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In this paper we describe the lattice of subvarieties of the variety of
monadic Łukasiewicz-Moisil algebras. We then characterize all these
subvarieties by means of identities.

1 INTRODUCTION AND PRELIMINARIES

The notion of an n-valued Łukasiewicz-Moisil algebra was introduced
by Gr. C. Moisil [17], and was developed and investigated further by
several authors such as A. Monteiro [13], L. Monteiro [16], R. Cignoli
[6], A. Iorgulescu [9] [10] and J. Varlet [19]. An extensive monograph
on Łukasiewicz-Moisil algebras was written by V. Boicescu et all. in
[4]. We assume that the reader is familiar with the theory of n-valued
Łukasiewicz-Moisil algebras. For the basic properties, the reader is referred
to [3], [4] and [6].

An n-valued Łukasiewicz-Moisil algebra is an algebra (L,∧,∨,∼, s1,

s2, . . . , sn−1, 0, 1), n an integer, n ≥ 2, of type (2, 2, 1, 1, 1, . . . , 1, 0, 0), such
that (L,∧,∨, 0, 1) is a bounded distributive lattice and ∼, s1, s2, . . . , sn−1

satisfy

1. ∼∼ x = x ,
2. ∼ (x ∧ y) = ∼ x∨ ∼ y,
3. si (x ∨ y) = si x ∨ si y,
4. si x ∨ ∼ si x = 1,
5. si s j x = s j x ,
6. si ∼ x = ∼ sn−i x ,
7. s1x ≤ s2x ≤ . . . ≤ sn−1x ,

1
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8. If si x = si y for i = 1, 2, . . . , n − 1, then x = y.

The equational class of all n-valued Łukasiewicz-Moisil algebras will
be denoted by Ln .

A monadic n-valued Łukasiewicz-Moisil algebra ([1], [4]) is an algebra
(A, ∃) such that A is an n-valued Łukasiewicz-Moisil algebra and ∃ is a
unary operation defined on A fulfilling the following properties:

1. ∃0 = 0,
2. x ≤ ∃x ,
3. ∃(x ∧ ∃y) = ∃x ∧ ∃y,
4. ∃si x = si∃x .

Monadicn-valuedŁukasiewicz-Moisilalgebrasareastraightgeneralization
of the notion of monadic Boolean algebras [8] and three-valued monadic
Łukasiewicz-Moisil algebras investigated by L. Monteiro in [16]. They form
an equational class MLn , the main properties of which were established in
[1] (see also [4]). In this paper we consider the lattice of subvarieties of
this variety. We describe the structure of the poset of its join irreducible
elements and we find equational bases for each subvariety of MLn .

We introduce some notation. The n-element chain 0 < 1/(n − 1) < . . . <

(n − 2)/(n − 1) < 1, with the natural lattice structure and the operations
∼ and si , 1 ≤ i ≤ n − 1, defined as

∼ ( j/(n − 1)) = 1 − j/(n − 1) = (n − 1 − j )/(n − 1)

si ( j/(n − 1)) =
{

0 if i + j < n
1 if i + j ≥ n

will be denoted by Cn .

It is well known that Cn and its subalgebras are the subdirectly irreducible
algebras of Ln and that they are simple ([6]).

Let S2 = ∅, and, for n ≥ 3, let Sn = {1, 2, . . . , (n − 2)/2} when n is
even and Sn = {1, 2, . . . , (n − 1)/2} when n is odd.

If J ⊆ Sn , then AJ = {0} ∪ { j/(n − 1) : j ∈ J } ∪ {1 − j/(n − 1) :
j ∈ J } ∪ {1} is a subalgebra of Cn , and it is easy to check that
the correspondence J → AJ establishes an isomorphism from the Boolean
algebra 2Sn onto the lattice of subalgebras of Cn (see [6] and [2]). In
particular, A∅ = {0, 1} and ASn = Cn .

