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Let 1 be a non-negative Ahlfors n-dimensional measure on R?. In Received 27 October 2017
this context we shall consider convolution type operators T, f = Ky, * Accepted 19 May 2018

f, 0 < a < n, where the kernels K, are supposed to satisfy certain KEYWORDS

size and regularity conditions. We prove Welland’s type inequali- Ahlfors measures; Welland's
ties for the operator T, and its commutator [b, T,], with b € BMO, type inequality;

that include the case T, = /,. As far as we know both estimates are commutators

new even in the case of the Lebesgue measure. We shall also give
sufficient conditions on a pair of weights that guarantee the bound-
edness of [b, T, ] between two different weighted Lebesgue spaces
when the underlying measure is Ahlfors n-dimensional.

AMS CLASSIFICATION
42B25

1. Introduction and statements of the main results

In many applications in Harmonic Analysis, itis well known that certain inequalities relat-
ing different operators are important tools in order to derive some continuity properties
of them. Moreover it results interesting to find extensions of these inequalities to other
frameworks, which leads to a deep knowledge of the behaviour of the operator considered.
A very useful example is the Welland inequality that involves two important operators
such that the fractional maximal operator and the fractional integral operator, defined, for
0 <a <dby

f®)

d |x — y|4e

>

Mo,f(x)=sup|B|“/d—1/[f(x)|dx and Iaf(x)zf
B R

Bax

respectively. Concretely, this inequality establishes that, if 0 < € < min{a,d — o}, then

Lo f ()] < (My—ef () Mgpef (X)) 12

Thus, by the boundedness properties of M, we can derive boundedness results for I,,.

On the other hand it is well known the influence of the study of the continuity properties
of the commutators of singular and fractional operators in partial differential equations,
which allow us to obtain integrability properties of the derivatives of the solutions related
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2 G. PRADOLINI AND J. RECCHI

[1-5]. This fact leads to the study of the boundedness of the commutators of integral oper-
ators of fractional type in different contexts and sometimes it involves the study of the
maximal operators that govern the behaviour of them, which are fractional maximal oper-
ators associated to a Young function of Llog L type. This control appears not only by means
of the norm in the space where these operators act (see, e.g. [6-9]), but also by means of
pointwise inequalities between them [10-13]. Is it this last point where we are interested
in, that is relate the commutator of fractional type operators with maximal operators via
a point-wise inequality and, particularly, it would be interesting to find a Welland type
inequality relating both operators. As far as we know there is no such an estimate so, in
this paper, we shall try to obtain one.

There is a wide class of operator of fractional type T,, which are the convolution with a
kernel satisfying certain size and regularity conditions (see below). These operators were
introduced in [14] and appear in connection with the ergodic theory: They generalize the
fractional integral associated to a multipliers [15] and fractional integrals whose kernels
are associated to a homogeneous function (for more details see [16~18]). The kernels are
less regular than the kernel of the fractional integral operator and the regularity condition
involves Young functions which determine the maximal operators related with them. In
this paper we shall also give a Welland type inequality for the operator T, which allow
us to give two weighted norm estimates for this operator between Lebesgue spaces with
different integrability. Moreover, and as a consequence, we can derive certain Welland type
inequality for the composition of the sharp maximal operator with the commutator of T,.
This is a surprising result that can be employed to derive two weighted norm estimates
for the commutator [b, Ty ], b € BMO. The techniques used to obtain it are related with
the classical estimates of the sharp maximal function of a commutator in order to reduce
the order of this last operator and then use an induction argument to derive continuity
properties. But at this point we are not interested in reducing the order but we want to
obtain maximal operators which govern the behaviour of [b, Ty ]. Then, the Welland type
inequality for T, playsanimportant role.

Throughout this paper we shall also be considering the Euclidean context R¢ pro-
vided with a-non-negative Ahlfors n-dimensional measure , that is, a Borel measure
satisfying

al(Q" = u(Q = lQ" (1.1)

for some positive constants ¢; and ¢, and for any cube Q C R4 with sides parallel to the
coordinate axes, where /(Q) stands for the side length of Q and # is a fixed real number
such that 0 < n < d. Besides, for r > 0, rQ will mean the cube with the same centre as Q
and with I(rQ) = rl(Q).

Given 0 < o < n, the fractional maximal function is defined by

Mof(x) = sup ——

: (Q)l — / )] du().

