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1.  Introduction

In the continuous limit of low energy electrons in graphene, 
the stationary states are described by a massless Dirac–Weyl 
equation  in two space dimensions [1, 2]. The study of the 
influence of magnetic fields on such quasi-particles has a great 
interest both from fundamental and applied points of views. 
Let us just mention, for example, the Landau levels and Hall 
effect or the design of different confining structures [3–6]. The 
electric fields have a secondary role to produce confinement 
due to the strong Klein tunnelling characteristic of zero mass 
particles [7–10]. This difficulty has given rise to consider pure 
magnetic traps [11, 12]. Many kinds of magnetic confinement 
have been treated, for instance with inhomogeneous field pro-
files [13–20], magnetic antidots [3] or anti-rings [21, 22]. It 
was shown in [4] that a circular step magnetic field profile 
leads to a finite number of zero energy modes, but no stable 
excited energy level is allowed. Nevertheless, recently it was 
reported that magnetic traps in the form of dots and rings 
were able to confine excited bound states [5, 6]. These traps 

have magnetic fields which are of a slowly decaying nature. 
Different experimental methods in graphene have been devel-
oped to measure the effects of magnetic fields (see [23–25] 
and references therein). Finally, let us mention that other new 
confining mechanism has been considered by using velocity 
barriers, where the Fermi velocity differs in different regions 
[26]. A list of some solvable cases of this type of confining has 
been given in [27].

The motion of the massless Dirac electrons on the graphene 
surface is sensitive to perpendicular magnetic fields. In this 
letter, we want to discuss the confining properties of perpend
icular fields with axial symmetry under general conditions. 
We will pay attention to the zero energy level and its degen-
eracy as well as to the existence of other bound states. Firstly, 
we want to apply the Atiyah–Singer index theorem following 
the arguments of Aharonov and Casher to the case of finite 
flux magnetic fields with finite support [28–30] about zero 
modes, but as we will see later, in this context other excited 
states are excluded. Afterwards, we will consider general axi-
ally symmetric magnetic fields whose asymptotic behaviour 
is B(r) ∼ rα, with α an arbitrary real number, where not 
only zero modes, but also excited energy levels can exist. We 
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show that a full confinement of infinite zero-energy modes 
and infinite excited bound states in magnetic quantum dots 
are indeed possible as long as α � −1. We also find that if 
−2 � α < −1, it is possible to trap only massless Dirac fer-
mions at zero energy with infinite degeneracy. Finally, we 
explore the case α < −2 showing that only a finite number of 
zero-modes are allowed.

This type of magnetic interacting systems in graphene [16] 
as well as in fullerenes and nanotubes [31–33] has the formal 
structure of supersymmetric quantum mechanics (susy-qm) 
[34–37]. The symmetry of the field and the supersymmetric 
algebraic structure allow us to get simple and clear expressions 
for different properties of these magnetic systems. In particular, 
by using this framework, we will interpret the zero mode degen-
eracy in terms of the quantum numbers j and isospin. We will as 
well examine, for each value of j, what type of magnetic fields 
will allow for the existence of other excited states.

The paper is structured as follows. In section 2 the nota-
tion for an axially symmetric magnetic field, its potentials and 
gauge freedom is introduced. In section 3 the formulation of 
2D Dirac–Weyl equation for two-component spinors in polar 
coordinates is applied to describe the interaction with these 
fields. The formal structure of this equation  in terms of the 
susy-qm language is shown together with the effective equa-
tions  for each spinor component. The simplest application 
to the zero modes of magnetic fields with compact support 
is given in section 4. The following section contains another 
application to a more general class of magnetic quantum dots, 
which includes many of the most usual cases. The final sec-
tion is devoted to comment the main results found here.

