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Charge and spin correlations in the monopole liquid
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A monopole liquid is a spin system with a high density of magnetic charges but no magnetic-charge order.
We study such a liquid over an Ising pyrochlore lattice, where a single topological charge or monopole sits in
each tetrahedron. Restricting the study to the case with no magnetic field applied we show that, in spite of the
liquidlike correlations between charges imposed by construction constraints, the spins are uncorrelated like in
a perfect paramagnet. We calculate a massive residual entropy for this phase (ln(2)/2, a result which is exact
in the thermodynamic limit), implying a free Ising-like variable per tetrahedron. After defining a simple model
Hamiltonian for this system (the balanced monopole liquid) we study its thermodynamics. Surprisingly, this
monopole liquid remains a perfect paramagnet at all temperatures. Thermal disorder can then be simply and
quantitatively interpreted as single charge dilution, by the excitation of neutral sites and double monopoles. The
addition of the usual nearest neighbors interactions favoring neutral ‘2in-2out’ excitations as a perturbation
maintains the same ground state but induces short-range (topological) order by thermal disorder. While it
decreases charge-charge correlations, pair spin correlations—resembling those in spin ice—appear on increasing
temperature. This helps us to see in another light the dipolarlike correlations present in spin ices at unexpectedly
high temperatures. On the other side, favoring double excitations strengthens the charges short range order and
its associated spin correlations. Finally, we discuss how the monopole liquid can be related to other systems and
materials where different phases of monopole matter have been observed.
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I. INTRODUCTION

About ten years ago, new quasiparticles with properties
similar to magnetic monopoles were proposed to exist in spin
ices [1]. Spin ice monopoles are excitations of the (disordered
but highly correlated) magnetic ground state of these geomet-
rically frustrated materials—the magnetic analogs of water
ice [2,3]. Monopoles have four possible topological charges:
single and double charge, both of which are either positive or
negative. Like elementary particles with spin, single charges
have internal degrees of freedom (their magnetic moment)
while the more energetically costly double charges have none.
At low temperatures and no applied field, monopoles exist
only in low densities [4,5], forming a charged fluid similar to
diluted ionic solutions—which indeed describe spectacularly
well the physics of spin ice materials at low temperatures [6,7].
However, and interesting as it is, the physics of monopoles
does not exhaust itself in providing a simpler and conceptual
description of spin ice dynamics and thermodynamics. Indeed,
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as vortices in superconductors [8], magnetic monopoles can be
thought of as atomic building blocks giving rise to new, dense
phases of ‘monopole matter’ [1,9–14]. A complete study of one
of these phases in zero magnetic field—the monopole liquid
(ML), a dense fluid of correlated magnetic charges that is also
a perfect paramagnet—is the main purpose of this paper.

Very recently, a new type of crystallography based on
monopoles was proposed [13]. This may sound exaggerated:
The physics of a classical system of regular (electric) charges
forced to inhabit the sites of a rigid lattice is quite interesting,
but only a limited number of charge phases could be expected
[10,15,16]. What new ingredients could exist in a system of
magnetic monopoles that may lead to new phenomena? The
answer to this question is manifold and will be developed in
this paper: (i) The interpretation of dipolar interactions among
all spins as a Coulomb potential between monopoles is an ap-
proximation; residual effects can lead to degeneracy breaking
(for example, the ordering of the monopole vacuum [10,17]).
(ii) Even with no Coulomb interactions (i.e., negligible dipolar
forces) there are still strong spin correlations that can lead to
entropic forces among charges [18], to the condensation of a
crystal of double charges [12], or to order by disorder [19].
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(iii) Spin interactions cannot in general be interpreted fully in
terms of charges; their effect is to select certain spin configura-
tions, with nontrivial charge counterparts. Quite interestingly,
second and third neighbor interactions between spins can be
tuned to produce an effective pure charge repulsion, but also at-
traction between like charges [14,20]. (iv) A magnetic field can
be used to promote or depress the density of one type of charge
at the expense of others [1,9,19]. (v) Due to the charges internal
degrees of freedom, crystal formation is not in general the end
of the story: A new type of magnetism on top of the magnetic
crystal can lead to peculiar phenomena, as massive ground
state degeneracy [10,21] and magnetic moment fragmentation
[11,22–25]. (vi) Magnetic charges sit in a lattice where other
degrees of freedom—aside from the magnetic ones—are likely
to be active [26]. Their coupling with the spin system can
produce new effective magnetic interactions [13,27–32].