When o = 0, we write My = M to denote the Hardy-Littlewood maximal function with
respect to measure (.


Deleted Text
Deleted Text
behavior 

Deleted Text
Deleted Text
for example

Deleted Text
Deleted Text
behavior

Deleted Text
Deleted Text
center 

Deleted Text
Deleted Text
Hardy-Littlewood 


93

94

95

96

97

98

99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138

INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS e 3

Given a Young function A, we define Lﬁ (R9) as the set of all measurable functions f for
which there exists a positive number A such that

/Rd (lf()l)d () < 0o,

The fractional type maximal operator associated to a Young function A and measure
is defined by

Maa(H)(x) = sup w(Q*"fllag 0<a<n,
Q>x

where, for a cube Q,

1

is the Luxemburg type average associated to ;. When A(t) =1, with 1 < g < oo, then
Ifllaq = ((1/1(Q)) fQ [f17du)/9. When a = 0, we'write Mg .= M.

In this paper, we shall consider convolution type operators Tof = Ky *f, 0 < o < 1,
where the kernels K, are supposed to satisfy conditions that ensure certain control on
their size and their smoothness. From now on, we adopt the following convention: |x| ~ s
will stand for the set {s < |x| < 2s} and, for a-Young function ®, ||f||®,)x|~s Will stand for

f Xx|~s |l &,B(0,25)-

Definition 1.1: Let B be a Young function and let 0 < « < n. The kernel K, is said to
satisfy the Sy p condition, and we denote K, € Sy p, if there exists a positive constant C
such that

| KellB,jxj~s < Cs*7. (1.2)

When « = 0 we simply write So 5 = Sp and when B(t) = t we write Sy g = Sy.
It is easy to-see that, if K, € Sy p then the operator T, is well defined for example for
L2° functions. On the other hand, if K, satisfies condition Sy,p then

“KO! ”B,BS =< CSO{—H’

where By denotes a ball of radius s.

Definition 1.2: Let B be a Young function. We say that the kernel K, satisfies the L*:B-
Hoérmander condition, and we write K € Hy p, if there exist ¢ > 1 and C > 0 (depending
on Band k) such that for all y € R” and R > c|y|,

o0

> Q"R m|Ke (. — y) — Ka(llBjxi~2mr < C. (13)

m=1

The operators above are controlled, in some sense, for maximal type operators associ-
ated to the Young function B. For more information see [14].
The following condition is related to the classical Lipschitz condition.
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4 G. PRADOLINI AND J. RECCHI

Definition 1.3: The kernel K, is said to satisfy the H;, ., condition if there exist ¢ > 1 and
C > 0 such that

[yl

Kelr =) = Ke@] = Crir

x| > clyl.

It is easy to see that H; ., C Hy p for every Young function B.
Given b € L} (R"), the commutator of T is defined by

BT = [ (609 = b09) Katx = 1) 0) &y
We shall be concerned with commutators with symbols belonging to BMO. A locally
integrable functions b is said to belong to BMO if

1
n(Q)

I1bllBMO = sup / |b(x) — bql dpu(x). <00,
Q Q

where the supremum is taken over all cubes Q C R% and b denotes the average of b over
Q.

The following two theorems give Welland’s type inequalities for the operator T, that
includes the case Ty, = I, and for the commutators of T; Tespectively. As far as we know
this last estimate is new even in the case of the Lebesgue measure and T,, = I,,.

We will denote T' < H when there exists-a constant ¢ such that T < ¢ H.

Theorem 1.4 (Welland type inequality):  Let0 < « < n and Ty be a convolution operator
with kernel Ky such that Ky € Sy p. Let'A, B and C Young functions such that A71B1 <
C™1, then

I Tof (0)] < O, @, €)(Mateaf () Mea—eaf ()2,

for almost every x, where 0-<_e-< min{o, n — a}.

Remark 1.1: 1t is important to note that, when T, = I, the hypothesis K, € Sy, p in the
theorem above is superfluous any Young function C is needed. Thus the theorem holds
with A(f).="t,as it was proved in [11].

Remark 1.2: When C(¢) = t and K, € Sy, then we have that

1/2

Tef (O] < Clma,€) (M, ff DM, 5f )"/,

where B is the conjugate function of B. In [14] it was shown that the maximal operators in
the inequality above are precisely those that control Ty,.