2.  Axially symmetric magnetic fields in two 
dimensions

In the x-y plane, we consider a perpendicular magnetic field 
B(r)ẑ with axial symmetry, generated by the magnetic vector 
potential A = f (r) (−y/r, x/r), which can be rewritten in 
polar coordinates as

A = f (r) θ̂, f (r) ≡ Aθ(r)
r

,� (2.1)

where θ̂ is the unit vector in the azimuthal direction. It is evi-
dent that this vector potential is in the Coulomb gauge, i.e. 
∇ · A = 1

r ∂θf (r) = 0, thus it is possible to introduce a scalar 
field φ(r) such that

f (r) = ∂rφ(r).� (2.2)

Here, we use the notation ∂r =
∂
∂ r , etc. In terms of the func-

tion f (r) (or the field φ(r)), the magnetic field B(r) is given by

B(r) = ∂rf (r) +
f (r)

r
= ∆φ(r) ,� (2.3)

where ∆ is the Laplace operator in two dimensions. This 
implies that the potentials f (r) and φ(r) can immediately be 
obtained from B(r) as follows,

f (r) =
1
r

∫
rB(r)dr +

c0

r
, φ(r) =

∫
1
r
(
∫

rB dr) dr + c0 log r + c1,

� (2.4)

where c0 and c1 are arbitrary integration constants. So, f (r) is 
defined up to the function c0/r, while φ(r) includes the term 
c0 log r + c1 corresponding to the homogeneous solutions  
of (2.3).

It is worth to notice that, from (2.4), the expression for 
Aθ(r) takes the form

Aθ(r) =
∫

rB(r)dr + c0,� (2.5)

with the constant c0 associated to the remaining gauge 
freedom. We can fix it by choosing the lower limit of the 
integral at the origin, provided B is not highly singular there. 
Then, Aθ(r) will be given by the flux Φ(r) of the field B(r) in 
the disk of radius r,

Aθ(r) =
1

2π
Φ(r), Φ(r) = 2π

∫ r

0
r′B(r′)dr′ .� (2.6)

In table 1, we show some simple cases of magnetic fields with 
the associated functions f (r) and φ(r).

3.  External symmetric magnetic fields in graphene

Graphene consists of a 2D periodic hexagonal honeycomb 
array of carbon atoms. The tight-binding Hamiltonian of 
graphene in the vicinity of one of the two independent Dirac 
points of the hexagonal Brillouin zone, where the energy goes 
to zero, reduces to the 2D massless Dirac–Weyl Hamiltonian 
[1, 2]

HΨ = (σxpx + σypy)Ψ = EΨ,� (3.1)

where E = E/vF, E is the energy and vF the Fermi velocity; in 
addition, pj = −i�∂j( j = x, y) represents the 2D momentum 
operator and σi(i = x, y) the Pauli matrices [1]. The interac-
tion of the electrons of charge q with an external magnetic 
field is described via the minimal coupling rule through the 
magnetic potential A (we will take c = � = 1),

HΨ = (σx( px − qAx) + σy( py − qAy))Ψ = EΨ.� (3.2)

In our case, due to the axial symmetry, we write this 
Hamiltonian in polar coordinates (x, y) = (r cos θ, r sin θ), so 
that the expression of H in (3.2) becomes

H =

(
0 ie−iθ (−∂r +

i∂θ

r + qf (r)
)

−ieiθ (∂r +
i∂θ

r + qf (r)
)

0

)

� (3.3)
where we have taken into account the notation (2.1) for the 
magnetic vector potential. We will also use the following 

Table 1.  Examples of magnetic fields B(r) together with its 
potentials f (r) = Aθ(r)/r and φ(r). The functions f (r) and φ(r) are 
non unique, as mentioned in the text.

B(r) f (r) φ(r)

0 c0
r c0 log r + c1

b0 b0
2 r b0

4 r2

b0
r

b0 b0r

b0r b0
3 r2 b0

9 r3
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notation for the first order differential operators appearing in 
the matrix Hamiltonian (3.3),

A± = e∓iθ
(
∓∂r +

i∂θ
r

+ qf (r)
)

= e∓iθ
(
∓∂r +

i∂θ + qAθ(r)
r

)
.

