
THERMODYNAMICS IN THE NC DISC

S. A. FRANCHINO-VIÑAS AND P. PISANI

Abstract. We study the thermodynamics of a scalar field on a noncommuta-
tive disc implementing the boundary as the limit case of an interaction with an
appropriately chosen confining background. We explicitly obtain expressions for
thermodynamic potentials of gases of particles obeying different statistics. In or-
der to do that, we derive an asymptotic expansion for the density of the zeros of
Laguerre polynomials. As a result we prove that the Bose-Einstein condensation
in the noncommutative disc does not take place.

1. Introduction

After the seminal papers of Connes and Lott [1] and thanks to the impulse given
by works as those of Doplicher et al. [2] and Seiberg and Witten [3], noncommuta-
tive (NC) quantum field theories have become an intense field of research. Indeed,
the derivation of the Standard Model from a spectral triple in a noncommutative
geometry or the arising NC QFT in a string theory with D-branes in the presence of
a Neveu-Schwarz background have been perceived as clues pointing to the existence
of noncommutativity. Moreover, the dynamics of quantum fields on NC spaces—
first introduced in [4]—exhibits many fascinating properties owing to non-locality
and to the existence of a minimal area [5, 6, 7]. If these are to be true, the most
probable sources of its confirmation might come from astrophysical data such as the
cosmic microwave background radiation, gamma ray bursts or even neutron stars,
corresponding all to some of the most extremal regimes observed in nature [8].

In this article we study the thermodynamics of a free scalar field on a NC general-
ization of the two dimensional disc. The choice of a compact base manifold aims at
providing a more realistic description of physical settings. However, the subtleties
involved in the representation of boundaries in NC space have lead to different non-
equivalent formulations. In this article we define the NC disc as an appropriate limit
of a confining background in Moyal plane and, in this way, avoid the ambiguities
inherent to the implementation of boundary conditions. Previous work on the NC
disc has been performed in [9] and other NC manifolds with boundaries have been
studied in [10, 11, 12, 13, 14, 15, 16].

Moyal plane is defined by the algebra [x̂1, x̂2] = 2iθ, where x̂i are hermitian oper-
ators and θ is the real parameter which introduces noncommutativity: non-locality
and the existence of a minimal area follow straightforwardly from a nonvanishing
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parameter θ. As a consequence, the usual point-like states do not exist and the
definition of a boundary in Moyal plane becomes ambiguous.

In [9] quantum fields have been confined in a disc of radius R as the result of a
limiting process in which the fields interact with a rotationally invariant background
that, in the limit, becomes infinite at distances larger than R. The spectrum of one-
loop oscillations has been explicitly determined and some peculiar properties have
been exposed.

Those results motivate the analytical study of statistical quantities for a gas com-
posed of free particles. Some interesting results on the thermodynamics of NC gases
had been previously obtained in [19, 18, 20, 21, 22, 23, 24]. In [22, 23, 24], for
example, it is shown that the behaviour of some Fermi gases at high densities and
low temperatures is altered by noncommutativity, which may give a clue to under-
stand some aspects of the very early universe. However, in this approach an angular
momentum parameter is introduced to deal with the existence of states with increas-
ingly large angular momentum. In our approach there is no need of doing so, since
the use of a both left- and right-Moyal background—i.e. the existence of a parity
symmetry in the underlying QFT action—effectively truncates the available angular
momenta of the states.

At this point, a remark regarding the perturbative study of noncommutative
corrections to physical systems is in order. Several quantum models in Moyal space
admit an explicit solution for arbitrary values of the NC parameter θ but, in general,
a perturbative determination of the consequences of noncommutativity are usually
not available since these explicit solutions can only be expanded in inverse powers of
θ, thus describing the regime known as “extreme” noncommutativity. Other studies
are based on a perturbative treatment of Moyal interactions but, for not unrelated
reasons, this does not capture the full non-local character of noncommutativity. On
the contrary, in this article we are able to study the small-θ expansion of expressions
which represent the full solution for any θ ∈ R. In this way, we determine the leading
NC corrections to physical quantities which intrinsically contain the whole non-local
effects of noncommutativity.

This article is organized as follows: first, in Section 2 we summarize some previous
results regarding the NC disc. Then, in Section 3 we state the definition of the
thermodynamical quantities that will be employed all through the text. This paves
the way to analyze, in Section 4, the leading noncommutative correction to the
partition function on the disc. As a first result we derive an asymptotic expansion for
the density of Laguerre zeros; this enables us to obtain an expression for the partition
function for small values of θ. In this analysis, we consider particles obeying three
different statistics: Maxwell-Boltzmann, Fermi-Dirac and Bose-Einstein. One of the
main results is then stated: Bose-Einstein Condensation (BEC) does not occur in
the NC disc.
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In Section 5 we compute the partition function of a gas in the high-temperature
regime for all three aforementioned statistics. Then, we consider thermodynamical
quantities such as the entropy, the mean energy and the heat capacity at constant
volume. In particular, we observe the uncommon behaviour of the specific heat and
of the corrections to the equation of state of the ideal gas.

Finally, we present our conclusions in Section 6. Additionally, we sketch some
extra proofs regarding the asymptotic density of Laguerre zeros in Appendix A and
regarding the BEC in Appendix C, while in B we include the complete expressions
corresponding to several thermodynamic quantities of fermions in the low tempera-
ture regime.