The sharp maximal function of f is defined by

MP*f(x) = sup inf !

—ald .
sup inf /Q o) - al duy)

We will use Mg(f) to denote Mu([ﬂ‘s)l/ 5 We use the sharp maximal operator defined
above to obtain the Welland type estimate involving the commutator of Ty,.
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INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS e 5

Theorem 1.5: Let T, be a convolution operator with kernel Ky, 0 < o < nand b € BMO.
Let A and B be Young functions such that AIB <t/ log(e + t) and such that A(t) /1"
is quasi-decreasing and A(t)/t"/* — 0 as t — 0o. Assume also that there exists 1 < r <
n/a such that A(t)/t" is quasi-decreasing. Then, if K, € Sy,p N Hy,p, there exists a positive
constant C such that

Mi([b, Ty 1) (%) < ClIbllBMo(Ma-teaf () Me—eaf ()2,

for almost every x, where 0 < € < min{a,n — a}.

Remark 1.3: The function A(t) = (tlog(e + )P with B < n/a satisfies the hypothesis of
the previous theorem.

It is easy to see that if K, € H, ,, then Theorem 1.5 holds. Particularly,if Ty, = I, we
obtain the following corollary.

Corollary 1.6: Let A(t) = tlog(e + t) and let . be an Ahlfors n-dimensional measure.
Given 0 < o < n, b € BMO and a non-negative function.f, there exists a constant C such
that

M5 (b, I 1f (%) < Clbl Mo Mt e Llog Lf ©OMa—e 1og 1f ()2, (1.4)

for almost every x, where 0 < € < min{a,n — a}.

In the classical Lebesgue context it is-well known that the commutator above is con-
trolled, in some sense, for fractional type maximal operators associated to the Young func-
tion A(t) = tlog(e + t). Thus, this corollary is another way of control for commutators
with this type of maximal operator.

Before introducing the next result we give some previous definitions and examples.

A doubling Young function Bsatisfies the B, condition, 1 < p < o0, if there is a positive

constant ¢ such that
/ > B(t) dt
—— <
. Mt

Definition 1.7: A Young function A belongs to the class £5°7 if it satisfies the following
properties:

For more information [see, 19].

(i) AD/Po e By for some 1 < py < n/aand 1/gg = 1/po — a/n,
(ii) There exist two Young functions ¢ and ¢ such that e l(Ht/m < A7) <
OIS
(iii) There exist two Young functions H and J such that H Il <A lwithJ e Bp.

Definition 1.8: A Young function A belongs to the class ,Ciofl ogl if A € £ and there

exists a Young function B such that A"!B~! < t/log(e + t).

EPU P

We now give some examples of functions A belonging to the class £, Llogl


Deleted Text
Deleted Text
-dimentional


231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276

6 (&) G.PRADOLINIAND J. RECCHI

Example 1.9: Let 1 <p <00, 0 <o <n and let A(t) =1t", 1 <r < min{p, p,, n/a}.
Then ¢ (t) = ¢(t) = tm/(m—er) and H(t) = /5" with J(t) = £ € By, r <s <p satisfies
(ii) and (iii), respectively. By the hypothesis on r, i) is also verified. On the other hand,
. / Po>p
if we take B(t) = (tlog(e + t))" then A = " belongs to [’a,LlogL'
Example 1.10: The function A(¢) = (tlog(e +1))", 1 < r < min{p, p,, n/a} satisfies (i),
as it can be easily proved. Moreover, property (ii) is true by taking ¢ (#) = ¢(¢) = (tlog(e +
£))™/(n=a1) and (iii) holds by considering H(t) = (tlog(e + )5 and J(t) = £ € By

£P0sP

with r < s < p. Finally, the function B(t) = " allows us to say that A € wLlogL’

Example 1.11: Let A(t) = t"(log(e+1))”, r # ¥, 1 < r < min{p, pp,n/a}and 0 < y <
n. It easy to see that (i) is true. Taking ¢ (¥) = ¢(t) = ¢/ (n—an) log(e + HYINTAr A satis-
fies (ii). Moreover, if H(t) = t™/5~" log(e + HYSSTand J(t) = £ € Bp, r <s'< p, then (iii)
is satisfied. On the other hand, the Young function

t i’
B = <log(e + t)V/”>
EPD’P

allows us to say that A € £’ log L

Theorem 1.5 is an important tool in order to'obtain the next result, which gives sufficient
conditions on a pair of weights that guarantee the boundedness of [b, Ty] between two
different weighted Lebesgue spaces when the measure involved is Ahlfors n-dimensional.

