CONVERGENCE IN THE CESARO SENSE OF
ERGODIC OPERATORS ASSOCIATED WITH A FLOW
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ABSTRACT. We study the a.e. convergence in the Cesaro-a sense of the ergodic
averages and the ergodic Hilbert transform associated with a Cesaro bounded flow.

1. INTRODUCTION.

Let (X,F,v) be a finite measure space. By a flow {r : t € R} we mean a
group of measurable transformations 7, : X — X with 7y the identity and 7,44 =
Tt © Ts, (t, s € R). The flow is said to be measure preserving if the 7, are measure-
preserving, i.e., if v(7_+F) = v(FE) for all E € F. The flow is said to be nonsingular
if v(t_¢F) =0 for all t € R and all £ € F with v(E) = 0. Finally, the flow is said
to be measurable if the map (z,t) — 7z from X x R into X is F-F-measurable
where F is the completion of the product-c-algebra F ® B of F with the Borel
sets, and the completion is taken with respect to the product measure of v on F
and the Lebesgue measure on B. Analogously we can define what we mean by
semiflow {7 : ¢ > 0}, a measure-preserving semiflow, a nonsingular semiflow and a
measurable semiflow.

Y. Deniel studied in [4] the convergence in the Cesaro-a sense ( (C,a) sense ) of
the ergodic averages associated with a measure-preserving semiflow on a probability
space (€2, F, u). More precisely, he proved the following result.

Theorem A [4]. Let {1, :t > 0} be a measure-preserving semiflow of a probability
space (U, F,p). Let —1 < a <0, HLO[ <p<oo and f € LP(du). Then, the (C,a)
ergodic averages

1 T
Afsad @) = 5z [ H)(T =0

converge, when T — oo, almost everywhere and in the LP(du)-norm.

Theorem A does not hold in the limit case p = HLQ [4]. However a positive result
was obtained in [2] in this limit case. Their result is the following.
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Theorem B [2]. Let {1, : t > 0}, (2, F, 1) and « be as in Theorem A. Then, there
exists the limit limp_, o AJTr 1+af(x) a.e. forall f in the Lorentz space L$,1<dl$) =

U 1l e = J5° ()7 dt < 00}, where As(t) = p(fa = [f(@)] > £}) is

1+a?

the dzstmbutzon function of f.

On the other hand, it was studied in [6] the convergence of the ergodic averages

Araf(z 2T/ f(re)

and the ergodic Hilbert transform H f(x) = lim._q H. f(x), where

B f ()
Hefle) = /€<t<1/€ t i

associated with a Cesaro bounded flow on a finite measure space (X, F,v) (notice
that the flow does not need to preserve the measure v). The result proved in [6] is
as follows.

Theorem C [6]. Let (X,F,v) be a finite measure space, 1 < p < oo and let
{r¢ : t € R} be a nonsingular measurable flow on X such that for some positive
constant C and all f € LP(dv)

sup ||AT,lpr;V < CHpr;V'
T>0

(i) If 1 <p < oo and f € LP(dv), then there exist the limits limp_,oc Ar1f(x) and
lim. g H. f(x) a.e. and in the LP(dv)-norm.

(ii) If p =1 and f € L'(dv), then there exist the limit limp_ o A7 1f(z) a.e. and
in the L'(dv)-norm and there exist the limit lim. o H. f(z) a.e..

The aim of this paper is to study the (C,a) convergence of the ergodic averages
and the ergodic Hilbert transform in the setting of Theorem C, i.e., for Cesaro
bounded flows. More precisely, for the (C,a) ergodic averages, we shall prove the
following theorem.

Theorem 1.1. Let (X, F,v) be a finite measure space, —1 < a < 0 and HLO( <

p < oo. Let {ry : t € R} be a nonsingular measurable flow on X such that for some
positive constant C' and all f € LP(+) (dv)

(1'2) sSup HA;,l‘pr(H—a);u < CHpr(H—a);I/'
T>0

(i) If 17+a <p<oo and f € LP(dv), then there exists the limit limp_, o A;,Haf(x)
a.e. and in the LP(dv)-norm.

