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Abstract

We model the molecular weight distribution (MWD) of polystyrene obtained using asymmetric bifunctional initiators. We do that by

extending an existing model able to predict conversions and average molecular weights. By applying probability generating functions to the

mass balances, a finite set of differential equations is obtained. This set must be solved and numerically inverted in order to obtain the MWD.

Validation was performed using available experimental data on average molecular weights. Those calculated from the predicted MWD agree

well with the reported experimental data. In order to show the potential of the model as a tool to tailor MWD, we use it to evaluate operating

conditions in a batch reactor that would result in bimodal MWD.

q 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

It has been shown both experimentally and theoretically

that the use of asymmetric bifunctional initiators for free-

radical polymerization presents several advantages [1–5]. It

allows synthesis of high molecular weight polymer at high

temperatures, leading to short reaction cycles with the

ensuing economic advantage. Furthermore, the molecular

weights obtained are significantly higher than those

achieved either with monofunctional initiators or mixtures

of monofunctional initiators at equivalent initial

concentrations.

From the modeling point of view, the bulk polymeriz-

ation of styrene with this kind of initiator presents several

challenges. At high conversions the viscosity increase

causes the reaction to become diffusion-controlled. The

two reactive moieties in the initiator, even if they have very

different decomposition kinetic rate constants, are simul-

taneously active. Initiation and reinitiation of chains also

needs to be considered.

In the work of Kim and Choi [1] a mathematical model

for the free-radical polymerization of styrene with asym-

metric initiator is presented that takes diffusion control at

high conversions into account. The model allows calcu-

lation of average molecular chain lengths, conversions, and

the concentration of lumped species such as dead polymer,

polymer with one undecomposed peroxide group or radicals

with two active sites, among others. The complete

molecular weight distribution (MWD) may not be calcu-

lated using their model. Other authors [2–5] undertook

similar efforts, where again several quantities could be

calculated but not the complete MWD. The approximate

model of O’Driscoll and Bevington [6] could simulate the

MWD under rather severe assumptions; it gave insight into

the process but could not tackle real-world occurrences such

as gel effect. Since MWD affects the end-use properties of

the synthesized polymer, it is of interest to be able to predict

it for conditions closely resembling those in the actual

polymerization.

In this work we present a mathematical model based on

the probability generating function (pgf) transform [7–8]

that allows prediction of the complete MWD. We use the

same kinetic mechanism proposed by Kim and Choi [1] and

Kim [9]. Our predictions coincide with theirs in those

quantities that could be calculated with their model, but in

addition we are successful at predicting complete MWD.
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The averages of the predicted MWD agree well with

experimentally measured quantities, obtained for the

polymerization of styrene with 4-(t-butyl peroxy carbonyl-

3-hexyl-6-[7 -(t-butyl peroxy carbonyl) heptyl] cyclo

hexene as initiator [9]. The model is able to predict changes

in MWD due to operating temperature and initial initiator

concentration. We also show that it is possible to tailor the

MWD through changes in the operating conditions, making

even bimodal distributions in polystyrene possible.

2. Mathematical model

In this model we make use of the kinetic steps proposed

by Kim and Choi [1] and Kim [9], which are shown below

(Eqs. (1)–(35))

Peroxide decomposition

In initiators

I !
kdB

Rz þ RzA ð1Þ

I !
kdA

Rz þ RzB ð2Þ

In initiation radicals

RzA !
kdA

Rz þ Rzz ð3Þ

RzB !
kdB

Rz þ Rzz ð4Þ

In macroradicals

RzA
n !

kdA
Rz þ Rzz

n n ¼ 1;…;1 ð5Þ

RzB
n !

kdB
Rz þ Rzz

n n ¼ 1;…;1 ð6Þ

In temporary polymers

PA
n !

kdA
Rz þ Rz

n n ¼ 1;…;1 ð7Þ

PB
n !

kdB
Rz þ Rz

n n ¼ 1;…;1 ð8Þ

PAB
n !

kdA
Rz þ RzB

n n ¼ 2;…;1 ð9Þ

PAB
n !

kdB
Rz þ RzA

n n ¼ 2;…;1 ð10Þ

PAA
n !

2kdA
Rz þ RzA

n n ¼ 2;…;1 ð11Þ

PBB
n !

2kdB
Rz þ RzB

n n ¼ 2;…;1 ð12Þ

Initiation

Rz þ M!
ki

Rz

1 ð13Þ

RzA þ M!
ki

RzA
1 ð14Þ

RzB þ M!
ki

RzB
1 ð15Þ

Rzz þ M!
2ki

Rzz

1 ð16Þ

3M !
kdm

2Rz

1 þ M0 ðThermal InitiationÞ ð17Þ

Propagation

Rz

n þ M!
kp

Rz

nþ1 n ¼ 1;…;1 ð18Þ

RzA
n þ M!

kp

RzA
nþ1 n ¼ 1;…;1 ð19Þ

RzB
n þ M!

