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Abstract

In this paper we study the variety R» of square root rings, that is, commutative rings with unit, of char-
acteristic two, with the square root as an additional operation. We prove that this variety is generated by the
finite Galois fields GF(2) and we establish an equivalence between R; and the variety BAS of Boolean
algebras with a distinguished automorphism. Via this equivalence, we will be able to obtain properties of
R, from the results proved in [M. Abad, J.P. Diaz Varela, M. Zander, Boolean algebras with a distinguished
automorphism, Rep. Math. Logic 37 (2003) 101-112].
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1. Preliminaries

The variety BA§ of Boolean algebras with a distinguished automorphism was introduced and
studied in [2]. This paper deals with that variety and the variety R» of square root rings. Our
objective is to establish an equivalence between these two varieties, generalizing the well-known
equivalence between Boolean algebras and Boolean rings (see [4]). We also deduce some prop-
erties for R, from the properties proved in [2] for BAS.
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We include in this section some definitions and results on the variety BA§, and we recall the
notion of equivalence between varieties. For definitions and basic properties of universal algebra
the reader is referred to [4,10].

To start with, we introduce the square root rings as a variety, that is, as a class of algebras
closed by direct products, subalgebras and homomorphic images. In that sense, our approach to
the study of this algebras is different to that of Heatherly and Blanchet in [8], as we consider
the square root as a new operation in the language of rings, in the style of universal algebra. In
particular, the concepts of subalgebra, congruence and homomorphic image are different.

A square root ring is an algebra A = (A, +, -, NE 0, 1) of type (2,2, 1, 0, 0), that satisfies the
following conditions:

R1) (A, +, .,0,1) is a commutative ring with unit,
(R2) 2.x =0, 1i.e., A is of characteristic two,

(R3) vx2=x and (Vx)? =x.

The class of all square root rings R; is equational, and hence, it is a variety in the sense of
universal algebra (see [4,10]).

By a Boolean algebra with a distinguished automorphism [2] we understand an algebra
(A; A, Vv, —,8,8,0,1), such that (A; A, v, —, 0, 1) is a Boolean algebra, § is an automorphism
of A and 8’ = 8. Clearly, the class of Boolean algebras with a distinguished automorphism is
a variety which we denote BAS.

The typical example of an algebra in BAS is the field of subsets of the integers Z, 22, with the
set-theoretical operations of union, meet and complementation, and where § is the automorphism
of 2% induced by the mapping n +— n + 1, n € Z. In [2] it is shown that 2% is non-simple
subdirectly irreducible, and the variety BAS is generated by the algebra 2Z.

Let k be a positive integer. A subset x of Z is called k-periodic if it coincides with the set
obtained by adding k to each of its elements. The set of k-periodic subsets of Z is a subalgebra
of 22, which we denote by By.

Let By = UiGN B;. By is a subalgebra of 2% and thus By € BAS. The following results can
be found in [2].

Theorem 1.1. The algebra By is simple, atomless and locally finite.

The following theorem states that the variety BAS is generated by its finite members. In what
follows V (K) denotes the variety generated by a class K of algebras.

Theorem 1.2. BAS = V({B,,: m > 0}).
Corollary 1.3. BAS = V(By).

We say that a variety V is interpretable [9,10] in a variety W if for each V-operation
Fi(x1,...,x,) there is a W-term f;(x1,...,x,) such that if (A; G;) is in W, then (A; f;) is
in V. Notice that the constants in the language of V must be interpreted as constants in the lan-
guage of W. Intuitively, this means that each algebra in W can be turned into an algebra in V by
defining the V -operations applying a uniform procedure.
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This notion can also be approached in the following way: there exists a functor @: W — V
which commutes with the underlying set functors, that is,

@
w Vv

Sets

is commutative. Uy and Uy are the forgetful functors which assign to each algebra its universe.
Each functor @ is called an interpretation of W in V.

If (A; G;) is any algebra and for each V-operation F;(x1,..., x,) there is a term f;(x1, ...,
Xp) in the language of (A; G;) such that (A; f;) is in V, the terms f;(x1, ..., x,) define an in-
terpretation of V in V((A; G;)), the variety generated by the algebra (A; G;). One only has
to observe that the evaluation of any term in an algebra B in V((A; G,)), is determined by
its evaluation in A and that both (A; G;) and (B; G;) satisfy the same equations. We have

V({A; Gy)) i> V, and we say that @ ((A; G;)) is an interpretation of V in V ({(A; G;)).

By an equivalence [10] of the varieties V and W is meant a pair of interpretations @; of
V in W and @, of W in V such that ®,®; = Idy and &P, = Idy. Two algebras A, B are
equivalent if and only if there are interpretations @ : V(A) — V(B) and ¥ : V(B) — V(A) such
that ¥ (B) = B and WP (A) = A.

Observe that A and B are equivalent if and only if every operation in the language of A can
be written as a term in the language of B, and conversely.

Theorem 1.4. [10] For varieties V and W, V is equivalent to W if and only if there exist equiv-
alent algebras A and B such that V =V (A) and W =V (B).