2. Scalar field in the noncommutative disc

In this section we rederive the spectrum of the NC disc following the lines of [9],
where the formal aspects are considered in more detail. Independently of the statis-
tics, we will study massive spinless particles, which we describe by a real scalar field
φ(t, x) on Moyal plane, whose coordinates we denote by x = (x1, x2); we consider
Minkowski time t as an ordinary commuting parameter. We introduce an interac-
tion with a background V = V (r2) in Moyal space (r2 := xixi) which after taking
an appropriate limit will confine the quantum field in a disc. The algebra satisfied
by the coordinate operators,

[x̂1, x̂2] = 2iθ ,(2.1)

can be represented as the algebra of ordinary fields with the multiplication replaced
by the Moyal product [27, 28]:

(2.2) φ(x) ? ψ(x) := φ(x) eiθ εij
←−
∂ i
−→
∂ j ψ(x) ,

where εij is the Levi-Civita antysimmetric tensor. Since the exponent contains an
antisymmetric combination of derivatives, the difference between the Moyal prod-
uct and the ordinary commutative product can be regarded as a total derivative.
Therefore, the Moyal product has no effect on quadratic terms in the action and
only modifies interaction terms. Under this representation, the action of the scalar
particle in interaction with the confining background reads

(2.3) S[φ] =
1

2

∫
R×R2

dtdx
{

(∂tφ)2 − (∂xφ)2 −m2 φ2 − V ? φ ? φ
}
.

Note that the interaction term V ? φ ? φ is invariant under cyclic permutations so
no ordering ambiguity arises.

To determine the oscillation modes which span the Hilbert space of the quantized
field we study the classical equation

(2.4) δφS =
{
−∂2

t φ+ ∂2
xφ−m2 φ− 1

2
V ? φ− 1

2
φ ? V

}
= 0 .
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We remark that the interaction term in (2.3) naturally introduces both left- and
right-Moyal multiplications in (2.4): this ensures parity invariance and leads to a
finite-dimensional Hilbert space for the noncommutative quantum field.

The classical solutions φ(t, x) = e−iωtφ(x), with definite frequency ω, satisfy

(2.5) Aφ(x) = (ω2 −m2)φ(x) ,

where

(2.6) A := −∂2
x +

1

2
V (x+

i x
+
i ) +

1

2
V (x−i x

−
i ) .

The operators x±i := xi∓ iθ εij∂j implement left- and right-Moyal multiplications by
the background V (r2). Next, to confine the field in a disc of radius R, we specify
the background as

(2.7) V (r2) :=
2Λ

θ
Θ(r2 −R2) ,

where the Λ → ∞ limit is implicit; Θ(·) is the step-function (defined as 1 if its
argument vanishes).

Eqs. (2.4) and (2.5) indicate that the Hilbert space of the quantized field is
spanned by the eigenstates of the operator A. As we mentioned, we will show
that these eigenstates span a finite dimensional space. To exploit the rotational
invariance, we define the creation and annihilation operators

(2.8) a± :=
1

2
√
θ

(x±1 ∓ ix±2 ) ,

which satisfy the algebra

(2.9) [a+, a
†
+] = [a−, a

†
−] = 1 ,

and generate the Fock space of quantum states with circular polarization. Corre-
spondingly, the number and angular momentum operators read

N± = a†±a± , L = N+ −N− .(2.10)

With these definitions the operator A can be written as

(2.11) θ A = N+ +N− + 1− a†+a
†
− − a+a− + Λ {Θ(N+ −N) + Θ(N− −N)} ,

where N is defined through the ceiling part function d·e:

(2.12) N := dR2/4θ − 1/2e .

Roughly speaking, this positive integer represents the quotient between the area of
the disc, πR2, and the fundamental area in noncommutative space, 4πθ. Conse-
quently N is a measure of the noncommutativity of the disc and we can assume
N � 1 in the almost commutative case, i.e., for θ � R2.
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In order to find the spectrum of A as given in expression (2.11), we expand its

eigenstates in the Fock space basis generated by a†±. Since the operator A is ro-
tationally invariant, it is convenient to use quantum numbers (`, n): the angular
momentum ` and a positive integer n, denoting the eigenvalues of L and N−, re-
spectively. Due to parity invariance we may consider ` ≥ 0.

First, let us explore the consequences of the limit Λ→∞. According to expression
(2.11), this limit implies that eigenfunctions with finite energy must satisfy N± < N ,
or, equivalently,

` < N n < N − ` .(2.13)

On the other hand, the expansion of an eigenstate of eigenvalue λ in terms of the Fock
space basis is given by certain coefficients c`n(λ) which satisfy a recursion relation
determined by expression (2.11). For ` < N and n < N − ` the step-functions in
(2.11) vanish and one finds the following solution to this recursion relation:

(2.14) c`n(λ) =

√
n!√

(n+ `)!
L`n(λ) for ` < N and n < N − ` ,

in terms of Laguerre polynomials. Note that the recursion relations allow one to
extend the validity of this expression to c`n(λ) with n = N − `. However, conditions
(2.13) impose that the coefficient c`N−`(λ) vanishes. Thus,

L`N−`(λ) = 0 .(2.15)

This condition, together with parity invariance, determines the spectrum of the
NC disc: the eigenvalues λ are given by the zeros λ`k of the Laguerre polynomial

L
|`|
N−|`|(λ), with |`| < N and k = 1, 2, . . . , N−|`|. This determines an N2-dimensional

Hilbert space.

3. Thermodynamics in the NC disc: preliminaries

As it is known from statistical mechanics, the grand-canonical partition function
Z for fermions (a = 1), bosons (a = −1), and particles described by Maxwell-
Boltzmann (a = 0) statistics is given by a sum over all the allowed energy states.
In the case of a gas in the NC disc, the partition function, using the notation λ`k of

Section 2 to denote the k-th zero of the Laguerre polynomial L
|`|
N−|`|(λ), reads1

(3.1) logZθ =
1

a

∑
`,k

log

(
1 + ae

−β
(
λ`k
θ
−µ

))
.