Theorem 1.12: Letl < p < q < 00,0 <o < n,1 < py < n/a and let u be an Ahlfors n-
dimensional measure. Let A be a submultiplicative Young function such that A € L"Z ozvlog i
Let Ty a convolution operator with kernel Ky, € Sy p N Hy p. If (1, v) is a pair of weights for

which there exists r> 1 such that for every cube Q,

1/rq
p(QMare/m=1/p) (@/Qu(x)rdu(@) lv™Pllgq < C

and u € Ax, then for every f € Lﬂ (v) and b € BMO, there exists a positive constant C such
that

16 Telf g < Clblsmollfle -

ﬁPo P

The functions B and H are given in the definition of the class a.Llogl’

Corollary 1.13: Let Ty a convolution operator with kernel Ky € So.p N Hy o, and the same

hypotheses as in the previous theorem. Then for every f € L,}l(v) and b € BMO, there exists
a positive constant C such that

Il [bs Talf”LZ(u) = C”b”BMO”f”LIZ(U)

Remark 1.4: It is easy to check that the fractional integral operator I, satisfies the
hypothesis of the previous corollary.
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INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS 7

2. Preliminaries and auxiliary theorems
2.1. Orlicz spaces

A function B : [0,00) — [0, 00) isa Young function if it is convex and increasing, if B(0) =
0 and B(t) — oo as t — 0o. We also deal with submultiplicative Young functions, which
means that B(st) < B(s)B(¢) for every s, t > 0. If B is a submultiplicative Young function, it
follows that B'(t) >~ B(t)/t for every t > 0.

Given a Young function B and a cube Q, we define the Luxemburg average of f on Q
associated to w by

1
|V||B,Q=inf{x>0:m QB<V(;)|>dM(X)Sl}. 2.1)

The Luxemburg average has two rescaling properties which“we will use repeatedly.
Given any Young function A and r > 0,

If laq = Iflpo

where B(t) = A(t"). By convexity, if 7 > 1, |flla,0 < T"|fllarq- The complementary
Young function B of a given Young function B, is defined by

B(t) = sup{st — B(s)}, . t> 0.

s>0

It is well known that B and B satisfy the inequality t < B~1(H)B~! < 2¢. It is also easy to
check that the following version on the Hélder inequality

L
)

holds. Moreover, there is a further generalization of the inequality above. If A, B and C are
Young functions such that for every t > ¢y, > 0,

Bty < A7),

/Qlf(X)g(X)I du(x) = 2|flisaliglsg

then, the following inequality holds

Ifgllae < Kliflsoliglico- (2.2)

The following theorem also gives a sufficient condition on the function B that guarantees
the continuity of the fractional type maximal operator M, g between Lebesgue spaces with
Abhlfors n-dimensional measure.

The following theorem gives sufficient conditions for strong type inequalities for M p.

Theorem2.1([20]): Letl < p < g < 00,0 < & < nand let u be an Ahlfors n-dimensional
measure in RY. Let A be a submultiplicative Young function such that A € L5F and (u, v)
is a pair of weights such that for every cube Q,

w( Q" VPV v P g < K

then, there exists a positive constant C such that for every f € L‘Z(v).
”M‘J‘)A(f)”LZ(u) <cC ”f”Lﬁ(v)
Po>P

The functions B and H are given in the definition of the class L log L'
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The theorem above was proved in [20] in the more general context of upper Ahlfors
n-dimensional measures, generalizing Theorem 3.1 in [11] which is a special case of this
theorem by considering H(t) = ' () =t and A(t) = t. Examples 1.9, 1.10, 1.11
given previously satisfies the hypothesis of the theorems above.

