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We have studied the existence of self-dual effective compact and true compacton configurations in Abelian Higgs models with
generalized dynamics. We have named an effective compact solution the one whose profile behavior is very similar to the one of
a compacton structure but still preserves a tail in its asymptotic decay. In particular, we have investigated the electrically neutral
configurations of the Maxwell-Higgs and Born-Infeld-Higgs models and the electrically charged ones of the Chern-Simons-Higgs
andMaxwell-Chern-Simons-Higgsmodels.The generalization of the kinetic terms is performed bymeans of dielectric functions in
gauge andHiggs sectors.The implementation of the BPS formalismwithout the need to use a specificAnsatz has led us to the explicit
determination for the dielectric function associated with the Higgs sector to be proportional to 𝜆|𝜙|2𝜆−2, 𝜆 > 1. Consequently, the
followed procedure allows us to determine explicitly new families of self-dual potential for every model. We have also observed
that, for sufficiently large values of 𝜆, every model supports effective compact vortices. The true compacton solutions arising for𝜆 = ∞ are analytical. Therefore, these new self-dual structures enhance the space of BPS solutions of the Abelian Higgs models
and they probably will imply interesting applications in physics and mathematics.

1. Introduction

Topological defects produced by field theories including gen-
eralized kinematic terms have been an issue of great interest
in the latest years. Usually these models include higher
derivatives dynamic terms, but sometimes the generalizations
are caused by the introduction of some generalized parameter
or function in the kinetic terms. These modified theories
named as 𝑘-theories arose initially as effective cosmological
models for inflationary evolution [1]. Later the 𝑘-theories
were permeating other issues of field theory and cosmology
such as dark matter [2], strong gravitational waves [3], the
tachyon matter problem [4], and ghost condensates [5]. It
is worth emphasizing the possibility that these theories can
arise naturally within the context of string theory. Several
studies concerning the topological structure of the 𝑘-theories

have shown that they also engender topological solitons [6–
22]; in general, they can present some new characteristics
when compared those of the usual ones [23].

Compactons were defined as solitons with finite wave-
length in the pioneer work [1] and so far they have been
the subject of several studies, since models containing topo-
logical defects have been used to represent particles and
cosmological objects such as cosmic strings [24]. A particular
arrangement of particles can be represented by a group of
compactons and in this case we will not have the problem
of the superposition of particles (or defects) due to the fact
that compactons do not carry a “tail” in its asymptotic decay.
We also point out that compact vortices and skyrmions are
intrinsically connected with recent advances in the minia-
turization of magnetic materials at the nanometric scale for
spintronic applications [25–27]. Compact topological defects
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have gained greater attention as effective low-energy mod-
els for QCD concerning skyrmions, where nonperturbative
results at the classic level have been reached [28]. Compact
solutions were also successfully employed in the description
of boson stars [29] and in baby Skyrme models [30, 31].

At the classical level there is a widely employed mech-
anism to achieve field equations, namely, the Bogomol’nyi-
Prasad-Sommerfield (BPS) formalism [32, 33]. The BPS
method consists of building a set of first-order differential
equations which solve as well the second-order Euler-Lag-
range equations. One interesting aspect of this mechanism
is that all the equations are built up for static field con-
figurations. As a consequence, the first-order equations of
motion coming out from the BPS formalism describe field
configurations minimizing the total system energy.The static
characteristic of the fields in the BPS limit has been applied
to investigate topological defects in several frameworks. For
example, in the context of planar gauge theories, vortices
structures arise from the BPS equations, specially, magnetic
vortices which were found in Maxwell-Higgs electrodynam-
ics [24]. Also we can mention the Chern-Simons-Higgs elec-
trodynamics [34, 35] and the Maxwell-Chern-Simons-Higgs
model [36] both describing electrically charged magnetic
vortices. Other interesting frameworks involving first-order
BPS solutions are the nonlinear sigma models (NL𝜎M) [37]
in the presence of a gauge field. These theories have been
widely applied in the study of field theory and condensed
matter physics [38, 39]. We can mention, in this sense, the
topological defects in a 𝑂(3) nonlinear sigma model with
the Maxwell term, as it is shown in [40–45]. Concerning the
Chern-Simons term, topological and nontopological defects
were analyzed in [46, 47]. Also, the gauged𝑂(3) sigmamodel
with both Maxwell and the Chern-Simons terms was studied
in [48, 49].

The existence of vortex solutions with compact-like
profiles in 𝑘-generalized Abelian Maxwell-Higgs model was
studied in [50, 51] and in 𝑘-generalized Born-Infeld model
[52]; however, only in [51] were the first-order vortices
with compact-like profiles found. Therefore, the aim of this
manuscript is to study the topological vortices engendered
by the self-dual configurations obtained from the general-
ization of the following Abelian Higgs models: Maxwell-
Higgs (MH), Born-Infeld-Higgs (BIH), Chern-Simons-Higgs
(CSH), and Maxwell-Chern-Simons-Higgs (MCSH). Firstly,
we have performed a consistent implementation of the Bogo-
mol’nyi method for every model and obtained the respective
generalized self-dual or BPS equations. The development of
the BPS formalismhas allowed fixing the formof the function𝜔(|𝜙|), composing the generalized term 𝜔(|𝜙|)|𝐷𝜇𝜙|2, which
only can be proportional to 𝜆|𝜙|2𝜆−2 for 𝜆 > 1 (a similar
result was obtained in [53]). Secondly, we use the usual
vortex Ansatz to obtain the self-dual equations describing
axially symmetric configurations. We have observed that
independently of the model an effective compact behavior of
the vortices arises for a sufficiently large value of the para-
meter 𝜆 and only in the limit 𝜆 → ∞ are the true com-
pacton structures achieved. Finally, we give our remarks and
conclusions.

2. The Maxwell-Higgs Case

TheMaxwell-Higgsmodel is a classical field theory where the
gauge field dynamics are controlled by the Maxwell term and
the matter field is represented by the complex scalar Higgs
field.Themodel presents vortex solutions when it is endowed
with a fourth-order self-interacting potential promoting a
spontaneous symmetry breaking. Although the model seems
very simple it presents characteristics very similar to the
phenomenological Ginzburg-Landau model for supercon-
ductivity [54] or superfluidity in He4. The applications of the
Maxwell-Higgs model extend from the condensed matter to
inflationary cosmology [55] or as an effective field theory for
cosmic strings [24].

