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1. Introduction

A n-Lie algebra is mainly a vector space endowed with a n-Lie bracket which is taken
between n elements instead of two. This new bracket is n-linear, anti-symmetric
and satisfies a generalization of the Jacobi identity. It was introduced in 1985 by
Filippov [6] as a generalization of a Lie algebra. In [6] and several subsequent papers,
[7) TOHT2] a structure theory of finite-dimensional n-Lie algebras over a field F of
characteristic 0 was developed. In [12], Ling proved that for every n > 3 there is,
up to isomorphism only one finite-dimensional simple n-Lie algebra, namely C"*+!
where the n-ary operation is given by the generalized vector product, namely, if
e1,...,enq1 is the standard basis of C"*!, the n-ary bracket is given by

5. _ (_1\n+i—1_.
, =
[e1,. ., €iyevyeni1] = (—1) €,

fCorresponding author.
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where ¢ ranges from 1 to n + 1 and the hat means that e; does not appear in the
bracket.

In 2010, Cantarini and Kac, [4], stated that there are no simple linearly com-
pact n-Lie superalgebras over an algebraically closed field of characteristic zero,
which are not n-Lie algebras and classified simple linearly compact n-Lie super-
algebras with n > 2. A linearly compact algebra is a topological algebra, whose
underlying vector space is linearly compact, namely is a topological product of
finite-dimensional vector spaces, endowed with discrete topology (and it is assumed
that the algebra product is continuous in this topology). They obtained a list con-
sisting in four examples, one of them being the n 4+ 1-dimensional vector product
n-Lie algebra presented above, and the remaining three are infinite-dimensional
n-Lie algebras, (cf. Theorem [3 below, [4]). One of them is the simple linearly com-
pact n-Lie algebra of type S we are interested in.

Also, representation theory for n-Lie algebras was developed. Dzhumadildaev
studied in [5] the finite-dimensional irreducible representations of the simple n-Lie
algebra C"*!. Balibanu and van de Leur in [I] classified both, finite and infinite-
dimensional irreducible highest weight representations of this algebra.

In the present paper, we aim to classify all irreducible continuous representations
of the simple linearly compact n-Lie algebra S™. We tried to apply technics we also
used in [B] to classify irreducible representation of the other infinite-dimensional
simple linearly compact n-Lie algebra W™. As in [I], the key idea is to reduce the
problem to find irreducible continuous representations of simple linearly compact
n-Lie algebra S™ to find irreducible continuous representations of its associated
basic Lie algebra on which some two-sided ideal acts trivially.

The paper is organized as follow: In Sec. Bl we give the basic definitions and
results related with n-Lie algebras and state the relationship between representa-
tions of n-Lie algebras and representations of its associated Lie algebra. In Sec. Bl we
introduce the simple linearly compact n-Lie algebra S™, we identify its associated
Lie algebra with the Lie algebra of its inner derivations which is nothing but S,
the Lie algebra of Cartan type S and finally we relate representations of the n-Lie
algebra S™ with representations of S,,. In Sec. ]l we present some general results
of the representation theory of S, prove some technical lemmas and we describe
some generators of the two-sided ideal that must act trivially in our representations.
Finally in Sec.[5] we state and prove the main result of the paper.

2. n-Lie Algebras and n-Lie Modules

For completeness and following the presentation of [3], we will give an introduction
to basic definitions and notions related with n-Lie algebras and n-Lie modules. We
will also introduce some useful results over the correspondence between represen-
tations of n-Lie algebra and representations of its basic associated Lie algebra.

As mentioned before, we are interested in studying irreducible representations of
the linearly compact n-Lie algebra S™. Cantarini and Kac stated in [4] that there

1950036-2



20 Reading

March 20, 2018 9:26 WSPC/S0219-4988 171-JAA 1950036

Irreducible representations of the n-Lie superalgebra of type S

are no simple linearly compact n-Lie superalgebras over an algebraically closed
field of characteristic zero, which are not n-Lie algebras. Then we will use the
representation theory of n-Lie algebras to give the representation theory of simple
linearly compact n-Lie superalgebras. Given an integer n > 2, an n-Lie algebra
V' is a vector space over C, the field of complex numbers, endowed with an n-ary
anti-commutative product

ANV =V
ar A ANag = [ar, ..., an],

subject to the following Filippov—Jacobi identity:

[al,...,an_l,[bl,...,bn]}
= [[al,...,an_l,bl],bg,...,bn] + [bl, [al,...,an_l,bg],
3o bal -+ b1y bos a1, a1, b 1)

A derivation D of an n-Lie algebra V' is an endomorphism of the vector space
V such that:

D([a1,...,a,]) = [D(a1),az2,...,a,] + [a1, D(az),...,an] + -+ [a1,..., D(ay)].

As in the Lie algebra case (n = 2), the meaning of the Filippov—Jacobi identity
is that all endomorphisms Dg, . 4, , of V (a1,...,an—1 € V), defined by

Dahm,an—l(a) = [a17 CERE an—ha]

are derivations of V. These derivations are called inner.

A subspace W C V is called an n-Lie subalgebra of the n-Lie algebra V if
(W,...,W] C W. An n-Lie subalgebra I C V of an n-Lie algebra is called an ideal
if [I,V,...,V] C I. An n-Lie algebra is called simple if it has not proper ideal other
than 0.

Let V' be an n-Lie algebra, n > 3. We will associate to V' a Lie algebra called the
basic Lie algebra, following the presentation given in [T, [5]. Consider ad : A"~V —
End(V) given by ad(a1 A -+ A an—1)(b) := Da,,...an_,(b) = [a1,...,an-1,b]. One
can easily see that we could have chosen the codomain of ad to be Der(V') (the set
of derivations of V') instead of End(V). ad induces a map ad : APV — End(A®V)
defined as ;L(vi(al Ao Nap—1)(br Ao Aby) = D0 b Ao Allar, . a1,
bi] A -+ A by,. Denote by Inder(V) the set of inner derivations of V, i.e. endo-
morphisms of the form Dg, 4, , =ad(ai A+ Aap—1).