� (3.4)
In this expression it is explicit the minimal coupling and 
the remaining gauge invariance is implemented by the 
transformations:

Aθ(r) → Aθ(r) + c0, Ψ → ei q c0θΨ.� (3.5)

However, this can only be realized as far as q c0 = k, with 
k ∈ Z, because Ψ must be single valued. Therefore, the clases 
of inequivalent potentials can be parametrized, for instance, 
by q c0 ∈ [0, 1) (or by any other interval of a unit length). 
Taking in mind these considerations, H can be rewritten as

H =

(
0 iA+

−iA− 0

)
.� (3.6)

Since our system is symmetric under rotation around the z-
axis, the ‘total angular momentum’ Jz is conserved, so that we 
can look for energy eigenfunctions that at the same time are 
eigenfunctions of Jz:

JzΨ = (Lz +
1
2
σz)Ψ = jΨ.� (3.7)

As the orbital angular momentum is Lz = −i∂θ, the wave 
functions Ψ with eigenvalue j = �+ 1/2 will take the form

Ψ(r, θ) =
(
ψ1(r, θ)
ψ2(r, θ)

)
=

(
ξ(r)ei�θ

−iχ(r)ei(�+1)θ

)
� (3.8)

where � is for the integer eigenvalues of Lz, and the subindex 
1, 2 of the spinor components refer to the sublattices A, B, 
respectively, of the graphene honeycomb lattice. Then, the 
equations  to be satisfied by the radial components ξ(r) and 
χ(r) of an eigenfunction Ψ, with j = �+ 1/2, according to 
the above notation, are

A+
�+1χ(r) = E ξ(r), A−

� ξ(r) = E χ(r)� (3.9)

with

A+
�+1 = −∂r −

�+ 1
r

+ qf (r), A−
� = ∂r −

�

r
+ qf (r).

� (3.10)
Therefore, the equations for each component have the form

H1 ξ(r) ≡ A+
�+1A−

� ξ(r) = E2 ξ(r),

H2 χ(r) ≡ A−
� A+

�+1 χ(r) = E2 χ(r).
�

(3.11)

In these expressions, H1 and H2 are second order differential 
operators in r that include first order derivatives. In order to 
get rid of them, we perform the transformation

ξ = r−1/2ξ̃, χ = r−1/2χ̃.� (3.12)

In this way, the equation (3.11) come into

H̃1 ξ̃(r) = Ã+
j Ã−

j ξ̃(r) = E2 ξ̃(r),

H̃2 χ̃(r) = Ã−
j Ã+

j χ̃(r) = E2 χ̃(r),
�

(3.13)

with

Ã±
j = ∓∂r −

j
r
+ qf (r), j = �+ 1/2, � ∈ Z.� (3.14)

The expressions (3.13) and (3.14), including the ‘good’ 
quantum number j, are the basic ingredients of the susy-qm 
structure of the effective partner Hamiltonians H̃1 and H̃2 
corresponding to j total momentum, with intertwining opera-

tors Ã±
j . The Hamiltonians H̃1,2 have effective potentials 

defined by

H̃1,2 = −∂rr + Ṽ1,2(r)� (3.15)

with

Ṽ1,2(r) = W(r)2 ± dW(r)
dr

,� (3.16)

where the superpotential W(r) has the form

W(r) =
j
r
− qf (r) =

j − qAθ(r)
r

.� (3.17)

The gauge transformation (3.5) is realized by the change 
Aθ(r) → Aθ(r) + c0 and j → j + qc0, with qc0 ∈ Z in (3.17), 
so that this expression remains invariant. However, the change 
in the potential Aθ(r) given, for instance, by the constants 
qc0 ∈ (0, 1) correspond to inequivalent gauge classes of 
potentials for the same magnetic field that can not be com-
pensated by a change of j (which takes only discrete half odd 
values).

4.  Zero modes and excited states for a field B(r)  
of compact support

Next, we will characterize the zero modes of the Hamiltonian 
(3.3). According to the relations (3.9) of the components of 
the eigenfunctions, such zero modes are given by one of the 
following expressions

Ψ̃+
0 =

(
ξ̃0

0

)
, Ψ̃−

0 =

(
0
χ̃0

)
� (4.1)

where the respective components ξ̃0 or χ̃0 must satisfy

Ã−
j ξ̃0 = 0, Ã+

j χ̃0 = 0.� (4.2)

The zero modes are characterized by the total momentum 

number j, but also by the isospin SzΨ̃
±
0 = 1

2σzΨ̃
±
0 = ± 1

2 Ψ̃
±
0 . 