Proof of Theorem 1.4: We decompose the operator Ty, as follows,

Tuf ()] < fR IRl = DI A )

< /B( : |Ko (x = pIf M di(y) +/ Ko (x — WIIf )] due(y)

R™\B(x,s)
=1+1I.
Let Sk(x) := B(x, 2ks) \ B(x, 2k=15). Since A”'B~1C~! < tthen by the generalized Holder
inequality ( 2.2) and the condition S, p we obtain that

o0

1= [ K Il du)
s
00 B(x,
_y w2 9) ) Kot — ) IFOIF ()

o W(B(x, 27 k) Js_ 0

< CZu(B(x,z—ks»||xs,k||@,3(x,27ks)||Ka||B,|x|~2-k-lsuan,B(x,z-kS)
k=0

oo
a—n
< CY nBEZF) (27) T Wl saso

k=0

o0
< O My Leaf ()Y 27 < G Mg eaf (0.
k=0
In order to estimate IT we proceed as follows.

o0

s kZ /sk+1(x |Ko (x = MIf 1 dpe(y)

e B )2k+1
Z i ) |Ke (x = WIf ) de(y)

— u(B(x, 2K119)) Jsipy

k
< CZ 1B 2 ) 1 X |6 k1) 1Kl g g as I A b1
k=0

o0
o—n
<CY n(Bx2s) (zks) 1B 25T ) F Ly bkt
k=0

< G5 Mageaf(0) Y275 < G5 Myqeaf ().
k=0
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Then, for s> 0
|Taf(x)| <C (SEMa—e,Af(x) + S_GMa—i-e,Af(x))

and the result can be obtained by minimizing this expression in the variable s. |
The proof the following lemma is similar to the case of the Lebesgue measure.

Lemma 2.2: The following are true:
(1) Iff € BMO(u) then

1 If (x) —fal)
—_— —=|d .
) Qe"p< Cliflamo ) 05

(2) Let0 < p < 0o, there exists a constant C, such that

1 1/p
S‘ép (m/QLf(x) — fol? dM(X)> = Gllflismo.

Remark 2.1: Note that the inequality from I.in the previous lemma implies that
IIf _fQ“expL,Q = C|blimo-

The following theorem establishes the relation between M and M* and the proof can be
found in [9].

Theorem 2.3: Let 0)< p,§ < oo and suppose that u € Aso(R", ). Then there exists a
constant C such that the inequality

IMs(Dllpay < CIMED I

holds for every function f for which the left-hand side is finite.

Lemma 2.4: Given o, 0 < o < n, let A be a Young function such that A(t)/t"/* is quasi-
decreasing and A/t — 0 as t — oo. If there exists 1 <r < n/a such that A(t)/t" is
quasi-decreasing, then there exists a positive constant C such that

M ((Ma,Af)s) = C(-/\/lot,Af)S

forevery0 <s < rn/(n —a).

When p is the Lebesgue measure, this theorem was proved in [21].
The proof of Lemma 2.4 requires several lemmas. Throughout this part we will assume
without loss generality that all functions f are non-negative.
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Lemma 2.5: Given o, 0 < o < n, let A be a Young function such that A(t)/t"/* is quasi-
decreasing. Then for every Q and x € Q,

Maa(fxQ)®) ~ sup wP)"|fllap (2.3)

xePCQ

where P is any cube such that P C Q.

Proof: Fix a function f. Clearly the supremum on the right-hand side is less than or equal
to the left-hand side, so it will suffice to prove the opposite inequality.

Fix x € Q and a cube P ¢ Q. There are two cases. If [(P) < I(Q) then by translating P
we can find another cube P’ containing x such that P € Q; QNP C QAP, and u(P') =
¢/t (P). But then,

wP)"Ifxallap < CuPHY ™ |flap < C sup wP)|flap-
x€PCQ

Now suppose I(P) > I(Q). Let s = (I(P)/I(Q))" > 1: Since A(t)/t”/"‘ is quasi-decreasing,
for all A positive,

i (i i ()
n(P) Jp A n(Q Jq A ,u(Q) s/

Therefore,
nPMfxallap < Cs~IuP* " Iflaq = C Q™" Iflaq
<C s u(P)If xollar
xePCQ
If we take the supremum-over all P we get result. |

Lemma 2.6: Given o, 0 < o < n, and a Young function A, then for every Q and for every

xeqQ

Mea(f xrm3Q)®) ~ sup w(P)*™||f xgm 3ol ap-
P:Qcp

Proof: The supremum on the right-hand side is less than or equal to the left-hand side,
so it will suffice to prove the opposite inequality holds up to a constant. Fix x € Q and Py
containing x such that (R” \ 3Q) N P, # @. Then [(Q) < I(Py) and so Q C 3Py. Therefore,

1(Po)*/™If xrm3qllap, < C1(3Po)* ™If xrm3qllase, < C sup w(P)*™|If xrm3qllap-
P:QcP

Taking the supremum over all such cubes Py yields the desired estimate. |

Lemma 2.7: Given a, 0 < a < n, suppose the Young function A is such that A(t)/t"* is
quasi-decreasing and A /1" — 0 as t — oo. If supp(f) C Qo for some cube Qo, then

w(Q*"|fllag — 0as w(Q) — oo.
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Proof: Since ||flla,q < CIf + xq,lla,Q, we may assume without loss of generality that
f(x) > 1. Let |Iflla,q, = M; then

/QA (%) dx < 1(Qo) < oo.