The set of derivations Der(V') of an n-Lie algebra V is a Lie algebra under the
commutator and Inder(V') is a Lie ideal. Note the Lie bracket of Inder(V') can be
given by

[ad(a; A+ Aap—1),ad(by A+~ Abp—1)] =ad(ci A+ Aep_1),
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where
n—1 N
CLN - NCp_1 = Zbl VANRERWA [al,...,an_l,bi] /\"‘/\bn—l :ad(a)(b) (2)
i=1
By skew symmetric condition ¢; A --- A ¢,—1 can be defined also by

n—1
AN Aepr == ar A Albr, b a] A Aany = —ad(b)(a).  (3)
i=1

Then ad is skew-symmetric (cf. [2]). We give to A"~V a Lie algebra structure
under the Lie bracket defined by

[a,b] = ad(a)(b). (4)
Therefore, this proposition follows.

Proposition 1. [, -] defines a Lie algebra structure on A"~V and ad : A"~V —
Inder(V) is a surjective Lie algebra homomorphism.

Consider

Ker(ad) = {ay A+ Aan_1 € A"V iad(ar A+~ Aay_1)(b) =0 for all b € V}
and
Ker(a/\d/) ={a1 AN Nap_1 € "IV éﬁ(al A Nap—1)(b) =0 for all b e AV},

It is straightforward to check that Ker(ad) is an abelian ideal of A"~'V and
Ker(ad) C Ker(ad). Thus,

A"t V/Ker(ad) ~ Inder(V), (5)

as Lie algebras. Note that due to Egs. @) and []), the Ker(ad) is a trivial submodule
of Inder(V'), thus

APV ~ Ker(ad) x Inder(V). (6)

Following the definition given by [1], 5], a vector space M is called an n-Lie module
for the n-Lie algebra V', if on the direct sum V @& M there is a structure of n-Lie
algebra, such that the following conditions are satisfied:

e V/ is a subalgebra;
e M is an abelian ideal, i.e. when at least two slots of the n-bracket are occupied
by elements in M, the result is 0.

We have the following results that establish some relations between representa-
tions of A"~V and n-Lie modules.

Theorem 1. (1) Let M be an n-Lie module of the n-Lie algebra V and define
p: A"V — End(M) given by

plar A~ Nap—1)(m) :=lat,...,an_1,m]

for all m € M, where this n-Lie bracket corresponds to the n-Lie structure of
V & M. Then p is an homomorphism of Lie algebras.
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(2) Given (M,p) a representation of A"~ *V such that the two-sided ideal Q(V) of
the universal enveloping algebra of A" =1V, generated by the elements

xal,...,agn_g - [a17 sy an] A Ap+1 ARER agn—2
n

- Z(—l)”"(al Ao N A AN an) (@i Adngr A A don—2)

i=1
(7)

acts trivially on M, then M s an n-Lie module.

Proof. Part (1) is direct from the definition of the Lie bracket in A"~V and the
Filippov—Jacobi identity of the n-Lie bracket corresponding to the n-Lie structure
of the semidirect product of V and M.

Let’s prove part (2). Consider the n-ary map [[, ]] : A" 1 (V x M) -V x M
such that M is an abelian ideal and V' is a subalgebra with its own n-Lie bracket
and define

a1, yan—1,m]] :=plar A+ Aap—1)(m), (8)

where a; € V, m € M. We need to show that the Filippov—Jacobi identity holds for
the n-ary bracket defined above. It is enough to show that

a1, s @t (b1 - s bty mll] = (b1 - s b1, [[a1, - - a1, m]]]
= M[[bl, oAt 1, bil, e b1, m]] )
and -
[, -, @n], Gnsts - - - Gnn2,m]]
= n_l(—l)"+i+1[[a1, gt Gon 2,0 m], . azn o] (10)

i=1
hold for a; and b; € V and m € M. o

Since p is a representation of A"~V and pla,b] = p(ad(a)(b)) by definition of
the Lie bracket, then the identity (@) holds.

Let’s prove the identity (I0). Writing the identity (I0) using (8], we have that

pllar,...,an] Aanyi A+ Aagp—o)(m)

n
= Z(—l)”"p(al Ao ANai A ANag)pla; N apgr A A agp—2)(m).
i=1

(11)
Therefore, [IIl) is equivalent to the fact that the ideal Q(V) acts trivially on M,
finishing our proof. |

The following proposition was proven in [5].
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Proposition 2. Let M be a n-Lie module over an n-Lie algebra V. Then any
submodule, any factor-module and dual module of M are also n-Lie modules. If My
and My are n-Lie modules over V., then their direct sum My @& Ms is also n-Lie
module.

As in [B], we deduce the following Corollary.
Corollary 1. Let M be an n-Lie module over n-Lie algebra V. Then

(a) M is irreducible if and only if M is irreducible as a Lie module over Lie algebra
ALY

(b) M is completely reducible, if only if M is completely reducible as a Lie module
over Lie algebra A"~V

Since we are aiming the study of the representation theory of V' as an n-Lie
algebra, Theorem [ shows that it is closely related to the representation theory
of the Lie algebra A"~'V. But first, due to (), we need to characterize the ideal
Ker(ad). We have the following lemma.

Lemma 1. Ifa € Ker(ad) and p is a representation of A"V, then p(a) commutes
with p(b) for any b € A" LV,

Proof. Consider a € Ker(ad) C Ker(;a). By definition of Lie bracket in A"~V
follows

p(a)p(b) — p(b)pla) = pla,b] = plad(a)(b)) = 0. 0
Thus, we have the following proposition.

Proposition 3. Let p be an irreducible representation of A"~ 'V in M with count-
able dimension. Then Ker(ad) acts by scalars in M.

Proof. Immediate from the lemma above and Schur Lemma. O

Theorem 2. Let (M, p) be an irreducible representation of A"~V such that the
ideal Q(V') acts trivially on M. Then

(a) plker(ady = AId with 1d the identity map in End(M) and X € (Ker(ad))* is
an Inder(V)-module homomorphism (where C is thought as a trivial Inder(V')-
module),

(b) plinder(vy is an irreducible representation of Inder(V') such that the ideal Q(V')
acts trivially on M.

(C) p= p|Inder(V) & A1d.