The generalizedMaxwell-Higgsmodel [11] is described by
the following Lagrangian density:

L = −𝐺 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)4 𝐹𝜇]𝐹𝜇] + 𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) 󵄨󵄨󵄨󵄨󵄨𝐷𝜇𝜙󵄨󵄨󵄨󵄨󵄨2 − 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) . (1)

The nonstandard dynamics are introduced by two nonnega-
tive functions𝐺(|𝜙|) and 𝜔(|𝜙|) depending of the Higgs field.
The Greek index runs from 0 to 2. The vector 𝐴𝜇 is the
electromagnetic field, the Maxwell strength tensor is 𝐹𝜇] =𝜕𝜇𝐴] − 𝜕]𝐴𝜇, and𝐷𝜇𝜙 defines the covariant derivative of the
Higgs field 𝜙;

𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖𝑒𝐴𝜇𝜙. (2)

The function 𝑉(|𝜙|) is a self-interacting scalar potential.
From (1), the gauge field equation reads

𝜕] (GF]𝜇) = 𝑒𝜔𝐽𝜇, (3)

where 𝜔𝐽𝜇 is the conserved current density, that is, 𝜕𝜇(𝜔𝐽𝜇) =0, and 𝐽𝜇 is the usual current density
𝐽𝜇 = 𝑖 [𝜙 (𝐷𝜇𝜙)∗ − 𝜙∗ (𝐷𝜇𝜙)] . (4)

Throughout the remainder of the section, we are inter-
ested in time-independent soliton solutions that ensure the
finiteness of the action engendered by (1). Then, from (3), we
read the static Gauss law

𝜕𝑘 (𝐺𝜕𝑘𝐴0) = 2𝑒2𝜔𝐴0 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 (5)

and the respective Ampère law

𝜖𝑘𝑗𝜕𝑗 (𝐺𝐵) = 𝑒𝜔𝐽𝑘. (6)

It is clear from the Gauss law that 𝑒𝜔𝐽0 stands for the
electric charge density, so that the total electric charge of the
configurations is

𝑄 = 2𝑒2 ∫𝑑2𝑥𝜔𝐴0 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 (7)

which is shown to be null (𝑄 = 0) by integration of the
Gauss law under suitable boundary conditions for the fields
at infinity; that is, 𝐴0 → 0, 𝜙 → 𝑐𝑡𝑒, and 𝐺(|𝜙|) a well
behaved function. Therefore, the field configurations will be
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electrically neutral, like it happens in the usual Maxwell-
Higgs model.

The fact that the configurations are electrically neutral is
compatible with the gauge condition, 𝐴0 = 0, which satisfies
identically the Gauss law (5). With the choice 𝐴0 = 0, the
static and electrically neutral configurations are described by
the Ampère law (6) and the reduced equation for the Higgs
field

𝐷𝑘 (𝜔𝐷𝑘𝜙) − 12𝐵2 𝜕𝐺𝜕𝜙∗ − 𝜕𝜔𝜕𝜙∗ 󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2 − 𝜕𝑉𝜕𝜙∗ = 0. (8)

To implement the BPS formalism, we first establish the
energy for the static field configuration in the gauge 𝐴0 = 0,
so it reads

𝐸 = ∫𝑑2𝑥 [𝐺2 𝐵2 + 𝜔 󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2 + 𝑉] . (9)

To proceed, we need the fundamental identity

󵄨󵄨󵄨󵄨𝐷𝑖𝜙󵄨󵄨󵄨󵄨2 = 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 ± 𝑒𝐵 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 ± 12𝜖𝑖𝑘𝜕𝑖𝐽𝑘, (10)

where 𝐷±𝜙 = 𝐷1𝜙 ± 𝑖𝐷2𝜙. With it, the energy (9) is written
as being

𝐸 = ∫𝑑2𝑥 [𝐺2 𝐵2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 ± 𝑒𝜔𝐵 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2
± 12𝜔𝜖𝑖𝑘𝜕𝑖𝐽𝑘] .

(11)

We observe that the term 𝜔𝜖𝑖𝑘𝜕𝑖𝐽𝑘 precludes the imple-
mentation of the BPS procedure, that is, expressing the
integrand as a sum of squared terms plus a total derivative
plus a term proportional to the magnetic field. This incon-
venience already was observed in [56]; such a problem was
circumvented by analyzing only axially symmetric solutions
in polar coordinates.

The key question about the functional form of 𝜔(|𝜙|)
allowing awell-defined implementation of the BPS formalism
was solved in [53]. In the followingwe reproduce some details
on looking for the function 𝜔(|𝜙|). The starting point is the
following expression:

𝜔𝜖𝑖𝑘𝜕𝑖𝐽𝑘 = 𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘) − 𝜖𝑖𝑘 (𝜕𝑖𝜔) 𝐽𝑘. (12)

By considering 𝜔 to be an explicit function of |𝜙|2, after some
algebraic manipulations, the last term 𝜖𝑖𝑘(𝜕𝑖𝜔)𝐽𝑘 becomes
expressed as

𝜖𝑖𝑘 (𝜕𝑖𝜔) 𝐽𝑘 = 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜕𝜔
𝜕 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜖𝑖𝑘𝜕𝑖𝐽𝑘 + 2𝑒𝐵

󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨4 𝜕𝜔
𝜕 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 , (13)

which, after being substituted in (12), allows obtaining

(𝜔 + 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜕𝜔
𝜕 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2)𝜖𝑖𝑘𝜕𝑖𝐽𝑘

= 𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘) − 2𝑒𝐵 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨4 𝜕𝜔
𝜕 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 .

(14)

At this point, we establish the function𝜔 to satisfy the follow-
ing condition:

𝜔 + 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜕𝜔
𝜕 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 = 𝜆𝜔, 𝜆 > 0, (15)

whose solutions provide the explicit functional form of𝜔(|𝜙|)
to be

𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 𝜆
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆−2
V2𝜆−2

, (16)

guaranteeing that the vacuum expectation value of the Higgs
field is |𝜙| = V.

With the key condition (15), (14) allows expressing the
term 𝜔𝜖𝑖𝑘𝜕𝑖𝐽𝑘 in the following way:

𝜔𝜖𝑖𝑘𝜕𝑖𝐽𝑘 = 1𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘) − 2𝑒V2 (𝜆 − 1)
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

𝐵. (17)

By putting the expression (17) in the energy (11), it
becomes

𝐸 = ∫𝑑2𝑥[𝐺2 𝐵2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 ± 𝑒V2
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

𝐵

± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)] .
(18)

We now manipulate the two first terms in such a form that
the energy can be written as

𝐸 = ∫𝑑2𝑥[𝐺2 (𝐵 ∓ √2𝑉𝐺 )2 + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2

± 𝐵(√2𝐺𝑉 + 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

) ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)] .
(19)

With the objective being that the integrand has a term
proportional to the magnetic field, we impose that the factor
multiplying it must be a constant; that is,

√2𝐺𝑉 + 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

= 𝑒V2. (20)

Consequently, the self-dual potential 𝑉(|𝜙|) becomes

𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 1𝐺𝑈(𝜆) (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) , (21)

where we have defined the potential 𝑈(𝜆)(|𝜙|) given by

𝑈(𝜆) (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 𝑒2V42 (1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

)
2

. (22)

We can note that, for 𝜆 = 1, it becomes the self-dual potential
of the Maxwell-Higgs model.
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Hence, the energy (77) reads as

𝐸 = ∫𝑑2𝑥{±𝑒V2𝐵 + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 + 𝐺2 (𝐵 ∓
√2𝑈(𝜆)𝐺 )2

± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)} .
(23)

Now by imposing appropriate boundary conditions, the
contribution to the total energy of the total derivative is
null and the energy has a lower bound proportional to the
magnitude of the magnetic flux,

𝐸 ≥ ±𝑒V2 ∫𝑑2𝑥𝐵 = 𝑒V2 |Φ| , (24)

where for positive flux we choose the upper signal and for
negative flux we choose the lower signal.

The lower bound is saturated by fields satisfying the first-
order Bogomol’nyi or self-dual equations [32, 33]

𝐷±𝜙 = 0,
𝐵 = ±𝑒V2𝐺 (1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆

V2𝜆
) . (25)

The function 𝐺(|𝜙|) must be a function providing a finite
magnetic field such that 𝐵(|󳨀→𝑥| → ∞) → 0 is sufficiently
rapid to provide a finite total magnetic flux.