kp

RzB
nþ1 n ¼ 1;…;1 ð20Þ

Rzz

n þ M!
2kp

Rzz

nþ1 n ¼ 1;…;1 ð21Þ

Chain transfer to monomer

Rz

n þ M!
kfm

Pn þ Rz

1 n ¼ 1;…;1 ð22Þ

RzA
n þ M!

kfm
PA

n þ Rz

1 n ¼ 1;…;1 ð23Þ

RzB
n þ M!

kfm
PB

n þ Rz

1 n ¼ 1;…;1 ð24Þ

Rzz

n þ M !
2kfm

Rz

n þ Rz

1 n ¼ 1;…;1 ð25Þ

Termination by combination

Rz

n þ Rz

m !
kt

Pnþm n;m ¼ 1;…1 ð26Þ

Rz

n þ RzA
m !

kt
PA

nþm n;m ¼ 1;…1 ð27Þ

Rz

n þ RzB
m !

kt
PB

nþm n;m ¼ 1;…1 ð28Þ

Rz

n þ Rzz

m !
2kt

Rz

nþm n;m ¼ 1;…1 ð29Þ

RzA
n þ RzA

m !
kt

PAA
nþm n;m ¼ 1;…1 ð30Þ

RzA
n þ RzB

m !
kt

PAB
nþm n;m ¼ 1;…1 ð31Þ

RzA
n þ Rzz

m !
2kt

RzA
nþm n;m ¼ 1;…1 ð32Þ

RzB
n þ RzB

m !
kt

PBB
nþm n;m ¼ 1;…1 ð33Þ

RzB
n þ Rzz

m !
2kt

RzB
nþm n;m ¼ 1;…1 ð34Þ

Rzz

n þ Rzz

m !
4kt

Rzz

nþm n;m ¼ 1;…1 ð35Þ

In these equations, I is the bifunctional peroxide initiator, Rz

is an initiation radical, Rz

n a macroradical of chain length n

and Pn a polymer of chain length n: The superscripts

indicate the type of end unit/units that identify each

molecule: z stands for a radical active center, A for an

undecomposed A peroxide group, and B for an undecom-

posed B peroxide group. Notice that some species may

present different combination of end units. For instance, Rzz
n

is a macroradical with active centers in both chain ends, PAB
n

is a polymer with undecomposed A and B peroxide groups,

etc.

This kinetic mechanism leads to ten macromolecular

species coexisting in the reacting mixture: macroradicals

Rz
n; RzA

n ; RzB
n and Rzz

n; temporary polymers PA
n ; PB

n ; PAB
n ; PAA

n
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and PBB
n ; and permanent polymer Pn: Mass balance

equations must be derived for each of them, as well as for

peroxide initiators, initiation radicals and monomer (Eqs.

(36)–(51)).

