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a b s t r a c t

In this work we present a comparative study of the classical Stoner Wohlfarth model and the analytical
vector hysteron model. We analyze the hysteretic behavior description when the thermal fluctuations are
included. We found a different behavior in the evolution of the coercive field as function of temperature
for the vector hysteron model when the anisotropy easy axis is non-parallel to the magnetic field
orientation. At low temperatures a plateau is observed as consequence of the switching field behavior.
At high temperature both models give identical description of the magnetization behavior, which merges
with the superparamagnetic approximation.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

The magnetic characterization of nanoparticles is an issue that
has taken the attention of the scientist in the last years. It is well
known the wide range of application in magnetic recording [1],
drug delivery [2], as contrast agent in tomography studies [3],
hyperthermia [4], spintronic [5], etc. In each of these cases, certain
features on the magnetic behavior are required with the purpose
of facilitating their application. In order to tune the magnetic
properties it becomes essential to have a model that describes the
magnetization characteristics, as magnetic relaxation, the interac-
tions effects, frustration, etc. In this sense the Stoner–Wohlfarth
model (SW) [6] gives an accurate description that fits very well for
non-interacting single domain nanoparticle systems. Although this
model provides a description at zero temperature, it is possible to
include thermal effects through stochastic calculations (Fokker–
Planck equation [7], Monte Carlo [8,9]) or simply considering the
magnetization passage over the energy barrier (Néel–Brown
model [10,11]). However, the SW model has some inaccuracies in
the hysteresis loop description as the external magnetic field is applied
close to the perpendicular easy axis orientation, giving a behavior that
is known as the magnetization “crossover” [12]. In addition, it is well
known that the SW model can be solved analytically only in the
parallel and perpendicular configurations; in all the other cases a
numerical approach is necessary. There have been several modifica-
tions and approximations in the theory of SW to improve the
description of the experimental data with these theories [11,12] that

include the evolution with temperature and with magnetic field, thus
achieving accurate superparamagnetic-blocked regime crossover, the
M(H) curves (irreversibility and coercive fields, etc.) [14]. Petrila
and coworkers have presented an interesting proposal to describe
the ferromagnetic single domain nanoparticle behavior [13,14].
This model, called analytical vector hysteron (VH), “keeping the
macrospin concept and by relaxing the symmetry conditions of
the ferromagnetic particles” [15] propose to modify the expression
of the uniaxial magnetic anisotropy replacing the ð cos θÞ2 by
cos θj j. This linearization introduces some mathematical advan-
tages, because the treatment of the problem becomes completely
analytical, at difference with the SW model, and also the model
provides a solution to the crossover problem.

However, we found that both models do not describe satisfac-
torily the magnetic hysteresis loops at low temperatures, giving a
plateau in the thermal coercive field evolution. In view of this, it
seems important to contrast the predicted behaviors (assuming
the hypotheses are fulfilled) with the experimental evidence.

2. SW and VH models: basic assumptions

In this section we present the hypothesis associated to both
models, which have many common characteristics. First, both
models describe the energy angular dependence assuming that

a) the particles are single domain uniformly magnetized.
b) The particles are monodipersed (this does not represent a

fundamental restriction, and it can be avoided in a later
treatment, simply integrating the magnetization weighed by a
size distribution).
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c) The coherent magnetization inversion is assumed.
d) The particles are non-interacting (or the effects of the interac-

tions can be treated as an effective uniaxial anisotropy).
e) The particles have an effective uniaxial anisotropy (from several

sources: magnetostatic, magnetocrystalline, interactions, etc.).
f) The effective anisotropy and the magnetization remain unal-

tered with temperature.
g) The “experimental time window” is larger than the intrinsic

relaxation time (associated to the inverse of the damping
parameter in the Landau–Lifshitz–Gilbert equation). Then, the
orientation of the magnetic moment is along the local energy
minimum.

h) In this description we neglect the oscillations of the magneti-
zation around the local energy minimum due to thermal
fluctuations.

i) The Master Equation gives the thermal evolution of the
magnetic population of the energy minima.

j) The particles remain at rest, that is, without changing position
or rotating. Then the relaxation mechanism is the Néel-Brown
to overcome the energy barrier.

k) We assume valid the Arrhenius law for the effective passage
time of the magnetization orientation from a minimum to
the other.