The explicit expressions for such components are (up to a nor-
malization constant)

ξ̃0(r) = r je−q
∫ r

0 f (r)dr, χ̃0(r) = r−jeq
∫ r

0 f (r)dr.� (4.3)

A physical zero mode wavefunction must have square inte-
grable components, so it is given by a non vanishing ξ̃0(r) 
or by χ̃0(r), but not by both. This character is determined by 
the behaviour of f (r). We can check that the function W(r) in 
(3.17) can also be computed from a zero energy eigenfunction 
ξ̃0(r) (or χ̃0(r)) of H̃1 (H̃2):

J. Phys.: Condens. Matter 30 (2018) 365502
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W(r) =
∂r ξ̃0(r)

ξ̃0(r)
= −∂rχ̃0(r)

χ̃0(r)
.� (4.4)

In fact, a result of susy-qm says that the potential Ṽ1(r) can 
be obtained through W(r) defined as in (4.4) by means of any 
zero-energy wavefunction ξ̃0(r) of H̃1, even if it is not square 
integrable.

Now, assume that the magnetic field has a compact sup-
port, determined by the disk of radius r0  >  0,

B(r) =
{

b(r), r < r0

0, r � r0
� (4.5)

where b(r) is a smooth function. Let us consider first the case 
where the total flux Φ0 be finite and positive. Then, taking into 
account (2.6), the component Aθ is constant outside the disk:

Aθ(r) =
1

2π
Φ0, r > r0,� (4.6)

hence from (2.1),

f (r) =
1

2πr
Φ0, r > r0.� (4.7)

In this case, the square integrable zero modes are of ξ-type

ξ̃0(r) = r jr−
q

2πΦ0 , r > r0� (4.8)

and, therefore j must be bounded from above: j < q
2π

Φ0 − 1
2 , j = 1/2, . . . On the other hand, in order ξ̃0(r), as 

given by (4.3), be regular at the origin, the values of j must 
also be bounded from below: 1/2 � j. Thus, the number of 
zero modes will be given by the finite values j such that

1
2
� j <

q
2π

Φ0 −
1
2

, j = 1/2, 3/2, . . . jmax� (4.9)

where jmax is the maximum half odd satisfying the inequality 
(4.9). Similar considerations apply when the field B(r) 
is of compact support and with finite negative total flux 
Φ0 < 0. Then, the zero modes will be of χ-type and negative 
j-momentum,

χ̃0(r) = r−jr
q

2πΦ0 , r > r0� (4.10)

where

−1
2
� j >

q
2π

Φ0 +
1
2

, j = −1/2,−3/2 . . . jmin .� (4.11)

This is essentially the result of Aharonov–Casher [28] for 
the specific case of axially symmetric fields. There are three 
points worth to be remarked.

	 (i)	�It is possible that there could be no zero modes at all; this 
happens if the total flux is small enough: | q

2πΦ0| � 1.
	(ii)	�In the formulas for the number of zero modes of a 

magnetic field B(r), we have selected the gauge of the 
potential, given in (2.6), such that Aθ(r) = 1

2π Φ(r), 
where Φ(r) is the flux of the magnetic field. However, 
we can fix now the inequivalent classes of potentials in 
the following way. Take jmax in the case where formula 
(4.9) apply: jmax < q

2πΦ0 − 1
2. Then we can choose the 

unit interval for the constant qc0 of gauge potentials such 
that

q
2π

Φ0 −
1
2
+ qc0 ∈ ( jmax, jmax + 1].� (4.12)

		 This choice implies that all the inequivalent gauge poten-
tials for a magnetic field B(r) of compact support have 
the same number of zero modes. This seems the ‘natural 
choice’ for the parametrization of gauge potentials for 
magnetic fields with finite flux.