In spite of much effort [29,33,34], the ground state into
which the spin ice materials (Dy2Ti2O7, Ho2Ti2O7, and
others) freeze remains unknown. Conversely, different sin-
gle monopole correlated states [1,9,10,20,24,25,35] can be
thought of as phases crystallizing from a disordered dense
fluid of monopoles: the monopole liquid. It is a phase that has
been partially approached before [10,11], but whose general
properties have not yet been studied. This is the starting point
of our paper. We begin by describing the ground state of the ML
phase, a manifold populated by all spin configurations leading
to a single monopole fluid of maximum density. We show that
in spite of its spin disorder, massive residual entropy, and no
interactions between charges, it has a liquidlike charge-charge
correlation function. We give afterwards the arguments that
lead to a specific Hamiltonian (with four-spin interactions)
that is compatible with this ground state. We named this
model—which has the further attractiveness of admitting an
analytic solution [36]—the balanced monopole liquid (BML),
to stress the fact that it does not exhibit pair spin correlations at
any temperature. Including nearest neighbor interactions as a
perturbation preserves the ground state properties but induces
short-range spin correlations on increasing temperature. While
the ‘balanced liquid’ case was intrinsically tuned to be a
perfect paramagnet at all temperatures, we show that the
perturbed cases constitute different versions of short-range
spin order induced by disorder. Correlations can be made to
develop towards the ‘all-in/all-out’ state by antiferromagnetic
perturbations, but also towards the topological order measured
in spin ices [22,37] if the ferromagnetic character is chosen.
This study, in turn, will provide a simple route to understand in
a microscopic way why dipolarlike correlations are observed
in spin ices at temperatures as high as ten times the coupling
constant [37,38]. Finally, we include a discussion on the effect
of other perturbations on the ML and on its possible relation
with other systems and materials.

II. PROPERTIES OF THE MONOPOLE LIQUID AND A
MODEL HAMILTONIAN: THE BALANCED

MONOPOLE LIQUID

A. Magnetic lattice, monopoles, and nearest neighbors model

Our base system, where the effective magnetic monopoles
[39] live, consists of a pyrochlore lattice of classical Ising spins.

FIG. 1. (a) A spin configuration in the pyrochlore lattice, com-
posed of “down” (center) and “up” tetrahedra (the other four). Single
and double charged monopoles (spheres), and neutral sites are labeled
by their charges. (b) Monte Carlo simulations for the balanced
monopole liquid (BML) of Eq. (2) with L = 8 (8192 spins). In the
right axis we show the charge density ρ of single monopoles as
a function of temperature obtained by simulations (yellow curve)
and from the exact result [36] described in the text (black line).
The low temperature value ρ = 1 indicates one single monopole
in each tetrahedron. In the left axis the calculated specific heat
(green crosses) and, in perfect agreement, the exact result [36] (black
line) shows a broad Schottky anomaly near T = J�, at the onset
of the monopole fluid state. The purple curve shows the entropy
per spin, obtained by integration of CV /T ; the Pauling-like estimate
ln(2)/2 at T = 0 is quite compatible with a high temperature limit
of ln(2). We have also plotted (black line) the entropy of mixing
for single monopoles diluted with excitations (�Smix(T )/NkB =
−1/2 × [ρ(T ) ln(ρ(T )) + (1 − ρ(T )) ln(1 − ρ(T ))], after adding the
same residual entropy. The almost perfect coincidence between both
entropies reflects that thermal disorder manifests only through the
incertitude in the position of the excitations.

