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1 Introduction

Although already distinguished mathematicians like Leibniz, Liouville or Riemann
had already contributed to establish a consistent definition of fractional derivatives,
only in the last three decades fractional analysis has grown in importance. These
days fractional derivatives have been applied to most of the branches of analysis,
such as calculus of variations (see [1,2,9]), differential equations (see [10,28,39])
or numerical analysis (see [5,29,31]) and as an inmediate consequence it has been
tried to generalize mathematical tools and theorems of classical analysis to fractional
analysis, being different maximum principles (see [19,34]), Fourier analysis (see [21])
or Hopf’s lemma (see [36]) particular examples of this fact.

Furthermore, abundant applications in all scientific areas have emerged from the
study of fractional derivatives up to now. An example of this is the study of the
behaviour of viscoelastic media, which present an intermediate behaviour between
the one of viscous fluids and of elastic solids. Since these two cases are interpreted by
the diffusion equation and the wave equation respectively, it seems natural to interpret
the intermediate behaviour by an interpolation equation with fractional derivatives,
which is called the time-fractional diffusion-wave equation,

a 52
ﬁu(x,t)z)\ﬁu(x,t), a€(0,2),

where the definition of fractional derivative established by Caputo (see [4]) is consid-
ered, since it turned out to be the best mathematical framework of fractional analysis
to physical phenomena. This is the main equation this paper is dealing with and partly
this paper aims at exhibiting the inner nature of this equation and its solutions.

From the beginning of fractional calculus until now a huge amount of papers dealt
with this equation (e.g.[6,8,13,15-18,20,22,24-27,30,32,33,35,37,38]), where the
fractional derivative definition, the order of differentiation, the variable to which the
derivative is applied (time or space), the domain and the problems in which the equation
is considered vary from paper to paper. Among the different applications that have been
presented, we want to emphasize the connection to the behaviour of linear viscoelastic
media mentioned above, which has primarily been studied by Mainardi (see [23]).

In this paper we study a Cauchy Problem for the one-dimensional time-fractional
diffusion-wave equation in the upper half-plane. Both groups of functions, the Mittag—
Leffler functions and the Mainardi functions, play a fundamental role in fractional
calculus and particularly in the study of the time-fractional diffusion-wave equation.
Given their key role, a handful of basic properties of these functions, that will be useful
hereinafter, will be presented in Sect. 2. In Sect. 3 an alternative way to obtain the
solution already presented in previous papers (see [12,25]) is given, providing for the
first time a complete mathematical background and theoretical foundations of these
results. Section 4 shows different bounds to the space- L norm of the obtained solution.
In Sect. 5 the continuity of the solution with respect to the order of differentiation « is
proven and in this way the consistency of the differential equation alltogether with its
solution with respect to the classical integer order differential equations is exhibited.
Several particular cases are finally considered in Sect. 6. Throughout this paper the
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Fourier-transform will play a key-role, since almost all results will be obtained by
using this integral transform together with its classical properties.

During this work a new expression of the solution to the Cauchy problem, which
opens a gate to a new approach to this equation, is obtained. Its evident applicability
to strict, meticulous proofs will be made clear in the following sections.

2 Preliminar Definitions and Basic Properties of the Key Functions of
Fractional Analysis

There are different definitions of fractional derivatives, like the Riemann—Liouville
fractional derivative or the Griinwald—Letnikov fractional derivative, among others
(see [7]). In this paper we work with the Caputo fractional derivative since it has
numerous applications in a great branch of scientific areas. It has proven itself as an
usefull tool while modelling physical phenomena, since Cauchy problems with this
fractional derivative require initial data of the solution and its integer order derivatives,
whereas other fractional derivatives demand initial data of fractional derivatives of the
solution, which lack of physical interpretation.

Definition 1 Let « € RT. The Riemann-Liouville fractional integral operator of
order «, which will be denoted I, is defined on L! ([a, b]) by

'
1
I7f(@) = N /(f —0)* ! f(r)dr.