1The classical gas, i.e. that obtained considering Maxwell-Boltzmann statistics, is the usual

approximation for diluted gases—non-interacting particles— where exp
{
β
(
λ`
k

θ − µ
)}
� 1 for all

the available energy states. This also usually implies that the chemical potential µ must be negative
enough to guarantee the inequality.
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In this expression the Lagrange multipliers β and µ are the inverse temperature and
the chemical potential. Recall that from eq. (3.1) one can compute every relevant
thermodynamic quantity; in particular, the mean particle number N , mean energy
E, pressure p, entropy S and constant volume heat capacity CV are given by

N =
1

β
∂µ logZθ ,

E = − 1

β
(β ∂β − µ ∂µ) logZθ ,

p =
1

πR2β
logZθ ,

S = logZθ − β∂β logZθ ,

CV =

(
∂E

∂T

)
N ,V

= −β2 ∂βE + β2 ∂µE ∂βN (∂µN )−1 ,

(3.2)

where partial derivatives correspond to constant β, µ or V , unless it is otherwise
specified by the subscript notation usual in thermodynamics. These formulae, valid
for all statistics, will prove useful in the following analysis.

4. Large-N approximation

We will show in this section how to perform an expansion of the partition function
valid for sufficiently small θ. We remark that we will not perform a perturbative
approximation of the Moyal interaction, which would spoil the non-local character
of noncommutativity, but will consider instead the leading NC contributions to the
partition function as computed from the full NC spectrum given by (2.15). The key
idea is to expand eq. (3.1) by noting that the sum over Laguerre polynomial’s zeros
may be replaced by an integral over their asymptotic density in the large N regime2.
Therefore, before turning to the analysis of the thermodynamics we briefly work out
below such an expression for this density.

4.1. Asymptotic density of zeros of Laguerre polynomials. For simplicity,
in this section we will denote by zk, with k = 1, 2, . . . , K, the zeros of the rescaled

2This limit implies R2 � θ. However, as will be seen next, our expansion also demands that
β cannot be much smaller than θ so that for extremely high temperatures—much larger than
1/θ—the results of this section cease to hold.
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Laguerre polynomial LcKK (Kz), for fixed c and K. We will prove that for any ade-
quately smooth function f(z) the following expansion is valid for large K

1

K

∑
k

f(zk) ∼
∫
R

(
D(0)(c, z) +D(1)(c, z)

1

K
+ · · ·

)
f(z) dz .(4.1)

The function D(0)(c, z) is usually called the asymptotic density of the Laguerre zeros.
In order to find a closed expression for the functions D(i)(c, z) we will consider the
logarithmic derivative of the rescaled Laguerre polynomial, viz.

Ψ(z) =

(
LcKK

)′
(Kz)

LcKK (Kz)
.(4.2)

The sum in the r.h.s. of (4.1) can thus be expressed as an integral in the complex
plane over a closed contour Γ that encircles counter-clockwise a large enough but
fixed real interval3

1

K

∑
k

f(zk) =

∫
Γ

Ψ(z) f(z)dz .(4.3)

Now, it may be shown by using Laguerre’s differential equation that the function
Ψ(z) satisfies

1

K
Ψ′(z) +

c+ 1/K − z
z

Ψ(z) + Ψ2(z) +
1

z
= 0 .(4.4)

If we employ an asymptotic expansion Ψ ∼ Ψ0 + 1
K

Ψ1 + . . . for K →∞ and retain
only the largest order term in K, equation (4.4) reduces to

(c− z) Ψ0(z) + zΨ2
0(z) + 1 = 0 ,(4.5)

which leads to

Ψ0 =
z − c−

√
z2 − 2cz − 4z + c2

2z
.(4.6)

The equation for the next order in the 1/K expansion of Ψ can be straightfor-
wardly obtained and is

Ψ1 = − zΨ′0 + Ψ0

(2zΨ0) + c− z
.(4.7)

Finally, the path Γ may be continuously shrunk to get an integral over the real
axis—considering equations (4.6) and (4.7) the asymptotic densities are then given

3The zeros of the polynomial LcKK (Kz) are known to be real and contained in a bounded region.
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by

D(0)(c, z) =

{√
4z−(z−c)2

2πz
, z− < z < z+

0 , otherwise
,(4.8)

D(1)(c, z) = −1

4
(δ(z− − z) + δ(z+ − z))

+

{
1

2π
√

4z−(z−c)2
, z− < z < z+

0 , otherwise
,

(4.9)

where we have defined

z± = 2 + c± 2
√
c+ 1 .(4.10)

4.2. The partition function at large N . Let us now apply the asymptotic den-
sities of eigenvalues to the study of the thermodynamics of gases in the NC disc. To
that purpose considerN to be a fixed (large) positive integer, ` = 0,±1, . . . ,±(N−1)
and define consequently z`k = λ`k/(N −|`|), where λ`k is the k-th zero of the Laguerre

polynomial L
|`|
N−|`|. Then, using the results in Section 4.1, which can be applied

upon the replacements K → N − |`| and c → |`|/(N − |`|), the following sum over
the roots z`k for any smooth function f(z) can be approximated as

N−|`|∑
k=1

f(z`k) = (N − |`|)
∫ z+

z−

dz

2πz

√
(z+ − z)(z − z−) f(z) +

− 1

4
[f(z+) + f(z−)] +

+

∫ z+

z−

dz

2π

1√
(z+ − z)(z − z−)

f(z) +O(N−1) ,

(4.11)

where z±, in the present case, are

z± =

(
1±

√
N

N − |`|

)2

.(4.12)

In this way, we study the partition function Zθ by using (4.11) to replace the sum
over the k index in (3.1) by integrals in compact intervals of the real line; this still
leaves us with a sum over the ` index, which will be dealt with below.