In theBPS limit the energy (9) provides the energy density
of the self-dual configurations

𝜀BPS = 2𝑈(𝜆)𝐺 + 𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆−2
V2𝜆−2

󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2 ; (26)

it will be finite and positive-definite for 𝜆 > 0. We here
also require the function 𝐺(|𝜙|) yielding a finite BPS energy
density such that 𝜀BPS(|󳨀→𝑥| → ∞) → 0 is sufficiently rapid to
provide a finite total energy.

2.1. Maxwell-Higgs Effective Compact Vortices for 𝜆 Finite. In
the following, with loss of generality, we have chosen𝐺(|𝜙|) =1 (for this one and for all other models analyzed throughout
the manuscript) with the aim of studying the influence of
the generalized dynamic in Higgs sector in the formation
of effective compact vortices and true compactons. Such a
generalization provided by the function𝜔(|𝜙|) defined in (16)
and its effects in the formation of effective compact vortices
apparently remains unexplored in the literature.

Thus, we seek axially symmetric solutions according to
the usual vortex Ansatz [24]

𝜙 (𝑟, 𝜃) = V𝑔 (𝑟) 𝑒𝑖𝑛𝜃,
𝐴𝜃 (𝑟) = −𝑎 (𝑟) − 𝑛𝑒𝑟 , (27)

with 𝑛 = ±1, ±2, ±3, . . . standing for the winding number of
the vortex solutions.

The profiles𝑔(𝑟) and 𝑎(𝑟) are regular functions describing
solutions possessing finite energy and obeying the boundary
conditions,

𝑔 (0) = 0,
𝑎 (0) = 𝑛,
𝑔 (∞) = 1,
𝑎 (∞) = 0.

(28)

Under Ansatz (27), the magnetic field reads as

𝐵 (𝑟) = − 1𝑒𝑟 𝑑𝑎𝑑𝑟 . (29)

The correspondent quantized magnetic flux is given by

Φ = ∫𝑑2𝑥𝐵 = 2𝜋𝑒 𝑛, (30)

as expected.
The BPS equations (25) are written as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±𝑒2V2 (1 − 𝑔2𝜆) .

(31)

The upper (lower) signal corresponds to the vortex (antivor-
tex) solution with winding number 𝑛 > 0 (𝑛 < 0).

The self-dual energy density (26) is expressed by

𝜀BPS = 𝑒2V4 (1 − 𝑔2𝜆)2 + 2𝜆V2𝑔2𝜆−2 (𝑎𝑔𝑟 )
2 . (32)

It will be finite and positive-definite for 𝜆 ≥ 1.
The total energy of the self-dual solutions is given by the

lower bound (24),

𝐸BPS = ±𝑒V2Φ𝐵 = ±2𝜋V2𝑛; (33)

it is proportional to the winding number of the vortex
solution, as expected.

The behavior of 𝑔(𝑟) and 𝑎(𝑟) near the boundaries can
be easily determined by solving the self-dual equations (31)
around the boundary conditions (28). Then, for 𝑟 → 0, the
profiles behave as

𝑔 (𝑟) ≈ 𝐶𝑛𝑟𝑛 + ⋅ ⋅ ⋅
𝑎 (𝑟) ≈ 𝑛 − 𝑒2V22 𝑟2 + ⋅ ⋅ ⋅ , (34)

where the constant 𝐶𝑛 > 0 is computed numerically.
By considering the profile 0 ≤ 𝑔(𝑟) < 1, in the limit 𝜆 →∞, the potential (22) acquires the following form:

𝑈(∞) (𝑔) = 𝑒2V42 Θ (1 − 𝑔) , (37)

where Θ(1 − 𝑔) is the Heaviside function.
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The BPS equations (31), in the limit 𝜆 → ∞, are written
as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±𝑒2V2Θ(1 − 𝑔) .

(38)

The boundary conditions for compacton solutions are

𝑔 (0) = 0,
𝑎 (0) = 𝑛,
𝑔 (𝑟) = 1,
𝑎 (𝑟) = 0
𝑟𝑐 ≤ 𝑟 < ∞.

(39)

The radial distance 𝑟𝑐 < ∞ is the value where the profile𝑔(𝑟) reaches the vacuum value and the gauge field profile 𝑎(𝑟)
becomes null.

The solutions (for 𝑛 > 0) of the compacton BPS equations
(38) provide analytical profiles for the Higgs and gauge field,

𝑔(∞) (𝑟) = ( 𝑟𝑟𝑐)
𝑛

exp[𝑛2 (1 − 𝑟2𝑟2𝑐 )]Θ (𝑟𝑐 − 𝑟)
+ Θ (𝑟 − 𝑟𝑐) ,

𝑎(∞) (𝑟) = 𝑛(1 − 𝑟2𝑟2𝑐 )Θ (𝑟𝑐 − 𝑟) ,
(40)

where the radial distance 𝑟𝑐 is given by

𝑟𝑐 = √2𝑛|𝑒V| . (41)

The magnetic field and BPS energy density of the Maxwell-
Higgs compacton are

𝐵(∞) (𝑟) = 𝑒V2Θ(𝑟𝑐 − 𝑟) ,
𝜀(∞)BPS (𝑟) = 𝑒2V4Θ(𝑟𝑐 − 𝑟) .

(42)

The numerical solutions (for all model analyzed in the
manuscript) were performed using the routines for boundary
value problems of the software Maple 2015. We have chosen
the upper signals in BPS equations (31).We have fixed 𝑒 = V =1, the winding number 𝑛 = 1, and calculated the numerical
solutions for some finite values of 𝜆.The profiles for theHiggs
and gauge fields are given in Figure 1 and the correspondent
ones for the magnetic field and the self-dual energy density
are depicted in Figure 2.

On the other hand, when 𝑟 → ∞, they behave as

𝑔 (𝑟) ≈ 1 − 𝐶∞√𝑟 𝑒−𝑚𝑟,
𝑎 (𝑟) ≈ 𝑚𝐶∞√𝑟𝑒−𝑚𝑟;

(35)

the constant 𝐶∞ is determined numerically and 𝑚, the self-
dual mass, is given by

𝑚 = 𝑒V√2𝜆, (36)

reminding us that 𝑒V√2 is the mass scale of the usual
Maxwell-Higgs model. The influence of the generalization in
the mass scale explains the changes in the vortex-core size for
large values of 𝜆 observed in Figures 1 and 2.

2.2. Maxwell-Higgs Compactons for 𝜆 = ∞. The numerical
analysis shows that for sufficiently large but finite values of 𝜆,
the profiles are very similar to compacton solution ones; we
have named themMaxwell-Higgs effective compact vortices.
The true Maxwell-Higgs compacton is formed when 𝜆 = ∞
(see black line profiles in Figures 1 and 2).

3. The Born-Infeld-Higgs Case

The Born-Infeld theory [57, 58] is on nonlinear electrody-
namics that was introduced to remove the divergence of the
electron self-energy. It is the only completely exceptional
nonlinear electrodynamics because to the absence of shock
waves and birefringence in its propagation properties [59,
60]. Concerning topological defects in the Born-Infeld-Higgs
model, vortex solutions were found in [61]. One generaliza-
tion of BIH model was firstly done in [52] but no self-dual
solutions were found. On the other hand, the self-dual or
BPS topological vortex solutions were found in a generalized
Born-Infeld-Higgs model introduced in [62].