Proof. Let’s prove part (a). If I € Inder(V) and a € Ker(ad), since Ker(ad) is an
abelian ideal, by Lemma [l we have 0 = p([l,a])(m) = A([l, a]) Id(m). Thus A is an
Inder(V)-module homomorphism.
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Let’s prove part (b). Consider N & M a nontrivial Inder(V')-subrepresentation
of M and take 0 # m € M such that 0 # N := p(Inder(V))(m) C N. Note if
a € Ker(ad), due to Lemma [[land Proposition[3, p(a)N = p(a)p(Inder(g))(m) =
p(Inder(V)p(a)(m) = A(a)p(Inder(V))(m) = N. Using [B), we can conclude that
0 # Nisa subrepresentation of M as a A"~ !V-module but M was irreducible by
hypothesis which is a contradiction. Part (c) is an immediate consequence of (B)
and Lemma [ O

3. The Simple Linearly Compact n-Lie Algebra S™

As mentioned in the introduction, Cantarini and Kac proved the following classifi-
cation theorem.

Theorem 3 ([4]). (a) Any simple linearly compact n-Lie algebra with n > 2, over
an algebraically closed field F of characteristic 0, is isomorphic to one of the
following four examples:

(i) the (n + 1)-dimensional vector product n-Lie algebra C™*1;
(ii) the n-Lie algebra, denoted by S™, which is the linearly compact vector space
of formal power series F[[x1,...,z,]], endowed with the n-ary bracket

Di(f1) ... Di(fn)

[f17~-~7fn] =det | .................
Where D; = %;

(iii) the m-Lie algebra, denoted by W™, which is the linearly compact vector
space of formal power series F[[z1,...,xn_1]], endowed with the n-ary
bracket,

fl . fn
1(f1) .. Di(fa)
[fla"wfn] = det

Where D; = (%i;
(iv) the n-Lie algebra, denoted by SW™, which is the direct sum of n—1 copies

of F[[z]], endowed with the following n-ary bracket, where 9 is an ele-

; _ df.
ment of the jth copy and f' =

[ffj”,...,féj”)] =0, wunless {j1,...,jn} D {1,...,n—1},
1 k—1) (k) ok k1 .

[f1< >7~'~7fk<;71 >7fk<; >af]§+>1af]§+; >77f7<z 1>]

= (=11 feor (Fofrrs — Fagr i) frrz - Fu) .

(b) There are no simple linearly compact n-Lie superalgebras over F, which are not
n-Lie algebras, if n > 2.

1950036-7
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Throughout the rest of this paper, we will consider F = C and the simple
infinite-dimensional linearly compact n-Lie algebra S™.

Remark 1. (a) The map ad : A"~1S™ — Inder(S™), which sends fy A+ A fr1 —
ad(fi A-+- A fn_1). By Proposition [I] it is an epimorphism of Lie algebras and
we will show that in this case,

ker(ad) = span{fi A+ - A fn_1: fi € C, for some 1 <i<n—1}.

Note that any f1 A--- A fn—1 such that f; € C for some 1 <i < n — 1, clearly
is in ker(ad). On the other hand, if we assume that fi A--- A f,,—1 € ker(ad),
we have

ad(fi A A fp)(f)=det [ oovieii =0, (12)
Dn(fr) - Du(f)

for any f € S™. Since f is arbitrary, we have that at least two of the first n —1
columns of this matrix should be linearly dependent, in other words, there exist
i<jed{l,...,n—1} such that 7 f; = ¢/ f; for some ¢ € C. Since C is a field
of characteristic zero, we can deduce that f; = cf; 4 k, for some k£ € C. Thus,
fl/\.../\fn_l :k(fl/\.../\1/\.../\fj/\.../\fn_1).

(b) Let (M, p) be an irreducible representation of A" ~1S™ such that the ideal Q(S™)
acts trivially on M. By TheoremsPla) and[2(b), we have that p‘Ker(ad) = A1d,
with Id the identity map in End(M) and A € (Ker(ad))*, and p|Inder(5n) is an
irreducible representation of Inder(S™) such that the ideal Q(S™) acts trivially

on M. We will show that A = 0. Consider x¢, ..., , an element of Q(S™) such
that f; ¢ Cforalli=1,...,2n —2 and [f1,..., fn] € C, then

Lfy,fon—o = [fh .- 7fn] A fagi Ao A fon—a

n

- Z(—l)i+n(f1 Ao AFiN A )i A Fast A+ A fan—s)

i=1

€ Ker(ad) 4+ U(Inder(S™)).
Fix m € M. We have,

0=pTf,.. fan2) (M) = AMIA fop1 Ao A fan—2)(m)

— Z(_1y+np(ad(f1 AN Fi A A fa))p(ad(fi A fast A A fano2))(m).
(13)

Note that ([I3)) is in the image of the ideal Q(S™) by the ad map acting on m. Thus,
by Theorem B(b), 377, (=1) " plad(fi A=+ A fi A--- A fu))p(ad(fi A fas1 A= A
fon—2)) - m =0, from where we deduce that \(L A f,,41 A+ A fop—2) - m =0.

1950036-8
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Now, suppose A # 0 with A : ker(ad) — C and let 5 = {1, a1, aq,...,} a basis
of Cl[z1,...,x,]]. Then @« = {1 A, - Ay, , 1 i1 < -+ < ip_o} is a basis of
Ker(ad). Then there exists «;, - -y, _, € § such that A(1 Ao, A+ Aoy, ,) #0.
Choosing fn4i,-.., fon—2 as o, -+~ _, for xy, . g, ., we have that A(1A fr41 A

-+ A fap—2) - m # 0, which is a contradiction. Then it follows that A = 0.