Initiators

1

V

dðIVÞ

dt
¼ 2ðkdA

þ kdB
ÞI ð36Þ

Initiation radicals

1

V

dðRzAVÞ

dt
¼ fkdB

I 2 kdA
RzA 2 kiR

zAM ð37Þ

1

V

dðRzBVÞ

dt
¼ fkdA

I 2 kdB
RzB 2 kiR

zBM ð38Þ

1

V

dðRzVÞ

dt
¼ f ½ðkdA

þ kdB
ÞI þ kdA

RzA þ kdB
RzB

þkdA
ðYzA

0 þ MA
0 þ MAB

0 þ 2MAA
0 Þ

þkdB
ðYzB

0 þ MB
0 þ MAB

0 þ 2MBB
0 Þ�

2kiR
zM

ð39Þ

1

V

dðRzzVÞ

dt
¼ f ðkdA

RzA þ kdB
RzBÞ2 2kiR

zzM ð40Þ

Monomer

1

V

dðMVÞ

dt
¼ 23kdmM3 2 kiðR

z þ RzA þ RzB þ 2RzzÞM

2kfmMðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

2kpMðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

ð41Þ

Macroradicals

1

V

dðRz

nVÞ

dt
¼ 2kdmM3dn;1 þ kiR

zMdn;1 þ kdA
PA

n

þ kdB
PB

n þ kpMRz

n21ð1 2 dn;1Þ

2kpMRz

n þ kfmMðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þdn;1

þkfmMð2Rzz

n 2 Rz

nÞ2 ktR
z

nðY
z

0 þ YzA
0 þ YzB

0

þ2Yzz

0Þ þ 2kt

Xn21

m¼1

Rz

n2mRzz

mð1 2 dn;1Þ

n ¼ 1;…1

ð42Þ

1

V

dðRzA
n VÞ

dt
¼ kiR

zAMdn;1 2 kdA
RzA

n þ ðkdB
PAB

n þ 2kdA
PAA

n Þ

ð1 2 dn;1Þ þ kpMRzA
n21ð1 2 dn;1Þ2 kpMRzA

n

2kfmMRzA
n 2 ktR

zA
n ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xn21

m¼1

RzA
n2mRzz

mð1 2 dn;1Þ n ¼ 1;…1

ð43Þ

1

V

dðRzB
n VÞ

dt
¼ kiR

zBMdn;1 2 kdB
RzB

n þ ðkdA
PAB

n þ 2kdB
PBB

n Þ

ð1 2 dn;1Þ þ kpMRzB
n21ð1 2 dn;1Þ2 kpMRzB

n

2kfmMRzB
n 2 ktR

zB
n ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xn21

m¼1

RzB
n2mRzz

mð1 2 dn;1Þ n ¼ 1;…1

ð44Þ

1

V

dðRzz
nVÞ

dt
¼ 2kiR

zzMdn;1 þ kdA
RzA

n þ kdB
RzB

n

þ2kpMRzz

n21ð1 2 dn;1Þ2 2kpMRzz

n 2 2kfmMRzz

n

2 2ktR
zz

nðY
z

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xn21

m¼1

Rzz

n2mRzz

mð1 2 dn;1Þ n ¼ 1;…1

ð45Þ
Temporary polymers

1

V

dðPA
n VÞ

dt
¼ 2kdA

PA
n þ kfmMRzA

n

þkt

Xn21

m¼1

Rz

n2mRzA
m ð1 2 dn;1Þ n ¼ 1;…1

ð46Þ

1

V

dðPB
n VÞ

dt
¼ 2kdB

PB
n þ kfmMRzB

n

þkt

Xn21

m¼1

Rz

n2mRzB
m ð1 2 dn;1Þ n ¼ 1;…1

ð47Þ

1

V

dðPAB
n VÞ

dt
¼

 
2 ðkdA

þ kdB
ÞPAB

n þ kt

Xn21

m¼1

RzA
n2mRzB

m

!

ð1 2 dn;1Þ n ¼ 1;…1

ð48Þ

1

V

dðPAA
n VÞ

dt
¼

 
2 2kdA

PAA
n þ

1

2
kt

Xn21

m¼1

RzA
n2mRzA

m

!

ð1 2 dn;1Þ n ¼ 1;…1

ð49Þ
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1

V

dðPBB
n VÞ

dt
¼

 
2 2kdB

PBB
n þ

1

2
kt

Xn21

m¼1

RzB
n2mRzB

m

!

ð1 2 dn;1Þ n ¼ 1;…1

ð50Þ

Permanent polymer

1

V

dðPnVÞ

dt
¼ kfmMRz

n þ
1

2
kt

Xn21

m¼1

Rz

n2mRz

m

ð1 2 dn;1Þ n ¼ 1;…1

ð51Þ

In the above equations, dn;1 is the Kronecker delta, Y
g
0

(g ¼ z, zA, zB, zz) are the zero order moments of

macroradicals, Ml
0 (l ¼ A, B, AB, AA, BB) are the zero

order moments of temporarily inactive polymers, and M0 is

the zero order moment of permanent polymer. These

moments are a particular case of the general ath order

moment, a ¼ 0; 1; 2…; defined as shown in Eq. (52)

Yg
a ¼

X1
n¼1

naRg
n ð52Þ

Ml
a ¼

X1
n¼1

naPl
n

The model assumes that the thermal stability of the

peroxide in the macromolecule chains is independent of

the chain length and that the termination by combi-

nation rate constants for all the macroradical species are

identical.

The rate of change of the reaction mixture volume ðVÞ is

described by Eq. (53).

1

V

dV

dt
¼ 2

e

Mt¼0 þ eM

dM

dt
ð53Þ

where e is the volume contraction factor and Mt¼0 is the

initial monomer concentration. The gel effect correlation

suggested by Hui and Hamielec [10] for bulk styrene

polymerization is used to account for the diffusion-

controlled termination reactions at high monomer conver-

sion. This correlation is shown in Table 1. The model

considers that there is a single initiation efficiency for all

peroxide groups, which is independent of conversion

[1,9]. Kim [9] calculated optimal values of the efficiency

factor by fitting data corresponding to I0 ¼ 0:0042;

0.0084 and 0.0126 mol/l, and found that the efficiency

decreased linearly with initial peroxide concentration.

Eq. (54) was used to calculate efficiencies in the model. It

results from the linear regression of the efficiency values

obtained at the three above mentioned initial initiator

concentrations.

f ¼ 0:6807 2 18:2I0 ð54Þ

2.1. pgf Balances

In order to model the MWD in this process we use the pgf

technique [7,8]. pgf transformation is applied to the infinite

set of mass balance equations of the macromolecular

species, leading to a finite set of equations, where the

dependent variable is the pgf transform of the MWD. The

pgf calculated by solving the transformed equations, are

then inverted to recover the MWD. Detailed description of

the inversion methods that are used here can be found

elsewhere [8,11,12].

pgf are defined for each macromolecule as shown in

Eq. (55).

wg
aðzÞ ¼

X1
n¼1

zn naR
g
n

Y
g
a

g ¼ z; zA; zB; zz

fl
aðzÞ ¼

X1
n¼1

zn naPl
n

Ml
a

l ¼ A;B;AB;AA;BB; ð55Þ

permanent polymer (no superscript) where a ¼ 0; 1; 2:

It is also possible to define the pgf of the

overall macromolecular species MWD [8], as shown in

Eq. (56).

faðzÞ ¼

X
g

Yg
aw

g
aðzÞ þ

X
l

Ml
af

l
aðzÞX

g

Yg
a þ

X
l

Ml
a

ð56Þ

We have defined three types of pgf, identified by subscript

a ¼ 0; 1; 2 in the above equations, which represent the pgf

transforms of the MWD expressed as number fraction vs.

molecular weight (number distribution), weight fraction vs.

molecular weight (weight distribution) or the product of

weight fraction and molecular weight vs. molecular weight

(chromatographic distribution). Inversion of each type of

pgf allows the recovery of the three kinds of distribution

independently, attenuating in this way numerical noise

propagation [11].

