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Résumé. Nous montrons 'existence des bilimites de diagrammes
2-cofiltrées de topos, généralisant la construction de bilimites
cofiltrées développée dans [2]. Nous montrons qu'un tel diagramme
peut étre représenté par un diagramme 2-cofiltré de petits sites avec
limites finies, and nous construisons un petit site pour le topos
bilimite. Nous faisons ceci en considérant le 2-filtré bicolimite des
catégories sous-jacentes et leurs foncteurs image inverse. Nous ap-
pliquons la construction de cette bicolimite, développée dans [4], ou
il est montré que si les catégories dans un diagramme ont des lim-
ites finies et les foncteurs de transition sont exacts, alors la catégorie
bicolimite a aussi des limites finies et les foncteurs du pseudocone
sont exacts. Une application de notre résultat est que tout topos de
Galois a des points [3].

Abstract. We show the existence of bilimits of 2-cofiltered dia-
grams of topoi, generalizing the construction of cofiltered bilimits
developed in [2]. For any given such diagram represented by any
2-cofiltered diagram of small sites with finite limits, we construct a
small site for the bilimit topos (there is no loss of generality since
we also prove that any such diagram can be so represented). This is
done by taking the 2-filtered bicolimit of the underlying categories
and inverse image functors. We use the construction of this bicol-
imit developed in [4], where it is proved that if the categories in the
diagram have finite limits and the transition functors are exact, then
the bicolimit category has finite limits and the pseudocone functors
are exact. An application of our result here is the fact that every
Galois topos has points [3].
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1 Background, terminology and notation

In this section we recall some 2 -category and topos theory that we shall
explicitly need, and in this way fix notation and terminology. We also
include some in-edit proofs when it seems necessary. We distinguish
between small and large sets. Categories are supposed to have small
hom-sets. A category with large hom-sets is called illegitimate.

Bicolimits

By a 2-category we mean a Cat enriched category, and 2-functors
are Cat functors, where Cat is the category of small categories. Given
a 2-category, as usual, we denote horizontal composition by juxtaposi-
tion, and vertical composition by a ”o” . We consider juxtaposition more
binding than ”o” (thus zyoz means (zy)oz). If A, B are 2-categories
(A small), we will denote by [[A, B]] the 2-category which has as ob-
jects the 2-functors, as arrows the pseudonatural transformations, and
as 2-cells the modifications (see [5] 1,2.4.). Given F, G, H : A — B,
there is a functor:

(LY A BII(G, H) x [[A, BI(F, G) — [[A, BJ|(F, H)

To have a handy reference we will explicitly describe these data in the
particular cases we use.

A pseudocone of a diagram given by a 2-functor A 5 B to
an object X € B is a pseudonatural transformation F Lo X from

F to the 2-functor which is constant at X . It consists of a fam-
ily of arrows (ha: FA— X)aeca, and a family of invertible 2-cells

(hy : hA%hBOFU)(ALB)eA'
(with same vertex) is a modification, as such, it consists of a family of
2-cells (g4 =2 ha)aea. These data is subject to the following:

A morphism g == h of pseudocones

1.2 (Pseudocone and morphism of pseudocone equations).

pc0. hiq, =1idp, , for each object A
pcl. hyFuohy = hy,, for each pair of arrows A — B — C
pc2. hgF~yoh,=h,, for each 2-cell A ~+ _ B
pcM. h,ops=¢gFuog,, for each arrow A — B
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We state and prove now a lemma which, although expected, needs
nevertheless a proof, and for which we do not have a reference in the
literature. As the reader will realize, the statement concerns general
pseudonatural transformations, but we treat here the particular case of
pseudocones.

1.3 Lemma. Let A5 B be a 2-functor and F -2+ X a pseudocone.

Let FA ™ X be a family of morphisms together with invertible 2 -cells
ga =2 ha. Then, conjugating by ¢ determines a pseudocone structure
for h, unique such that ¢ becomes an isomorphism of pseudocones.