As we will see, the first correction to the partition function due to noncommuta-
tivity is O(

√
N). Consequently, we will neglect in the following calculation terms in

logZθ which grow slower than
√
N .



THERMODYNAMICS IN THE NC DISC 9

Let us begin by considering the contribution C1 to the partition function of the
first line in (4.11),

C1 =
∑
`

N − |`|
a

∫ z+

z−

dz

2πz

√
(z+ − z)(z − z−) log

{
1 + aeβµ e−

1
θ
β(N−|`|)z

}
+ . . .

(4.13)

The terms in this sum corresponding to ` 6= 0 can be approximated by means of
Euler–Maclaurin formula for any smooth function F (`),

N−1∑
`=1

F (`) =

∫ N−1

1

d` F (`) +
1

2
F (N − 1) +

1

2
F (1) +

+
∞∑
n=1

B2n

(2n)!

[
F (2n−1)(N − 1)− F (2n−1)(1)

]
.

(4.14)

In the case under consideration, the contribution C1,1 of the integral term in Euler-
Maclaurin formula may be readily obtained after rescaling the integration variables;
up to exponentially decreasing contributions it is given by

(4.15) C1,1 = −Nθ
aβ

Li2(−aeβµ) +

√
Nθ

3
2

a
√
π β

3
2

Li 5
2
(−aeβµ) +

+
2
√
Nθ

1
2

a
√
πβ

1
2

Li 3
2
(−aeβµ) +O(1/

√
N) ,

where we have introduced the polylogarithm functions

Lis(z) =
∞∑
n=1

zn

ns
.(4.16)

Further details regarding this computation are given in Appendix A.1. Moreover,
Appendix A.2 shows that other contributions of order O(

√
N) in Euler-Maclaurin

approximation come only from the term corresponding to the function F (`) eval-
uated at ` = 1. Indeed, as described in detail in Appendix A.2, terms in Euler-
Maclaurin formula (4.14) evaluated at the endpoint ` = N −1 give an exponentially
decreasing contribution whereas those corresponding to odd derivatives at ` = 1 give
contributions that are finite as N →∞. For this reason, the remaining contribution
C1,2 from Euler-Maclaurin approximation stems from F (1); a direct computation
gives

C1,2 = −
√
Nθ

1
2

a
√
πβ

1
2

Li 3
2
(−aeβµ) + . . .(4.17)
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Let us now turn our attention to the term in (4.13) corresponding to ` = 0. In
this case, a straightforward computation shows that this contribution is

C1,3 = −
√
Nθ

1
2

a
√
πβ

1
2

Li 3
2
(−a eβµ) +O(1/

√
N) .(4.18)

The last relevant contribution C2 to the partition function comes from the terms
in the second line of (4.11); this can also be obtained by approximating the sum
with the integral term in the Euler-Maclaurin formula,

C2 = − 1

4a

∑
`

(
log
{

1 + aeβµ e−
1
θ
β(N−|`|)z+

}
+ log

{
1 + aeβµ e−

1
θ
β(N−|`|)z−

})
+ . . .

=

√
πNθ

1
2

2a
√
β

Li 3
2
(−aeβµ) +O(N0) .

(4.19)

In fact, the remaining terms in the Euler-Maclaurin formula can be shown to decrease
with large N . Similar calculations show that the third line in (4.11) is O(N0) for
large N and hence does not contribute to the leading noncommutative corrections.

We summarize the results of (4.15), (4.17), (4.18) and (4.19) in the following
asymptotic expansion for the partition function logZθ per unit area:

a

πR2
logZθ ' −

1

4πβ
Li2(−aeβµ) +

1

4π
1
2β

1
2R

Li 3
2
(−aeβµ) +

θ

2π
3
2β

3
2R

Li 5
2
(−aeβµ) .

(4.20)

Note that we have used 4πθN ∼ πR2.
Some remarks are now in order. First of all, expression (4.20) is well-behaved

as θ runs to zero once we have fixed the radius of the disc. In fact, its leading
term corresponds to the two-dimensional gas in the commutative plane: for a free
non-relativistic particle in the whole R2 direct integration in phase space gives

logZR2 =
1

a
Tr log

{
1 + a e−β(−4−µ)

}
= −1

a
Vol(R2)

1

4πβ
Li2(−aeβµ) .(4.21)

Note however that the second term in (4.20) does also remain, as a boundary con-
tribution, in the limit θ → 0. In fact, an additional check of the first two terms
in the r.h.s. of (4.20) is obtained from the partition function Z0 in the ordinary
commutative disc of radius R,

a

πR2
logZ0 =

1

a

∑
`∈Z

∞∑
k=1

log

{
1 + ae

−β
(

(j`k)
2

R2 −µ
)}

= − 1

4πβ
Li2(−aeβµ) +

1

4π
1
2β

1
2R

Li 3
2
(−aeβµ) + . . . ,

(4.22)
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Figure 1. Quotient logZnum
logZasymp

as a func-

tion of β
θ

, the inverse temperature in units
of θ, for θµ = −1 and several values of

N = 60, 75 . . . 180. The value of N increases

from the upper to the lower curve in the plot
(in colors in the original), showing the accu-

racy of our analytic asymptotic expansion.
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p

β= θ= 0. 03

Figure 2. Pressure p of a fermionic sys-

tem as a function of the number of particles
N for β = θ = 0.03 and R = 1. As expected,

the pressure diverges as the number of par-

ticles tends to its (finite) maximum value.

where j`k denotes the k-th zero of the Bessel function J`(·). This result can be
obtained with standard heat-kernel methods.