The mass balances corresponding to macromolecules

(Eqs. (42–51)) can be transformed into the pgf domain

in a simple way by means of the pgf Transform Table

we have previously developed [7,8], obtaining Eqs.

(57–66).
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pgf of macroradicals

1

V

dððYz
aw

z
aðzÞÞVÞ

dt
¼ 2kdmM3z þ kiR

zMz þ kdA
ðMA

a f
A
a ðzÞÞ

þkdB
ðMB

a f
B
a ðzÞÞ

þkpMz
Xa

j¼0

 
a

j

!
ðYz

jw
z

jðzÞÞ2 kpMðYz

aw
z

aðzÞÞ þ kfmM

ðYz

0 þ YzA
0 þ YzB

0 þ 2Y zz

0Þz þ kfmM

ð2ðYzz

aw
zz

aðzÞÞ2 ðYz

aw
z

aðzÞÞÞ

2ktðY
z

aw
z

aðzÞÞðY
z

0 þ YzA
0 þ YzB

0 þ 2Y zz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
ðYz

a2jw
z

a2jðzÞÞðY
zz

jw
zz

j ðzÞÞ

a ¼ 0; 1; 2

ð57Þ

1

V

dððYzA
a wzA

a ðzÞÞVÞ

dt
¼ kiR

zAMz 2 kdA
ðYzA

a wzA
a ðzÞÞ

þkdB
ðMAB

a fAB
a ðzÞÞ þ 2kdA

ðMAA
a fAA

a ðzÞÞ

þkpMz
Xa

j¼0

 
a

j

!
ðYzA

j wzA
j ðzÞÞ2 kpMðYzA

a wzA
a ðzÞÞ

2kfmMðYzA
a wzA

a ðzÞÞ2 ktðY
zA
a wzA

a ðzÞÞ

ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
ðYzA

a2jw
zA
a2jðzÞÞðY

zz

jw
zz

j ðzÞÞ

a ¼ 0; 1; 2

ð58Þ

1

V

dððYzB
a wzB

a ðzÞÞVÞ

dt
¼ kiR

zBMz 2 kdB
ðYzB

a wzB
a ðzÞÞ

þkdA
ðMAB

a fAB
a ðzÞÞ

þ2kdB
ðMBB

a fBB
a ðzÞÞ

þkpMz
Xa

j¼0

 
a

j

!
ðYzB

j wzB
j ðzÞÞ2 kpMðYzB

a wzB
a ðzÞÞ

2kfmMðYzB
a wzB

a ðzÞÞ2 ktðY
zB
a wzB

a ðzÞÞ

ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
ðYzB

a2jw
zB
a2jðzÞÞðY

zz

jw
zz

j ðzÞÞ

a ¼ 0; 1; 2

ð59Þ

1

V

dððYzz

aw
zz

aðzÞÞVÞ

dt
¼ 2kiR

zzMz þ kdA
ðYzA

a wzA
a ðzÞÞ

þkdB
ðYzB

a wzB
a ðzÞÞ

þ2kpMz
Xa

j¼0

 
a

j

!
ðYzz

jw
zz

j ðzÞÞ2 2kpMðYzz

aw
zz

aðzÞÞ

22kfmMðYzz

aw
zz

aðzÞÞ2 2ktðY
zz

aw
zz

aðzÞÞ

ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
ðYzz

a2jw
zz

a2jðzÞÞðY
zz

jw
zz

j ðzÞÞ

a ¼ 0; 1; 2

ð60Þ

Table 1

Kinetic parameters and initial conditions [9]

Kinetic constants

kdA
1.04 £ 1015 exp(233500/RT) s21

kdB
8.06 £ 1013 exp(229800/RT) s21

kdm 2.190 £ 105 exp(227440/RT) s21

kp 1.051 £ 107 exp(27060/RT)

l mol21 s21

kt0 1.260 £ 109 exp(21680/RT) s21

ki < kp

kfm 7.807 £ 106 exp(212940/RT) s21

Gel effect

g ; kt=kt0 ¼ exp½22ðBx þ Cx2 þ Dx3Þ�

B 2.57 2 5.05 £ 1023 T

C 9.56 2 1.76 £ 1022 T

D 23.03 þ 7.85 £ 1023 T

Initial conditions

Mt¼0 8.728 mol/l

Ml
a;t¼0 ¼ Y

g
a;t¼0 ¼ fl

a ðzÞt¼0 ¼ w
g
a ðzÞt¼0 0;a, a ¼ 0, 1, 2

Other parameters

e 20.147

[R], cal/mol K [T], K; x, monomer conversion.
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pgf of temporary polymers