The energy expression consists of two terms: the Zeeman one,
which describes the effects of an external magnetic applied field
(identical in both models), and the anisotropy term. In Eq. (1) we
introduce the energy expressions ESW and EVH corresponding to
SW and VH models respectively:

ESW ¼ � u!U H
!�KSWVðn̂U ûÞ 2

EVH ¼ � u!U H
!�KVHV jn̂U ûj ð1Þ

In these expressions u! is the magnetization vector, H
!

the external
magnetic field, V the particle volume, n! ( u!) is the unitary vector
along the easy axis (magnetization) orientation, and
KSW ffi8=3 π KVH are the anisotropy constants. In both cases the
energy remains unaltered under inversion ( n!2� n!). Eq. (1)
shows that the difference between the SW and the VH models is
given by the anisotropy term definition. The SW description
provides a continuously differentiable energy expression at differ-
ence with the VH model. On the other hand, the VH model allows
obtaining analytical expressions for the magnetization, energy
barrier, coercive (HC) and switching (HS) fields, which makes this
model easy to apply, saving computation time. Conversely, in the
SW model only HC and HS have a closed expression for any applied
field orientation; the magnetization, for instance, must be calcu-
lated finding numerically the equilibrium orientation of μ

-
for each

H
-

. The analytical expression for the (7) branches of a normalized
hysteresis loop in the VH model is given by

m7 ¼ μH7KV cos ðψÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2V2þμ2H272KVμH cos ðψ Þ

q ð2Þ

where ψ is the angle between the field and easy axis orientation
and K ¼ KVH . Eq. (2) must be used according with the switching
condition given in Eq. (18) of [15].

In the SW model the switching field, HS has a closed expres-
sion, which can be compared with the VH one:

HS_SW ¼H0_SW

h
sin 2=3 ψð Þþ cos 2=3 ψð Þ

i�3
2

HS_VH ¼H0_VH=½2 cos ψð Þ� ð3Þ
where H0_SW ¼ 2KSWV=μ and H0_VH ¼ 2KVHV=μ.

In the SW model when H is increased the maxima and minima
change their orientation gradually and only one minimum remains
for HZHS_SW . In the VH model only the minima changes their

equilibrium orientation (given the magnetization expression of
Eq. 2), the maxima remains always perpendicular to n̂. Also, when
we approach the perpendicular configuration (n̂ ? H

!
) HS_VH field

diverges, as shown by Eq. (3). This divergent behavior is clearly
different from the results of the SW model. It has been interpreted
within the context of some effective interparticle interaction [15]
(exchange, for example). In fact, in a multidomain system it is
necessary to consider energy terms such as: exchange, surface
anisotropy, and magnetostatic energy. If they can be approximated
as an effective uniaxial anisotropy, the treatment can be regarded
as a single entity. However, it is difficult to justify this HS_VH

divergent behavior in a non-interacting nanoparticle system.
In the same way, the coercive field for both models can be

compared:

HC_SW ¼H0
sin 2=3 ψð Þþ cos 2=3 ψð Þ

h i�3
2

sin 2ψð Þ=2

8><
>:

ð4Þ

HC_VH ¼H0 cos ðψ Þ=2
Eq. (1)–(4) corresponding to the VH model are quoted from
references [15] and [16].

In the SW model, the coercive field needs to be considered in
two different cases. In the first case, when ψoπ=4, the passage of
the magnetization from a minimum to other occurs when the
energy barrier disappears and the system remains with only one
energy minimum. For this reason, the coercive field HC_SW and the
irreversibility field HS_SW have the same expression. We refer to
the energy barrier reduction towards a single energy minimum as
a first “mechanism”. In the second case, for ψ4π=4, the magne-
tization vanishes by orienting the metastable energy minimum
perpendicular to the magnetic field H, so that its projection is zero,
but the system continues to have two energy minima. We call this
a second “mechanism”. These two “mechanisms” manifest in very
different ways. In the first case there is a sudden jump of the
magnetization, while in the second case, the magnetization vanishes
and changes sign continuously. Moreover, in the first case both
branches of the hysteresis loop collapse, while in the second case it
is possible to continue observing irreversibility, indicating that
HS_SW 4HC_SW . Unlike this, in the VH model, only the second
mechanism is observed (except in the case ψ ¼ 0, the only value for
which HS_VH ¼HC_VH). In Fig. 1 hysteresis loops are shown for the SW
(upper panel) and VH models (lower panel). Each panel shows two
hysteresis loops illustrating the cases stated above.