2. Equivalence between R, and BA§

In this section an equivalence between the varieties R, and BAGS is established and some
applications are given thereof.

For A € R> and x € A, let o(x) = x> be the Frobenius endomorphism. Observe that the
existence of square roots in R, implies that o is an automorphism. We denote /x = o~ !(x) =
xY/2 and (\[)k(x) = /x = x1/%,

Let orb(a) = {c"(a): n € Z} be the orbit of an element a € A. We say that a is periodic if
orb(a) is finite. In this case the least integer n > 1 such that 0" (a) = a is called the period of a.
If A is finite we have that a is periodic for every a € A. The following lemma is clear.

Lemma 2.1. Let A € R be finite. Then there is m € N such that o™ (x) = x*" = x for every
x € A. In this case /x = o™ (x) — 2"t

An sr-ideal in an algebra A € R is an ideal / C A closed under N i.e., an ideal I of A such
that /x € I whenever x € I. It is easy to see that congruences in A are determined by sr-ideals.
In fact, there is a lattice isomorphism between the lattice of congruences of A and the lattice of
sr-ideals of A.
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For x € A, let (x) be the sr-ideal generated by x. Note the difference between the ideal
generated by x and the sr-ideal generated by x. Indeed, the ideal generated by x is Ax = {y € A:
y=ax, a € A}, but

k
. t
(x)=1ye€A: y:Zaix"", ai €A, o =

2—;! =21, h 20}-

i=1

Similarly, it is well known that a commutative ring A with unit is simple if and only if A is a
field. In the variety R», the simple objects are the fields as well.

Theorem 2.2. In the variety R, A is simple if and only if A is a field.
Proof. Let A € R; be simple. Then, 1 € (x) for every x € A, x # 0, and consequently, there are

a; € A such that 1 = Zleaix“i, with a; = thlr t;=>1,h; >0. Letm :max{2h", i=1,...,k}.
Then

k m k
1=1m=(2aixo”> =Zalmxﬂ’,
i=1 i=1

with the integers 8; > 1. Thus

k
1=x Za’»"xﬁ"_1
) ! .

i=1

From this we have that for every x # 0, x has inverse. Thus A is a field. The other implication is
trivial. O

Observe that a field in R is a perfect field.
We analyze now the equational theory of R, with the objective of proving that R» is generated
by its finite members.

Let p(x1, x2, ..., x,) be a term in the language of R,. Then
S A - ;
p(xl,xz,...,xn)zZ:xl’xz’ Xy, o = 7 £,h 20, 1<i<s, 1<j<n.
i=1 i
If p1(x1,x2,...,x,) = p2(x1,x2,...,X,) is an identity in the language of R, then, for
A € R;, A satisfies p; = p; if and only if for every n-tuple (aj,az,...,a,) € A", pi1(a1, az,

..., ay) = pa(ay,an,...,ay). But p; = py is equivalent to p; + p2 = 0. So every identity in the
language of R; is equivalent to another one of the form

N
12
o o i’
p(x1,x2,...,xn)=2x1’x2‘ -ex,t =0.
i=1
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Moreover, if m = max{h{} withi =1,...,5s and j = 1,...,n, we have that p(x,xz,...,
xp) = 0iff (p(x1, x2,...,x,))%" =0.But

S 2m S
om ol o ol gl g2 B
(p(x1,x2,...,xn)) = le’x2’...xn’ = Xy Xy e
i=1 i=1

with integers ﬂij >0, foreveryi=1,...,s and j =1,...,n. From this assertion we have the
following lemma.

Lemma 2.3. Every identity pi(x1,x2,...,%X,) = p2(X1,Xx2,...,X,) in the language of R is
equivalent to an identity of the form

B! _B? B!
X xyt eyt =0,

i=1
where,Bl-j e NU{0}, foreveryi=1,...,sand j=1,...,n.
Observe that two identities are equivalent if the algebras of R, that satisfy them are the same.
The following theorem proves that R, is generated by its finite members. In fact, R, =

V{GF25): k> 1}).

Theorem 2.4. R, is generated by the fields GF(2).

1 2 n .
Proof. Let p(x1,x2,...,x,) =D 14 x{g" xfi . ..xfi , ,Bi/ € N U {0}, be a term and suppose that
p(x1,x2,...,x,) = 0 characterizes a proper subvariety of R,. Let us prove that there exists a

finite field GF(2*) such that GF(2*) does not satisfy p(x1, x2, ..., x,) =0.
We may assume that p # 0 and p # 1. We make induction over the number of variables.
Suppose that n = 1. Then p(x) = Y ;_, x#, with §; > 0, B; > 0 and g; > B; ifi > j. Choose
k=pBs+1.Letbe GF(2]‘) an element of the normal base. Thus p(b) = Zle bPi #0.
Suppose now that the number of variables is n and let x; be a variable such that ,31] # 0, for
some j. Assume, without loss of generality, that / = 1 and ﬁil > ,Bil, fori > i’. Then

N
B!
P& X2, ) =X pilxa, e, X).

i=1

By inductive hypothesis we can choose k and elements b, ..., b, € GF(2X) such that
p1(ba,...,by) =c1 #0. Letc; = p;i(ba, ..., by). Observe that, for ¢; # 0, cizk_l = 1. Thus

N
2k—1 BL2*—1) ok_
(p(xlabZ""5bn)) = xl cl‘z 15

i=1

. . . k_ . .
that is a term in the language of R, since ci2 '€ {0, 1}. Now we are in the case of one variable.