1

V

dððMA
a f

A
a ðzÞÞVÞ

dt
¼ 2kdA

ðMA
a f

A
a ðzÞÞ þ kfmMðYzA

a wzA
a ðzÞÞ

þkt

Xa

j¼0

 
a

j

!
ðYz

a2jw
z

a2jðzÞÞðY
zA
j wzA

j ðzÞÞ

a ¼ 0; 1; 2

ð61Þ

1

V

dððMB
a f

B
a ðzÞÞVÞ

dt
¼ 2kdB

ðMB
a f

B
a ðzÞÞ

þkfmMðYzB
a wzB

a ðzÞÞ

þkt

Xa

j¼0

 
a

j

!
ðYz

a2jw
z

a2jðzÞÞðY
zB
j w

zB
j ðzÞÞ a ¼ 0; 1; 2

ð62Þ

1

V

dððMAB
a fAB

a ðzÞÞVÞ

dt
¼ 2ðkdA

þ kdB
ÞðMAB

a fAB
a ðzÞÞ

þkt

Xa

j¼0

 
a

j

!
ðYzA

a2jw
zA
a2jðzÞÞ

ðYzB
a wzB

a ðzÞÞ a ¼ 0; 1; 2

ð63Þ

1

V

dððMAA
a fAA

a ðzÞÞVÞ

dt
¼ 22kdA

ðMAA
a fAA

a ðzÞÞ

þ
1

2
kt

Xa

j¼0

 
a

j

!
ðYzA

a2jw
zA
a2jðzÞÞ

ðYzA
j wzA

j ðzÞÞ a ¼ 0; 1; 2

ð64Þ

1

V

dððMBB
a fBB

a ðzÞÞVÞ

dt
¼ 22kdB

ðMBB
a fBB

a ðzÞÞ

þ
1

2
kt

Xa

j¼0

 
a

j

!
ðYzB

a2jw
zB
a2jðzÞÞðY

zB
j wzB

j ðzÞÞ

a ¼ 0; 1; 2

ð65Þ

pgf of the permanent polymer

1

V

dððMafaðzÞÞVÞ

dt
¼ kfmMðYz

aw
z

aðzÞÞ

þ
1

2
kt

Xa

j¼0

 
a

j

!
ðYz

a2jw
z

a2jðzÞÞðY
z

jw
z

jðzÞÞ a ¼ 0; 1; 2

ð66Þ

These equations must be solved for different values of the

dummy variable z as required by the inversion methods. In

previous works [8,11,12] we have studied eight numerical

inversion methods appropriate for the inversion of pgf of

molecular weight distributions. Here we used Papoulis,

Stehfest and IFG inversion methods [8,11,12]. The use of

more than one inversion method helps to improve the

reliability of the results [13].

Moments of macroradicals and polymers are required as

data for the pgf balances. Hence, moment balances must be

set up and solved together with the pgf balances. Details on

the application of the well known moment technique may be

found elsewhere [14]. Eqs. (67–76) present the moment

balances for the different macromolecules.