Definition 2 Let o € R and n = [«]. The Caputo fractional derivation operator of
order o, which will be denoted € D?, is defined on W™ ([a, b]) by

a’

t
C03f0)=15_7fmkﬂ==fﬁ;%zﬁl/(t—ry%ﬂ“f“)@Jdt

In this paper we will work with @ = 0. To simplify notation, the expressions
CDE (1) = f@O(t) = Lz £ (1) will be used.

The Fourier transform plays a mayor role in this work. The most important results—
specially the rigorous proofs of previously only heuristically obtained statements—
were obtained by applying this usefull tool.

Definition 3 Let f € L2 (R). The Fourier transform of f, which will be denoted
F{f}, is defined by

e¢]

fuu9=/?©7@My

—00
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We also write
f
f<— F{f}.

The Inverse Fourier transform 7, which verifies FF f = FFf Yf e L*(R), is
given by

e ¢]

FU@=5- / e f () dy.

—00

What follows is a brief synopsis of basic properties of two essential groups of
functions related to fractional analysis, namely the Mittag—Leffler functions and the
Mainardi functions. Some new useful properties—which helped us in the course of
this work— will be presented.

Definition 4 Let o, 8 > 0. The two—parameter Mittag—Leffler function, which will
be denoted &, g, is defined for z € C by

Eap (2) = _
a.p () ];r(akﬂs*)
If B = 1, we write &1 = &, and call it the one—parameter Mittag—Leffler function.
It has been proven that V «, 8 > 0 the Mittag—Leffler function &, g is entire (see
[11]), nevertheless we will only work with the real domain. This function is known as

a generalization of the exponential function due to several properties it verifies, such
as £1(z) = € and the fact that &, (cz*) verifies the differential equation

dﬂt
P /@ =cf@). ey
<

Definition S Let « > —1 and 8 € R. The Wright function, which will be denoted
W(z; a, B), is defined by

WEap)=Y ——

kT (ak +8)

Once again it has been proven that the Wright function is an entire function Voo > —1
(see [12]), B € R and its derivative is given by

iV\/(z;oz,ﬂ) =W a,B+a).
dz
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Definition 6 Let v € (0, 1). The Mainardi function, which will be denoted M,,, is
defined for z € C by

M, (@) = i (—2)*
y '"homr@wk+1—m'

For all v € (0, 1) the Mainardi function M, is entire, which is a consequence of
the fact that the Mainardi function is a special case of the Wright function, namely
M, (z) =W (—z; —v, 1 — v). As in the case of the Mittag—Leffler function, only the
real domain will be considered. Having

1 2
Mi(z) = —=e 7,
1@ N
(see [27]), this function can be considered to be a generalization of the Gaussian
function. The role of the Mainardi function as a fractional heat—kernel—which has
been analyzed throughout this paper—also supports this idea.
For the Mainardi function, the following rule for absolute moments in R™ has been

proven:
o

/I"Mv ) dt =

0

n!
= 2
'(vn+1)

In fact, a more general property is obtained in [25], replacing the Mainardi function
by the Wright function:

Oon ] . n!
/tW(—t,a,ﬁ)dt_r(_an+ﬁ_a). 3)
0

Using (3) it can be shown that

sup [x" M (|x])| < oo
xeR

Vm,n € Npand V v € (0, 1). In fact, from the series expansion of the Mainardi
function and its derivatives it can easily be derived that

1 .
lim megn) (|x]) = | TT=m») ifm=0
x—0~

JES | P
0 ifm £0 li“3+me(v”) (x]) = {F(l—nv) if m
x—>

0 ifm#£0"
and together with the fact that

Jim "M (lx]) = 0.
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which is obtained from (3), and the continuity of xm./\/l\(,") (Jx]) in R — {0} the result
is obtained. This shows that the Mainardi function M, (Jx|) has a behaviour similar
to a Schwartz—function, i.e. a function all of whose derivatives are continuous and
rapidly decreasing. Note that this makes sense if we think of the Mainardi function as
a generalization of the Gaussian function, the most common example of a nontrivial
function in the Schwartz space. Nevertheless M, (|x]) ¢ S (R) for v # %, since in
x = 0 its derivative is not continuous. We also have,

Proposition1 M, (|x|) e LP (R),V1 < p <oo, Vv € (0, 1).