Secondly, let us mention that several numerical tests support the validity of as-
ymptotic expansion (4.20). As an example, we display in Figure 1 the quotient
logZnum/ logZasymp of the logarithm of the partition function, logZnum, computed
through a numerical evaluation of the Laguerre zeros in (3.1) and logZasymp, its

large-N expansion (4.20), as a function of the rescaled inverse temperature β
θ

and
for several values of N . This figure, corresponding to fermions (a = 1) at a nonva-
nishing chemical potential (θµ = −1), shows that both results agree in the large-N
limit.

Thirdly, and related to the previous comment, when one considers fermionic or
Maxwell-Boltzmann statistics, (4.20) additionally shows that the large volume ex-
pansion we have obtained breaks down whenever we consider a large chemical po-
tential such that θµ ∼ N , viz. when we consider a system with large number of
particles—it is so simply because polylogarithm functions behave as Lis(−z) ∼
(log z)s for large and real4 z.

Finally, we would like to insist on the relevance of expansion (4.20) as a report of
the leading noncommutative corrections to a quantum problem which, being con-
fined to a compact region, can be regarded as a more realistic approach to a physical
setting. As we have mentioned in the Introduction, there are many studies devoted

4For the Maxwell-Boltzmann gas the polylogarithms actually reduce to linear functions, viz.
Lis(−z) ∼ z. However the conclusions do not differ.
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to the analysis of noncommutative corrections as perturbations of the Hamiltonian
based on the leading terms in the Moyal product. Of course, this analysis does not
capture the full non-local character of Moyal interactions. On the other hand, several
noncommutative systems are known that admit explicit solutions which, however,
are non-perturbative in θ. This is a well-known fact in many noncommutative theo-
ries, for which the limit θ → 0 is not smooth due, precisely, to the non-locality of the
interactions and the consequent intertwining between the UV and the IR regimes.
The problem considered in this article makes it possible to obtain a perturbative
analysis of noncommutativity from the full noncommutative solution.

Before considering the high-temperature regime, we discuss certain aspects of the
results we have obtained applied to the different statistics.

4.3. Maxwell-Boltzmann statistics. Let us first analize the large-N behaviour
of a Maxwell-Boltzmann gas. If we consider a finite number of states, the limit
β → ∞ of eq. (3.1) shows that only the lowest energy level should be populated.
In our case, as the volume gets larger the lowest energy state tends to zero. This is
consistent with the following behaviour of the energy density e = E

πR2 , in terms of

the particle density n = N
πR2 , for low temperatures:

e ' n

(
1

β
+

√
π

2
√
βR
− θ
√
πβ

3
2R

)
,(4.23)

which shows that corrections to the equipartition principle also receive contributions
from noncommutativity.

Additionally the entropy density admits a kind of Sackur-Tetrode expression,

s ' n

(
2− log(4βnπ)−

√
πβ

2R
− 3θ√

πβR

)
.(4.24)

The divergence of this expression for low temperatures β−1 � n points out the
non-physicality of the model in this regime.

4.4. Fermi-Dirac statistics. The fermionic character of a commutative Fermi gas
can be understood from many thermodynamical quantities, among them the entropy
density s and the heat capacity per particle CV

N , which can be readily derived from
(4.20). In particular, in the regime N � βµ� 1 one obtains,

s ' 1

β

(
π

12
− π

12R
√
µ
−
θ
√
µ

3R

)
,

CV
N
' π2

3βεF

(
1− 1

R
√
εF
− 4
√
βεF θ

πR

)
,

(4.25)
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where we have introduced the Fermi energy εF . Other quantities such as the energy
density e, the density of particles n and the full expression of s and CV in terms of
βµ are left to Appendix B.

On the one hand, from eq. (4.25) for the entropy it can be seen that Nernst
theorem, viz. the third law of thermodynamics, is satisfied by this noncommutative
gas. The same conclusion can be reached employing the full expression (B.3) in
Appendix B.

On the other hand, as is shown in (4.25), the heat capacity of this gas at constant
volume behaves as β−1 for low temperatures, even considering the noncommutative
corrections. This can be understood in the usual way: at low temperatures only
the fermions near the Fermi energy can be excited, so that the system increases its
energy by a factor T 2 and CV is therefore proportional to T .

4.5. Bose-Einstein statistics. An interesting effect which can arise in a bosonic
system is Bose-Einstein Condensation (BEC). This effect is usually understood [32]
by considering the behaviour of the density n of particles, given by eq (3.2), as

n :=
1

πR2

1

eβ(λ01−µ) − 1
+ ne ,(4.26)

in terms of the contributions from the fundamental energy level and the excited
ones, ne.

For a system of a given density, one expects that in the thermodynamical limit,
i.e., πR2 →∞, the infinite number of particles will be more or less evenly distributed
over the infinite number of levels, so that the density of a single state, like the ground
state, should be zero. However, for some systems there exists an upper bound nc(β)
on the density of the excited states, called critical density. As a consequence, in
order to have a system with a density higher than the critical one, there should be
a non-zero contribution from the fundamental level, as can be seen from eq (4.26).
In those cases it is said that we are in the presence of a BEC. However, this is not
the case under study.

Indeed, let us consider the expression for the density of particles computed from
the partition function (4.20),

n ' log(1− eβµ)

4πβ
+

1

4π1/2

1

β1/2R
Li1/2(eβµ) +

1

2π3/2

θ

βR
Li3/2(eβµ) .(4.27)

It is clear from this expression that the density can be increased indefinetely by
choosing a chemical potential µ as close to zero as needed, since both the first and
second term in the r.h.s of (4.27) are divergent in this regime. In other words,
the density of states near the ground state is such that they are able to contain
an indefinitely large number of particles. Although it is not a surprise—since in
the large volume limit one expects the noncommutative theory to resemble the
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commutative one—we have not previously seen a proof of this. In Appendix C we
sketch another proof which does not involve the use of Laguerre’s density of zeros.

