERSITARIA, (1428) BUENOS AIRES, AR-

GENTINA.

DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS EXACTAS Y NATURALES, PABELLON
1 - C1unpAD UNIVERSITARIA, (1428) BUENOS AIRES, ARGENTINA.
E-mail address: vander@dm.uba.ar

DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS EXACTAS Y NATURALES, PABELLON
1 - C1upAD UNIVERSITARIA, (1428) BUENOS AIRES, ARGENTINA.
E-mail address: jjgucci@dm.uba.ar