Proof 1t is an immediate consequence of
sup mef,”) (Jx])| < oo Vm,n e Ny.
xeR

O

The Mainardi function and the Mittag—Leffler function are strongly related by the
Fourier transform (see [25]).

Proposition 2 The following relation between the Mainardi function and the Mittag—
Leffler function through the Fourier-transform holds.

My () <= 285, (—82).

Since M, (|x]) € L>(R) ¥V v € (0,1), we now have &, (—52) e L?(R)
Y v € (0, 1). Another consequence is that the family of functions {£;,(—& 2)}1,6(0’1)
is uniformly bounded, since

I
sup £, (—£%) < / E/\/lv(|x|)azx:1.
£eR KN

In [27], Mainardi already observed that for v — 1 the limit of the sequence of functions
{M,} in the real positive domain is the Dirac—delta distribution centered in 1, §;.
Nevertheless no proof of this fact has been provided yet. What follows is a proof of an
equivalent proposition in the space of tempered distributions, for which we will need
the following lemma.

Lemma 1 The following pointwise convergence holds.
lim &,(—§%) = cos(§),
v—1

where the convergence is uniform over compact sets.

Proof Take 0 < ¢ < 1 and v so that 2v > ¢. And so for sufficiently big k € N it is
valid that We obtain

1 < 1
'2Qvk+1) I'(ek+1) "
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(—Dfg* £
=a
TQuk+1)| ~ Tek+1) ¥
o0
To see that the series Y ay is convergent it is sufficient to show that afl—:‘ converges
k=0
to 0 when k — oo.
G| ep _DEEAD o ekt &) Tek+e) 5P
7 T(ek+e+1) — (ek+ e (ck+¢e)  (ck+e)

Here we used the property I'(x 4+ s) < x*I'(x), valid for x > 0 and 0 < s < 1. This
finally completes the proof since we now have

o0

: N S 0 AR = N G V1 S
lim &a1( E)_];)gl—)ml T vk + 1) _g Qo1 o)

For simplicity we will write M,, := M, (| - |) and obtain the following result.

Proposition 3 Consider M, € S'(R) to be a tempered distribution. Then
My, —=8§+6_1 a v—=1 inSR).

Proof Take ¥ € S(R). Then using proposition 2

e¢]

(Mo, ¥) = (FIFIM)), ¥) = (FIM,), Fiy)) = / 260, (—E) FlY}(E)dé.

—00

But now, |25, (—&2)F{yY}(&)| < 2| F{y}(€)| € L'(R) and so we have

oo oo o0

tim (M, 0) = [ 2eos@F©s = [ SEFi©de+ [ R

—00 —00 —00

= ("5, F{y)) + (75, Flyr)) = (81, ) + (5-1, ¥) = (81 + 81, ¥).
Here lemma 1 was used. [}

Different other properties of the Mainardi functions help us to make a graphic
representation of this family of functions. We have M, > 0V v € (0, 1), we know
o0
from (2) that lim M, (x) = 0 and that f M, (@t)dt = 1VYv e (0,1), and it has
X—> 00
0
been shown that for v € (O, %) M, is a decreasing function (see [10]), whereas for
€ (% 1) M, has exactly one local maximum (see [27]).

Birkhauser
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3 The Cauchy Problem for the Time-Fractional Diffusion-Wave
Equation

For « € (0,2) we consider the Cauchy problem for the one-dimensional time-
fractional diffusion-wave equation

%u (x,1) =A%u (x,1) if xeR; ¢ GR(')"
u(x,0) = ¢ (x) if xeR 4)
u bounded

and we want to show via separation of variables that the following function is its
solution.

wony = [ VI Mg (Vi - el) o @ ds,

where M% is the Mainardi function of parameter 5. This expression was obtained
by Mainardi in [26] using the Laplace transform in the time-variable and the Fourier
transform in the space-variable. The function K, (x, ¢) defined as

1 _ _
Ka(x,1) 1= 5 V/Are My («/kt“ 1le)

is also refered to as fractional heat—kernel. Let us consider now a solution of the type
u(x,t) = X (x) T (¢). Such a function will be solution to (4) if and only if:

X'(x) T@@
X (x) AT ()

where c is a real constant. We obtain the following two differential equations:
T@ (1) = —cAT (1) 5)

X" (x) = —cX (x) (6)

From (1), the solution to (5) is given by
Eu (—CM“) ,

where &, is the one—parameter Mittag—Leffler function of parameter o, and the general
solution to (6) is given by:

X (x)= AeV™% 4 BemVTEx,

Birkhduser
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In order to obtain a bounded solution, 4/—c has to be a pure imaginary number, which
means that ¢ > 0. Therefore we can set ¢ = & 2 with & € R. For all £ we obtain a
solution to the differential equation given by

w(x, 1 £) = (a (&) &% 4 b (&) e*fé)‘) &, (—g%“) .

Now we propose as a candidate for the solution the following integral

e e]

u(x,t) = / u(x,t;E)dé
- / a(&)ese, (—gzxr“) dt + / b(€) e EE, (—g%\r“) dt
- / 7 (&) ete, (—szma) dg )

where f (§) = a (§) + b (—£) is a function yet to be determined. For this purpose, we
consider the initial condition:

U (x,0) = / F )5 dE = F ) () = o (x).

Due to the properties of the Fourier transform we can state that f (§) = F{p} (&) and
use this together with

%W_IM% (W‘l |x|> Te, (—Aszt“)

(which is obtained from proposition 2 using the scaling property) in (7):

wn = [ Flo @ ee (~eae) ae

— . 1 — -
F o} @)e’f"f{zvm My (Ve |-|)} (€)ds

é\g é\g

— 1 — _
Flg) (S)J-'{EVM“ My (VA —x|)} (&) dt

o B l _ _
=/}'{}'{<p}}(§)§\“~t“ M (Va1 ) s

—00
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) | B -
— / JOEN IM% (vxta ]|x—§|)d"§. (8)

And so, we obtain a candidate for a solution to the Cauchy problem (4) given by
T 1
—1 ~1
u(x, 1) = / VR My (m:a Ix —g|)¢(s)dg.
—00

Note that this expression is identical to the function obtained in [26,27], and so we
provide here an alternative way to obtain the desired solution. Nonetheless this rea-
soning does not guarantee that the obtained function is actually the solution to our
problem. We will now prove this for initial conditions of a special kind.

Theorem 1 Let ¢ € L'(R) N L2(R) so that F{g}(x)x> € L' (R). A solution to the
Cauchy problem (4) with a € (0, 2) is given by

) | - B
w(x,t) = / S My («/m 1|x—§|>(p(.§)d"§. )

Proof Case 1: 0 < «a < 1.
To prove that the function verifies the differential equation 387” (x,1) =

A%u (x,t) we consider the equalities that lead us to (8). Given that M% €

L' (R) N L2 (R) and under the assumption that ¢ € L' (R) N L? (R), these equalities
are valid. We therefore have

uin = [ Flol@ee, (<) de. (10)

The fractional derivative of order « with 0 < o < 1 of u is now given by

t [e¢)
G _[fue-o" 1 [= itxe (g2 o
et = [ T2 2 [ Flor@ e, () de | e
0 -0

In order to interchange the derivative and the integral, we see that

‘%?{w} &) ¢ (~6227%)

= ‘;_f{q;} &) E2rat 4 (—$2Ar°‘) =g(&).

As a consequence of the asymptotic behaviour of the Mittag-Leffler function given
in [14], it can easily be seen that &, , € L* (R). Combining this with F {¢} (&)€% €
L' (R) and using Holder inequality we obtain g € L' (R), and so

Birkhduser
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a“ _
g (0D = /f m = Flo}©®
e (—szw) dsdr.