In any algebra A ∈ Ln , it is defined a binary operation 
→, called weak
implication, by x 
→ y = sn−1 ∼ x ∨ y. This operation was introduced by
A. Monteiro in [14] for n = 3 and generalized by R. Cignoli in [6] for
arbitrary n.
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A subset D ⊆ A ∈ Ln is said to be a deductive system of A if 1 ∈ D
and if x ∈ D and x 
→ y ∈ D, then y ∈ D. If A ∈ MLn , a subset D ⊆ A
is a monadic deductive system of A if D is a deductive system of the
Łukasiewicz-Moisil algebra A and D satisfies in addition that ∀x ∈ D,
whenever x ∈ D, where ∀x = ∼ ∃ ∼ x .

For A ∈ MLn , the set ∃(A) = {x ∈ A : ∃x = x} is a Łukasiewicz-Moisil
subalgebra of A. If M is the set of all monadic deductive systems of A
and D is the set of all deductive systems of ∃(A), then it is not difficult to
prove that ϕ : M → D defined by ϕ(D) = D ∩ ∃(A), D ∈ M, is a lattice
isomorphism ([1]).

On the other hand, congruences on a Łukasiewicz-Moisil algebra (monadic
Łukasiewicz-Moisilalgebra)aredeterminedbydeductivesystems[6](monadic
deductive systems [1] respectively), so we have the following lemma, where
Con A and Con ∃(A) respectively denote the lattice of congruences of the
algebras A and ∃(A).

Lemma 1.1 The lattices Con A, M, Con ∃(A) and D are isomorphic.

It is easily seen that the set B(A) of complemented elements of A is
a monadic Boolean algebra, and consequently, B(A) ∩ ∃(A) is a Boolean
algebra. Also, it was proved in [1] that the lattices M and D are also
isomorphic to the lattice of monadic filters of B(A) and to the lattice of
filters of B(A) ∩ ∃(A).

As an immediate consequence, it follows that A ∈ MLn is simple if
and only if ∃(A) is simple in Ln if and only if B(A) is a simple monadic
Boolean algebra if and only if B(A) ∩ ∃(A) is a simple Boolean algebra.
And if A ∈ MLn is subdirectly irreducible, then ∃(A) is simple in Ln , and
consequently, A is simple.

OntheŁukasiewicz-Moisilalgebra C X
n ofall functions f fromagivenset X

into Cn we define the following unary operation: (∃ f )(x) = ∨{ f (x) : x ∈ X}.
It is known (see [1]) that (C X

n , ∃) is a monadic Łukasiewicz-Moisil algebra,
which we denote Cn,X . It is clear that f ∈ B(Cn,X ) if and only if
f (X) ⊆ {0, 1}, and f ∈ ∃(Cn,X ) if and only if f is a constant function. Since
the constant functions in Cn,X are the funtions e j , 0 ≤ j ≤ n − 1, defined by
e j (x) = j/(n − 1) for every x , it follows that ∃(Cn,X ) = {e j , 0 ≤ j ≤ n − 1}.
So B(Cn,X ) ∩ ∃(Cn,X ) = {e0, en−1} = {0, 1}. So the algebra Cn,X is simple.

A similar argument proves that every subalgebra of Cn,X is simple.
The most important thing is that these are, up to isomorphism, the only
simple algebras of the variety MLn . Indeed, it is not difficult to prove that
if A and B are simple algebras in MLn and f : A → B is an injective
Łukasiewicz-Moisil homomorphism, then h(∃a) = ∃h(a), for all a ∈ A. As
a consequence we have the following
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Theorem 1.2 [1] If A ∈ MLn is simple, then A is isomorphic to a
subalgebra of Cn,X .

Proof. From Moisil Representation Theorem (see [6], [18] p. 134), there
exists a (Łukasiewicz-Moisil) embedding h : A → C X

n . If we consider the
algebra Cn,X , since A and Cn,X are simple, h is a (monadic) embedding.
�

According to this theorem, it is important to obtain a characterization
of the subalgebras of the algebra Cn,X . Since the variety MLn is locally
finite [1], it is sufficient for our purposes to have a characterization of the
subalgebras of Cn,X for X finite, say X = {1, 2, . . . , m}. We denote in this
case Cn,m instead of Cn,X .