Proof. If ¢ is to become a pseudocone morphism, the equation pcM.
ppFu o g, = h,ops must hold. Thus, h, = ppFuog,o ml deter-
mines and defines h. The pseudocone equations 1.2 for A follow from
the respective equations for ¢:

pc0. hig, = @40 Gid, Oapzl = paoidy, ogp;l = idp,

pcl. AL B C:
hoFuoh, = (pcFvog,ops)FuoppFuog,op;' =
pcF(vu) o gy Fuo py FuopgFuog,op,! =
poF(vu) o g,Fuog,opyt =
SOCF(UU> O Gy © 9021 = hou
pc2. For A fv_ B we must see hgF~yoh, = h,. This is the same
as hpFyoppFvog,op,' = opFuog,o e, . Canceling p,' and
composing with (ppFu)™! yields (1) (ppFu) tohgFyoppFuvog, = g, .
From the compatibility between vertical and horizontal composition it

follows (¢pFu)tohgFyoppFv = (¢5' ohgowp)(FuoFyoFv) =
gpF~ . Thus, after replacing, (1) becomes ggFyo g, = gy . ]

Given a small 2-diagram A N B, the category of pseudocones
and its morphisms is, by definition, pcB(F, X) = [[A, B]](F, X). Given

a pseudocone F s Z and a 2-cell Z ¢ X, it is clear and
t
sf

straightforward how to define a morphism of pseudocones F' ¢4 = X
tf
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which is the composite F Jy 7 & _ X. This is a particular
t

case of 1.1, thus composing with f determines a functor (denoted py )
B(Z, X) 2L peB(F, X) .

1.4 Definition. A pseudocone F 25 L is a bicolimit of F if for every
object X € B, the functor B(L, X) 2% pcB(F, X) is an equivalence
of categories. This amounts to the following:

bl) Given any pseudocone F N X, there exists an arrow L Lx

and an invertible morphism of pseudocones h N Furthermore,
given any other L L X and h =% t\, there exists a unique 2 -cell

0=t such that © = (EX) o0 (if ¢ is invertible, then so it is & ).

1.5 Definition. When the functor B(L, X) 2 pcB(F, X) is an iso-
morphism of categories, the bicolimit is said to be a pseudocolimit.

It is known that the 2-category Cat of small categories has all small
pseudocolimits, then a “fortiori” all small bicolimits (see for example

[7]). Given a 2-functor A —— Cat we denote by Lim F' the vertex of
a bicolimit cone.

In [4] a special construction of the pseudocolimit of a 2-filtered dia-
gram of categories (not necessarily small) is made, and using this con-
struction it is proved a result (theorem 1.6 below) which is the key to
our construction of small 2-filtered bilimits of topoi. Notice that even
if the categories of the system are large, condition bl) in definition 1.4
makes sense and it defines the bicolimit of large categories.

We denote by CAT 4 the illegitimate (in the sense that its hom-sets
are large) 2-category of finitely complete categories and exact (that is,
finite limit preserving) functors.

1.6 Theorem ([4] Theorem 2.5). CATy C CAT s closed un-
der 2-filtered pseudocolimits. Namely, given any 2-filtered diagram
AL CAT 1, the pseudocolimit pseudocone FA 24, %”L F taken in

CAT is a pseudocolimit cone in CAT . If the index 2-category A

as well as all the categories FA are small, then Lim F is a small

category. L]
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Topoi

By a site we mean a category furnished with a (Grothendieck) topol-
ogy, and a small set of objects capable of covering any object (called
topological generators in [1]). To simplify we will consider only sites

with finite limits. A morphism of sites with finite limits D EEINY N

a continous (that is, cover preserving) and exact functor in the other
f

direction C — D. A 2-cell D 4 _ C is a natural transformation
g

*

g
C 4 _ D ' Under the presence of topological generators it can be
—

easily seen there is only a small set of natural transformations between
any two continous functors. We denote by Sit the resulting 2-category
of sites with finite limits. We denote by Sit* the 2-category whose ob-
jects are the sites, but taking as arrows and 2 -cells the functors f* and
natural transformations respectively. Thus Sit is obtained by formally
inverting the arrows and the 2-cells of Sit*. We have by definition
Sit(D,C) = Sit*(C, D).

A topos (also “Grothendieck topos”) is a category equivalent to the
category of sheaves on a site. Topoi are considered as sites furnishing
them with the canonical topology. This determines a full subcategory
Top* C Sit*, Top*(F, E) = Sit"(F, E).

A morphism of topoi (also “geometric morphism”) & 5 oFois
a pair of adjoint functors f* - f. (called inverse and direct image

fx
respectively) 5%]—" together with an adjunction isomorphism

[f*C, D] = [C, f.D]. Furthermore, f* is required to preserve finite
limits. Let 7 op be the 2-category of topos with geometric morphisms.
2-arrows are pairs of natural transformations (f* = ¢*, g. = f.) com-
patible with the adjunction (one of the natural transformations com-
pletely determines the other). The inverse image f* of a mor-
phism is an arrow in Top* C &Sit*. This determines a forget-
ful 2-functor (identity on the objects) Top — Sit which establish

!Notice that 2 -cells are also taken in the opposite direction. This is Grothendieck
original convention, later changed by some authors.
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an equivalence of categories Top(E, F) = Sit(€, F). Notice that
Top(E,F) = Top*(F,E)P, not an equality.