(i) If p = —a and f € L o 1(dv), then there exists the limit limp_, o A},Haf(a:)
a.e..

Now, we precise what we mean as (C,a) convergence of the ergodic Hilbert
transform. Following Hardy [5,85.14 and Notes on Chapter V] we wish to study
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the existence of the limit H f(x) = lim. o H. f(z) = lim; .o Hy,¢f(z) in the (C,a)
sense; in the case o > 0 that means that we want to study the limit

T
.« o
Th—{goT_a/O Hyp f(2)(T —t) bt

Interchanging the integrals we can easily see that to study the above limit is equiv-
alent to study the limit of

_ f@@(_g)“d frx) (e
Heaf(2) /s<|t|§1 t ! |t] t+/1<|t|§1/5 t (L=l dt

when ¢ — 0. We shall see that for suitable f the above integrals make sense not
only for @« > 0 but also for &« > —1. Since the convergence of H, of(z) implies
the convergence of H. . f(z) for a > 0 (see §4: claim (d)), we are interested in the
study of the limit lim._,o H. o f, for —1 < o < 0. In particular, we shall prove the
following theorem.

Theorem 1.3. Let (X, F,v) be a finite measure space, —1 < a < 0 and HLO( <
p < oo. Let {ry : t € R} be a nonsingular measurable flow on X such that for some

positive constant C' and all f € LP(+) (dv)
(1.4) sSup ||AT,1f||p(1+a);V < O||f||p(1+a);1/'
T>0

(i) If HLO[ < p < oo and f € LP(dv), then there exists the limit lim._,o H o f(x)
a.e. and in the LP(dv)-norm.
(i) If p= HLO[ and f € Lﬁ’l(dy), then there exists the limit lim._.o H. o f(z) a.e..

On one hand, notice that Theorem 1.3 for o = 0 is contained in Theorem C. On
the other hand, Theorem 1.3 also holds for the (C,«) ergodic averages

1 r o
Ar120f (@) = s [ Fra)(T )"t
but this result is an easy consequence of Theorem 1.1 applied to the flows {7 : t €
R} and {7 : t € R}, where 7 = 7_; .
Throughout this paper o will be a number such that —1 < a <0Oandif 1 <p <

oo then p’ will be denote its conjugate exponent, i.e., 1/p+1/p’ = 1. The letter C
will mean a positive constant non necessarily the same at each ocurrence.

2. PRELIMINARY RESULTS

In order to prove the theorems we will need results about some maximal operators
which were studied in [9] and [1]. First we introduce the following definitions about
weights.

Definition 2.1 [10]. Let w be a positive measurable function on the real line. It
is said that w satisfies the Muckenhoupt A, condition, 1 <p < oo, if there exists a
constant C' > 0 such that

—1
1t 1ot 3
—p < :
ili[; <b—a/a w(t)dt) (b—a/a w (t)dt) <C if 1<p<oo

and

sup (i/ w(a:—t)dt) < Cw(z) ae  if p=1.

r>0 2r —r
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Definition 2.2 [12]. Let w be a positive measurable function on the real line. It is
said that w satisfies A;, 1 <p < o0, if there exists a constant C' > 0 such that

1 b 1 C , p_]-
sup / w(t)dt < / w' P (1) dt) <C if 1<p<oo
a<b<c cC—a a cC—a b

and

1 T
sup (—/ w(z —1t) dt) < Cw(x) a.e. if p=1

r>0 T Jo

The A, classes are defined in the obvious way, reversing the orientation in the real

line.

In order to study the (C,a) ergodic averages we will need the boundedness of
the following maximal operator:

Mf;af(x) = sup
T>0

1 T
T1+a/0 @+ DT — 1) dt.

For this operator it was proved in [9] the following result (see Theorem 2.5, Theorem
3.5 and Final Remarks in [9]).