The following characterization of the subalgebras of Cn,m can be found
in [1]. Let A be a (Łukasiewicz-Moisil) subalgebra of Cn and let B
be a (Boolean) subalgebra of B(Cn,m). Let {P1, . . . , Pr } be the partition
of X associated to B . Then S(A, B) = { f ∈ Cn,m : f (i ) ∈ A, 1 ≤ i ≤
m, and f (i ) = f ( j ) if i, j ∈ Pt } is a subalgebra of Cn,m . Let us see
that these are all the subalgebras of Cn,m . For a given subalgebra S of
Cn,m , consider A = { f (1) : f ∈ S}, B = S ∩ B(Cn,m) and {P1, . . . , Pr } the
partition associated to B . We are going to prove that S = S(A, B). Let f ∈ S
and let f (i ) = k/(n − 1) ∈ Cn . The function g = ∃( f ∧ ∼ sn−k−1 f ) ∈ S
and g(1) = k/(n − 1), which implies that f (i ) ∈ A. In addition, if
f (i ) = k/(n − 1) < l/(n − 1) = f ( j ), i, j ∈ Pt , then sn−l f (i ) < sn−l f ( j ),
and this contradicts that sn−l f ∈ B . Hence f ∈ S(A, B). For the other
inclusion, if f ∈ S(A, B) and i ∈ Pt , as f (i ) ∈ A, there exists g ∈ S
such that g(1) = f (i ), and for some k, gt = ∃(g∧ ∼ sk g) is such that
gt( j ) = f (i ) for every j ∈ X . Consequently, if h1, . . . , hr are the atoms
of B , f = (g1 ∧ h1) ∨ . . . ∨ (gr ∧ hr ), and then f ∈ S.

Now, A = AJ , for some J ⊆ Sn and B ∼= 2r , for some 1 ≤ r ≤ m. Then
if AJ,r is the monadic Łukasiewicz-Moisil algebra of all functions from
Y = {1, 2, . . . , r} into AJ with the operation (∃ f )(x) = ∨{ f (x) : x ∈ Y },
then S(A, B) ∼= AJ,r by means of the mapping g → f , where f (i ) = g(t)
whenever i ∈ Pt . Hence, identifying isomorphic algebras, we can state the
following theorem ([1]).

Theorem 1.3 The subalgebras of the algebra Cn,m are the algebras AJ,r ,
with J ⊆ Sn and 1 ≤ r ≤ m.

Consequently, the subdirectly irreducible finite algebras of the variety
MLn are the algebras AJ,r , with J ⊆ Sn and 1 ≤ r ≤ m.

Remark 1.4 If AJ �= AL then AJ,i is not isomorphic to AL ,k , for every
positive integers i, k.

Theorem 1.5 [1] AJ,i is a subalgebra of AL ,k ⇔ J ⊆ L and i ≤ k.
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2 SUBVARIETIES

The purpose of this section is to investigate properties of the lattice �(MLn)
of subvarieties of the variety of monadic n-valued Łukasiewicz-Moisil
algebras.

Observe that MLn is clearly congruence-distributive, so by well-known
results of Jónsson [12] the lattice �(MLn) is also distributive. Then in
order to determine �(MLn) it suffices to characterize the ordered set
J (�(MLn)) of its join irreducible elements.

If K is a class of algebras in a variety V , V (K ) denotes the subvariety of
V generated by K . Si(K ) and Si f in(K ) respectively denote the classes of
isomorphic types of subdirectly irreducible algebras and finite subdirectly
irreducible algebras in K . The class of algebras that are homomorphic
images of algebras in K will be denoted by H(K ), and the class of algebras
that are subalgebras of algebras in K will be denoted by S(K ). In what
follows we identify isomorphic algebras.