Denote W (m,n) the Lie superalgebra of continuous derivations of the tensor
product C(m,n) of the algebra of formal power series in m even commuting vari-

ables x1,...,x,, and the Grassmann algebra in n anti-commuting odd variables
&1,...,&n. Elements of W(m,n) can be viewed as linear differential operators of
the form

The Lie superalgebra W(m,n) is simple linearly compact (and it is finite-
dimensional if and only if m = 0).
Now, we shall describe S(m,n) a linearly compact subalgebras of W (m,n).
First, given a subalgebra L of W(m,n), a continuous linear map Div : L —
C(m,n) is called a divergence if the action 7y of L on C(m,n), given by

(X)) f = Xf+ (—1)PEPONFDivX, XelL,
is a representation of L in C(m,n) for any A € C. Note that
Shiv(L) :=={X € L|DivX =0}

is a closed subalgebra of L. We denote by Spiy(L) its derived subalgebra.
An example of a divergence on L = W (m,n) is the following, denoted by div:

n

div Z P— + Z Qj— (%J 83;1 n Z 1)P(@s )3QJ

i j=1 j

Hence for any A € C, we get the representation w5 of W(m,n) in C(m,n). Also,
we get closed subalgebras S, (W (m,n)) D Saiv(W(m,n)) denoted by S’'(m,n) D
S(m,n). Observe that S’(m,n) = S(m,n) is simple if m > 1. From now on, we will
denoted the Lie algebras S(n,0) by S,.

Proposition 5.1 in [4] gives the description of the Lie algebra of continuous
derivation of each simple linearly compact n-Lie algebra. Moreover, they state in
particular, that the Lie algebra of continuous derivations of the n-Lie algebra S™
is isomorphic to S,, and in the proof of this proposition, they show that the Lie
algebra of continuous derivations of the n-Lie algebra S™ coincides with the Lie
algebra of its inner derivations. Thus,

Inder(S™) =~ S,. (14)
Therefore, Theorems [ Pl and Remark [ give us the following.

1950036-9
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Theorem 4. Irreducible representations of the n-Lie algebra S™ are in 1 — 1 cor-
respondence with irreducible representations of the universal enveloping algebra
U(Sy), on which the two-sided ideal Q(S™), generated by the elements

Ly, fon—o = ([fla‘-‘7fn]/\fn+1/\ /\f2n72)

Z 1+n /\,,,/\ﬁ.../\fn)ad(fi/\fn+1/\-~-/\f2n—2),

1=

[

where f; € C[[x1,...,x,]] and fi # 1 for alli=1,...,n, acts trivially.

4. Representations of Simple Linearly Compact Lie Algebra S,

In this section, we present the approach given by Rudakov in [I3] for the representa-
tion theory of the infinite-dimensional simple linearly compact Lie algebra S,,. The
algebra S, is a subalgebra of the algebra W, of all derivations of the ring C of formal
power series in n variables. The elements D € W, has the form D = """ | f,0/0x;
with f; € C[[z1,...,2,]]. The algebra W, is endowed with the filtration

(Wa)gy = {D, deg fi > j+1,i=1,...,n}
and a compatible gradation
(Wn); ={D, deg fi =j+1,i=1,...,n}.

The subalgebra 5, is defined by the condition
S5k~
Ox;

The filtration and gradation of W,, induce a filtration and gradation in S,,. The
gradation of S,, gives a triangular decomposition

Sn = (Sn)f 5% (Sn)O S2) (Sn)+a

with (Sp)+ = @xm>0(Sn)m. We shall consider continuous representations in spaces
with discrete topology. The continuity of a representation of a linearly compact Lie
superalgebra .S, in a vector space V with discrete topology means that the stabilizer
(Sn)v ={g € Sn|gv =0} of any v € V is an open (hence of finite codimension)
subalgebra of S,,. Let (Sp)>0 = (Sn)s0 ® (Sn)o. Denote by P(S,,(S,)>0) the
category of all continuous S,-modules V', where V is a vector space with discrete
topology, that are (S, )o-locally finite, that is, any v € V' is contained in a finite-
dimensional (.S, )o-invariant subspace. Given an (S, )>o-module F', we may consider
the associated induced S,,-module

S’V‘L pr—
M(F) = Ind(sn)goF = U(Sn) ®U((Sn)20) F
called the generalized Verma module associated to F.

1950036-10
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Let V' be an S,,-module. The elements of the subspace
Sing(V) :={v € V| (Sp)sov = 0}

are called singular vectors. When V' = M (F'), the (S,)>o-module F' is canonically
an (S,)>o-submodule of M (F'), and Sing(F') is a subspace of Sing(M (F')), called
the subspace of trivial singular vectors. Observe that M (F') = F '@ Fy, where Fly =
Ui ((Sn)-)®@F and Uy ((Sy)-) is the augmentation ideal in the symmetric algebra
U((Sn)-). Then

Sing (M (F)) := Sing(M (F')) N Fy
are called the nontrivial singular vectors.

Theorem 5 ([9, 13]). (a) If F is a finite-dimensional (Sy)>o-module, then M (F)
is i P(Sp, (Sn)>0).

(b) In any irreducible finite-dimensional (Sy,)>o-module F, the subalgebra (Sy,)+
acts trivially.

(c) If F is an irreducible finite-dimensional (Sy,)>o-module, then M(F) has a
unique mazximal submodule.

(d) Denote by I(F) the quotient by the unique mazximal submodule of M(F'). Then
the map F +— I(F) defines a bijective correspondence between irreducible finite-
dimensional (Sy)>o-modules and irreducible (S, )-modules in P((Sy), (Sn)>0),
the inverse map being V +— Sing(V).

(e) An (Sn)>0-module M(F) is irreducible if and only if the (S,)>o-module F is
irreducible and M (F) has no nontrivial singular vectors.

Remark 2. (a) Note that
(Sn)O = 5ln(c)7 (15)

the isomorphism is given by the map that sends xi% — E;; for (i # j) and
xia%i — Tt %,H — F;; — Eiy1,i+1, where E; ; denote as usual the matrix whose
(7,7) entry is 1 and all the other entries are 0 for i,j =1,...,n.

(b) Due to Theorem [Blb), any irreducible finite-dimensional (S,,)>¢-module F'
will be obtained extending by zero the irreducible finite-dimensional s(,,(C)-module.

In the Lie algebra sl,(C), we choose the Borel subalgebra b = {z; a‘; -
xja%j’xia%j 11 < j,4,5=1,...,n}. We denote by
0 0
=5 hi=zi— —Tit1—,i=1,...,n—1
Y 5pan{ ’ Ox; x+18$i+1 ! " }

the corresponding Cartan subalgebra.
Let Fy,...,F,—1 be the irreducible (S,)>o-modules got by extending
trivially the irreducible s, (C)-modules with highest weight A\g=(0,0,...,0),

1950036-11
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A1 =(1,0,...,0), Ao = (0,1,...,0),...,A\n—1 = (0,0,...,1), respectively. We will
call them exceptional (S,)>o-modules.