To compute these two integrals we use Fubini’s theorem, for which we prove that we
are under the hypothesis of Tonelli’s theorem (see [3], chapter 4). We already proved
that

dé§

_f ‘ﬁ (1 = D F (0} ) ¢ (62 ) ar" ™ o (—E7077)

is finite. To show that the whole double integral is finite, we use once again the fact
that & o € L™ (R). We obtain

/
:/Z ELn

d&dr

f{w}(é)( £ E hat? 1 E,, (-g?w)

F(l

8\8

Flo) © & rar®!|€un (~6222)

(t—
= / / (1 o 1Hga¢¥“Lo<>(R) dédr
A ||ga(¥||Loo(R) o a ’
:m—_/( n) ttdr f Flo) € 62| ds

Ao ”5w ||L°°(1R) 1 (1—a)—1 a—1 i 2
= el [0t e [|F gl @€ e
0 —0o0

where the last term is finite since the first integral is the BEta function! withx = @ > 0,
y = 1 — « > 0 and the second integral is finite since F {¢} (&)£% € L' (R). Due to
Tonelli’s theorem we are now allowed to use Fubini’s theorem and obtain

1
' The Beta function is defined as B (x,y):= f(l - r)"_lry_ldr, convergent for x, y > 0.
0

) Birkhduser
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o o

5 T T
P — i&x _£24
atau(X,t)—/]-'{(p}(é)e [Mea( £t ):|d§

=i [ Flo@dee, (<) de.

In a similar way we prove that it is allowed to pass the second derivative with respect
to the variable x inside the integral and so

32 [ - 9? iEx o
Jutn= [ Flhe [@e‘f }Ea (—622) s

- [ Flor@ e, (-5 ae

which completes the proof that the function u verifies the differential equation. To
show that u satisfies the initial condition, we see that

U (x,0) = /J_E{w} () e5E, (0)de = F (F o)} (1) = ¢ ().

Case2: 1 <o <?2.
In this case the fractional derivative of order o with 1 < o < 2 is given by

t o0
9% _ t—o)'| 32 = itx 2, a
ﬁu (x,t) = m ﬁ / f{go}(é)e gut (—S AT )dé dT.
0 —00

We have already proven in Case 1 that we can pass the first derivative inside the
integral. For the second one we see that

9 —= 2 a—1 2y
‘Ef{so} () 62007 &y (—8%77)

= |Flo) ® 2020 (—6%027)

=g(@).

Also here it can be shown that &, ,—1 € L* (R) and so finally g € L' (R). We have

t

iu(x 1) =f wﬂ?m} (€) 5 E2 AT 2y o1 (—EPATY)dEdT
gre rQ-o) e '

0 —o0
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Once again we use Tonelli’s theorem, and as in Case 1, we already proved that

o
1 e .
/ ’m“—”““f (0} ) 62t 26, o1 (—E707%) | dE < 00
—0o0
and for the double integral we obtain
o0 ( )1
t— @ ‘
/ f T (zt Flo} (&) e a1 28 01 (_Sz,\ra) ded
—00
P o
Ao ||g(¥!a—1 ” ) -
< T (2 _aIS (R) /r(Z—a)—l(l — r)(a_l)_ld'f /’]:{(p}(s)SZ)d%.
0 —0o0

where the first integral is the Beta function withx =« —1 >0,y =2 —«a > O and
the second integral is finite since F {¢} (§)& 2 ¢ L' (R). Once again we are allowed
to use Fubini’s theorem and obtain

o

0 I ; 0*
S0 = / Flot©) e [Wea (—szxr"‘)}ds

_ . 52
— | Flo) @) et e2s, (-g%“) d = hossu (x.1).

To show that u satisfies the initial condition, we see once more that
o0
u (x.0) = /?{w} ©) 8, (0)dE = F [Flgl} (1) = 9 (1)

O

Remark 1 In order to prove this theorem the alternative expression of the solution
(10) turned out to be more useful than the classic one (9) due to different properties it
posseses. The computation of the derivatives is more simple in this expression due to
the fact that it separates the two variables in two different functions whose derivatives
are easily calculated. But a more important fact is that in the original expression
the series expansion of the Mainardi function cannot be used in order to calculate the
fractional time-derivative since here the variable t appears only in negative powers and
the fractional derivative is not defined for negative powers. This is the main reason
why it was not possible to prove this result using the classical expresion. In (10) the
variable r only appears in positive powers.

Birkhauser
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Remark 2 For a € (0, 1) uniquness of the solution has been shown (see [19]) using
a maximum principle. In [19] the initial condition is required to be continuous, but
solutions to the problems are also required to be continuous with respect to both, time
and space variables, C? within the space domain and W' within the time domain. On
the contrary, Theorem 1 requires no continuity.