So we can take k' = kB! (2 — 1), and by € GF(2"') such that (p(by, ba, ..., by))* ~! #0. Thus
p(b1, by, ..., b)) #0. O
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Corollary 2.5. R, = V({GF(Z"): k>1}).

Let GF; be the algebraic closure of GF(2). It is known that GF is the field of roots of
polynomials in GF(2)[x], and that GF has a copy (as subalgebra) of GF(2¥) for every k > 1.
Moreover, GF; is isomorphic to the direct limit of the system ({GF (2k)}k>1, {dr,1}k>1) where
ér.1:GF(2) — GF(2!) is the natural immersion for k|l

Corollary 2.6. R, = V(GF»).

Moisil established relationships between finite fields GF(2¥) and cyclic Boolean algebras, but
it was Cendra in [5] who gave a constructive method to define a simple k-cyclic Boolean algebra
(A; &) on a given finite field GF (2k), k > 1, and conversely.

Theorem 2.7. [2,5] Given a finite field GF(2), there exists a structure of simple k-cyclic Boolean
algebra defined on GF(2¥) isomorphic to By, and conversely, such that

(1) the constants are the elements of the prime field GF(2);

(2) the operations N and V' are terms in the language of R». In addition, ~x =1 + x and
S(x) =0 (x) =x%;

(3) the operations + and - are uniquely determined terms in the language of BAS. Moreover,
Vx=81x)=81x)andx+y=xAy.

As an immediate consequence of Theorem 2.7 we have the following (see [10, Theo-
rem 4.140] and [2]).

Corollary 2.8. The varieties V (By) and V (GF(2X)) are equivalent, that is, there exists an inter-
pretation @y of V(By) in V(GF(Zk)) and an interpretation ¥ of V(GF(Z")) in V (By) such that
U, @i (B) = B for every B € V(By) and @3 W (A) = A for every A € V(GF(2)).

Lemma 2.9. GF is equivalent to By.

Proof. Consider & :V(B;) — V(GF(2k)) and lI/k:V(GF(Zk)) — V(By) of Corollary 2.8.
Then we can define @ : By — GF,, where @ (B;) = @ (B;) and ¥ :GF, — By, where
U (GF(2")) = ¥ (GF(2Y). O

By the preceding lemma and Corollaries 2.6 and 1.3 we have
Theorem 2.10. R; is equivalent to BAS.

As an application of the previous results we can obtain many properties for the variety R»
that are immediate consequences of the corresponding results for BAS [2]. As an example we can
state:

(1) R; is not locally finite, even though it is generated by GF, which is locally finite.

(2) The locally finite simple algebras in R, are subalgebras of GF.

(3) The locally finite subdirectly irreducible algebras in R, are simple, and consequently, iso-
morphic to subfields of GF,.
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(4) Every locally finite algebra A € R, is semisimple, and consequently, A can be embedded
into (GF2)*.
(5) A subvariety of R is locally finite if and only if it is finitely generated.

Finally, we point out that M. Zander proved that any proper subvariety of BAS is locally finite,
that is to say, any proper subvariety is a finite join of V (B,)’s. Consequently we have

Theorem 2.11. Any proper subvariety of R is locally finite, that is, any proper subvariety is a
finite join of V (GF(2X))’s.

Corollary 2.12. Every proper subvariety of R, is a discriminator variety and if V =
V{GFQ2%): i =1,...,n})), V is determined by the identity

n

Yty ) = [ [ (22" +2) =0.

i=1

Moreover, the lattice of subvarieties of R is isomorphic to the lattice (N U {0}, | ), where a | b
is the order relation a is a divisor of b.

This equivalence between R and BAS can be extended without difficulty to varieties of pth
root rings R, p prime, and p-valued Post algebras with a distinguished automorphism P A ,§
(see [1,3]), that is, we have the following theorem.

Theorem 2.13. The varieties of pth root rings R, and p-valued Post algebras with distinguished
automorphism P A 8 are equivalent.

It is worth to mention that in recent articles [6,7], R. Cignoli et al. introduced functors between
the categories of locally finite MV-algebras, multisets and locally finite Boolean algebras with a
distinguished automorphism. Via the equivalence established in this work, the relationships be-
tween these classes of algebras can be extended to square root rings. Besides, it is immediate that
BA§ is dually equivalent to the class St3 of Stone spaces with a distinguished homeomorphism,
so R is dually equivalent to S¢é. In a forthcoming paper we will develope further applications
of this equivalence.
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