Theorem 6 ([13]). Let F be an irreducible finite-dimensional sl (C)-module. If
F' is not isomorphic to one of the exceptional modules Fy, ..., F,_1, then the S, -
module M(F') is irreducible. Each module N, := M(F},) contains a unique irre-
ducible submodule K, which is generated by all its nontrivial singular vectors.

Corollary 2 ([13]). If the S,,-module E is irreducible, then the sl,,(C)-module F :=
Sing(E) is also irreducible. If F' coincides with none of the modules Fy, ..., F,_1,
then E = M(F). If F = F,, then E is isomorphic to J(F)) == Np/Kp.

4.1. Some useful lemmas

Let F' be an irreducible finite-dimensional s[,,(C)-module with highest weight vec-
tor vy and highest weight A. Let J(F') be the irreducible module M (F) if F' is
an irreducible finite-dimensional sl,,(C)-module which coincides with none of the
exceptional modules Fy, ..., F,_1 and N,/K,, otherwise. Note that if F'is an irre-
ducible finite-dimensional sl, (C)-module which coincides with none of the excep-
tional modules Fy, ..., F,_1, Sing, (M (F)) = {0}, (cf. Theorem [le)).

Our main goal is to find those irreducible finite-dimensional s(,,(C)-modules F
for which J(F) is an irreducible module over the n-Lie algebra S™, more precisely,
we are looking for those J(F') where the ideal Q(S™) acts trivially.

Lemma 2. (1) If F is an irreducible finite-dimensional s, (C)-module
which coincides with none of the exceptional modules Fy,...,F,_1, then
Q(S™) @u(s,)s I is equal to the trivial submodule if and only if Q(S™) acts
trivially on M(F).

(2) If F = Fp, then Q(S™) ®u(sn)-, ' C Ky if and only if Q(S™) acts trivially on
J(F).

Proof. It follows from the definitions of a factor module and a two-sided ideal.
O

Lemma 3. (1) If F is an irreducible finite-dimensional sl,,(C)-module which coin-
cides with none of the exceptional modules Fy, ..., F,_1, then Q(S™) @ vy =0
if and only if Q(S™) acts trivially on M (F).

(2) If F = F,, then Q(S™) ®u(s,)-, vx C Ky if and only if Q(S™) acts trivially on
J(Fp).

Proof. Due to LemmalZ it is immediate from the definition of generalized Verma
module and the facts that F' is a highest weight sl,(C)-module and sl,(C) C
U(Sn)zo. O
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4.2. Description of the ideal Q(S™)

Inder(S™) ~ S,,, where the isomorphism is given explicitly by

Di(f1) -+ Di(fa-1)

n

i=1

Dn(fl) T Dn(fnfl)

for any fi1,..., fa—1 € Cllz1,...,2,]],D; = ai and the hat means that the ¢th row

Tj

does not appear in the matrix. Consider the subset

A= {D:ZfiDi eSn:fie(C[xh...,xn]}.

i=1

It is dense in S,,. Since we are classifying continuous representations, it is enough
to characterize a set of generator of Q4(S™) := Q(S™)(A. Take fi,..., fan—2 €
Clx1,. .., 7], where f; = X1 with

N .l
I . 0 4
X't i=awy g,

where I := (i%,...,d) with i’,... il € Zsg and | € {1,...,2n — 2}. Then the
generators of @ 4(S™) are given by

Lfryesfon—2 = (Z &(k)Dk> - Z(_l)i+n (ZB(%Q)DQ> (Zﬁ(ivs)DS>v

k=1 i=1
(17)
where
o ik J1 fon—2 ~ > _
O[(k)—(—].) m det A detBk7 k—l,,n,
~ oo fioe f ~
= (—)rtetl IR et A, g=1,...,m,
Bling) = (- det Ay, n
(i, 8) = (_1)n+s fufuwir A - fan det ééi)7 s=1,...,n,
xl-.-xs-.-xn
with ¢ = 1,...,n and the matrices g, B and C'’s are defined as follows:
it it
i- ,
in in
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A, ; is the matrix A with the g-row and the i-column removed,

n . -n+1 2n—2
> (i1 —1) iy R
~ — —_—
B = Zn /(Z'T— 1) in+1 L 7;27172
r=1\"k k k
n e ‘n—+1 -2n—2
ZT:l(Zn - 1) in B )
and
.7 -n+1 -2n—2
Zl Zl P Zl
(1) 5 ntl D2
GV =i qntt oo 22,
-7 -n+1 -2n—2
Zn Zn ... Zn

where the hats mean that the corresponding row is removed.

5. Main Theorems and Their Proofs

In this section, we will state the main result of this paper. We applied successfully
the same technics used to classify irreducible continuos representations of the simple
linearly compact n-Lie algebra of type W, (cf. [3]). Recall that the inner derivations
of the simple linearly compact n-Lie algebra S™ are isomorphic to S, and denote
by b the Cartan subalgebra of the Lie algebra s(,,(C) chosen above Theorem [6 Let
F be a finite-dimensional irreducible highest weight s[,,(C)-module, with highest
weight A € h* and highest weight vector vy Recall that our goal is to determine
for which A € h* the two-sided ideal Q(S™) acts trivially on the irreducible highest
weight module J(F) (see Sec.[4d]). This will ensure us that J(F') is an n-Lie module
of S™. Let us denote by \; = N(E;; — Eiy1,441) for i = 1,...,n — 1 and introduce
the following useful notation for the proof of the theorem,

1 ifi>j
0ij = . (18)
0 otherwise,

with 4,7 € {1,...,n}.

Theorem 7. Let n > 3 and F be a finite-dimensional irreducible highest weight
sl, (C)-module, then the irreducible continuous representation J(F') of S, is an
irreducible continuous representation of the simple linearly compact n-Lie algebra
S™ if and only if A € h* is such that A = (0,0,...,0).