The Lagrangian density of our (2+1)-dimensional theory
is written as

L = 𝛽2 (1 −R) + 𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) 󵄨󵄨󵄨󵄨󵄨𝐷𝜇𝜙󵄨󵄨󵄨󵄨󵄨2 −𝑊(󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) , (43)

where we go to consider the function𝜔(|𝜙|) given by (16).We
have also defined the following functions:

R = √1 + 𝐺 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)2𝛽2 𝐹𝜇]𝐹𝜇],
𝑊 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 𝛽2 [1 − 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)] .

(44)

The generalized potential 𝑊(|𝜙|), a nonnegative function,
inherits its structure from the function 𝑉(|𝜙|), which is
restricted by the condition 0 < 𝑉(|𝜙|) ≤ 1, so 𝑊(𝜙) > 0.
TheBorn-Infeld parameter𝛽 providesmodified dynamics for
both scalar and gauge fields further enriching the family of
possible models.

From the action (43) the gauge field equation of motion
reads as

𝜕] ( 𝐺
R
𝐹]𝜇) = 𝑒𝜔𝐽𝜇. (45)

We are interested in stationary solutions, so the Gauss law
becomes

𝜕𝑗 ( 𝐺
R
𝜕𝑗𝐴0) = 2𝜔𝑒2𝐴0 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 . (46)
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Figure 1: The profiles 𝑔(𝑟) (a) and 𝑎(𝑟) (b) come from generalized Maxwell-Higgs model (1) with 𝐺(𝑔) = 1 and 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that𝜆 = 1 (indigo lines) represents the usual MHmodel and the true compacton solution is given by 𝜆 = ∞ (black lines).

Similarly to what happens in Maxwell-Higgs model, the field
configurations are electrically neutral; therefore we go to
work in the gauge 𝐴0 = 0.

Consequently, at static regime, in the gauge 𝐴0 = 0, the
Ampère law is given by

𝜖𝑘𝑗𝜕𝑗 ( 𝐺
R
𝐵) − 𝑒𝜔𝐽𝑘 = 0 (47)

and the Higgs field equation reads as

0 = 𝜔 (𝐷𝑗𝐷𝑗𝜙) + (𝜕𝑗𝑤)𝐷𝑗𝜙 − 𝜕𝜔𝜕𝜙∗ 󵄨󵄨󵄨󵄨󵄨𝐷𝑗𝜙󵄨󵄨󵄨󵄨󵄨2

− 𝐵22R 𝜕𝐺𝜕𝜙∗ − 𝜕𝑊𝜕𝜙∗ .
(48)

In the last two equationsR reads as

R = (1 + 𝐺𝛽2𝐵2)
1/2 . (49)

The energy of the system, in static regime and in the gauge𝐴0 = 0, is given by

𝐸 = ∫𝑑2𝑥 [𝛽2 (R − 𝑉) + 𝜔 󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2] (50)

and will be nonnegative whenever the condition R ≥ 𝑉 is
satisfied.



Advances in High Energy Physics 7

0 0.5 1 1.5 2 2.5

r

1.2

1

0.8

0.6

0.4

0.2

0

B

(a)

0 0.5 1 1.5 2 2.5

r

2

1.5

1

0.5

0

�휀 B
PS

(b)

Figure 2: The magnetic field 𝐵(𝑟) (a) and the BPS energy density 𝜀BPS(𝑟) (b) come from generalized Maxwell-Higgs model (1) with 𝐺(𝑔) = 1
and 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that 𝜆 = 1 (indigo lines) represents the usual MH model and the true compacton solution is given by 𝜆 = ∞
(black lines). The convention for the color of the lines is the same given in Figure 1.

To proceed with the BPS formalism, we use the identities
(10) and (17) such that (50) becomes

𝐸 = 2𝜋∫𝑑2𝑥[±𝑒V2𝐵 + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)
+ R2𝐺 ( 𝐺

R
𝐵 ∓ √2𝑈(𝜆))2 + 𝛽2 (R − 𝑉) − 12 𝐺𝐵

2

R

− R𝐺 𝑈(𝜆)] .
(51)

We have introduced the potential𝑈(𝜆)(|𝜙|) given by (22) with
the aim of obtaining the term proportional to the magnetic
field 𝑒V2𝐵.

The Bogomol’nyi procedure would be complete if we
require the third row in (51) to be null, so we obtain

𝑉 + R𝑈(𝜆)𝛽2𝐺 = 12R + 12R . (52)

This provides a relation between the functions 𝑉, 𝐺, and
R. We here clarify that (52) is not arbitrary because, as we
will observe later, in the BPS limit it becomes equivalent to
the condition on the diagonal components of the energy-
momentum tensor 𝑇𝜇]: 𝑇11 + 𝑇22 = 0, proposed by
Schaposnik and Vega [63] to obtain self-dual configurations.

Then, the condition (52) allows writing the energy (50) in
the Bogomol’nyi form,

𝐸 = ∫𝑑2𝑥{𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 + R2𝐺 ( 𝐺
R
𝐵 ∓ √2𝑈(𝜆))2 ± 𝑒V2𝐵

± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)} .
(53)

Under suitable boundary conditions, the integration of
the total derivative in (53) gives null contribution to the
energy. Hence, it becomes clear that the energy possesses a
lower bound

𝐸 ≥ 𝑒V2 |Φ| , (54)
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with Φ being the total magnetic flux. Such a lower bound
is saturated when the fields satisfy the BPS or self-dual
equations

𝐷±𝜙 = 0, (55)

𝐺
R
𝐵 = ±𝑒V2(1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆

V2𝜆
) . (56)

By using the BPS equations in (52) we compute the self-
dual potential 𝑉(|𝜙|),

𝑉 = 1
R

= √1 − 2𝑈(𝜆)𝛽2𝐺 . (57)

This way the second BPS equation (56) becomes

𝐵 = ± 𝑒V2𝐺𝑉 (1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

) . (58)

By using the BPS equations in (50) we find that the BPS
energy density is given by

𝜀BPS = 2𝑈(𝜆)𝐺𝑉 + 𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆−2
V2𝜆−2

󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2 ; (59)

it will be positive-definite 𝜆 > 0.
3.1. Born-Infeld-Higgs Effective Compact Vortices for 𝜆 Finite.
In [52] the existence of effective compact vortex solutions
was explored but the self-dual ones were not found. In this
section we show the existence of such self-dual effective
compact solutions in BIH model. Without loss of generality,
we perform the study by considering 𝐺(|𝜙|) = 1 in the
Lagrangian density (43).

The searching for vortex solutions is made by means of
the vortexAnsatz introduced in (27).Thus, the BPS equations
(55) and (56) read as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ± 𝑒2V2 (1 − 𝑔2𝜆)

√1 − 𝑒2V4 (1 − 𝑔2𝜆)2 /𝛽2 .
(60)

The behavior of the profiles 𝑔(𝑟) and 𝑎(𝑟) when 𝑟 → 0
is determined by solving the self-dual equations (60), so we
have

𝑔 (𝑟) ≈ 𝐶𝑛𝑟𝑛 + ⋅ ⋅ ⋅ ,
𝑎 (𝑟) ≈ 𝑛 − 𝑒2V2𝛽

2√𝛽2 − 𝑒2V4 𝑟
2 + ⋅ ⋅ ⋅ . (61)

Similarly, the behavior of the profiles for 𝑟 → ∞ is

𝑔 (𝑟) ≈ 1 − 𝐶∞√𝑟 𝑒−𝑚𝑟,
𝑎 (𝑟) ≈ 𝑚𝐶∞√𝑟𝑒−𝑚𝑟,

(62)

where𝑚, the self-dual mass, is given by

𝑚 = 𝑒V√2𝜆; (63)

it is exactly the same obtained for the generalized MHmodel
analyzed in the previous section.