5. The high-temperature regime

In this section, we provide an analysis of the high temperature regime of a gas in
the NC disc. This regime should be understood as that in which β

θ
λ`k � 1, while

the fugacity z = eβµ remains fixed. Since the largest Laguerre zero scales as N2,
this condition means β � θ3/R4. As a consequence, the subsequent expressions do
not admit the commutative limit θ → 0. In this regime, the partition function Zθ
of eq. (3.1) admits the following asymptotic expansion:

(5.1) logZθ =
∑
`,k

log(1 + az)

a
− z

1 + az

β

θ

∑
`,k

λ`k +
1

2

z

(1 + az)2

β2

θ2

∑
`,k

(
λ`k
)2

+ . . .

It is a straightforward exercise to show that sums of powers of the roots of a poly-
nomial can be computed from its coefficients. In the case under consideration, i.e.,

zeros λ`k of the Laguerre polynomials L
|`|
N−|`|(λ), the known expressions for their

coefficients [31] lead to

∑
`,k

λ`k = N3

∑
`,k

(
λ`k
)2

=
1

3
N2(5N2 − 3N + 1) .

(5.2)

From these expressions we get the following high-temperature behaviour for the
grand canonical partition function:

logZθ =
N2

a
log(1 + az) +N2 z

1 + az

N

θ
β +

N2(5N2 − 3N + 1)

6(1 + az)2
z
β2

θ2
+ · · ·(5.3)

Notice that this expansion is not compatible with a large-N expansion, i.e., a large
volume expansion.
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Performing a straightforward computation, we obtain from eqs. (3.2) and (5.3)
the following expressions for the number of particles, mean energy and entropy:

N =
N2z

1 + a z
− N3z

(1 + a z)2

β

θ
+
N2(1− 3N + 5N2)

6

(1− a z)z
(1 + a z)3

β2

θ2
+ · · ·

E = N3 z

1 + az

1

θ
− N2(5N2 − 3N + 1)

3(1 + az)2
z
β

θ2
+ · · ·

S =
log (1 + az)

a
N2 +

− N2z

1 + az
log z +

N3z

1 + az
log z

β

θ
− N2(5N2 − 3N + 1)

6

z

(1 + a z)

β2

θ2
+ . . .

(5.4)

It is clear that as the temperature increases the mean energy per particle tends to
the average of the energy levels—independently of the number of particles and the
statistics of the system—as expected for a system with a finite number of levels. This
is just a consequence of the fact that the particles tend to be uniformly distributed
in this regime. To the same conclusion points out the statistical interpretation of the
entropy that can be derived from (5.4) at infinite temperature. Needless to say, we
have the usual restriction that the number of particles is bounded for a fermionic gas,
but unbounded for a Maxwell-Boltzmann and Bose-Einstein gas. As a consequence,
for a fermionic gas, as the number of particles reaches its maximum, N2, the fugacity
z tends to infinity and the pressure of the system diverges. This dependence of the
pressure for a fermionic gas as a function of the number of particles has been plotted
in Figure 2, for β = θ = 0.03 in units of R2 = 1.

One interesting measurable quantity is the heat capacity at constant volume for
a small number of particles5 N � 1, which shows a β2 behaviour together with a
factor that depends on the statistics of the system,

CV =
1

3
(N − 1)(2N − 1)

(
1− a N

N2

)
N β2

θ2
+ . . .(5.5)

Interestingly the statistic’s correction to the heat capacity depends on N
N2 the density

of particles per volume, instead of the density of particles. Since the system has a
finite number of available states, CV → 0 in the limit β → 0.

5Interestingly, the suitable parameter to perform a “low density” expansion is in this caseN � 1,
in contrast to what happens in the commutative case, in which its role is played by the product of
the density with the cube of the thermal length.
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Finally, it can be shown that the gas satisfies an equation of state that resembles
that of a classical gas when one considers the dilute limit,

β p πR2 = N
[
1 + aN

(
1

2N2
+ β2

(
1

3θ2
+

1

6N2θ2
− 1

2Nθ2

))]
.(5.6)

In the fermionic and bosonic cases there exist quantum corrections which can be
explained in terms of an effective repulsion and attraction, respectively. In any
case, this expression differs from the one obtained in the commutative case: the
corrections, instead of being proportional to the density of particles and a power of
the temperature, are proportional to the number of particles and a polynomial of
the inverse temperature and volume.

6. Conclusions

We have studied the thermodynamics of a quantum gas confined in a bounded
region of the Moyal plane. We have considered Fermi-Dirac, Bose-Einstein and
classical gases.

On the one hand, the use of the density of Laguerre zeros leads to an expression for
the grand canonical partition function which isolates the leading noncommutative
effects. Thus, as a first result, we show how to obtain this density of zeros order by
order in terms of the effective size N of the NC disc. Once we have this expression
at our disposal, we are able to compute the energy and the entropy for a Maxwell-
Boltzmann gas, showing that at the NC level the equipartition of energy is broken;
also a generalized Sackur-Tetrode expression is derived.

For fermions, we have shown that essential fermionic aspects at low temperatures
are not modified by noncommutativity. In fact, at zero temperature the system is in
a state for which all the energy levels below the Fermi energy are filled. Moreover,
the excitations at finite temperature are such that the heat capacity is proportional
to β.

We have also proved that there is no Bose-Einstein condensation for a non-
relativistic gas in the noncommutative case. This is not a surprise, since this mimics
the behaviour of a gas in the commutative case. However, it is interesting to notice
that the first noncommutative correction can only be populated by a limited number
of particles in the limit of interest for the Bose-Einstein condensation.