Proof. Let F be a highest weight irreducible finite-dimensional s[,,(C)-module,
with highest weigh A € bh* and highest weigh vector vy Recall that h :=
@I 'C(E;; — Fiy1.+1) is the chosen Cartan subalgebra of the Lie algebra sl,,(C).
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Here, we are identifying the subalgebra § with the subalgebra of S,, generated by
the elements xia%i — xiﬂa%m,i =1,...,n — 1. Consider F as a (S,)>o-module
and take the induced module M (F) = U(S,) ®u((s,)s,) F- We will use Lemma [B]
and the general look of the generators of @ 4(S™) to find out for which \’s, @ 4(S™)
acts trivially in J(F) Let wy =1 ®U((Sn)>0) vy = 1® vy.

According to the description of the generators given in ([I7) and taking into
account that (S, )4 acts by zero on wy, it is enough to consider the subset of
generators @ 4(S™) and ask them to either act trivially wy if F' is nonexceptional or
Qa(S™) ® vy C Sing, (M (F')) otherwise. It is enough to consider ¢, . . , with
monomials f; € Clz,...,x,] as in (IT) such that,

(1) deg(f1 - fon—2) = 2n — 1 and there exist ¢ € {1,...,n} such that

(a) deg(fifn+1--- fan—2)=n—1or
(b) deg(fifn+1--- fon—2) =n,

(2) deg(fifz--+ fan—2) = 2n, and there exist 7 € {1,...,n} such that deg(f; frnt+1 -
fon—2) =mn,

(3) deg(fif2--- fan—2) = 2n+ 1, and there exist i € {1,...,n} such that deg(f;
fnt1 7 fan—2) = mn,

since the remaining ones are either zero or act trivially any way. Here, we are
assuming by simplicity that ¢ = n and f; ¢ C for all i = 1,...,2n — 2. Let us
analyze each possible case.

Case 1(a): Here, deg(f1 -+ fon—2) = 2n — 1, deg(f1 -+ fn—1) = n and deg(f, - -
fon—2) = n — 1. We have two possible expressions for fi---f,_1 such that
T, famo 7 0 and two expression for fy,fni1--- fan—2. Namely, there exist
q,1,3,k,m € {1,...,n}, such that

fioo fact =21 Tn (19)

or
f1~'~fn—1=$1'~'fz'~'$il“~xn, (20)

and
foo o fono =1 Tp-Tn (21)

or
fn"'f2n72:xl"'fq"'afj"'xi"'xn' (22)
Suppose we have (T9) and 1)), namely f--- fn—1 =21 ---xpand fp, - -~ fop_2 =
x1--- Ty - - oy for some k € {1,...,n}. Therefore, we can consider the monomials

as follows.
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(i) Let n > 3 and [, 4,k € {1,...,n}. Note that to define the monomials f,,41,...

20 Reading
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fon—2, we are assuming that j < k. Otherwise, we can interchange those indexes

in the definition of f,41,...

[s = xs,

fs = Tsq1,
fi—6;, = wjm,
fn+s = Ts,
fn+s = Ts+1,

fn+s = Ts42,

) f2n72~

s=1,....0—1,
s=1l,....,n—1, s#j—0;,,
fn = wj,

s=1,...,7—1,
S=7y...,k—2,

s=k—1,....,n—2.

Thus, using (D) for these f;’s, it follows that

Tfyrfons - (L@ ) = (1) THFRN(Dy @ By pux — D; @ Ej poa

=Dy @ (B — Ejj)va).

(23)

Now, suppose ([[Q) and 22), namely fi - fro_1 =21 -2, and f, -+ fon_o =

xl...xq...xj.
following possibilities.

(ii) Let n > 4 and ¢,1,j,k € {1,.

Sntts- -

fs = x5,

fs = Tst1,
Sre—6,, = TRT0,
frts = Ts,
Jrts = Tst1,

fn+s = Ts+42,

By (@), we have

Tfr oo - (L@ 0x) = (=1)TIHH095 (D @ Ep qux — Dy ® By jva).

--x2 .-z, for some j,q,k € {1,...,n}. Therefore, we have the

..,n — 1}. Note that to define the monomials
, fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
those indexes in the definition of f,11,...

s fan—2.
s=1,...,1—1, s#k— 06k,
s=1,....,n—1,
fn = zk,
s=1,...,q—1,
S=4q,...,]—2,

s=j—1,...,n—2.

(24)

Equation (20) combined with Eqs. (1)) and (22)) does not give us new results.

Case 1(b): Do not provide new information.

Case 2: Here, deg(f1 -+ fon—2) = 2n, deg(f1--- fn—1) =n =deg(fn - fon—2) The
two possible expressions for deg(f1 - - - fn—1) such that x¢, .. f,. , # 0 are the same

that (I9) and @0). We have three expression for f, - - fon,—2. Namely, there exist

q,7,k,r € {1,...,n}, such that

fo fon—o =212

(25)

1950036-16



March 20, 2018 9:26 WSPC/S0219-4988

20 Reading

171-JAA 1950036

Irreducible representations of the n-Lie superalgebra of type S

or
fn"'f2n72:xl"'fj"'xi"'xn (26)

or
fn'~'f2n—2=$1"'qu“-afr"'xf“'xi"'xn. (27)

Consider (Id) and @H), namely fi--- fn—1 = @1 @n = frn - fon—2. Therefore,
we can consider the monomials as follows:

(i) Let n > 4 and I,m,j,k € {1,...,n}. Note that to define the monomials

frt1s. -

those indexes in the definition of f,11,...

fs = x5,

Js = Tst1,

fi—s,; = mixj,

frts = s,
Jk—64m—61,; = ThTm,
fnts = Tst1,

fn+s = Ts+2,

, fon—2, we are assuming that m < j. Otherwise, we can interchange

s fon—2.
521a"'7.j_1a S;él—(sl,j,
s=4,...,n—1,
fn:xja
s=1,....m—1, s#k—0m — 0k,
s=m, a.]_27
s=5—1,...,n—2

Thus, using (I7) for these f;’s, it follows that,

Trrofana - (1@ V) = (=1)" 3 (1@ B}y B jox — 1 @ Ejp Ejjva

+1® (Em,m — Ek,k)(l — (Ejyj — El,l))v,\).

Suppose in the definitions of fi,...

have

(ii) Let n >3 and j,k,l € {1,...

(28)

, fan—2 in (1), we take m := [, then we

s,

Tfyfons - (L@ V) = (1)1 (1 @ EjpEgjux

—1® (B — Err)(1 —

Now, suppose in the definitions of f1,...

we have the following.