Recall that for A, B ∈ Si(MLn), we may define a partial order: A ≤ B
if and only if A ∈ H(S(B)), so that V (A) ≤ V (B) if and only if A ≤ B .
Since MLn is locally finite [1], by the results of Davey [7] the lattice
�(MLn) is completely distributive and isomorphic to O(Si f in(MLn)), the
lattice of down-sets (order-ideals) of the ordered set Si f in(MLn). Moreover,
a finitely generated subvariety U ∈ �(MLn) is join irreducible if and only
if U = V (A), for some subdirectly irreducible algebra A.

If A is a subdirectly irreducible algebra in MLn , then H(S(A)) \
{trivial algebras} = S(A). Then AJ,i ≤ AL ,k if and only if J ⊆ L and i ≤ k,
so the ordered set Si f in(MLn) is isomorphic to 2[(n−1)/2] × C , where C is a
chain of type ω, [x] denotes the integral part of the number x and 2[(n−1)/2]

is the Boolean algebra with [(n − 1)/2] atoms. Similarly, the ordered set
of join irreducible elements of the lattice of subvarieties of VJ,i = V (AJ,i)
is isomorphic to 2|J | × Ci , where Ci is an i -element chain.

Consider now, for each J ⊆ Sn , the subvarieties:

MJ = V ({AJ,i, i ≥ 1}) =
∨
i≥1

VJ,i .

Observe that M∅ is the variety of monadic Boolean algebras and
MSn = MLn .

Lemma 2.1 MJ ∈ J (�) = J (�(MLn)).

Proof. Suppose that MJ = V1 ∨ V2. The sets Nl = {i ∈ IN : AJ,i ∈ Si f in(Vl)},
l = 1, 2, cannot be bounded, since Si f in(MJ ) = Si f in(V1) ∪ Si f in(V2) is not
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finite. So, for some l = 1, 2, say l = 1, AJ,i ∈ Si f in(V1), for all i ∈ IN, and
then, AL ,i ∈ Si f in(V1) for all L ⊆ J and i ∈ IN. Hence Si f in(V1) = Si f in(MJ )
and MJ = V1. �

Theorem 2.2 J (�) = {VJ,i}J⊆Sn,i≥1 ∪ {MJ }J⊆Sn .

Proof. Let V ∈ J (�) and let S = ∪J⊆Sn FJ , where FJ = {i ∈ IN :
AJ,i ∈ Si f in(V )}. If Si f in(V ) is finite, then so are the sets FJ . Thus
V = ∨

J⊆Sn

∨
i∈FJ

VJ,i . Since V is join irreducible, then V = VJ0,i0 for
some J0 ⊆ Sn and i0 ∈ FJ0 . If Si f in(V ) is not finite there exists J ⊆ Sn

such that FJ is infinite. Let J1, · · · , Jk be such that FJt , 1 ≤ t ≤ k ≤ 2e,
where e = [(n − 1)/2], are all the infinte sets, Jk+1, · · · , Jd , d ≤ 2e such
that FJi are non empty finite sets, k < i ≤ d and let mi = max(FJi ) for
k < i ≤ d, mi ≥ 1. Then, since V is locally finite,

V =
∨

1≤t≤k

MJt ∨
∨

k<i≤d

VJi ,mi .

Since V ∈ J (�), then either V = MJt for some 1 ≤ t ≤ k or V = VJi ,mi ,

for some k < i ≤ d , but V cannot be VJi ,mi , as V is not finitely generated,
Hence V = MJt for some 1 ≤ t ≤ k. �

Example 2.3 If n = 6, then S6 = {1, 2}, and J (�(ML6)) is

Theorem 2.4 If V ∈ �(MLn), then V is a finite join of elements in
J (�(MLn)).

Proof. It is a consequence of the proof of Theorem 2.2. �

Theorem 2.5 J (�(MLn)) � 2e × (C + 1), where C is a chain of type ω

and e = [(n − 1)/2].