The BPS energy density for the self-dual vortices reads as

𝜀BPS = 𝑒2V4 (1 − 𝑔2𝜆)2
√1 − 𝑒2V4 (1 − 𝑔2𝜆)2 /𝛽2
+ 2𝜆V2𝑔2𝜆−2 (𝑎𝑔𝑟 )

2 ;
(64)

it will be positive-definite and finite for 𝜆 ≥ 1.
3.2. Born-Infeld-Higgs Compactons for 𝜆 = ∞. In the limit𝜆 → ∞, the BPS equations (60) read as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±𝑒2V2Θ(1 − 𝑔)√1 − 𝑒2V4/𝛽2 ,

(65)

with the profiles 𝑔(𝑟) and 𝑎(𝑟) satisfying the boundary
conditions (39).

By solving the BPS compacton equations for the BIH
model, we obtain also analytical solutions

𝑔(∞) (𝑟) = ( 𝑟𝑟𝑐)
𝑛

exp[𝑛2 (1 − 𝑟2𝑟2𝑐 )]Θ (𝑟𝑐 − 𝑟)
+ Θ (𝑟 − 𝑟𝑐) ,

𝑎(∞) (𝑟) = 𝑛(1 − 𝑟2𝑟2𝑐 )Θ (𝑟𝑐 − 𝑟) ,
(66)

where the radial distance 𝑟𝑐 now is given by

𝑟𝑐 = √2𝑛|𝑒V| (1 − 𝑒2V4𝛽2 )
1/4 . (67)

The magnetic field and BPS energy density profiles of the
Born-Infeld-Higgs compacton are

𝐵(∞) (𝑟) = 𝑒V2 (1 − 𝑒2V4𝛽2 )
−1/2Θ(𝑟𝑐 − 𝑟) ,

𝜀(∞)BPS (𝑟) = 𝑒2V4 (1 − 𝑒2V4𝛽2 )
−1/2Θ(𝑟𝑐 − 𝑟) .

(68)

In order to compute the numerical solutions we choose
the upper signs in (60), 𝑒 = 1, V = 1, 𝛽 = 3/√5, and winding
number 𝑛 = 1. Similarly to the MH model, the effective
compacton behavior appears for sufficiently large values of 𝜆;
see Figures 3 and 4. The true Born-Infeld-Higgs compactons
arising for 𝜆 = ∞ also are depicted (see black line profiles) in
Figures 3 and 4.
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Figure 3: The profiles 𝑔(𝑟) (a) and 𝑎(𝑟) (b) come from the generalized Born-Infeld-Higgs model (43) with 𝐺(𝑔) = 1 and 𝜔(𝑔) = 𝜆𝑔2𝜆−2.
Observe that 𝜆 = 1 (indigo lines) represents the usual BIH model and the true compacton solution is given by 𝜆 = ∞ (black lines).

4. The Chern-Simons-Higgs Case

In this section we apply the same formalism to construct
self-dual solutions in the generalized Abelian Chern-Simons-
Higgs model. Physics in two spatial dimensions is closely
linked to CS theory, which contains theoretical novelties
besides practical application in various phenomena of con-
densed matter, such as the physics of Anyons, and it is related
to the fractional quantum Hall effect [64]. It can be found
in extensive literature about CS theory that some of the
pioneer papers concerning topological and nontopological
solutions as well as relativistic and nonrelativistic models can
be found in [65–74]. Also a close connection between CS
theory and supersymmetry exists.This connection was firstly

demonstrated in [75], where from 𝑁 = 2 supersymmetric
extension of CS model the specific potential for the Bogo-
mol’nyi equations was found, which arise naturally.

The generalized Chern-Simons-Higgs model is described
by the following Lagrangian density:

L = 𝜅4𝜖𝜇]𝜌𝐴𝜇𝐹]𝜌 + 𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) 󵄨󵄨󵄨󵄨󵄨𝐷𝜇𝜙󵄨󵄨󵄨󵄨󵄨2 − 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) , (69)

with the function 𝜔(|𝜙|) given by (16). The gauge field
equation is to be

𝜅2𝜖𝜇𝛼𝛽𝐹𝛼𝛽 − 𝑒𝜔𝐽𝜇 = 0, (70)
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Figure 4: The magnetic field 𝐵(𝑟) (a) and the BPS energy density 𝜀BPS(𝑟) (b) come from the generalized Born-Infeld-Higgs model (43) with𝐺(𝑔) = 1 and 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that 𝜆 = 1 (indigo lines) represents the usual BIH model and the true compacton solution is given by𝜆 = ∞ (black lines). The convention for the color of the lines is the same given in Figure 3.

and the Gauss law reads as

𝜅𝐵 = 𝑒𝜔𝐽0. (71)

It is clear that the electric charge density is 𝑒𝜔𝐽0 whose inte-
gration performed via the Gauss law gives

𝑄 = ∫𝑑2𝑥𝑒𝜔𝐽0 = 𝜅∫𝑑2𝑥𝐵 = 𝜅Φ. (72)

As such it happens in usual CSH model, the electric charge
is nonnull and proportional to the magnetic flux, so the field
configurations always will be electrically charged.

These are the stationary points of the energywhich for the
static field configuration reads as

𝐸 = ∫𝑑2𝑥
⋅ [−𝜅𝐴0𝐵 − 𝑒2𝜔𝐴20 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝜔 󵄨󵄨󵄨󵄨𝐷𝑖𝜙󵄨󵄨󵄨󵄨2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)] .

(73)

From the static Gauss law, we obtain the relation

𝐴0 = − 𝜅2𝑒2 𝐵
𝜔 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 , (74)

which substituted in (73) leads to the following expression for
the energy:

𝐸 = ∫𝑑2𝑥[ 𝜅24𝑒2 𝐵2
𝜔 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝜔

󵄨󵄨󵄨󵄨𝐷𝑖𝜙󵄨󵄨󵄨󵄨2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)] . (75)

We now use the identities (10) and (17) in (73) such that
the energy becomes

𝐸 = ∫𝑑2𝑥[ 𝜅24𝑒2 𝐵2
𝜔 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝑉 (

󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2

± 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

𝐵 ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)] .
(76)
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After some manipulation, the energy can be expressed
almost in the Bogomol’nyi form

𝐸 = ∫𝑑2𝑥[ 𝜅24𝑒2 1󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜔 (𝐵 ∓ 2𝑒 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨𝜅 √𝜔𝑉)2

+ 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)
± 𝐵( 𝜅𝑒 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨√

𝑉𝜔 + 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

)] .
(77)

We observe that the Bogomol’nyi procedure will be complete
if the term multiplying the magnetic field is a constant; that
is,

𝜅𝑒 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨√
𝑉𝜔 + 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆

V2𝜆
= 𝑒V2, (78)

such that a condition allows determining the self-dual poten-
tial 𝑉(|𝜙|) to be

𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 𝜆𝑒4V6𝜅2
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

(1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

)
2

. (79)

We can see that, for 𝜆 = 1, the |𝜙|6-potential of the usual
Chern-Simon-Higgs model is recovered.