	(iii)	�Assume that there exist a finite number of zero modes 
(or even no zero modes), there can exist other excited 
states? We will show next that the answer to this question 
is negative. The argument is as follows. Assume that the 
magnetic field fulfils the first type of conditions with a 
total positive and finite flux 0 < Φ0 < +∞. Then, a zero 
energy wavefunction corresponding to any value j of the 
total momentum, according to (4.8), will have the asymp-
totic form

ξ̃(r) = c r jeff , r > r0, jeff = j − e
2π

Φ0.� (4.13)

		 This wavefunction might not be square integrable. Next, 
if we apply formulas (3.16) and (4.4) to get the effective 
potential Ṽ1, we will find

Ṽ1(r) =
jeff( jeff − 1)

r2 , r > r0 .� (4.14)

		 This means that in the limit r → +∞ the behaviour of 
the potential is Ṽ1(r) → 0. In these conditions there can 
not be an energy E2  >  0 of H̃1 corresponding to bound 
states since by a tunnelling process such an state would 
pass to the unbounded region r � r0 where E2 > Ṽ1(r). 
In this region, the component ξ̃  will be a linear combina-
tion of Bessel functions which can not be normalizable. 
A similar situation happens with the effective potential 
Ṽ2(r), therefore none of them can support excited states in 
the presence of finite flux magnetic fields. An illustration 

of this situation, for the magnetic field B(r) = 3.2 e−r2/2, 
is shown in figure 1.

5.  General magnetic quantum dots

We will consider in this section the more general case of axi-
ally symmetric quantum dots where the magnetic field is a 
regular (or regularized) function b(r) in the interior of a disk 
of radius r0, and outside behaving as rα, α ∈ R:

B(r) =

{
b(r), r < r0

rα, r > r0

.� (5.1)

5.1.  Zero energy level

We want to examine the degeneracy of the zero energy level, 
as well as if there can be excited states, depending on the value 

J. Phys.: Condens. Matter 30 (2018) 365502
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of the exponent α. According to the magnetic flux formula 
(2.6),

Φ(r) = 2π
∫ r0

0
rb(r)dr + 2π

∫ r

r0

rα+1dr = Φ(r0)

+ 2π
rα+2 − rα+2

0

α+ 2
, r > r0,

�

(5.2)

where the first term Φ(r0) is for the magnetic flux inside the 
disk and the second term is the contribution from the exterior. 
Now, the flux can have two asymptotic expressions depending 
on α:

(i) α > −2, Φ(r) ∼ 2π rα+2

α+2 , r � r0,
(ii) α < −2, Φ(r) ∼ Φtot, r � r0.
� (5.3)

In case (i) the flux diverges as r → +∞, while in case (ii) the 
total flux Φtot is finite. Hereafter, we assume that in both cases 
the flux is positive. In this situation, the square integrable zero 
mode wavefunctions for each of these cases are of type ξ (see 
(4.1)) and they have the following asymptotic expression in 
the region r � r0,

(i) α > −2, ξ̃0(r) ∼ r je−q rα+2

(α+2)2 , r � r0,

(ii) α < −2, ξ̃0(r) ∼ r j
( r0

r

) q
2πΦtot , r � r0.

� (5.4)

It is clear that for case (i) there are an infinite number of square 
integrable zero mode states labeled by j, j = 1/2, 3/2 . . . In 
the second case (ii) where the total flux is finite, the number 
of zero modes is finite and it is given by a similar condition 
on j as that of the previous section: 1/2 � j < q

2πΦtot − 1/2.
There is an exceptional case α = −2 where the flux is

Φ(r) = Φ(r0) + 2π log(r/r0), r > r0 .� (5.5)

The corresponding ground state wave functions, according to 
(4.3) is

ξ̃0(r) ∝ r jr−
q

2πΦ(r0)e−
q
2 (log r/r0)

2
, r > r0 .� (5.6)

Therefore, as ξ̃0(r) is square integrable for all j  >  0, then there 
will be an infinite number of ground states.

In the limit where b(r) → 0 in (5.1), we have two cases. 
For α � −2, there are no consequences at all, however for 
α < −2 the flux Φ0 → 0 and there will be no bound states.