Proof. The isomorphism from 2e × (C + 1) intoJ (�(MLn)) is the mapping
φ such that φ(J, i ) = VJ,i for i �= ω + 1, φ(J, i ) = MJ if i = ω + 1. �
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3 EQUATIONAL BASES

The aim of this section is to find equational bases for each subvariety of
MLn .

Recall that if A ∈ Ln , the operation

x → y = y ∨
n−1∧
i=1

(∼ si x ∨ si y)

is an intuitionistic implication, that is, (A,→) is a Heyting algebra (see
[4], p. 204).

Consider the following term:

γp(x0, . . . , x p+1) =
p∨

i=0

∀
⎛
⎝xi+1 →

i∨
j=0

x j

⎞
⎠ .

Theorem 3.1 The following identities characterize the subvarieties V∅,p,
p ≥ 1, within MLn:

(1) ∃x = x and x ∧ ∼ x = 0, for p = 1.
(2) γp(x0, . . . , x p+1) = 1 and x ∧ ∼ x = 0, for p > 1.

Proof. The case p = 1 is immediate. Suppose that p > 1 and let a0, . . . , ap+1

∈ A∅,p. Consider the elements b0 = a0, b1 = a0 ∨ a1, . . . , bp = ∨p
j=0 a j . It is

clear that b0 ≤ b1 ≤ . . . ≤ bp. If bi < bi+1 for i = 0, . . . , p − 1, then bp = 1,
asA∅,p isap-atomBooleanalgebra.So∀(ap+1 → ∨p

j=0 a j ) = ∀(ap+1 → bp) =
∀(ap+1 → 1) = ∀1 = 1,andconsequently,γp(a0, . . . , ap+1) = 1. Ifbi = bi+1,
for some i , then ai+1 ≤ bi = ∨i

j=0 ai . So ∀(ai+1 → ∨i
j=0 a j ) = ∀1 = 1.

Thus γp(a0, . . . , ap+1) = 1. Therefore γp(x0, . . . , x p+1) = 1 holds in A∅,p.
Let A be a finite subdirectly irreducible algebra in MLn and suppose

that the identities (2) hold in A. Since x ∧ ∼ x = 0 holds in A, it follows
that A is a Boolean algebra. So A = A∅,q . Suppose that q > p and let
a1, . . . , aq be the atoms of A. Consider the elements b0 = 0, b1 = a1,
b2 = a1 ∨ a2, . . ., bp = ∨p

i=1 ai and bp+1 = 1. We have that bp �= 1,
since p < q . Since bi+1 → bi �= 1, it follows that ∀(bi+1 → bi ) = 0. Thus
γp(b0, . . . , bp+1) = ∨p

i=0 ∀(bi+1 → ∨i
j=0 b j ) = ∨p

i=0 ∀(bi+1 → bi ) = 0, a
contradiction. So q ≤ p, and consequently, by Theorem 1.5, A ∈ V∅,p. �

In what follows, γp(s1(x0), . . . , s1(x p+1)) will be abbreviated by γp(s1(�x)).

Consider now the following unary operators H0, H1, . . . , Hn−1 introduced
by M. Adams and R. Cignoli in [2]: H0(x) = sn−1(x), Hn−1(x) = ∼ s1(x),
and Hi (x) = ∼ sn−i (x) ∨ sn−i−1(x) for 0 < i < n − 1. Note that in the
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algebra Cn , Hi( j/(n − 1)) = 0 if i = j and Hi( j/(n − 1)) = 1 when i �= j ,
0 ≤ i ≤ n − 1.

Theorem 3.2 The following identities characterize the subvarieties VJ,p, ∅
⊂ J ⊂ Sn, within MLn:

(3)
∧

i /∈J,i∈Sn
Hi(x) = 1 and ∃s1x = s1x, for ∅ ⊂ J ⊂ Sn, p = 1.

(4) γp(s1(�x)) = 1 and
∧

i /∈J,i∈Sn
Hi(∃x) = 1, for ∅ ⊂ J ⊂ Sn and p > 1.