Hence, the energy (77) reads as

𝐸 = ∫𝑑2𝑥{{{
±𝑒V2𝐵 ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘) + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2

+ 𝜅2
4𝑒2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 𝜔 [𝐵 ∓

2𝑒2V2𝜅2 𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

√2𝑈(𝜆)]
2}}}

.
(80)

We see that under appropriated boundary conditions the total
derivative gives null contribution to the energy. Then, the
energy is bounded below by a multiple of the magnetic flux
magnitude

𝐸 ≥ ±𝑒V2 ∫𝑑2𝑥𝐵 = 𝑒V2 |Φ| . (81)

This bound is saturated by fields satisfying the first-order
Bogomol’nyi or self-dual equations [32, 33]

𝐷±𝜙 = 0,
𝐵 = ±2𝑒3V4𝜅2 𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆

V2𝜆
(1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆

V2𝜆
) . (82)

In order for the magnetic field to be nonsingular at origin, it
is required that 𝜆 > 0.

By using the BPS equation in (75) we find that the energy
density is given by

𝜀BPS = 2𝜆𝑒4V6𝜅2
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

(1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

)
2

+ 𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆−2
V2𝜆−2

󵄨󵄨󵄨󵄨𝐷𝑘𝜙󵄨󵄨󵄨󵄨2 ;
(83)

it will be positive-definite 𝜆 > 0.

4.1. Chern-Simons-Higgs Effective Compact Vortices for 𝜆
Finite. The BPS equations (82) read as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±2𝑒4V4𝜅2 𝜆𝑔2𝜆 (1 − 𝑔2𝜆) .

(84)

The behavior of 𝑔(𝑟) and 𝑎(𝑟) near the boundaries can
be easily determined by solving the self-dual equations (84)
around the boundary values (28). Thus, for 𝑟 → 0, the profile
functions behave as

𝑔 (𝑟) ≈ 𝐶𝑛𝑟𝑛 + ⋅ ⋅ ⋅ ,
𝑎 (𝑟) ≈ 𝑛 ∓ 𝜆𝑒4V4(𝑛𝜆 + 1) 𝜅2 (𝐶𝑛)2𝜆 𝑟2𝑛𝜆+2 + ⋅ ⋅ ⋅ ,

(85)

where the constant 𝐶𝑛 > 0 is determined only numerically.
On the other hand, when 𝑟 → ∞ they behave as

𝑔 (𝑟) ≈ 1 − 𝐶∞√𝑟 𝑒−𝑚𝑟,
𝑎 (𝑟) ≈ 𝐶∞𝑚√𝑟𝑒−𝑚𝑟,

(86)

with the constant𝐶∞ computed numerically and𝑚 being the
self-dual mass

𝑚 = 2𝜆𝑒2V2𝜅 . (87)

We observe that for 𝜆 = 1, the mass becomes the same one of
the usual self-dual Chern-Simons-Higgs bosons.

The BPS energy density for the self-dual vortices is given
by

𝜀BPS = 2𝜆𝑒4V6𝜅2 𝑔2𝜆 (1 − 𝑔2𝜆)
2 + 2𝜆V2𝑔2𝜆−2 (𝑎𝑔𝑟 )

2 , (88)

and it will be positive-definite and finite for 𝜆 ≥ 1.
4.2. Chern-Simons-Higgs Compactons for 𝜆 = ∞. From (84)
we obtain the BPS equations for the Chern-Simons-Higgs
compactons

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = 2𝑒4V4𝜅2 𝛿 (1 − 𝑔) ,

(89)

with the boundary condition given in (39).
By solving the BPS compacton equations for 𝑛 > 0, we

obtain the analytic profiles

𝑔(∞) (𝑟) = ( 𝑟𝑟𝑐)
𝑛Θ(𝑟𝑐 − 𝑟) + Θ (𝑟 − 𝑟𝑐) ,

𝑎(∞) (𝑟) = 𝑛Θ (𝑟𝑐 − 𝑟) .
(90)
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The radial distance 𝑟𝑐 is calculated to be

𝑟𝑐 = 𝑛 |𝜅|𝑒2V2 . (91)

The magnetic field and BPS energy density of the Chern-
Simons-Higgs compacton are

𝐵(∞) (𝑟) = 𝑛𝑒𝑟𝑐 𝛿 (𝑟𝑐 − 𝑟) ,
𝜀(∞)BPS (𝑟) = 𝑛V2𝑟𝑐 𝛿 (𝑟𝑐 − 𝑟) .

(92)

In order to compute the numerical solutions we choose
the upper signs in (84), 𝑒 = 1, V = 1, 𝜅 = 1, and winding num-
ber 𝑛 = 1. From the numerical analysis, we can see the appear-
ance of the effective compacton behavior for not very large
values of 𝜆 such that it is explicitly shown in Figures 5 and
6. An interesting feature of the Chern-Simons-Higgs effective
compact vortices is the enhancement of the ring shape (inclu-
sive for 𝑛 = 1), for increasing values of 𝜆 in the profiles for the
magnetic field and the BPS energy density (see Figure 6).The
analytic CSH compacton structures appearing in 𝜆 = ∞ are
represented by the black line profiles in Figures 5 and 6.

5. The Maxwell-Chern-Simons-Higgs Case

Electrically charged vortices were first found in the Abelian
Higgs model by Paul and Khare [76], where the Chern-
Simons termwas included in the usualMaxwell-Higgs action.
This was an ingenious manner to avoid the temporal gauge,𝐴0 ̸= 0, coupling the electric charge density to the magnetic
field. This model has also been generalized by multiplying
a dielectric (scalar) function in the Maxwell kinetic term
[77, 78] yielding topological and nontopological solutions
satisfying a Bogomol’nyi bound.

The generalized Maxwell-Chern-Simons-Higgs model is
described by the following Lagrangian density:

L = −𝐺 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)4 𝐹𝜇]𝐹𝜇] + 𝜅4𝜖𝜇]𝜌𝐴𝜇𝐹]𝜌 + 𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) 󵄨󵄨󵄨󵄨󵄨𝐷𝜇𝜙󵄨󵄨󵄨󵄨󵄨2

+ 𝐺 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)2 𝜕𝜇𝑁𝜕𝜇𝑁 − 𝑒2𝜔 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)𝑁2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2
− 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) ,

(93)

where the function 𝜔(|𝜙|) is given by (16). The gauge field
equation reads as

𝜕] (GF]𝜇) + 𝜅2𝜖𝜇𝛼𝛽𝐹𝛼𝛽 − 𝑒𝜔𝐽𝜇 = 0; (94)

the static Gauss law is

𝜕𝑘 (𝐺𝜕𝑘𝐴0) − 𝜅𝐵 = 2𝑒2𝜔𝐴0 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 . (95)

Similarly, the equation of motion of the Higgs field is

0 = 𝐷𝜇 (𝜔𝐷𝜇𝜙) + (14𝐹𝜇]𝐹𝜇] − 12𝜕𝜇𝑁𝜕𝜇𝑁) 𝜕𝐺𝜕𝜙∗
− 𝜕𝜔𝜕𝜙∗ 󵄨󵄨󵄨󵄨󵄨𝐷𝜇𝜙󵄨󵄨󵄨󵄨󵄨2 + 2𝑒2𝜔𝑁 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝜕𝑉𝜕𝜙∗ .