To guarantee uniqueness of the solution for « € (1, 2), an initial condition for the
first derivative in time has to be added to the Cauchy problem. The solution (9) verifies
for € (1, 2) the initial condition u; (x, 0) = 0.

Remark 3 Note that the requirements of Theorem 1 are satisfied if we force the initial
condition to verify ¢ € S(R).

4 Bounds to the Space-L? Norm of the Solution to the Cauchy Problem
for the Time-Fractional Diffusion-Wave Equation in Dependence of
Time

In this section we will use another representation of the solution to the Cauchy problem

Fu=rlpun if xeR reRy
(PCp) Ju (x,0) = ¢ (x) if xeR
u bounded

considering the Fourier transform. An expression of the Fourier transform of the solu-
tion u of the original problem (PC,,) is givenby F {u} (£, 1) = & (—AE%1%) F {p} (€),
which will be very useful in order to obtain bounds for the space-L?” norms. From
now on we will consider initial data satisfying the hypothesis of Theorem 1.

Theorem 2 For a € (0, 2) the solution of (PC,) with fixed time-variable t verifies

/u(x,t)dx:/g)(x)dx.

Proof We immediately have

f / Kolx — £ No(&)dEdx = / / Kolx — £ Ndxo(E)dt = / o(E)dE.

In a similar way it can be shown that

llu (x, f)”Ll(]R) <l¢ (X)HLI(]R)

where the equality holds for functions ¢ so that ¢ > 0 or ¢ < 0.

Birkhduser
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Theorem 3 For « € (0, 2), the space-L™ norm of the solution of (PC,,) satisfies the
bound

@)

lu (x, DllLewy < -
14

Proof By properties of the Fourier transform we have

i Doy < IF () (6Dl 1y = | (—36%7) F g} )]

L'®)’
where
1
o0 o 5 2 !
[ [eerzmrip@)as < | [ |ecaeemf ) 17w,

& (—sz)\zds 17 (0N =

ke

BIR

t

o0

! /
| Ve

—00

where the substitution +/At%¢ = s has been made and the Holder inequality has been
used with & (—s2), F (¢} (¢) € L> (R). 0

Note that for small values of ¢ the bound

o0

e (s D)oy < / Ko (v — .0 lp ©)1dE < o (D)l )

—00
is more precise than the one given in Theorem 3.

Theorem 4 Let 1 < p < 0o, @ € (0,2). Then the decay of the LP—norm of the
solution of (PC,) is given by

C
llu (¢, OllLrw) < —7—5-
(1-3)

af1_L
RN

Proof By the interpolation inequality we have

1 -1
i e )y < e 012 gl G Dy

The result follows from the previous Theorem, as the L!'-norm of u remains bounded
by the L'-norm of the initial condition ¢. O

Birkhauser
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5 Continuity of the Solution of the Cauchy Problem for the
Time-Fractional Diffusion-Wave Equation with Respect to the
Parameter o

It has already been proven in [10] that

x2
lim Mg (1) = My () = \/;

What follows is a more general proof for the limit @ — «g € (0, 2).

Lemma 2 Letx € R, ag € (0,2). Then

lim /\/l (x) = %0 (x),

a—0o

where the convergence is uniform over compact sets.

Proof By definition of the Mainardi function, we have

s (=)

Mg (x) = > -
2 ];k!f‘(—jk—}-l—i)

We take « € (ap — €, arg + &) C (0, 2) and k sufficiently big so that “-2k 4 =< is
greater than 3. Taking now | into account that in (3, 0o0) T is an increasing function,
usinglC (x) ' (1 —x) = m(m) and considering thebound I" (x + 5) < x*T" (x) (valid
forx >0and0 <s < 1) withx = Fkand 0 <s =5 < 1, we have

(—x)*
KT (—9k+1-9)

b bk a S ey Ik fagte N\ fapte
—EF<§k+2>—k'n (2k) F(2k>§m< 2 k) F( 2 k)':"k'