(i) Let n > 3 and m, j, k € {1,..

Tt fona " (1 & ’U,\)
= (=1)™mi (1@ (Ejj — Exp) (L = (Bmm — Erk))0a).

Suppose in the definitions of fi, ...

and m := ¢ then we have

(Ejj — Eu))on). (29

s fon—o in (i), we take [ := k, then

-n},

(30)

, fan—o in (iil), we take [ := 7,7 :=m
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(iv) Let n >4 and q,m, j, k € {1,...,n},

Tfy,fonoa® (1 & UA)
= (=11 050 (1 @ (Epym — Ejj)(Eqq — Exi)va).  (31)

Now, consider ([Q) and (BG), namely fi---fn-1 = x1-- -2, and
fn...f2n72 :xl...fj...x%...xn'
(v) Let n > 5 and ¢,m, j, k,l € {1,...,n}. Note that to define the monomials

frnt1,-- - fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
those indexes in the definition of f,,11,..., fon—2-

fs:x37 s=1,....k—1,

fs = xsy1, s=k,...,n—=1, s#1—0d,4,

fi—e1,; = mizk, fn =y,

frts = Ts, s=1,...,q—=1, s#m—"0mq— Om,j

fm—ém_,q—ém,j = TmLq,

frts = Tsy1, s=¢q,...,J— 2,

frts = Tsyo, s=7—1,...,n—2.

Thus, using ([{7) for these f;’s, it follows that,

frrsfons - (1@ 0)) = (=)D (1 @ By By jox = 1@ Bgn B, o
—1® Eyj(Eqq — Emm)va). (32)
Suppose in the definitions of fi,..., fon—2 in (v), we take m := [, then we
have
(vi) Let n >4 and m, j, k,l € {1,...,n},
Tfyrosfon o - (L@ 0y) = (=) (1@ By (B, jox
—-1® Ekj (Eq,q — Eu)l})\). (33)
Now, suppose in the definitions of fi,..., fon—2 in (v), we take [ := j, then
we have the following.
(vii) Let n > 4 and m, j,k,l € {1,...,n},
Ly fon—2’ (1 ® UA)
= (—1)lFmHk+m) (1 @ By, Ey jus — 1 ® EgmEmjvx).  (34)

(viii) Let n > 5 and m,q,j,k,l € {1,...,n}. Note that to define the monomials
frnt1s- -+ fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
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those indexes in the definition of f,41,..., fon—2-
fs:x& 8217...,m—1,87él—(5l,m,
fs = w511, s=m,...,n—1,

Jiebim = T1Tm,  fn = Trq,

fn+5:xs, 3:1,...,q—1’
fn+s:xs+17 S:(]7...,j—2,
frts = Toya, s=j7—1,...,n—2.

Thus, using ([7) for these f;’s, it follows that

Cfyrosfon—z - (L@ 02) = (=)0 (1@ By j(Epn — Bra)va). (35)
Suppose in the definitions of fi,..., fon—2 in (viii), we take [ := k, then we
have the following.

Let n >4 and m, j,k,l € {1,...,n},

Ty rofons - (L@ V) = (1) TN (1 @ By, (B — B — 1))
(36)

Let n > 3 and [,j,k € {1,...,n}. Note that to define the monomials

fn+1y-- s fon—2, we are assuming that [ < j. Otherwise, we can interchange
those indexes in the definition of f,41,..., fon—2-

fs =z, s=1,...,0=1, s#j =41,

fs = @511, s=1...,n—1,

fi—s;, = T17j, fn =y,

frnts = Ts, s=1,...,0=1, s#k—0r1 — ony,

Srdk—op1—50, = T3,

frts = Tsi1, s=1l,...,5 —2,

frats = Tsr2, s=j—1,....,n—2.

Thus, using ([’0) for these f;’s, it follows that,
Tfrrsfon - (1@ 0N) = (1)) (1@ By (B — Ejj)oa). (37)

Suppose ([[Q) and @1), namely f1---fn—1 = 1 -z, and fr, - - fop—2 =

Ty By Dy xy? e k- xy, for some g,1, 4,k € {1,...,n}.
Let n > 5 and r,q,7,k,l € {1,...,n}. Note that to define the monomials
fna1s- -+, fon—2, we are assuming that r < ¢q. Otherwise, we can interchange
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(xii)

(xiii)

those indexes in the definition of f,,11,..., fon—2-
fs =z, s=1,...,01—1,
fs = xsi1, s=1l,...,n—1, s#j—46;1,
fi—s,, = w51, In =5,
fn+5=xs, 321,...,7‘—1, s;ék:—(Sk,T—(Sk,q,
fn+k—5k,r_5k,q :x%7
frts = Tsy1, S=T,...,q—2,
fn+s:$s+2, 3=q—1,...,n—2.

Thus, using ([I7) for these f;’s, it follows that

Lfy,foan—2 " (1 ® UA) = (_1)(l+q+5qm)2(1 ® EJ'J‘EIWZUA -1® Ej»qu,TUA)'
(38)

Equations (20) and (B5) do not give us new information. Now, consider
m) and (m), namely fi - fn_1 :xl"'fl"'x?n"'xn and f, - fon_o =
Ty Dy ai o ay, for some [,m, g,k € {1,...,n}.

Suppose m := k and [ := ¢ in the Eq. 20), then we have
Let n > 4 and r,q,j,k € {1,...,n}. Note that to define the monomials

frnt1s- -+ fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
those indexes in the definition of f,,y1,..., fon—2-

fs:xsa 521,...,k—1,

fs = xsy1, s=k,...,n—1, s#q— 04,

quﬁq_,;c :.’L'g, fn:l'ka

frts = T, s=1,...,9—1, s#r—"0pq—0r;,

fn+rf5r,q75r,j = Trlgq,

fnts = Tsy1, S$=4q,...,]—2,

frts = Tsya, s=j—1,....,n—2.

Thus, using ([I7) for these f;’s, it follows that,

Lfiyfon—2 " (1 ® UA) = (_1)(k+j+q+6jﬁ)(1 @ By By jon
+1® Eqj(Eqq — Err + 1)va). (39)
Suppose in the definitions of fi,..., fan—2 in the Eq. (I9), we take m := k
and [ := j, then we have the following.