5.2.  Excited states

Next, we turn to the problem of the existence of excited states. 
The best way to get this information is by computing the effec-
tive potentials Ṽ1(r) corresponding to the asymptotic form of 
the zero modes given by (5.4) for α > −2 by means of the 
formulas (3.16) and (4.4). We have the following possibilities 

Figure 1.  Plot of the effective potentials Ṽ1(r) for the magnetic quantum dot B(r) = 3.2 e−
r2
2 . There are three zero modes with 

j = 1/2, 3/2 (upper left and right) and j  =  5/2 (lower left figure). Together with the potential (continuous curve) it is shown the 
corresponding probability density |ξ̃0|2 (dashed curve) and the magnetic field (dotted line). In the lower right figure, together with the 
effective potential Ṽ1 (continuous curve) for j  =  3/2, it is shown the free potential Ṽj(r) =

j( j−1)
r2  near the origin (dashed line) and the free 

potential outside the disk of non-vanishing field Ṽjeff(r) =
jeff( jeff−1)

r2  (dotted line). The curve of Ṽ1(r) interpolates between Ṽj(r) and Ṽjeff(r), 
where q

2πΦ0 = 3.2.

J. Phys.: Condens. Matter 30 (2018) 365502
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in case (i) for the dominant term of the asymptotic behaviour 
of the potential:

Figure 2.  Plot of the magnetic field B(r) (5.8) for α = −1 and r0  =  0.1 (at the left). Plot of the effective potentials Ṽ1(r) corresponding to 
this magnetic field for different values of α and r0  =  0.1 (at the right).

Table 2.  Zero modes and excited states for quantum magnetic dots depending on of the asymptotic behaviour B(r) = rα, r  >  r0, of the 
magnetic field.

   B(r) ∼ rα      0-modes  Excited states    Energy levels  

α > −1 ∞ ∞ 0 � E2
n −→

n→+∞
∞

α = −1 ∞ ∞ 0 � E2
n −→

n→+∞
q2

−2 � α < −1 ∞ 0 E0  =  0
α < −2 Finite 0 E0  =  0

Ṽ1(r) ∼
q2

(α+ 2)2 r2(α+1) =⇒





(i.a) α > −1, Ṽ1(r) −→
r→+∞

+∞

(i.b) α = −1, Ṽ1(r) −→
r→+∞

q2 > 0

(i.c) −2 < α < −1, Ṽ1(r) −→
r→+∞

0

.

�

(5.7)

Therefore, if α > −1, subcase (i.a), the potential well is 
infinite and there will be an infinite number of bound excited 
states with discrete spectrum E2

n → ∞. If α = −1, the poten-
tial well is finite at the right hand side, then we have a similar 
situation to the Coulomb problem and the number of excited 
states is also infinite [38, 39], but the spectrum is restricted 
to a bounded interval: 0 � E2

n < q2. In the last subcase (i.c) 
when −2 < α < −1, the right limit of the effective potential 
vanishes, and there can not be excited states.

As an example, we have taken the following magnetic field 
(see figure 2),

B(r) =
{

rα0 , r < r0

rα, r > r0
.� (5.8)

In this case the flux is

Φ(r) =

{
2πrα+1

0 + 2π rα+2−rα+2
0

α+2 , r > r0,
πrα0 r2, r < r0 .

� (5.9)

Then, the superpotential is obtained by (3.17) and the effective 
potential by (3.16). We have represented different effective 

potentials Ṽ1(r) for the values α = 0,−1,−3/2 and r0  =  0.1 
in figure 2.

In case (ii), α < −2, the asymptotic form of the effective 
potential takes the form

Ṽ1(r) ∼
( j − q

2πΦtot)( j − q
2πΦtot − 1)

r2 =
jeff( jeff − 1)

r2 , r � r0.
� (5.10)
We have seen this expression before in (4.14) for the case of 
fields with finite support. Thus, the potential vanishes in limit 
in r → +∞ and consequently the existence of bound excited 
states is forbidden.