ath moments of macroradicals

1

V

dðYz
aVÞ

dt
¼ 2kdmM3 þ kiR

zM þ kdA
MA

a þ kdB
MB

a

þkpM
Xa

j¼0

 
a

j

!
Yz

j 2 kpMYz

a þ kfmM

ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ þ kfmMð2Yzz

a 2 Yz

aÞ

2ktY
z

aðY
z

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
Yz

a2jY
zz

j a ¼ 0; 1; 2

ð67Þ

1

V

dðYzA
a VÞ

dt
¼ kiR

zAM 2 kdA
YzA

a þ kdB
MAB

a þ 2kdA
MAA

a

þkpM
Xa

j¼0

 
a

j

!
YzA

j 2 kpMYzA
a 2 kfmMYzA

a

2ktY
zA
a ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
YzA

a2jY
zz

j a ¼ 0; 1; 2

ð68Þ

1

V

dðYzB
a VÞ

dt
¼ kiR

zBM 2 kdB
YzB

a þ kdA
MAB

a þ 2kdB
MBB

a

þkpM
Xa

j¼0

 
a

j

!
YzB

j 2 kpMYzB
a 2 kfmMYzB

a

2ktY
zB
a ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

 
a

j

!
YzB

a2jY
zz

j a ¼ 0; 1; 2

ð69Þ
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1

V

dðYzz

aVÞ

dt
¼ 2kiR

zzM þ kdA
YzA

a þ kdB
YzB

a

þ2kpM
Xa

j¼0

a

j

 !
Yzz

j 2 2kpMYzz

a 2 2kfmMYzz

a 2 2ktY
zz

a

ðYz

0 þ YzA
0 þ YzB

0 þ 2Yzz

0Þ

þ2kt

Xa

j¼0

a

j

 !
Yzz

a2jY
zz

j a ¼ 0; 1; 2

ð70Þ

ath moments of temporary polymers

1

V

dðMA
a VÞ

dt
¼ 2kdA

MA
a þ kfmMYzA

a

þkt

Xa

j¼0

 
a

j

!
Yz

a2jY
zA
j a ¼ 0; 1; 2

ð71Þ

1

V

dðMB
a VÞ

dt
¼ 2kdB

MB
a þ kfmMYzB

a

þkt

Xa

j¼0

 
a

j

!
Yz

a2jY
zB
j a ¼ 0; 1; 2

ð72Þ

1

V

dðMAB
a VÞ

dt
¼ 2ðkdA

þ kdB
ÞMAB

a þ kt

Xa

j¼0

 
a

j

!
YzA

a2jY
zB
a

a ¼ 0; 1; 2

ð73Þ

1

V

dðMAA
a VÞ

dt
¼ 22kdA

MAA
a þ

1

2
kt
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j¼0

 
a

j

!
YzA

a2jY
zA
j

a ¼ 0; 1; 2

ð74Þ

1

V

dðMBB
a VÞ

dt
¼ 22kdB

MBB
a þ

1

2
kt

Xa

j¼0

 
a

j

!
YzB

a2jY
zB
j

a ¼ 0; 1; 2

ð75Þ

ath moment of permanent polymer

1

V

dðMaVÞ

dt
¼ kfmMYz

a þ
1

2
kt

Xa

j¼0

 
a

j

!
Yz

a2jY
z

j

a ¼ 0; 1; 2

ð76Þ

These moments may be also used to calculate number ðMnÞ

and weight ðMwÞ average molecular weights of the overall

macromolecular species, as shown by Eqs. (77) and (78)

Mn ¼ Mmon

P
Y

g
1 þ

P
Ml

1P
Y

g
0 þ

P
Ml

0

ð77Þ

Mw ¼ Mmon

P
Y

g
2 þ

P
Ml

2P
Y

g
1 þ

P
Ml

1

g ¼ z; zA; zB; zz

l ¼ A;B;AB;AA;BB; permanent polymer ðno superscriptÞ

ð78Þ

where Mmon is the monomer (styrene) molecular weight.

The system of differential equations to be solved consists

of Eqs. (36–41), (53) and (57–76). Gear’s method [15] for

stiff systems was used to integrate these equations, with the

kinetic parameters and initial conditions shown in Table 1.

The resulting pgf of the individual macromolecular species

together with the pgf of the global macromolecule mixture,

calculated with Eq. (56), were fed to the inversion

algorithms to recover the corresponding MWD. The

MWD predicted with the three inversion methods used

were coincident, something that indicates that none of the

methods has numerical problems. As we lack experimental

information on the complete MWD, the distributions

predicted by the model are processed to calculate the

average molecular weights Mn and Mw: The resulting

average values are then compared with those calculated

using Eqs. (77) and (78) and with experimental data

reported by Kim [9].

Unlike other models of this process [1–5,9,16], we have

not applied here the quasi-steady state assumption for

radicals. This has allowed us to model the process near

100% monomer conversion, where the quasi-steady state

hypothesis is no longer valid.

Fig. 1. Effect of polymerization temperature and initiator concentration on

monomer conversion. Experimental data: (W) I0 ¼ 0.0084 mol/l, (V)

I0 ¼ 0.0042 mol/l; model predictions: (—) I0 ¼ 0.0084 mol/l ( f ¼ 0.53),

(– – –) I0 ¼ 0.0042 mol/l ( f ¼ 0.46).
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3. Results and discussion

Initiator concentration and temperature are the main

operating parameters of this process. Fig. 1 shows the

evolution of conversion and Fig. 2 of weight average

molecular weight and polydispersity (Pd), with reaction

time for different temperatures and peroxide concentrations.

Model results are compared with experimental data reported

in the work of Kim [9]. Two extra sets of conversion data at

100 8C were also compared, but omitted from Fig. 1 for

clarity. Although figures similar to Figs. 1 and 2 of this work

can be found in the work of Kim [9], we have included these

graphics to show the good agreement of the model presented

here with experimental values. Our model results and Kim’s

coincide for conversions and average molecular weights,

which is logical as the same kinetic steps and kinetic

parameters are used in both.

Fig. 1 shows that at any given initial initiator concen-

tration reaction rate increases with temperature, and at any

given temperature reaction rate increases with peroxide

concentration. This is an expected result. Very good

agreement with experimental information is achieved,

except only at long reaction times for operating conditions

of T ¼ 90 8C and I0 ¼ 0.0084 mol/l.

Fig. 2. Weight ðMwÞ average molecular weight and polydispersity (Pd) vs. reaction time, with I0 ¼ 0.0042 mol/l. (V) experimental Mw; (X) experimental Pd,

(—) model prediction with f ¼ 0.53.