Theorem D [9]. Let —1 < a <0, 14+a < p < o and let w be a positive measurable
function on the real line.

(i) If 1J+a <p<ooandw € A;r(lJra), then there exists a constant C > 0 such that

[ s @) wde < ¢ [ oo
R R

for all f € LP(w(t)dt).
(i) If p= HLO[ and w € A, then there exists a constant C > 0 such that

C o
w({t € R: My, f(t) > A}) < FHfIM”

o Lw

for all f € Lﬁ’l(w(t)dt) and all A > 0.

Remark 2.3. Actually, in [9] it was proved Theorem D (ii) only for characteristic
functions but, for —1 < a < 0, applying Theorem 3.13 in [13, p.195] which also
holds for the sublinear operator M, o> We easily obtain the result for all f €
Lﬁ,l (w(t)dt). On the other hand, if & = 0, statement (ii) is the known result that

w € A implies the weak type (1,1) inequality for the one-sided Hardy-Littlewood
maximal function with respect to w(t)dt that was proved by E. Sawyer [12] (see
also [8] and [7]).

Obviously, a result analogous to Theorem D hold for the other one-sided maximal
operator M, f(z) = supp~q 7irs f_OT |f(x+t)|(T +t)* dt and the corresponding
A

;(1 +a) classes. Now, taking into account that the maximal operator

1 4 o
Mijof(z) = SUP o) e /T |f(z +0)|(T — [¢t])* dt,
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is pointwise equivalent to the sum of the operators M, and M 1 and that
Ap(ita) = Ap(1—|—a) N Ap(1+a) we see that Theorem D is valid for M;,,, changing
the AT p(1+a) classes by the A1) classes.

On the other hand, in the study of the ergodic Hilbert transform in the Cesaro-a
sense appears (see Section 3) the following maximal operator

1 «
Niof(@) = sup s /T g DI =T

This operator was studies in [1] (Theorems 2.1 and 2.4), obtaining analogous results
to those ones for the operator Mj .. In the following theorem we collect these
results and the corresponding ones for M;.,.

Theorem E ([9] and [1]). Let -1 < a <0, 1+ <p < oo and let w be a positive
measurable function on the real line. Let us denote by M either Myt or Niiq.
(i) If HLO[ <p< oo and w € Ap(14a), then there exists a constant C > 0 such that

/R M) w(t)dt < C / Pty dt

for all f € LP(w(t)dt).

(ii) If p= 17 and w € Ay, then there exists a constant C' > 0 such that
w(ft € R: Mf(1) > \}) < ||fr|1£+;“w,

for all f € Lﬁ’l(w(t)dt) and all A > 0.

3. BOUNDEDNESS FOR THE ERGODIC MAXIMAL OPERATORS
This section is devoted to establish the boundedness of the maximal operators

T
Stal (@) = swp i [ 1)l =0 at

>0

associated to the (C,a) ergodic averages A +of, and

1 2T
Razzsu—/ )| [T — [t]|™ dt
waf@) =sp e [ (a7 -

which appears in the study of the maximal operator H} = sup, |H: | associated
with the Hilbert transform in the Cesaro-a sense. More precisely we shall prove
the following theorems.

Theorem 3.1. Let (X, F,v), o, p and {1, : t € R} be as in Theorem 1.1.
(i) If HLO[ < p < 00, then there exists a constant C' > 0 such that for all f € LP(dv)

155 afllpw < ClIS llpsw-

(i) If p = H—La’ then there exists a constant C' > 0 such that for all f € L#J(du)
and all A >0

v({r € X : Sf f(z) > A}) < HleﬁTL
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Theorem 3.2. Let (X, F,v), o, p and {1, : t € R} be as in Theorem 1.5.
(i) If H—La < p < 00, then there exists a constant C' > 0 such that for all f € LP(dv)

[B1tafllpw < Cllfllp-

(i) If p = HLO‘, then there exists a constant C' > 0 such that for all f € Lﬁﬂ(du)
and all A >0

1;v°

1+

C a
v({o € X s Ruvaf(@) > ) < IS
In order to prove these theorems, we need two lemmas. The proof of the first one

is very similar to the proof of the claim in the proof of Theorem 1 in [6]; therefore
we omit it.