We recall a basic result in the theory of morphisms of Grothendieck
topoi [1] expose IV, 4.9.4. (see for example [6] Chapter VII, section 7).

1.7 Lemma. Let C be a site with finite limits, and C < C the canon-
ical morphism of sites to the topos of sheaves C. Then for any topos
F , composing with € determines a functor Top*(g, F) 5 Sit*(C, F)
which is an equivalence of categories. Thus, Top(F, 5) = Sit(F, C).

By the comparison lemma [1] Ex. III 4.1 we can state it in the
following form, to be used in the proof of lemma 2.3.

1.8 Lemma. Let £ be any topos and C any small set of genera-
tors closed under finite limits (considered as a site with the canonical
topology). Then, for any topos F , the inclusion C C & induce a re-
striction functor Top*(E, F) -2+ Sit*(C, F) which is an equivalence of
categories.

2 2-cofiltered bilimits of topoi

Our work with sites is auxiliary to prove our results for topoi, and for
this all we need are sites with finite limits. The 2-category Sit has
all small 2-cofiltered pseudolimits, which are obtained by furnishing the
2-filtered pseudocolimit in CAT s (1.6) of the underlying categories
with the coarsest topology making the cone injections site morphisms.
Explicitly:

2.1 Theorem. Let A be a small 2-filtered 2-category, and
Ar Ly st (ALSit*) a 2-functor. Then, the category Lim F
1s  furnished with a topology such that the pseudocone functors

Dy . . . . .
FA =2 Lim F become continuous and induce an isomorphism of cat-

egories Sit*[Lim F, X] 22 PCSit*[F, X]. The corresponding site is
then a pseudocolimit of F in the 2-category Sit*. If each FA is a
small category, then so it is Lim F'.
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Proof. Let FA EEN Lim F' be the colimit pseudocone in CAT s1. We
give Eﬂ} F' the topology generated by the families Ajc, — Aac,
where ¢, —> ¢ is a covering in some FFA, A € A. With this topology,
the functors A4 become continuous, thus they correspond to site mor-
phisms. This determines the upper horizontal arrow in the following
diagram (where the vertical arrows are full subcategories and the lower
horizontal arrow is an isomorphism):

Sit[% F, X] —— pcSit[F, X]

|

Catﬂ[% F, X] LpCCatﬂ[F, X]

To show that the upper horizontal arrow is an isomorphism we have
to check that given a pseudocone h € pcSit[F, X], the unique func-
tor f € Caty [%n F, X], corresponding to h under the lower arrow, is
continuous. But this is clear since from the equation fA = h it follows
that it preserves the generating covers, and thus all covers as well. Fi-
nally, by the construction of Lﬂ} F in [4] we know that every object in
Liny F' is of the form Asc for some Aec A, ce FA. It follows then
that the collection of objects of the form \4c, with ¢ varying on the set
of topological generators of each F'A, is a set of topological generators
for Eﬂ} F. O

In the next proposition we show that any 2-diagram of topoi restricts
to a 2-diagram of small sites with finite limits by means of a 2-natural
(thus a fortiori pseudonatural) transformation.

2.2 Proposition. Given a 2-functor AP N Top there exists a

2-functor A°P S, Sit such that:

i) For any A € A, Cy4 is a small full generating subcategory of
Ex closed under finite limits, considered as a site with the canonical
topology.

it) The arrows and the 2 -cells in the C diagram are the restrictions
u

of those in the £ diagram: For any 2 cell A  w _ B in A, the
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following diagram commutes (where we omil notation for the action of
the 2 functors on arrows and 2 -cells):

*

Ea v Ep

_—
,U*
A B
u*
P ———
A v B
_—

v*

Proof. Tt is well known that any small set C of generators in a topos can
be enlarged so as to determine a (non canonical) small full subcategory
C D C closed under finite limits: Choose a limit cone for each finite
diagram, and repeat this in a denumarable process. On the other hand,
for the validity of condition ii) it is enough that for each transition

functor €4 AN Ep and object ¢ € C4, we have u*(c) € Cp (with this,
natural transformations restrict automatically).