Let n > 4 and r,q,j,k € {1,...,n}. Note that to define the monomials
frn+1s- -+ fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
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those indexes in the definition of f,41,..., fon—2-
fs =z, s=1,....k—1,
fs = xs11, s=k,...,n—1, s#j—0;ux,
fi—s0 =27, Jn = Tk,
Fris = Ts, s=1,...,q—1, s#r—"0pq—0r;,
fn+r75¢«,q75ﬁj = TrLq,
frts = Tsy1, S=¢q,...,j—2,
frnts = Tsyo, s=j—1,...,n—2.

Thus, using (7)) for these f;’s, it follows that

Lfi,sfon—2’ (1 ® UA)
= (1)) (1@ By ) qux — 1@ Epj B o

+1© (Eqq = Erp)va). (40)
(xiv) Let n > 5 and m,q, j, k,l € {1,...,n}. Note that to define the monomials
fna1s- -+, fon—2, we are assuming that ¢ < j. Otherwise, we can interchange
those indexes in the definition of f,,41,..., fon—2.
fs =z, s=1,....m—1,
fs = @11, s=m,...,n—1, s#1l—01m,
fi=61.m =27, fn =Tk,
frnts = s, s=1,...,q—1,
frts =Tsy1, S=¢q,...,] —2,
fnts =Tsqo, s=j—1,...,n—2.

Thus, using (D) for these f;’s, it follows that,
Lfi,sfon—2’ (1 ® UA) = (_1)(l+q+5,~’q)(1 & El,mEk,jUA)- (41)

Suppose in the definitions of fi,..., fap—2 in (xiv), we take [ := k, then we
have the following.
(xv) Let n >4 and m,q,j,k € {1,...,n},

Ty rofona - (L@ 0A) = (=1) 008 (1@ By, B jon). (42)

Now, suppose in the definitions of f1,..., fo,—2 in (xiv), we take [ := k and
m := j, then we have the following.
(xvi) Let n >3 and, ¢,j,k € {1,...,n},

Ty rofons - (L@ V) = (1) 008 (1 @ By ;B joa). (43)

Suppose in the definitions of fi,..., fan—2 in (xiv), we take m := k then we
have the following.
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(xvii) Let n >4 and, q,j,k,l € {1,...,n},

Tfyrofona - (L@ 0)) = (-1)UTFHH95.0 (1 ® By juy — 1 ® EgjEppvy).
(44)

Equations (20) and (7)) do not give us new information.

Case (3): Do not give us new equations.
Observe that the right-hand side of all the equations from ([28) to () belongs to
1®U((Sn)s0)s therefore they are trivial singular vectors. Due to Lemma Bl and the
fact that Sing, (M (F)) does not contain trivial singular vectors, we need to ensure
that all the equations from (28) to (@) are equal to zero. Since different equations
hold for n = 3 and n > 4, we will study these cases separately.

If n =3, Eqs. 29), B0), 37) and (@3) hold and they have to be zero. Note that
Eq. (30) is equivalent to

(A1 +A2)(1 = A2)(1®wy) =0, (45)
M1+ X)) (I ®uy) =0, (46)
ML+ A +X)(1®wvy) =0. (47)

Thus, Egs. @3)-{D) implies Ay =Xy =0o0r A\ =0, Ao = 1.

Now, if n > 4, Eqs. [B0) and (B2) equate to zero implies that Ay = Ao = -+ =
)\n,1 =0or )\1 :)\2 :--~:)\n,2:0and )\n,1 =1.

Then we will apply the Freudenthal’s formula to calculate the dimensions of the
weight spaces and check whether the remaining equations are satisfied.

We will need the following notation to apply Freudental’s formula to sl,(C) (cf.
I8, Sec. 22.3)):

Let h be our chosen Cartan subalgebra of sl,(C) and e; be defined by
e; (X, a;E; ;) = aj. We will consider the roots

o={e—¢;|1<i#j<n},

where the root space associated to (e; — €;) is generated by E; ; and simple roots
are

A={e —e€3,60 —€3,...,6n_1— €p}.

Let AT be the set of all dominant weights and § = % Ea>0 . If a; == €; — €;41, the
fundamental dominant weights relatives to A of sl,,(C) are given by

= l[(n —Dag+2(n—i)ag+ - (i —1)(n —i)a—1

n
+i(n—i)a; +i(n—1—d)aipr + -+ - +icn_1]. (48)

Therefore, A is a lattice with basis m;,i = 1,...,n — 1.
Let n > 3. Require that (aj,0;) = 1, (aj,5) = —1/2 if |[i — j] = 1 and

(ai,aj) =0 if |Z—j| > 2.
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Irreducible representations of the n-Lie superalgebra of type S

First, we will consider A = (A1,...,A\,—1) = (0,...,0). Since (A + 0, A+ ¢) —
(46, u+6) =0 for p = —ay_1 with k € {1,...,n} it follows from [8] Proposi-
tion 21.3 and Lemma C of (13.4)], that u is not a weight, therefore multiplicities
1= —ag_1 are equal to zero. Also, it follows from Freudenthals formula, that the
multiplicities for p = — Zz;lj ay, are also equal to zero for all i,j € {1,...,n},i > j.
Thus, E; jux = 0, for all 4 > j. In particular, all the equations from ([23) to (@4) are
equal to zero. Observe that if A = (A,...,A\,—1) = (0,...,0), for n > 3 then the
50, (C)-module F' coincides with the exceptional module Fy. Due to Theorem [, we
have to take the quotient of M (Fy) by the submodule generated by all its nontrivial
singular vectors to make the module irreducible.

Finally, if A = (0,0,...,1), the Freudenthal’s formula gives that the multi-
plicities for p = —2(ap—2 + an—1) are equal to one. This implies that E,, ,_o
E,, —2vy #0, therefore Eq. (43)) is nonzero and the induced representation M (F) is
not a representation of the n-Lie algebra S™, for n > 3. Conversely, it is straightfor-
ward to check that if A = (A\1,...,A\,—1) = (0,...,0), the corresponding irreducible
quotient of the induced module is an S™ module, finishing our proof. |
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