Lemma 3.3. Let (X, F,v), a, p and {r; : t € R} be as in Theorem 1.1 or in
Theorem 1.3. Then, there exists a measure i equivalent to v such that the flow
{m : t € R} preserves the measure L.

In what follows, the measure p will be fixed and w will be the Radon-Nikodym
derivate of v with respect to p. It is clear that 0 < w < oo a.e.. Let us call w” to
the functions w® : R — R such that w*(t) = w(rz).

Lemma 3.4. Let (X, F,v) be a finite measure space, —1 < a < 0 and HLO[ <p<
o0o. Let {1, : t € R} be a nonsingular measurable flow on X.
(i) If (1.2) holds, then w® € AT, for almost every x € X and with the same

p(1+a)
constant.
(ii) If (1.4) holds, then w® € Ap11aq) for almost every x € X and with the same
constant.

Proof. We only sketch the proof of (i), since the proof of (ii) is similar (notice that
(ii) was already used in [6]). First, observe that if p = H—La’ then (i) holds by using
that the flow preserves the measure p given in Lemma 3.3.

Assume now that ¢ = p(1+«) > 1 and let ¢’ be its conjugated exponent. Taking

into account Lemma 3.3 we get, by (1.2), that
q
[ |ans@| v due < ¢ [ 1@l du).
X X
for all " > 0. Then by duality and calling ¢ = w!~? we can write the above

inequality as

’

/X ‘(A;,l)* f(x)‘q o(x)du(z) < C/X |f(a:)|q/a(:1:) dp(z),

where <A¥ 1) flx) = % f_OT f(mex) dt is the adjoint operator of A;,l with respect
to the measure p. Let us define the following operators:

l/q/ 1 1

Prg = [A;,l <|Q|q/w_1/q>} wed" and Qrg = [(A;1>* <|9|q0_1/ql>r/qaqq’.l
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Pr and Q7 are sublinear operators and Pr, Qr : qu/(du) — qul(d,u) with
|| Pr|l,||Qr|| < C, where C' is the constant in (1.2). Clearly, the same holds for the
operator Pr + Qp and ||Pr + Qr|| < 2C. Now, given f € L% (du), f > 0, let us
define

)

i (Pr + QT)(I /

where (Pr + QT)(i) denotes the i-th iteration of Pr + Qr. Clearly gr € qu/(d,u)
and verifies that

Pr(gr) () <4Cgr(z) and Qr (97) (z) < 4Cgr(z).

From these inequalities we can see that, if vy = ggpl w1 and up = g%a_l/ q/, we
get that

(3.5) A}LJ (vr) < Cvp and (A}LJ)* (ur) < Curp.

The lemma follows since w(x) = uT(a:)vilp_q(:zs) for almost every z € X and as a
consequence we can prove that w® € A;. In fact, let a,b and ¢ be real numbers
such that a < b < c. If t € (a,b), by the inequality for vy in (3.5) with T'=c —a

we get
1 C 1 c—t
/ vp(Tsx) ds = / vp (1) dr
b b

c—a c—a Jy_4

1 c—a
/ vp(Tpmex) dr
c—afy

< Cop(mx).

<

In the same way, by using the inequality for uz in (3.5) with T'= ¢ — a and for
€ (¢,d), we get that

1

c—a

b
/ ur(tsz) ds < Cup(Tizx).

Then, from the last inequalities

q—1

/ab ur(ryx)vy I(rw) dt (/bc uy ¥ () vy (i) dt) < Cle—a).