3 (—x)*sin (7 (—%k+1— %)) T (%k+ %)
a k\z

o0

To see that the series Y ay, is convergent it is sufficient to prove that “"“ — 0 when
k=0

k — oo:

apte +e +e ag+e ag+e
af+1| |x| <k+1>02 I‘(Dtoz k+ 0‘02 ) B x| (k+1)02 <a0+8k> 02

ap | k+1\ & F(Otoz-FEk> “k+1 k 2
ap+e
|x] (ao + a) 2
= — 0’
120t 2

(k+1)y"72

since ag + & < 2. O
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Remark 4 In particular, taking op = 1 we obtain

e
lim1 ./\/l% x) = ./\/l% x) =

VT
Theorem S Let u (x, t; a) be the solution to the problem (PC,) for o € (0, 2). Take
oo € (0,2). Then we have

lim
o—>

u(x,t;0) =u(x,t;ap).
0

oo

Proof Consider the solution of (PC,) for @ € (g — &, 9 + ¢) = U,,

ux,t;a) = / Ky (x —&,1) ¢ (§)dE,

—00

Set M = max || Ky (§, )|l Loo(gr) to Obtain
aeU,

(Ko (x =€, 1) ¢ ©)] < 1Ko €, Dl o) lo ) < Mlp ©) € L' (R).

o0

Taking the limit of this function when ¢ — g we obtain

o0
a—a

lim Ko (x =&, 1)@ (§)dE =

—00

—00

/ Kay (x — £, 1) (€)dE

which is what we wanted to prove.

Remark 5 Once again, taking o = 1 we obtain

o
. I _ee?
11rn]u(x,t;a) =u(x,t;1) =
oa—

M (§)dE,

e
24/ At

—00
which is the classical solution to the Cauchy problem for the diffusion equation

%u(x,t):k%zzu(x,t) if xeR;, reR)
u(x,0) =¢(x) if xeR
u bounded.

For the particular case @ — 2, once again the Mainardi function will be considered
to be a tempered distribution. For simplicity, we write Ky ; := Kq(x, t). Then the
following result is valid.
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Theorem 6 Consider Ky ; € S’'(R) to be a tempered distribution. Then
Kot —@r: as o—2 inS'R),
where @, ; is defined as

ox + VAr) + ox — VAt)
7 .

@i (x) ==
Proof Take ¢ € S(R). Then

(Koo % @, ) = (FIF (Ko % 9}}, V) = (F{Ka 1} Flo), Fivr))

=/Ea(—(ﬁtf)z)f{co}(é)?{w}(é)dé-

Using once more Lemma 1 and the boundary

1Ea (—(VMEVDY Flo}E)Fly}(©)] < |Flo} &) F(y)E)| € L'(R),

we obtain

o]

lim (Ko, %9, ) = / cos(VatE) Flg} () F (¥} (§)ds

—00

[ VHE Flo), Flu)) + (V4 Flo), Flup]

N =

1 — —
5 (AT 700 Flun + R 001 Flo).

where (Ty,¢)(x) = ¢(x + xp). And so we finally obtain

T T F
O}Lfrlzma,r*fw/ﬁ _ (F{( ﬁtw)}Jrf{z( ) Fyh

AT0) + (T 0, )
_ . ,

where

(T s,9) +(T_ ) A — VA
N4 a Jit® (x):gok,t(x)z(p(x—i_\/_t);w(x ft)’
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the solution to the classical problem for the wave equation,

%u(x,t):k%u(x,t) if xeR; teRS‘
u(x,0)=¢(x) if xeR
u' (x,00=0 if xeR.

6 The Solution to the Cauchy Problem for the Time-Fractional
Diffusion-Wave Equation with Explicit Initial Data

In this section we will compute the solution to the time-fractional diffusion-wave
equation with explicit initial conditions, which not necessarily satisfy the hypothesis
of Theorem 1. We will now obtain an alternative expression of the solution of (PC,),
which will turn out to be more practical for this purpose. Fixing (x, 1) € R x Rt we
get

W (1) = / Vi My (Vi - g o @) de
; 1 -1 -1
= / E“/Ma M («/M* (x—%‘))w(é)dé
oo1 —1 -1
+ [ Vi ag (Vi 6 - n) g @ e

0 00
=—%/M%(r)<p(x—r At“)dr+%/M%(r)¢<x+rm)dr
00 0

:%7/\4;0) Lo (x = /) o (x + r/aa) [ ar (1
0

where the substitutions \/)»t“_l (x—&) = r and «/At“_l (¢ —x) = r have been
made respectively.
We now can easily study the following problem

%u(x,t):k%u(x,t) if x eR; teRa'
u (x,0) = cos (cx) if x e R.