On the other hand, in the high-temperature regime we have made use of the al-
gebraic properties of the roots of the Laguerre polynomials to obtain an expansion
of the grand canonical partition function. In the diluted limit the corrections to
the equation of state of a classical gas are obtained. Most notably, the leading non-
commutative corrections reinforce the statistical corrections, i.e., act as an effective
repulsion for fermions and an attraction for bosons. They show however an unusual
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behaviour in terms of the volume of the system, so that they are not simple func-
tions of the density of particles. Additionally, the behaviour of the heat capacity is
dictated by an uncommon quadratic law at large temperatures.

Acknowledgements: This work was partially supported by grants from CONICET
(PIP 01787), ANPCyT (PICT-2011-0605) and UNLP (Proy. 11/X615), Argentina.
SF acknowledges support from the Physics Department of the UNLP and the DAAD
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Appendix A. Contributions of (4.13) for l 6= 0 via the
Euler-Maclaurin formula

In this appendix we show how to compute the main contributions to (4.13) in an
asymptotic expansion in N . We will consider positive angular momentums `, since
the results are the same for negative values.

A.1. The integral term. This term may be written as

C1,1 = 2

∫ N−1

1

d`
N − `
a

∫ z+

z−

dz

2πz

√
(z+ − z)(z − z−)×

× log
{

1 + aeβµ e−
1
θ
β(N−`)z

}
+ . . . .

(A.1)

After rescaling (1− `/N) z → z, and replacing `→ N(1− `), we obtain

C1,1 = −N
2

πa

∞∑
n=1

(−aeβµ)n

n
×

×
∫ 1− 1

N

0

d`

∫ (1+
√
`)2

(1−
√
`)2

dz
e−

1
θ
nβNz

z

√[
(1 +

√
`)2 − z

] [
z − (1−

√
`)2
]

+ . . .

(A.2)

The double integral in (A.2) can be explicitly computed after inverting the order
of integration and leads to (4.15). However, it should be noticed that in (A.2) we
have replaced the integration domain ` ∈ ( 1

N
, 1 − 1

N
) by the interval ` ∈ (0, 1 − 1

N
)

because integration in ` ∈ (0, 1
N

) is exponentially decreasing as N → ∞. Indeed,
with the same procedure used to obtain eq. (A.2) one can show that the absolute
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value of the integration in the interval (0, 1
N

) is bounded by

(A.3)
4N2

π|a|

∞∑
n=1

(|a|eβµ)n

n

∫ 1+ 1√
N

1− 1√
N

dz e−
1
θ
nβNz

∫ 1

z+1− 1
N

2
√
z

d`
√

1− `2

≤ 4θ

3πβa
N−

1
2

∞∑
n=1

(|a|eβµ)n

n2
e−

1
θ
nβN sinh (nβ

√
N/θ).

Thus, the omitted integration at the lower boundary in (A.2) does not contribute
to the asymptotic expansion for large N .

A.2. The boundary terms. It will be proved in this section that the only missing
contribution to (4.13) using the Euler-McLaurin formula comes from F (1). In order
to do that, we study the values of the function

F (`) =
N

2πa

∫ w+

w−

dz

z

√
(w+ − z)(z − w−) log

{
1 + aeβµ e−

1
θ
βNz
}

(A.4)

and its derivatives, at ` = 1 and ` = N − 1, as N → ∞. The endpoints take the
values

w± =

(
1±

√
1− `

N

)2

,(A.5)

so that, for large N , the integration is performed on a small interval around z = 1,
if ` = N − 1, or on an interval close to the segment z ∈ [0, 4], if ` = 1. In any case,
the endpoints satisfy 0 < w− < 1 < w+ < 4.

To simplify the proof, we expand the logarithm and we recast the function F (`)
as

F (`) = − N

2πa

∞∑
n=1

(−aeβµ)n

n

{
F+
n (`)− F−n (`)

}
(A.6)

using the following definitions:

F±n (`) =

∫ w±

1

dz
√
±w± ∓ z h±n (z) ,

h±n =
√
±z ∓ w∓

e−
1
θ
nβNz

z
.

(A.7)

Since, in our case, the dependence of F on ` is only through w±, it is clear that
we may as well just study the derivatives of F with respect to w±. Consider for
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example the first derivative of F±n with respect to w±:

∂w±F
±
n =

∫ w±

1

dz
(
−∂z
√
±w± ∓ z

)
h±n (z)

=
√
±w± ∓ 1 h±n (1) +

∫ w±

1

dz
√
±w± ∓ z ∂zh±n (z) ,(A.8)

where we have recasted the derivative with respect to w± as a derivative with respect
to z and integrated by parts. Similarly, one obtains

∂2
w±F

±
n =

h±n (1)

2
√
±w± ∓ 1

±
√
±w± ∓ 1 ∂zh

±
n (1)±

∫ w±

1

dz
√
±w± ∓ z ∂2

zh
±
n (z) ,

(A.9)

and analogous expressions for higher derivatives. Note that for ` = N − 1 the
boundary terms that appear after successive integration by parts contain a divergent
part as N → ∞ because w± ' 1 ± 2√

N
. Moreover, there are additional divergent

factors coming from the chain rule:

∂` = − 1

N

√
w+√

w+ − 1
∂w+ +

1

N

√
w−

1−√w−
∂w− .(A.10)

However, these divergencies are all cancelled by the exponential decrease of h±n (z)
and its derivatives at z = 1.

As regards the remaining integral in (A.8) and (A.9), the higher derivatives of h+
n

(respectively, h−n ) only diverge at z = x− (respectively, x+), which does not belong
to the integration domain. For this reason, all boundary terms in Euler-Maclaurin
formula corresponding to ` = N − 1 are exponentially suppressed as N grows.