Since supp(f) C Qq, it follows that the integrand is in L.
Fix € > 0, we need to show that there exists N >0 such that if ©(Q) > N, then
w(Q*™|flla.q < €; to obtain this it suffices to see that

a/n
1 /A(f(x)M(Q) >dx§ L (2.4)
m(Q) Jo €

Since f(x) > 1 and since A(t)/ /e is quasi-decreasing, for almost.every « € Qp and for
1(Q) sufficiently large,

1 AGQM@WM>§(:AGE»€LF
j7(e)) € enfe M

Since A(t)/t”/“ — 0,

(e f (o (Qe/) "™

Lo <f(x)M(Q)°‘/”
n(Q) €

as u(Q) — oo. Therefore, by the dominated convergence theorem,

a/n
! /AU®M® >®9Q
w(Q) /g €

so there exists N'>0 such thatif £ (Q) > N, (2.4) holds. [ |

Lemma 2:8:-Given o; 0 < o < n, let A be a Young function such that A(t)/t"/* is quasi-
decreasing and A(t) /"% — 0 as t — oo. Then there exist constant C, ¢ such that for all

cubes Q with 1(Q) = 1, and every A > 0,
A (f(_x)) du. (2.5)

MMeQnMwﬁﬂMM>AN”““§C/ -

{xeQf (x)=1/c}

Similar results were proved in [7,22].

Proof: We will first show that M 4 (xq) (x) < Cforeveryx € Q. By Lemma 2.5, it suffices
to show that for all cubes P C Q, u(P)*/" || xqlla,p < C.Fixsucha P;then ju(P) < u(Q) =
1 and by the definition of the norm,

w®* " xallar < llxollar < C.

Now write fxq as fi +f» where fi =fXxeqf<1)- By the above observation, if
x € Q, Muafi(x) < Maa(xg)(x) <C. By Lemma 2.5 it follows that Mg afa(x) <
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12 G. PRADOLINI AND J. RECCHI
Q
CM; 4fo(x), where

ML L@ = sup u@Pfllap

xePCQ

Therefore, there exists a constant Cy > 0 such that

{xe Q: Maua(fxQ)(x) > 2Co} C {x € Q: Maufa(x) > Co}
CclxeQ: Mg}afz(x) > 1} =E

For each x € E, there exists a cube P, C Q containing x such that u(Py)*"||falap, > 1.
By Lemma 2.7, M(Q)“/”|[f2||A,Q — 0 as (Q) — oo. Therefore, we can adapt the proof
of the fractional Calder6n-Zygmund decomposition in Proposition A.7 in Appendix A in
21] to show that there exist a collection of disjoint dyadic cubes-{P;}; such that I(P;) < 2,
E C U;3Pj, and /L(Pj)a/anz”A,pj > B > 0forsome B < 1.

Since A is convex, for each cube Pj,

o /n /
1< —1 A —M(P]) £ dx < —C / A (Cﬁ(x)> dx
n(Pj) Jp, p (Pl Jp, p

Therefore, since A(t)/ e g quasi-decreasing and the Pj’s are disjoint,

p({x € Q: Maa(fx)x) > 26oH" /" < w(B)"/" <3~ u@3p) ="
J
e x[2(5)e

<C / A (@> dx.
reQr=1)  \2Co

Inequality 2.8 follows by homogeneity, replacing f by 2Cof /. |

Proof of Lemma 2.4: We will first show that if Q is a cube such that £ (Q) = 1, then for
any x € Q,

5 / Maa(F 1)@ dx < CIfI o 26)