2.1. HC thermal evolution

One of the most important aspects expected for a magnetic
monodomain model is to be able to describe the thermal evolution
of the system. In monodispersed size systems is well known that
the behavior is characterized by a decrease of the coercive field
monotonically with temperature. The main effect of temperature
on a hysteresis loop is to assist the magnetization reversal by
reducing the value of the switching field. This topic presents one of
the fundamental problems of the VH model because, as we have
seen in the Eq. (3), HS_VH diverges when ψ approaches π=2. Petrila
and co-workers have studied the thermal evolution of the coercive
field [16] comparing VH and SW models. However, their study is
restricted to the case H

!
J n̂ , that is ψ ¼ 0. In order to consider

other configurations, we study this problem including the thermal
effects using the Master Equation [13] in order to calculate the
temporal evolution of the minima population. We assumed that
the characteristic relaxation time follows the Arrhenius law:
τ¼ τ0e�ΔE β , where ΔE is the energy anisotropy barrier, β is the
inverse of the thermal energy value, and τ0 is the relaxation time
in the limit β-0.
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In Fig. 2 we show simulated hysteresis loops corresponding to
SW (top) and VH (bottom) models for ψ ¼ 0:22 π. The calculations
are made assuming the ratio between τ0 and the measuring time is
τ0=τm ¼ 5� 10�12 (typical of a vibrating sample magnetometer).
In both cases T¼5 K and T¼80 K loops are simulated in order to
show the thermal effects in each model. In the SW case we can
observe the change in HC_SW as a consequence of the diminution of
HS_SW . However, in the VH case the HS_VH reduction has not effect
on HC_VH , which remains constant.

In the top of Fig. 3 the thermal evolution of HC_VH and HC_SW for
this particular configuration (ψ ¼ 0:22 π) are presented. The hor-
izontal dash line indicates the zero temperature HC_VH value,
according Eq. (4). In the bottom of Fig. 3 we show the thermal
evolution of HC for both models for a particular case ψ4π=4
(ψ ¼ 0:33 π). As it can be seen in this case, both models have the
same problem (a plateau on the HC behavior), being it more
significant in the VH case, which starts at higher temperature than
the SW case (260 K and 40 K respectively).

The reason for the plateau in the HC thermal evolution is the
same for both models. Due to the hypothesis used in this work, we
associate the decrease of HS only to thermal fluctuations which
facilitate the overcoming of the magnetic energy barrier. So, when
HS4 HC , it appears the mentioned problem at low temperatures.
For the VH model this happens for ψ40 and, in the SW model, for
ψ4π/4 (for ψrπ=4HC_SW ¼HS_SW ). In both cases HC represent the
field for which the magnetization is oriented perpendicular to the
direction of the applied magnetic field, and then its projection
over the field direction is null. When ψrπ=4 in the SW model the
plateau is not observed.

In order to compare the models with conditions more com-
monly found in experiments, Fig. 4 shows the thermal evolution of
HC for randomly oriented easy axes. While HC_SW evolves decreas-
ing monotonically with temperature, HC_VH shows an unexpected

behavior below 170 K. These results indicate that both SW and VH
models are not suitable, in term of the present analysis, to describe
the expected thermal behavior of an ideal randomly-oriented
single-domain nanoparticle system.

Fig. 1. Hysteresis loops simulations corresponding to the SW (top) and VH
(bottom) models. Note the behavior of the magnetization when H achieves the
coercive field value.

Fig. 2. Hysteresis loops simulations corresponding to the SW (top) and VH
(bottom) models for T¼5 K and T¼80 K (ψoπ=4).