(96)

In the same way of the previous models, we are interested
in time-independent soliton solutions that ensure the finite-
ness of the action (69). These are the stationary points of the
energy which for the static field configuration reads as

𝐸 = ∫𝑑2𝑥 [𝐺2 𝐵2 + 𝐺2 (𝜕𝑗𝐴0)2 + 𝑒2𝜔 (𝐴0)2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2

+ 𝜔 󵄨󵄨󵄨󵄨󵄨𝐷𝑗𝜙󵄨󵄨󵄨󵄨󵄨2 + 𝐺2 (𝜕𝑗𝑁)2 + 𝑒2𝜔𝑁2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨)] .
(97)

To proceed, we use the identities (10) and (17) such that the
energy becomes

𝐸 = ∫𝑑2𝑥[𝐺2 𝐵2 + 𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) + 𝐺2 (𝜕𝑗𝐴0)2 + 𝐺2 (𝜕𝑗𝑁)2

+ 𝑒2𝜔 (𝐴0)2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝑒2𝜔𝑁2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2

± 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

𝐵 ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)] .

(98)

After some algebraic manipulations, it can be expressed by

𝐸 = ∫𝑑2𝑥[𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2 + 𝐺2 (𝐵 ∓ √2𝑉𝐺 )2

+ 𝐺2 (𝜕𝑗𝐴0 ± 𝜕𝑗𝑁)2 + 𝑒2𝜔 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 (𝐴0 ± 𝑁)2

± 𝐵(√2𝐺𝑉 + 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

+ 𝜅𝑁) ∓ 𝜕𝑗 (𝑁𝐺𝜕𝑗𝐴0)

± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)] .

(99)

At this point, with the purpose for the total energy to have a
lower bound proportional to the magnetic field, we chose the
potential 𝑉(|𝜙|) to be

𝑉 (󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨) = 12𝐺 (𝑒V2 − 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

− 𝜅𝑁)
2

, (100)
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Figure 5: The profiles 𝑔(𝑟) (a) and 𝑎(𝑟) (b) come from the generalized Chern-Simons-Higgs model (69) with 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that𝜆 = 1 (indigo lines) represents the usual CSH model and the true compacton solution is given by 𝜆 = ∞ (vertical black lines representing
the 𝛿-Dirac function).

where 𝐶 = 𝜆V2−2𝜆 in order for the vacuum expectation value
of the Higgs field to be |𝜙| = V. Hence, the energy (99) reads
as

𝐸 = ∫𝑑2𝑥{{{
±𝑒V2𝐵 + 𝜔 󵄨󵄨󵄨󵄨𝐷±𝜙󵄨󵄨󵄨󵄨2

+ 𝐺2 [𝐵 ∓ 1𝐺 (𝑒V2 − 𝑒V2 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

− 𝜅𝑁)]
2

+ 𝐺2 (𝜕𝑗𝐴0 ± 𝜕𝑗𝑁)2 + 𝑒2𝜔 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2 (𝐴0 ± 𝑁)2

∓ 𝜕𝑗 (𝑁𝐺𝜕𝑗𝐴0) ± 12𝜆𝜖𝑖𝑘𝜕𝑖 (𝜔𝐽𝑘)
}}}
.

(101)

Under appropriated boundary conditions on the fields, the
integration of the total derivatives becomes null; then the total
energy is bounded below by a multiple of the magnetic flux
magnitude

𝐸 ≥ ±𝑒V2 ∫𝑑2𝑥𝐵 = 𝑒V2 |Φ| . (102)
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Figure 6: The magnetic field 𝐵(𝑟) (a) and the BPS energy density 𝜀BPS(𝑟) (b) come from the generalized Chern-Simons-Higgs model (69)
with 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that 𝜆 = 1 (indigo lines) represents the usual CSH model and the true compacton solution is given by 𝜆 = ∞
(vertical black lines representing the 𝛿-Dirac function). The convention for the color of the lines is the same given in Figure 5.

The lower bound (102) is saturated by fields satisfying the
first-order Bogomol’nyi or self-dual equations [32, 33]

𝐷±𝜙 = 0, (103)

𝐵 = ±𝑒V2𝐺 (1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

) ∓ 𝜅𝑁𝐺 , (104)

𝜕𝑗𝐴0 ± 𝜕𝑗𝑁 = 0, (105)

𝐴0 ± 𝑁 = 0. (106)

The condition 𝑁 = ∓𝐴0 saturates the two last equations
(105) and (106) so the self-dual solutions are obtained by
solving the self-dual equations

𝐷±𝜙 = 0,

𝐵 = ±𝑒V2𝐺 (1 − 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

) + 𝜅𝐴0𝐺 ,
(107)

and the Gauss law

𝜕𝑘 (𝐺𝜕𝑘𝐴0) − 𝜅𝐵 = 2𝑒2V2𝜆
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

𝐴0. (108)

The BPS energy density is

𝜀BPS = 𝐺𝐵2 + 𝐺 (𝜕𝑗𝐴0)2 + 𝜆
󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆−2
V2𝜆−2

󵄨󵄨󵄨󵄨󵄨𝐷𝑗𝜙󵄨󵄨󵄨󵄨󵄨2

+ 2𝑒2V2𝜆󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨2𝜆
V2𝜆

(𝐴0)2 .
(109)
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5.1. Maxwell-Chern-Simons-Higgs Effective Compact Vortices
for 𝜆 Finite. By considering that 𝐺(|𝜙|) = 1 and using Ansatz
(27), the BPS equations (107) read as

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±𝑒2V2 (1 − 𝑔2𝜆) + 𝑒𝜅𝐴0

(110)

and the Gauss law (108) becomes
1𝑟 (𝑟𝐴󸀠0)󸀠 − 𝜅𝐵 = 2𝜆𝑒2V2𝑔2𝜆𝐴0. (111)

We analyze the behavior of the profiles 𝑔(𝑟) and 𝑎(𝑟) and𝐴0(𝑟) at boundaries. This way, for 𝑟 → 0, the profiles behave
as

𝑔 (𝑟) ≈ 𝐶𝑛𝑟𝑛 + ⋅ ⋅ ⋅ ,
𝑎 (𝑟) ≈ 𝑛 − 𝑒 [𝑒V2 + 𝜅𝐴0 (0)]2 𝑟2 + ⋅ ⋅ ⋅ ,

𝐴0 (𝑟) ≈ 𝐴0 (0) + 𝜅 [𝑒V2 + 𝜅𝐴0 (0)]4 𝑟2 + ⋅ ⋅ ⋅ ,
(112)

with the constants 𝐶𝑛 > 0 and 𝐴0(0) being determined
numerically for every 𝑛.

The behavior at the origin for 𝐴0(𝑟) provides the bound-
ary condition

𝐴󸀠0 (0) = 0. (113)

On the other hand, for large values of 𝑟 (𝑟 → ∞), they
have the Abrikosov-Nielsen-Olesen behavior,

𝑔 (𝑟) ≈ 1 − 𝐶∞√𝑟 𝑒−𝑚𝑟, (114)

𝑎 (𝑟) ≈ 𝐶∞𝑚√𝑟𝑒−𝑚𝑟, (115)

𝐴0 (𝑟) ≈ − |𝜅|𝜅 𝑚𝑒 𝐶∞√𝑟 𝑒−𝑚𝑟, (116)

with the constant 𝐶∞ being computed numerically and 𝑚
being the self-dual mass

𝑚 = 12√𝜅2 + 8𝜆𝑒2V2 − |𝜅|2 ; (117)

for 𝜆 = 1, we recover self-dual mass of the usual Maxwell-
Chern-Simons-Higgs bosons.