Proof of Theorem 3.1. We only prove (ii) since (i) follows in a similar way. Assume
a < 0. As we observe in Remark 2.3, in order to prove (ii) we only need to consider
characteristic functions, i.e., we need to prove that

A(i /X xe() dv(z),

for all A > 0 and all measurable sets E. We shall use a transference argument. For
fixed L > 0 we define

v({r € X : 814, (xp) (@) > A}) <

1 T
Stranf@ = sw i / F(ra)|(T — ) dt.
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Then, for all N > 0 we have

V(o € X5 8E () @) > W) = 5 [ [ e, ooy () ulria) duta) d

/ / w(Tx) dp(x) dt.
{zeX:ST, , (xp)(Tez)>A}

14+

ZIH ZIH

Since 1y, (X&) (x) < My, (XEX(0.v+1)) (), where X (1) =
satisfies A] for almost all x with the same constant (Lemma 3.4 (ii)
D (ii) 1mphes that

Xe(mx) and w®
), then Theorem

V({r € X < S0 (xe) (1) > M) < / /{ w (t) dt dp

t: M1++a XEX(O,N+L))(t)>>‘}

N+L
i dtd
— [ [ xetnayutna)
C(N+L
NATHFe X

because the flow preserves the measure p. Letting N — oo and then L — oo we
finish the proof for —1 < a < 0. The case o = 0 is proved in the same way but
using general functions f € L'(du).

IN

Proof of Theorem 3.2. The proof of Theorem 3.2 is completely similar to the proof of
Theorem 3.1. We only need to notice that the operator R is pointwise equivalent
to the sum of the following two maximal operators:

Rivad@) = s e [ 10l = i ar

T>0

and

RY o f(z) = sup |f (re) |(J¢] — T)* d.

= ),
r>0 (2T) Jpojpj<or

Then, when we apply the transference arguments we shall need to use the results
of Theorem E for the operators Mi,, and Njyq.

Now, we establish the boundedness of the ergodic maximal operator H} =
SUP.~q |H:,a|- First, we easily see that the ergodic truncations H. ,f are well
defined. In fact, by Theorem 3.2, we get that

|f<m>|( _3)“ )l I
sl G ) R S el R T R

. 1
for almost every x and f € LP(dv) if —— 1+a <p<oorfe Ll%wl(du) ifp=1i5.
In order to prove the boundedness of the operator H} we start proving the following
pointwise estimate.
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Lemma 3.6. Let (X,F,v) be a finite measure space, —1 < a <0 and let {m; : t €
R} be a nonsingular measurable flow on X. Then, there exists a constant C > 0
such that

Hf(z) < C[Riqaf(z) + Hg f(2)].

Proof. First, we write

ol g s L S )
Hea (=) Z¢E% AT t*éng o \t) e

+f M0 g [ LDy -y a
2e<|t|<1/2e T 1<|t|<1/2e T

+/ fm:t)(1—e|t|)“dt:I-l—II—I—III—i-IV-i—V.
1/2e<ft|<1/e T

Clearly, [III| < Hjf(z). We can easily see also that |I|,|V| < CRi41of(x). On
the other hand, by the mean value Theorem and decomposing the integral in II as
the sum of integrals over the sets {t : 2Fe < |t| < 2¥*le}, we can see that |II| and
|IV| are bounded by a constant times the usual ergodic maximal operator M f(z).
Then the lemma follows since for —1 < a <0, Myf(z) < Ritaf(x).

Now, from the above lemma, Theorem 3.2 and Theorem 1 in [6], we obtain the
following result for the operator H.