By homogeneity we may assume |[|f||4,o = 1, and so, in particular, that

/ A(/0) dx (Q)/ (eo)dx =1
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Therefore, by Lemma 2.8, the fact that A/t s quasi-decreasing and 0 < s <
m/(n —a),

o da
/QMa,A (fxq) (x)°dx = /0 A ({x € Q: Moa(fx)(x) > A}) -

- n/(n—a)
<c+C / AS / A (@) dx d
¢ Q{f=2/c} A A
o© 1 n/(n—a) 4
sc+c/ AS(/ —A(f(x))dx) —<cC
. Q M x

This yields (2.6).
We will now prove via a homogeneity argument that (2.6) extends to-arbitrary cubes:
for all Q,

1
— | M, ‘dx < C safmy£)1s, . 2.7
— /Q 4 (FxQ) (%dx < G (@< I (27)

Fix a cube Q; by translation invariance we may assume without loss of generality that Q
is centred at the origin. Let | = I(Q), and let fi(x) = f(Ix). If P is any cube contained in Q
with centre xp, let P be the cube centred at xp/Iwith side-length [(P)/I. Note that [(Q) = 1
and every cube contained in Qj is of the form P for some P C Q. Therefore, if we make
the change of variables x = Iy, we get

WP T = ()" inf {x co: L [a (@> dx < 1}

w(P) Jp A
=l°‘,u(P)°‘/”inf{)»>0:; A(J@)dxg 1}
w(Pr) Jp, A

= u @)™ Ifillap,-

Since x € P if and only if x/I € Py, this identity combined with Lemma 2.5 shows that
Mo a(f xQ) (%) < CI* Mg a(fixq,) (x/]). hence, if we make the change of variables y = x/I,
it follows from (2.6)that

1 1
— [ M, Sdx < CP*—— | M, D*d
0 fQ A (fxq) (0%dx < 0 fQ A (fixaq) (x/D° dx

1
—crr— | M, sd
e /Q, A (fixq) 0)° dy

< CFIfillS g,
= C(Q™ ™ |IfII},.o-
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14 G. PRADOLINI AND J. RECCHI

We can now finish the proof. Fix any cube Q. By (2.7) and Lemma 2.6, for every y € Q,

1
L My afof de
Q) /Q Af )

/ Mo (fx3q) (0°dx+ — / Mo (fxrmzq) (0)° dx
3Q n(Q)

<C
N E(0))

N
< CuBQ™"||fl530 + C < sup pu(P)*/ "ufmn\sQuA,p) < C Maaf().
P:QcpP

3. Proof of the main results

Proof of Theorem 1.5: Decompose f as fi + f», where fi =fxqo+, and Q* is the cube

centred in x which sides are 2+/d times larger. Let cq = (To((b —bg+)f2))q. Then, since

(b, Telf = [b— bg Tolf,

) . 1/8
— b, Ty — d
(M(Q) /Q IIb, Talf 5 — col M()/))

) 1/8
S b(y)— bo )T f)|° d )
§<M(Q)/ (b)) — b Y Taf 0)1° die()
. 1/8
Tolb(y) — bo* d
( - [ ITLl60) — be)fil )] M(y)>

1/8
+< v / ITal(b() — b )]0 — col® du(y))
=l +L+I.

For I, by the Holder inequality with® = 1/§and 0’ = 1/1 — §

I ! b bo|%/1=9 q o ! T, d
<|— — * _ o .
1 < (M(Q) /QI (y) — bor| /«c(y)> (u(Q)/Q f) u(y))

Hence, by Lemma 2.2(2), and Theorem 1.4 with C(t) = tlog(e + t),

1/2

1
I < ClIbllMo—~ ( atedAf D Ma—eaf () du(y)

n(Q)
1/2

1/2 1
C|lb —— | Mgy d —— [ Mgy_« d
< C|Ibllsmo (u(Q)/Q +erAf ) u(y)) (u(Q)/Q Af() M(}’))

By Lemma 2.4 with s=1, we get

I < Cllbligpo (Mateaf (OMeg—caf ().
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In order to estimate the second integral, we use that K, € Sy g and A7IB7IC <t to get

1/8
b ( (Q)/ I Tal(b() — bo)fi] (y)ladw))

= 1@ / [M(Q ) / Ka(y = 2)(b(2) — bQ*)f(Z)|dM(Z)] du(y)

n(Q*)
Q"
< M(Q)/uKa(y Mo llb — barle e Il die(y)