For the exceptional case α = −2, the form of the poten-
tial is cumbersome, but from its asymptotic behaviour we 
conclude that there is no excited states as in the subcase (i.c) 
corresponding to the values −2 < α < 1.

A summary of the results of this section  is contained in 
table 2.

6.  Conclusions

We have studied in detail the zero modes and excited energy 
levels of graphene under axially symmetric magnetic fields, 
for low energies near a Dirac K-point in the continuum limit.
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If the support of the magnetic field is compact and the total 
flux is finite there is a finite number of zero modes in agree-
ment with the general result obtained by Aharonov–Casher 
[28] and the Atiyah–Singer theorem [29]. In our specific 
situation, we have shown that these zero modes correspond 
to the values of the total angular momentum j. If the flux is 
positive, then the values of j = �+ 1/2 range from j  =  1/2 
up to jmax = �max + 1/2. Besides, the spinor zero modes 
have isospin 1/2 (and therefore, it has only an upper comp
onent ξ) and angular momentum 0 � � � �max. Thus, only 
type A atoms in the graphene honeycomb periodic structure 
contribute to the stationary states. However, if we consider 
the other non-equivalent Dirac K′-point, the zero modes take 
negative values from j  =  −1/2 up to jmin = �min − 1/2, where 
jmin = −jmax. Here, the isospin is  −1/2 and the spinor has 
only the lower component χ. Therefore, the stationary zero 
mode states near the K′-point come from type B atoms, and 
the symmetry between A and B atoms of the graphene lattice 
is restored. For negative magnetic flux the role of the upper 
and lower components is reversed.

We have shown, in section 4, that for magnetic fields with 
finite support and finite total flux, besides the zero modes 
there are no excited states at all. Any state with positive (or 
negative) energy is unstable. Outside the support region of 
the magnetic field, the effective potential for each comp
onent of the spinor drops as jeff( jeff − 1)/r2 which implies 
that no positive energy can have bounded states. The value 
(4.13) of the ‘effective angular momentum’ jeff = j − q

2πΦ0 
in the asymptotic region r � r0 depends on the total angular 
momentum j felt near the origin minus the contribution 
coming the total magnetic flux (see the lower right graphic 
of figure 1). In fact, even the zero energy modes can become 
unstable by any small energy excitation, in particular the 
modes with higher momentum j are easier to make unstable, 
as it is shown by their wavefunctions in figure 1. The same 
arguments can be used to show that for general magnetic 
fields of compact support and finite flux there are no excited 
bound states, which would complement the Aharonov–
Casher result [28].

Only infinite flux magnetic fields can give rise to an infi-
nite number of zero modes, and in this case the excited states 
may exist. We have shown how this mechanism is realized for 
a wide class of magnetic quantum dots (including rings and 
anti-dots) having asymptotic form B(r) = rα, α ∈ R, in sec-
tion 5. For instance, the simplest case is the Landau system of 
a constant magnetic field B(r)  =  b0, corresponding to α = 0 
(see figure  2), with an infinite number of zero modes with 
j = 1/2, 3/2, 5/2 . . ., (for positive magnetic flux). In this 
case, there are infinite excited energy labels En, not bounded 
from above, and due to an additional symmetry, each one with 
infinite degeneracy (but also including states with negative 
total angular momentum). Another solvable situation with 
infinite flux is the singular magnetic field B(r)  =  b0/r, for 
α = −1. In this case the singularity at the origin can be regu-
larized keeping the asymptotic form at r → +∞ [5]. However 
other infinite flux magnetic fields, such as B(r) = b0 r−3/2, 
r  >  r0, do not allow excited states (figure 2), although they 
allow for an infinite number of zero modes.

Finally, let us mention that if the 2D Dirac Hamiltonian 
(3.2) includes an additional non null mass term

HΨ = (σx( px − eAx) + σy( py − Ay) + mσz)Ψ = EΨ� (6.1)

the considerations concerning the zero modes remain, but for 
positive magnetic flux the ξ component of zero mode spinors 
have energy E  =  +m, while for negative flux, the non zero 
component is χ and the energy E  =  −m (c  =  1). The excited 
energy levels satisfy E2

n > m2, provided α � −1.
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