Birkhauser



J Fourier Anal Appl

It may be a simple task to prove that u (x,7) = cos (cx) &y (—czkt“) verifies the
required conditions, since

¢ 9 32
—u(x,t) = cos(cx)—E (=A%) = —c?h cos(cx)Ey(—c?A1%) = A—u(x, 1).
or dx2

Nevertheless the idea is to show how to obtain this solution using the expression of
the general solution and replacing ¢ (x) = cos (cx). We use the series expansion of
cos (x)in (11)

u(x,t) = %/M% (r) [cos (c (x — rW)) + cos (c (x —I—rm))] dr

0
//\/l (r )Z( (12):)'2,{ |:(x —r M“)zk + (x—i—r«/m)zq dr
k=0

k 2k 2k ;
/./\/l (r )Z( (12)k)' Z <2ik>x2k_i (r«/m) dr
=0,

e Zk/ |: ( ) i 2i:|
= ./\/l r) " rv/Ar dr
()
N (—Dk e “L 2k 2(k—i) A\ i 2
,;0 0! ;(2i)x (\/M ) O/Mg (ryrdr

:i(—l)k&k 2": @0
Sk | & @k — )T @i+ 1)

= i |:i (_])k 2k ()Ll‘o‘)i xz(ki):|
i o @ =D T (ai + 1)

If we regroup the coefficients of the same power, we obtain

9]

) X (=) 2 ()i 2%
u(x’f)—k; ,2_1; Q0! T@(G-h+D|"

_ i i (_1)k+i C2k+2i ()\’t(x)i x2k
N i (2k)! I (ai+1)

:i i (_czma)i (_chzkak
T @i+ @0
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= ié‘a (—czkt“> % (cx)?* = cos (cx) &, (—C2M"‘> .
k=0 ’

In a similar way we can obtain the following results

Proposition 4 The solution to the Cauchy problem

9x2

%u(x,t):)\a—zu(x,t) if xeR; IE]R(")F (12)
u (x,0) = sin (cx) if xeR

with ¢ € R constant, is given by
u(x,t) =sin(cx) & (—czkt"‘) .
Proposition 5 The solution to the Cauchy problem

o a2 .
{E?Wu(x,t)zk;?u(x,t) if xeR; ZE]R(J)r (13)

u(x,0) =e* if xeR
with ¢ € R constant, is given by
u(x,t) =e"E, (czkt“) .
Proposition 6 The solution to the Cauchy problem
%u(x,t):)\%u(x,t) if xeR; teRa'
n

u(x,0) =Y ax* if xeR
k=0

(14)

with n € N is given by:

n k o xk (m)’
(x,1) = . . :
e ];O“";:(k—z)! r(%i+1)

i even

7 Conclusions

We have studied several properties of the Mittag—Leffler functions and the Mainardi
functions and used them to obtain the solution to a Cauchy problem for the time-
fractional diffusion-wave equation, which happens to be identical to the one previously
obtained by other authors. A first complete proof of this result is provided for initial
conditions of a certain kind. Finally, bounds of the space-L? norm of this solution as
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well as the continuity of the solution with respect to the parameter « and the explicit
solution for particular initial conditions have been presented. Within this work, a new
expression of the solution to the discussed Cauchy Problem was obtained, which may
not be as aesthetical as the well known convolution integral expression, but which has
proven itself as a far more practical expression. The problems, which arise when trying
to use the original convolution integral in a rigorous mathematical proof, are solved
using this new expression. Considering a non homogeneous time-fractional diffusion-
wave equation and facing similar problems with a similar mathematical rigorousity
applied in this paper may be a task for future work.
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