The boundary terms at ` = 1 deserve further attention because the functions
h−n (z) and its derivatives contain increasing powers of 1/z which give divergent
contributions to F−n and its derivatives when integrated around w−, since w− tends
to zero as N →∞. Nevertheless, we will now show that the integrals∫ 1

w−

dz
√
z − w− ∂kzh−n (z)(A.11)

are bounded, for any k ∈ Z+, as N →∞. The k-th derivative of h−n contains a term
proportional to Nk coming from the derivatives of the exponential, but also a term
proportional to 1/z1+k coming from the derivatives of the denominator 1/z; in fact,
the latter dominates for large N . Indeed,∫ 1

w−

dz
√
z − w−

√
w+ − z

e−
1
θ
nβNz

z1+k
∼
∫ 1

1
4N2

dz
√

4− z e
− 1
θ
nβNz

zk+ 1
2

∼ N2k−1 .(A.12)
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Therefore, each derivative ∂w− in (A.10) acting on F−n adds a factor N2. Note also
that, for large N ,

√
w−

1−√w−
∼ 1

N
, ∂w−

( √
w−

1−√w−

)
∼ N ,(A.13)

and so forth, so that each derivative ∂w− adds a factor N2 independently on the
function it acts on— consequently, the k-th derivative of F−n contains a divergence
N2k−1. However, each derivative also contains a factor 1/N , explicitly written in
(A.10), and a second factor 1/N arising from the term in (A.13), which also appears
in (A.10). These factors cancel the divergence N2k and the k-th derivative of F−n
behaves as 1/N . Since its contribution to logZθ contains an additional factor N−|`|
(see (4.13)) then all boundary terms corresponding to derivatives at ` = 1 in Euler-
Maclaurin formula are bounded as N →∞. Differently, the term with no derivative
at ` = 1 grows as

√
N as has already been computed in (4.17).

Appendix B. Other fermionic thermodynamic quantities for small θ

In this appendix we show some expressions for the low-temperature regime of a
Fermi gas. In particular, one can compute the particle density n,

n =
log(1 + eβµ)

4πβ
+

1

4π1/2

1

β1/2R
Li1/2(−eβµ) +

1

2π3/2

θ

βR
Li3/2(−eβµ) ,(B.1)

the energy density e,

e = − 1

4β2π
Li2(−eβµ) +

1

8π1/2β3/2R
Li3/2(−eβµ) +

3

4π3/2

θ

β3/2R
Li5/2(−eβµ) ,(B.2)

the entropy density s,

s = − µ

4π
log(1 + eβµ)− 1

4π1/2

β1/2µ

R
Li1/2(−eβµ)

(B.3)

+
(3π − 4µθ)

8π3/2

1

β1/2R
Li3/2(−eβµ)− 1

2πβ
Li2(−eβµ) +

5

4π3/2

θ

β3/2R
Li5/2(−eβµ) ,
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and the heat capacity per unit volume,

cV = −2Li2(−eβµ) + log2(1 + eβµ) + e−βµ log2(1 + eβµ)

4πβ
(B.4)

+
1

32

1√
N

1

π3/2β3/2θ1/2

{
4πβ(1 + e−βµ)2 log2(1 + eβµ)Li−1/2(−e−βµ)

+ 4(1 + e−βµ) log(1 + eβµ)(−πβ + 2(1 + e−βµ)θ log(1 + eβµ))Li1/2(−eβµ)

+ 3(πβ − 8θ(1 + e−βµ) log(1 + eβµ))Li3/2(−eβµ) + 30θLi5/2(−eβµ)

}
.

Appendix C. Alternative proof for the nonexistence of BEC for a
gas in the NC disc

In this appendix we will give another proof of the fact that BEC does not take
place for a gas in the NC disc. The following proof consists in showing that for a
chemical potential conveniently chosen, the density ne of the excited states can take
a value as large as we want.

To begin, it should be noted that according to eq. (2.12) and once we have fixed
the NC parameter θ, taking large volumes implies large N . We will also need the
following results regarding the zeros α`k of the Laguerre polynomials L`N , and the
zeros j`k of Bessel functions [29] and [31]

∞∑
k=1

(j`k)
−2 =

1

4(`+ 1)
(C.1)

α`k =

(
j`k
)2

4N − 2`+ 2
+O(N−3) ,(C.2)

where ` and k are supposed to be fixed in order to the asymptotic expansion (C.2)
to be valid.

By virtue of eq. (C.1) and the divergence of the series of `−1, we can choose `0

and k0(`) such that for an arbitrary large number M we have

`0∑
`=0

1

4(`+ 1)
> θ(M + 1)(C.3)

k0(`)∑
k=1

(j`k)
−2 >

1

4(`+ 1)
− 1

`0

.(C.4)

Then it is straightforward to see, using eqs. (C.2-C.4) and choosing N large enough,
that the density of the excited levels will be larger than the sum of the first terms
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bounded by `0 and k0(`). Thus, our proposition follows:

ne

(
µ =

α0
1

θ

)
>

1

4θN

`0∑
`=0

k0(`)∑
k=0

1

eβ(α`k−α
0
1)/θ − 1

=
1

β

`0∑
`=0

k0(`)∑
k=0

1

(j`k)
2 − (j0

1)2
(1 +O(N−2))

≥ 1

θ

`0∑
`=0

k0(`)∑
k=0

1

(j`k)
2
(1 +O(N−2))

≥M +O(N−2).

(C.5)

The proof for the case of the λ`k zeros of the Laguerre L`N−` should be clear for the
reader. Indeed since the energy levels we consider have a bounded angular momenta,
the λ`k zeros satisfy a relation analogue to (C.2).

It is worth noting that the key in the preceding proof was to realize that the
thermodynamical limit is analogous to the commutative one, in the sense that both
are given by the N →∞ limit. Since it is known that the 2D commutative system
of bosons admits no BEC, it could had been expected that the same result would
had proven true in the NC system.
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