In this way we obtain from (116) the boundary condition
for 𝐴0(𝑟) when 𝑟 → ∞:

𝐴0 (∞) = 0. (118)

The BPS energy density of the self-dual vortices reads as

𝜀BPS = 𝐵2 + (𝐴󸀠0)2 + 2V2𝜆𝑔2𝜆−2 (𝑎𝑔𝑟 )
2

+ 2𝑒2V2𝜆𝑔2𝜆 (𝐴0)2 ,
(119)

being positive-definite and finite for 𝜆 ≥ 1.

5.2. Maxwell-Chern-Simons-Higgs Compactons for 𝜆 = ∞.
From (110), the limit 𝜆 → ∞ provides the BPS equation for
the compacton configurations

𝑔󸀠 = ±𝑎𝑔𝑟 ,
−𝑎󸀠𝑟 = ±𝑒2V2Θ(1 − 𝑔) + 𝑒𝜅𝐴0.

(120)

The compacton Gauss law obtained from (111) becomes

𝐴󸀠0 + 𝜅𝑒 (𝑎 − 𝑛)𝑟 = 0. (121)

The compacton boundary conditions satisfied by the
profiles 𝑔(𝑟), 𝑎(𝑟), and 𝐴0(𝑟) are

𝑔 (0) = 0,
𝑎 (0) = 𝑛,

𝐴󸀠0 (0) = 0,
𝑔 (𝑟) = 1,
𝑎 (𝑟) = 0,

𝐴0 (𝑟) = 0,
𝑟𝑐 ≤ 𝑟 < ∞.

(122)

The radial distance 𝑟𝑐 < ∞ is the value where the profile 𝑔(𝑟)
reaches the vacuum value and the gauge field profile 𝑎(𝑟) and
scalar potential 𝐴0(𝑟) become null.

The system is solved analytically to be

𝑔(∞) (𝑟)
= ( 𝑟𝑟𝑐)

𝑛

exp[𝑒2V2𝜅2 (1 − 𝐼 (0, 𝜅𝑟)𝐼 (0, 𝜅𝑟𝑐))]Θ (𝑟𝑐 − 𝑟)
+ Θ (𝑟 − 𝑟𝑐) ,

𝑎(∞) (𝑟) = 𝑛(1 − 𝑟𝐼 (1, 𝜅𝑟)𝑟𝑐𝐼 (1, 𝜅𝑟𝑐))Θ (𝑟𝑐 − 𝑟) ,
𝐴(∞)0 (𝑟) = 𝑒V2𝜅 (−1 + 𝐼 (0, 𝜅𝑟)𝐼 (0, 𝜅𝑟𝑐))Θ (𝑟𝑐 − 𝑟) .

(123)

The radial distance 𝑟𝑐 is computed from

𝐼 (0, 𝜅𝑟𝑐) = 𝑟𝑐 𝑒2V2𝑛𝜅 𝐼 (1, 𝜅𝑟𝑐) , (124)

where the function 𝐼(], 𝑥) is the modified Bessel function of
the first kind and order ].
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Figure 7: The profiles 𝑔(𝑟) (a) and 𝑎(𝑟) (b) come from generalized Maxwell-Chern-Simons-Higgs model (93) with 𝐺(𝑔) = 1 and 𝜔(𝑔) =𝜆𝑔2𝜆−2. Observe that 𝜆 = 1 (indigo lines) represents the usual MCSHmodel and the true compacton solution is given by 𝜆 = ∞ (black lines).

The magnetic field and BPS energy density of the
Maxwell-Chern-Simons-Higgs compacton are

𝐵(∞) (𝑟) = 𝑒V2 𝐼 (0, 𝜅𝑟)𝐼 (0, 𝜅𝑟𝑐)Θ (𝑟𝑐 − 𝑟) ,

𝜀(∞)BPS (𝑟) = 𝑒2V4 ( 𝐼 (0, 𝜅𝑟)𝐼 (0, 𝜅𝑟𝑐))
2Θ(𝑟𝑐 − 𝑟)

+ 𝑒2V4 ( 𝐼 (1, 𝜅𝑟)𝐼 (0, 𝜅𝑟𝑐))
2Θ(𝑟𝑐 − 𝑟) .

(125)

In order to compute the numerical solutions we choose
the upper signs in (110), 𝑒 = 1, V = 1, 𝜅 = −1, and winding
number 𝑛 = 1. The profiles for the Higgs and gauge fields
are given in Figure 7; the correspondent ones for the scalar
potential and for the electric field are depicted in Figure 8.We
can note again that an effective compact topological defect is
formed for large values of 𝜆.This feature can be seen from the
magnetic field and BPS energy density profiles in Figure 9.
Similarly to the previous studied models, the analytic MCSH
compactons are formed for 𝜆 = ∞; they are represented by
the solid black lines in Figures 7, 8, and 9.
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Figure 8:The scalar potential𝐴0(𝑟) (a) and the electric field 𝐸(𝑟) (b) come from generalizedMaxwell-Chern-Simons-Higgs model (93) with𝐺(𝑔) = 1 and 𝜔(𝑔) = 𝜆𝑔2𝜆−2. Observe that 𝜆 = 1 (indigo lines) represents the usual MCSH model and the true compacton solution is given
by 𝜆 = ∞ (black lines). The convention for the color of the lines is the same given in Figure 7.

6. Remarks and Conclusions

We have found some generalized Abelian Higgs models
whose BPS or self-dual equations give origin to both effective
compact solutions and true compacton configurations. Our
goal was obtained by means of a consistent implementation
of the BPS formalism which besides providing the self-
dual or BPS equations has also allowed finding the explicit
form of the generalizing function 𝜔(|𝜙|) (see (16)) which is
parameterized by the positive parameter 𝜆. Such a param-
eter determines explicitly new families of self-dual poten-
tial for every model and consequently characterizes their
self-dual configurations. We draw attention to the impor-
tance to obtain self-dual effective compact and analyze true
compacton configurations in Abelian Higgs. These models
enhance the space of self-dual solutions which probably will
imply interesting applications in physics and mathematics,
for example, the construction of the respective supersymmet-
ric extensions [79–82].

For every model, we have studied the vortex solutions
arising from the respective self-dual equations. The numer-
ical analysis has shown that, for sufficiently large values of𝜆, the profiles (of the Higgs field, gauge field, magnetic field,
and BPS energy density) are very similar to the ones of an
effective compacton solution but still preserve a tail in their
asymptotic decay. For every model, we have also analyzed
the limit 𝜆 → ∞ for arbitrary winding number 𝑛. Our
analysis has shown that, for 𝜆 = ∞, the analytical compacton
structures arise in all models (see black line profiles in all
figures in the manuscript).

Finally, we are considering the interesting challenge of
looking for effective compact structures in gauge field mod-
els which engender monopoles or skyrmions, for example.
Advances in this direction will be reported elsewhere.
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