Proof. Suppose that p = 1. Then VJ,1 = V (AJ,1), and it is easy to see
that AJ,1 satisfies equations (3). If U is a subvariety such that U �⊆ VJ,1,
then there exists AI,l ∈ U such that either l > 1 or I �⊆ J . In the first case,
there exists x ∈ AI,l , x /∈ {0, 1} such that ∃s1x = ∃x = 1 and s1x = x �= 1.
In the other case, since also AI,1 ∈ U , there exists i ∈ I , i /∈ J such that
x0 = i/(n − 1) ∈ AI,1 and Hi(x0) = 0.

Suppose now that p > 1, VJ,p = V (AJ,p), and let us prove that the
equations (4) hold in AJ,p. Observe that s1(x) ∈ B(AJ,p) = A∅,p. So
γp(s1(�x)) = 1 holds in AJ,p. On the other hand, since ∃(AJ,p) = AJ,1, AJ,p

satisfies
∧

i /∈J,i∈Sn
Hi(x) = 1.

Let A be a finite subdirectly irreducible algebra in MLn and suppose that
A satisfies the identities (4). Then A = AI,q and consequently B(A) = A∅,q

and B(A) satisfies γp(s1(�x)) = 1, which in B(A) is equivalent to γp(�x) = 1.
Thus by Theorem 3.1, q ≤ p. Observe that ∃(A) = ∃(AI,q ) = AI,1, so by
(3), I ⊆ J . Hence, by Theorem 1.5, AI,q is a subalgebra of AJ,p. �
Theorem 3.3 The following equations characterize the subvarieties VSn,p

within MLn:

(5) ∃s1x = s1x, for p = 1.
(6) γp(s1(�x)) = 1, for p > 1.

Theorem 3.4 The subvarieties MJ of MLn, J ⊂ Sn, are characterized by:

(7) x ∧ ∼ x = 0, for J = ∅.
(8)

∧
i /∈J,i∈Sn

Hi(∃x) = 1, for ∅ ⊂ J ⊂ Sn.

Proof. It is a consequence of Theorem 3.2. �
If t1(�x), t2(�x) are terms in the language of MLn , then t1(�x) = t2(�x) is

equivalent to (t1(�x) → t2(�x)) ∧ (t2(�x) → t1(�x)) = 1. In addition, t1(�x) = 1
and t2(�x) = 1, is equivalent to t1(�x) ∧ t2(�x) = 1. In this way, every join
irreducible variety Vi can be characterized by a single equation γVi (�x) = 1.

We want to characterize the subvarieties of MLn that are not join
irreducible in the lattice �(MLn).

Theorem 3.5 If V = ∨s
i=1 Vi , where Vi are join irreducible varieties in

�(MLn), then γV (�x) = ∨s
i=1 ∀(γVi (�x)) = 1 is a characteristic equation for

V relative to MLn.
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Proof. If A is a subdirectly irreducible algebra in V , then A ∈ Vi for
some i and so ∀(γVi (�a)) = 1 for every �a ∈ Am . Then γV (�a) = 1, for every
�a ∈ Am , that is, A satisfies the equation γV (�x) = 1. Now, if A ∼= AJ,p is a
subdirectly irreducible algebra and A /∈ V , then A /∈ Vi , for all i . Thus there
exist �a = (a1, . . . , ar ) ∈ Ar , r as needed, such that γVi (�a) �= 1 for all i . Then
∀(γVi (�a)) ≤ c for all i , where c is greatest element in ∃(A) \ {1}. Consequently,∨s

i=1 ∀(γVi (�a)) ≤ c �= 1, and the equation γV (�x) = ∨s
i=1 ∀(γVi (�x)) = 1 fails

in the algebra A. �
In particular, from this theorem and Theorem 2.4 it follows that every

subvariety of MLn is finitely axiomatizable, in fact, is axiomatizable by a
single equation relative to MLn .

REFERENCES

[1] Abad, M. (1988). Estructuras Cı́clicas y Monádicas de un Algebra de Łukasiewicz
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