Theorem 3.7. Let (X, F,v), a, p and {7 : t € R} be as in Theorem 1.3.
(i) If 1J+a < p < 00, then there exists a constant C' > 0 such that for all f € LP(dv)

HH G fllp < ClI -

(i) If p = 1J+a, then there exists a constant C' > 0 such that for all f € Lﬁ’l(dy)
and all A >0

Hao LY

v{z e X : H f(z) > A\}) < )\L1||f||1/11+a

4. PROOFS OF THEOREMS 1.1 AND 1.3
From Theorem B and Theorem 3.1 we can easily prove Theorem 1.1.

Proof of Theorem 1.1. We only prove (i) since the proof if (ii) is similar. By
Theorem 3.1, the Banach Principle and the dominated convergence Theorem it
will suffice to prove the a.e. convergence of the averages AI:LQ f for f in a dense
subset of LP(dv). Using Theorem B we have the a.e. convergence of A1++a f for
f e LP(dv)n Lﬁ,l(dm which is a dense subset of f € LP(dv). Then, the theorem

follows.

Proof of Theorem 1.3. As in the proof of Theorem 1.1 we only prove (i) and we only
have to show that the a.e. convergence holds for the functions in a dense subset of
LP(dv).

Let us fix # and ¢ such that p < ﬁ < q and let p be the measure given in
Lemma 3.3. On one hand, the set D = LP(dv)N L9 (du) is a dense subset of LP(dv).
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On the other hand, for all f € D and since p is preserved by the flow, we have the
following results:

(a) By the classical result by Cotlar [3] (see also [11]) or by Theorem C, there exists

the limit lim. .o He o f(x) = H f(z) for almost every z € X.

(b) By Theorem 3.7, HJf is a.e. finite, because g > ﬁ and the ergodic averages

Ar, are uniformly bounded on LI+ (dy).

In what follows we will prove that (a) and (b) imply, for all f € D, the a.e.
existence of the limit lim. .o H. o f(z) and that lim._.o H.  f(z) = Hf(z). The
proof is an adaptation of Lemma 2.27 in [14].

For fixed f € D, let x € X such that there exists the limit lim._.o H. o f(z) =
Hf(z) and Hjf(x) is finite. We may assume without loss of generality that
H f(x) = 0. Applying the formula

(4.1) (z —u)*T = C’/ (t —u)*(z —t)°Lat, 5 >0,
with § = o — 3, where C depends only on « and ¢ (in fact, C = % where
I' is the Gamma function), we obtain that
1/e
(4.2) H.of(z)=C ga/ (/e —)*F~1 40 Hy )y pf (2) dt.
1

Given 1 > 0, let us fix 6 with 1/2 < < 1 and (1 — )% < 1. Then,

0/e
Honf(@) = C e [ 1/ =000 0 My (o) it

1/e
+C 86Y/ (1/e - t)a_ﬁ_l t9 Hyjpf(x)dt=1+11.
0/e

First, we estimate II and we obtain that
1] < C e Hyf(w) (0/e)” (1) = 0/e)* ™" < C Hif(w) n.

To estimate I we integrate by parts and we use (4.2) with « = 4 1. Then we
obtain

0/e
I=Ce*(1)e— e/g)a—ﬂ—l/ sPH, s 5f(x)ds
1

0/e t
+C e /1 (a—B—1)(1/e— t)a—H/1 SPH, ) of (x) ds dt

o (1-6 a-pt B+1
=Ce¢ ( ) (0/e)""" H.y9,p41f(x)

3

0/e
+C e (a—f3— 1)/ (/e —)* P20 H, )y gy f(z)dt = 11T + IV.
1

Now, we claim that
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(¢) Hp,sf(x) is finite for all § > 0.
(d) There exists the limit lim. .o H. g41f(z) = Hf(x) = 0.

The above claims follow from (4.1), (4.2), (a) and (b). Taking into account the
claims (c) and (d) we obtain that

III| < C (1—-6)* 7 0P Y H, ) 501 f(2)] <,

for £ small enough.
On the other hand, since « — 3 —2 € (—=2,—1) and 8 > —1, we have (1/e —
£ P=2 < (1/e — 0/e)*P~2 and t9+! < (0/e)" ! for all t € (1,0/¢). Then,

0/e
Wi<Ce [ 1@,
1

which tends to zero as € goes to zero because lim; .o Hy¢p41f(x) = 0 and
g1t (z) < oo. Therefore we are done.
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