Fig. 3. Thermal evolution of the coercive field calculated for both models. The top
panel corresponds to ψoπ=4 case and the bottom one to ψ4π=4.
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2.2. High temperature regime

A useful limit to validate a model is the high temperature
approximation. Then, we have studied the high temperature
behavior of the VH model in order to compare it with the SW
behavior. It is well-known that in the high temperature regime,
i.e., when the thermal energy dominates, the magnetic system is in
thermal equilibrium. Of course we are assuming that the experi-
mental time window is larger than the relaxation time of the
particle. In this case, the effective anisotropy diminishes and,
particularly in presence of randomly oriented particles, the mag-
netization can be described by the Langevin function. In order to
consider the thermal fluctuations on the magnetization behavior
we applied the well-known expression:

m¼ 1
β

∂ lnðZÞ
∂H

ð5Þ

where the partition function is given by: Z ¼ R
e�Eðθ;φÞβ dΩ, and the

integration is over all the states in the ðθ;φÞ plane. Making a Taylor
series expansion for β-0, it can be obtained the high temperature
approximation. The corresponding expression for SW and VH
models are:

mSW � μH
3 βþμHKV 1þ3 cos ð2 ψÞð Þ

45 β2þ μH 2ðK VÞ2 �21ðHμÞ2 þ6 KVð Þ2 cos ð2ψÞ½ �
945 β3

mVH � μH
3 βþμHKV 1þ3 cos ð2 ψÞð Þ

48 β2þ μH ðK VÞ2 �32ðHμÞ2 þ3 KVð Þ2 cos ð2ψÞ½ �
1440 β3

ð6Þ

Eq. (6) shows that, in the high temperature limit, the magnetiza-
tion expressions for both models are very similar. The first term in
β gives the Curie behavior predicted by the Langevin function.
Small differences are found in the β2 and β3 terms. In order to
compare with a more realistic system of nanoparticles, we can
assume a random easy axis orientation and perform an integration
over ψ , obtaining

mSW ¼mVH � μH
3

β�ðμHÞ3
45

β3 ð7Þ

We observe that both expression merges exactly to the Taylor
series expansion of the Langevin function.

Both models attempt to reproduce, under some limitations, the
behavior of the magnetization of nanoparticle systems. The SW
model describes accurately non-interacting nanoparticle systems,
while VH describes system of particles with effective uniaxial
anisotropy.

Models SW and VH can be used like a starting point for more
realist treatments, that may relax some of the conditions imposed
in their hypotheses to describe better the experimental evidences.
In this sense, one can consider the effect of thermal fluctuations on
the magnetization, the effective anisotropy [17–20], size and
anisotropy distributions [21], other anisotropy symmetries [22],
weak and moderate dipolar interactions [23], exchange between
grains [24], etc.

To do an adequate treatment it is important to consider the
characteristics and fundamental limitations of the starting model
(SW or VH) together with the particularities of each system.

3. Conclusion

We have made a comparative study of the Stoner–Wohlfarth
and the analytical Vector Hysteron models and theirs predictions
for a randomly oriented nanoparticle system. Accordingly, we
conclude that both models can be used satisfactorily to reproduce
the hysteresis behavior of uniaxial identical single domain nano-
particle system with some limitation due to the approximations
assumed. In the SW model the functional dependence of the
uniaxial anisotropy energy induces the appearance of the cross-
over close to the perpendicular orientation of the easy axis with
respect to the applied field ψ � π=2

� �
, which is not observed in the

VH model. In addition, the SW can be solved analytically only for
ψ ¼ 0 and ψ ¼ π=2 cases. Contrarily, the VH model has analytic
solutions for any value of ψ . In counterpart, it is necessary to be
careful when the switching field is analyzed, because the VH
shows a divergent behavior (at ψ ¼ π=2) that cannot be associated
to a single domain nanoparticle and it may be interpreted as the
consequence of an effective exchange anisotropy. On the other
hand, both models exhibit some difficulties when describing the
thermal evolution of Hc .

Assuming the temperature is high enough so that the system
has achieved thermal equilibrium the SW and VH models give an
almost identical description of the magnetization behavior, which
in addition, is consistent with the high temperature Langevin
function approximation.
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