Table 2

Comparison between average molecular weights calculated from the recovered MWD (Md
n ; Md

w), calculated by the method of the moments (Mp
n ; Mp

w), and

experimental values (M
exp
n ; M

exp
w ) (9). The ‘Relerr’ column gives the percent relative error of the average molecular weights calculated from the MWD with

respect to the experimental data

T (8C) Md
n Mp

n Mexp
n

Relerr Md
w Mp

w M
exp
w Relerr

110 185,800 185,800 166,800 11.4 398,200 398,300 368,800 8.0

100 201,900 201,900 183,400 10.1 439,400 439,600 406,900 8.0

90 184,500 184,500 167,300 10.3 356,800 356,800 330,000 8.1

80 181,600 181,600 184,000 21.3 307,700 307,700 340,100 29.5
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The model allows a satisfactory prediction of Mw and

polydispersity (Pd), as Fig. 2 illustrates. The model results

presented in this figure and also in Fig. 3 were obtained

using Eqs. (77) and (78) (method of moments). Although the

average molecular weights are overestimated at 100 and

110 8C, the overall agreement with experimental values is as

good or better than what has been obtained with other

reported models for this system [2,4,5,16]. In Fig. 3 we

show the effect of temperature and initiator concentration on

Mn and Mw: The results presented in this figure correspond

to a reaction time of 360 min. As temperature increases, Mn

and Mw become lower for equal monomer conversion.

However, higher conversions can be achieved within the

same reaction time due to the increase in polymerization

rate, which may result in higher values of the average

molecular weights, especially Mw: As expected, an incre-

ment in initiator concentration causes a reduction of the

average molecular weights.

As we have already stated, the main purpose of this work

is the prediction of the complete MWD in this process.

Since we do not have experimental MWDs to compare with

the theoretical predictions, we operate with them in order to

calculate parameters that are available, such as Mn and Mw:

In Table 2 we present a comparison between calculated

values of Mn and Mw obtained from predicted MWDs and

by the method of moments, in both cases rounded to the

nearest hundred, together with experimental data. These

experimental data correspond to the reaction conditions of

the last experimental point in each of the four graphics in

Fig. 2. As may be seen, the average molecular weights

calculated from the MWD coincide with the ones calculated

by the method of moments, and the relative error with

respect to the experimental data is usually less than 10%.

The same order of precision was obtained when predicting

the remaining experimental points presented in Fig. 2.

Fig. 4 shows the MWD expressed in number, weight and

chromatographic fraction basis, at different reaction times

for temperatures of 80 and 100 8C. It can be seen that the

MWDs shift to the right as the reaction proceeds, due to the

generation of larger polymer molecules. At the same time

the MWDs broaden, indicated by the lower height of the

curves (all distributions have unit area). This behavior can

Fig. 3. Effect of polymerization temperature and initiator concentration on number ðMnÞ and weight ðMwÞ average molecular weights; reaction time, 360 min.
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be explained by the smaller rate of generation of initiation

radicals as the reaction advances, due to the gradual

consumption of initiator that results in lower initiator

concentration. In addition to this, the use of bifunctional

initiators originates a re-initiation-termination process that

contributes to the appearance of even larger molecular

weights. Distributions corresponding to a reaction tempera-

ture of 100 8C present a more important variation than those,

Fig. 4. Time evolution of the number, weight and chromatographic MWD for reaction temperatures of 80 and 100 8C; I0 ¼ 0.0042 mol/l.
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where the temperature is 80 8C because polymerization

proceeds faster, so higher conversions are reached at equal

reaction times.

Figs. 5 and 6 illustrate the effect of initiator concentration

and temperature, respectively, on MWD. All MWDs shown

in these figures correspond to a reaction time of 360 min. In

Fig. 5, MWDs for I0 ¼ 0.0042 mol/l and I0 ¼ 0.0084 mol/l

are compared at two different temperatures. Note that the

lower I0 results in distributions that are shifted to the right of

the ones obtained with the higher I0. This is reasonable since

Fig. 5. Effect of initiator concentration on number, weight and chromatographic MWDs; reaction time, 360 min.
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at lower initiation concentrations fewer initiation radicals

are available, resulting in higher molecular weights. In Fig. 6

MWDs parameterized by reaction temperature are shown

for I0 ¼ 0.0042 mol/l and I0 ¼ 0.0084 mol/l. It is usual in

polymerization reactions that, as temperature decreases, the

decrease in the peroxide decomposition reaction rate is

much more important than that of the propagation reaction

rate. In consequence, there are fewer radicals to compete for

the same amount of monomer, which should result in higher

molecular weights at the lower temperatures. This is most

Fig. 6. Effect of polymerization temperature on number, weight and chromatographic MWDs; reaction time, 360 min.
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easily observed in the number MWDs presented in this

figure. Decreasing temperature makes molecular weight

higher, but lower conversions are achieved as well. Thus,

the high molecular weight tail is not as important as it might

have been if higher conversions had been reached. This

explains why the lower molecular weight tails in the weight

MWDs shown in Fig. 6 shift to the right as temperature rises

(effect of higher molecular weights at lower temperatures),

but the high molecular weight tails shift to the left (large

molecules have not been produced owing to low conver-

sion). For the same reason, the chromatographic MWDs,

which are sensitive to the high molecular weight polymer,

shift to the right at higher temperatures. At equal

conversion, the whole MWD of the polymer synthesized

at the lower temperature shifts to the right, as Fig. 7

exemplifies. In this figure we compare the distributions

obtained at 80 8C and 360 min, and at 100 8C and 90 min.