Let’s start with any set of generators Ry C &4 for all A € A.
We will naively add objects to these sets to remedy the failure of each
condition alternatively. In this way we achieve simultaneously the two
conditions:

Define C4 = R4 D Ra. Define RG™ = |J w*(C%). R is

XA
small because A is small. C% C RZH due to idy. Suppose now
c € R, ¢ =uwu(d) with d € C%, and let A > B in A. We
have v*(c) = v*u*(d) = (vu)*(d), thus v*(c) € R . Define C;™ =
R D R, Then, it is straightforward to check that Ca = |J C%
neN

satisfy the two conditions. n

A generalization of lemma 1.8 to pseudocones holds.

2.3 Lemma. Given any 2-diagram of topoi AP EN Top, a restric-
tion A" S Sit as before, and any topos F , the inclusions Cq4 C Ea
induce a restriction functor pcTop*(€,F) L peSit*(C, F) which is an
equivalence of categories.

Proof. The restriction functor p is just a particular case of 1.1, so it
is well defined. We will check that it is essentially surjective and fully-

-249 -



DUBUC & YUHJTMAN - A CONSTRUCTION OF 2-COFILTERED BILIMITS OF TOPOI

faithful. The following diagram illustrates the situation:

*

9ga
citig,” \
R
Cp P & {7
95

essentially surjective: Let g € peSit*(C,F). For each A € A, take

h*
by lemma 1.8 £4 — F, pu, h%ia = g% . By lemma 1.3, h*i inherits a
pseudocone structure such that ¢ becomes a pseudocone isomorphism.
For each arrow A = B we have (h*i), Qe (h*i)pu*. Since py is

fully-faithful, there exists a unique h% By hpu* extending (h*i),. In
this way we obtain data h* = (h*, h,) that restricts to a pseudocone.
Again from the fully-faithfulness of each p, it is straightforward to
check that it satisfies the pseudocone equations 1.2.

fully-faithful: Let h* I* € pcTop*(E,F) be two pseudocones, and
let 7 be a morphism between the pseudocones h*i and [*i. We have

. . na . . . . .
natural transformations h%is == 114 . Since the inclusions iy are

dense, we can extend 74 uniquely to h’ SEN I such that n =ni.
As before, from the fully-faithfulness of each p, it is straightforward
to check that n = (n4) satisfies the morphism of pseudocone equation
1.2. [

2.4 Theorem. Let A be a small 2-filtered 2-category, and
Ar & Top be a 2-functor. Let AP S Sit be a restriction to small

sites as in 2.2. Then, the topos of sheaves E/z\/mC on the site Lim C of
2.1 1s a bilimit of £ in Top, or, equivalently, a bicolimit in T op* .

A*
Proof. Let \* be the pseudocolimit pseudocone Cy — LimC
in the 2-category Sit* (2.1). Consider the composite pseudocone

—_—

S e A . :
Ca — Lim C — Lim C and let I* be a pseudocone from & to Lim C
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such that [*7 ~ €*\* given by lemma 2.3. We have the following dia-
grams commuting up to an isomorphism:

*

; o L Pe  consns s
F<—Lim C<——LimC Top*(Lim C, F) —=Sit*(Lim C, F)

Tl* = TA* lpz = ipx
£ ' C 4

: pcTop*(E, F) peSit*(C, F)

-

In the diagram on the right the arrows p., p) and p are equivalences
of categories (1.7, 2.1 and 2.3 respectively), so it follows that p; is an
equivalence. This finishes the proof. O

This theorem shows the existence of small 2-cofiltered bilimits in
the 2-category of topoi and geometric morphisms. But, it shows more,
namely, that given any small 2-filtered diagram of topoi represented
by a 2-cofiltered diagram of small sites with finite limits, a small site
with finite limits for the bilimit topos can be constructed by taking the
2-cofiltered bicolimit of the underlying categories of the small sites. If
the 2-filtered diagram of topoi does not arise represented in this way, the
existence of the bilimit seems to depend on the aziom of choice (needed
for Proposition 2.2). We notice for the interested reader that if we allow
large sites (as in Theorem 2.1), we can take the topoi themselves as sites,
and the proof of theorem 2.4 with C = £ is independent of Proposition
2.2. Thus, without the use of choice we have:

2.5 Theorem. Let A be a small 2-filtered 2-category, and

Ar & Top be a 2-functor. Then, the topos of sheaves Lim E on the
site Lim E of 2.1 is a bilimit of £ in Top, or, equivalently, a bicolimit
in Top*.
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