< C||bllpMmo Ma,af (%),

where in the last inequality we have used (1) of Lemma 2.2.
We now proceed with the estimate of I3. Let Q; = 251Q*, Sx . =25H1Q* \ 2kQ* and
br = bq,. By the Holder inequality and condition Hy, g, we obtain that

hs o / ITal6G) — b)) — (Tu (b~ b)) [ dR)

b b Ky
M(Q)2//Q /sm 1b(w) = billf ()| Ka(y = w)

— Ko (z = w)| du(w) dju(z) dpe(y)

M(Q)Z//Q /sk+1 |6 — bos [ If (W) | Ka (v — w)

— Ko (z = w)| dp(w) dja(z) dpe(y)

Ib
- Lygggoffz“@kw”mk” (Ka(y =) = Ka(z =) llBsy., d1e(2) de(y)
b
ILEZJ;IZO f / Zku(Qk)llfHA ol (Ka(y =) = Koz =) By, de(2) dia(y)
bl Bpo // a/m
Mo{ k Ko (. — — K (. 1d d
= e eI Qg HQ)' ™ 1K~ ) ~ KaOllp s, du(2) dua(y)

< ClIbllBMoM g af (x).

Finally, observe that
w@Qflaq = (HQ " f140) "> (WQ " flaQ) " p(QE/m=</m1/2
= (1@ flaa) ” (@ flaa)
< (Mateaf@)"? (Mazeaf®)'?.



16 (&) G.PRADOLINI AND J. RECCHI

691  Proof of Theorem 1.12: Let f > 0 be a bounded function with compact support. Choose
692 € such that

693 n 1 1 n
694 O<e<min{a,n—a,a,n<1—)—a>,g}.
232 Since u € Ao, by Theorem 2.3 applying Theorem 1.5, we obtain that
697 I116s Ta Il < IMs([0, Ta D llLacw)
698
699 < ||M§([b, ToDllzacw)
700 1/q

2
701 < ClIblismo {/Rd (Ma+€,Af(x)Ma—e,Af(x))q/ u(x) du(x)}
702
703 1
204 < Cliblismo e F(x)G(x) dpa(x) >
705
206 Where F(x) = (Mareaf (0)u(x) /)72 and G(x) = (Mg af ()u(x)'/9)4/2. Let
707 1 1 e 1 1 € pa —
708 Foaw woatw TP =
709 ‘ ¢
710  From the way we choose €, we have
711

1 1
712 1<p<q€_<q<q:r<oo, 1<q_<q+<oo and q—+—{—q—_:1
713
714 Thus we use Holder’s inequality to get,
715
716 i 1/q 1/q
F(x)G(x)d < |IF G| T
e ([, Feocauc) " <impe iie
718 _ 1/2 12
719 = ”Ma—t-s,Af”Lq;r(uﬂ”Ma—e,Af”Lq; (u*)’
720 -
721 where ut'=u% /% and u~ = u9 /1. Now, we will see that the pair of weights (u™,v)
792 satisfies the condition in Theorem 2.1 with 1 < g /q < r and « replaced by & + €.
oy Qe (@Y [0 P g
725 1 1/qf
= p(Q/are/n=ip (— / ut dM) lv™llgn
26 wQ Jo ¢
727
1/gt

728 < M(Q)(l/q-i-ol/n—l/P) (L/ Lﬂ:/‘] d,u> fae ”v—l/P”QH
729 - w(Q) Jq '
730 1/rq
731 < pQUate/n=tip (# / ' du) lv™llgn < C.

733 Note that in the last inequality we have used the hypothesis on the weights u and v. Then,
734 Theorem 2.1 implies that

735

736 IMeareafll g ) < W llecy-
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Now, for the second term it is easy to prove the estimate for the weights, since g_ /g < 1 <
r,and

w(Q =M=y QY v VP o

1 1/q;
= p(QV/ate/n=1/p (— / u” dM) v VP qu
1(@Q Jo Q
(/qtam—1/p (L i\ 1 1/p
= p(QWate/n= (— f we du) Pl on
1w(@Q Jo <

1 1/rg
< p(QVare/n=1/p) (— / u’ du) v Pl omr< C.
1(@Q Jo Q

In this way, the pair of weights (17, v) verifies the condition with 1. <.p < q- < oo and
o — €. By Theorem 2.1,

”M(x*e,Af”M; () =< ”f”LP(v)-
Then

1/q
(/Rd F(x)G(x) du(x)> < Cliflizev)-
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