Under these conditions conversion is approximately 32% in

both cases (see Fig. 1). It may be observed that the polymer

produced at 80 8C presents higher molecular weight, which

is consistent with the results presented in Fig. 3.

Fig. 7. Effect of temperature on number, weight and chromatographic

MWDs; conversion, 32%; I0 ¼ 0.0042 mol/l.

Fig. 8. Chromatographic MWD for polymerizations with a step temperature

profile from 110 to 80 8C. Distributions are calculated for steps occurring

when monomer conversion x has reached 25, 50 or 75%. Reaction time,

720 min.
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One possible application of the model presented in this

work is the design of molecular weight distributions to be

obtained by tuning of operating conditions. When styrene is

polymerized with bifunctional initiators, it is rather unlikely

to obtain bimodal MWD under usual operating conditions

[1]. Hence, as an example of how the model can be

employed to achieve tailored polymers, we used it to find

operating conditions that would lead to a bimodal MWD.

We intended to accomplish bimodality by applying a step

reduction in reaction temperature from 110 to 80 8C at a

certain point along the reaction path. The sudden tempera-

ture decrease to 80 8C together with the fact that larger

molecules are produced as the reaction goes on, would

combine to produce a polymer of much higher molecular

weight, and eventually result in a bimodal MWD. Fig. 8

shows the calculated chromatographic MWDs for

Fig. 9. Chromatographic MWDs of the permanent and temporary polymers at different reaction times; I0 ¼ 0.0042 mol/l and T ¼ 100 8C.
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I0 ¼ 0.0042 mol/l (Fig. 8a) and I0 ¼ 0.0084 mol/l (Fig. 8b).

Three different experiments were simulated for each case.

They consisted in locating the step temperature reduction

when monomer conversion x had reached 25, 50 and 75%,

respectively. It can be seen in Fig. 8b that the MWD is

unimodal when the step is at x ¼ 75%, but for a step at

x ¼ 50% a bimodal distribution is obtained. When the step

occurs at x ¼ 25%, the higher molecular weight peak

becomes more important so that the lower peak turns into a

shoulder of the MWD. For I0 ¼ 0.0042 mol/l (Fig. 8a), we

also obtained a MWD with a shoulder at the lower

molecular weights when the step is at x ¼ 0.25%. However,

unimodal MWDs result for x ¼ 50% and x ¼ 75% in this

case. For the six polymerizations represented in Fig. 8, the

reaction time was 720 min.

Another potential application of the model presented in

this work is the design of block copolymer precursors, since

knowledge of the MWD to be expected is of great value

when bifunctional initiators are used in block copolymer-

ization [6,17,18]. In particular, it is very important to know

the distributions of the polymer species (resulting from the

polymerization of the first co-monomer) with non-decom-

posed peroxide groups, which are used as macroinitiators

for the polymerization of the second co-monomer. As an

example of the capability of the model to predict the MWDs

of the individual polymeric species, Fig. 9 shows the

chromatographic distributions of the permanent and tem-

porary polymers at different reaction times, corresponding

to a polymerization carried out at T ¼ 100 8C and

I0 ¼ 0.0042 mol/l. The curves have been normalized so

that they express the chromatographic fraction with respect

to the global polymer, and thus their height is proportional

to the amount of each species in the polymeric mixture. It

may be seen that the permanent polymer predominates

except at the early stages of the reaction, and that it presents

the broader MWD. As expected, MWDs of the individual

species shift to the right as the reaction proceeds. At the

same time, the proportion of permanent polymer increases,

due to the decomposition of the peroxide groups in the

temporary polymers. Hence, short reaction times should be

used if one is interested in a high amount of temporary

polymer, e.g. to be used as macroinitiator in a copolymer-

ization. Among the temporary polymers, those with a single

peroxide-A group exhibit higher concentrations, followed

by polymers with two peroxide-A groups. It should be

remembered that the peroxide-A group has a smaller

decomposition constant than the peroxide-B group.

4. Conclusions

A comprehensive mathematical model for styrene

polymerization with asymmetric bifunctional initiators

was developed, aiming at the prediction of not only

productivity and average molecular properties as previous

models did, but also the complete molecular weight

distribution. Although the obtained distributions could not

be compared with experimental ones, the average molecular

weights calculated from them agree well both with

experimental data and with calculations using the well-

known moment technique.

The usefulness of the model was demonstrated evaluat-

ing the effect of different operating conditions on the MWD

of the product. For example, the model allowed following

MWD evolution in time, as well as its response to

temperature and initiator concentration changes, giving a

deeper insight into the process.

It was also possible to accommodate more complex

situations such as polymerizations with an imposed

temperature change during the course of a reaction. The

ability of the model to predict temporary polymer MWD at

different times was assessed, giving a tool to tailor block-

copolymer precursors.

The model presented in this work has potential as a tool

to tailor MWD of polymers obtained through the free radical

mechanism using asymmetric initiators. Work is under way

in which the model is employed in the simultaneous design

and control of batch styrene polymerization processes posed

as a single optimization problem.
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