These spins have 〈111〉 anisotropy, which implies that they
can only point into or out of the center of the “up” tetrahedra
in which corners they sit [see Fig. 1(a)]. If we consider only
nearest neighbors interactions between spins, we have the
simplest model describing the physics of spin ice systems (the
nearest neighbors spin ice model) given by:

Hnn/kB = Jnn

∑
〈i,j〉

σiσj , (1)

where Jnn > 0 is the effective nearest neighbors coupling, i,j

sweep nearest neighbor lattice sites, σi is a pseudospin that
takes the value σi = 1(−1) if the spin point outwards (inwards)
of its up tetrahedron. This Hamiltonian is an adequate starting
point for our discussion on a ML model. A positive Jnn favors
ferromagnetic ‘in-out’ pairing of magnetic moments [40] that
translates into the ice rule: two spins should point in and two out
(2in-2out) of each tetrahedron—a divergence-free-like rule,
resembling a condition for charge neutrality [41]. It conducts to
a zero temperature residual entropy similar to that of water ice,
with a highly correlated ground state [41]. These correlations
have been shown to exist in spin ice materials by the appearance
of anisotropic diffuse scattering and pinch points in neutron
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experiments [42]. Excitations from the 2in-2out manifold are
unfulfillments of the ‘divergence free’ ice rule, that in turn can
be understood as creation of topological charge. The different
ways of assembling a 3in-1out configuration constitute four
types of positive single charges, while the four 3out-1in are
their negative versions. They sit on the center of tetrahedra,
which build up the sites of a diamond lattice. The ice rule can
be broken in a more extreme way (with a bigger divergence or
topological charge): 4 spins in, or 4 out, are the two examples
of double magnetic excitations. The presence of charges affect
the dipolarlike spin correlations characterizing the spin ice
ground state. However, their perturbation seems to be less
effective than expected: Temperatures (T ) as big as T ≈ 10Jnn

[37], and impurities do not erase them completely [38]. In first
approximation, the addition of dipolar interactions to Eq. (1)
does not change the degeneracy of the 2in-2out manifold.
However, it activates an effective Coulomb potential between
pairs of monopoles [1].

Changing the sign of Jnn in Eq. (1) results of course in an
inversion of the energy cost of neutral (with zero divergence)
sites, single, and double monopoles. Although no interactions
between charges are implied by Eq. (1), the ground state is not a
liquid, but a crystal of double monopoles [43]. The reason why
it does crystallize has to do with spin constraints that appear
as charge correlations within the monopole picture [12]: The
only way to construct a dense arrangements of 4-in and 4-out
charges is to put a positive (negative) double charge next to a
negative (positive) one, assembling the ‘all-in/all-out’ (AIAO)
spin configuration. This type of correlation is also at work for
single charges [41,44], leading to the possibility of order-by-
disorder in these systems [12].

B. Model-independent properties of the monopole liquid

Before proposing a model Hamiltonian with a ML ground
state, it will be interesting to discuss first the peculiar properties
of the ground state itself. In the thermodynamic limit, any ML
liquid configuration can be defined by specifying the sign of
one spin per tetrahedron (for example the sign of the [111]
pseudospin in each up tetrahedron, and that of every [11̄1̄]
one—that we temporarily assign to the corresponding down
tetrahedra). Figure 1(a) shows these spins arranged along blue
straight lines. Strong restrictions on the other pseudospins
[sitting along perpendicular black lines in Fig. 1(a)] are
imposed by the connectivity of the pyrochlore lattice and the
need to have one single monopole per tetrahedron. It is easy to
see that, due to these constraints, we are only free to choose the
sign of one pseudospin per black line. This contribution grows
as exp(N2/3) and thus does not add up to the entropy per spin
(or any thermodynamic observable) as N → ∞. We have thus
mapped the ML to a perfect spin-1/2 paramagnet with half of
the spins. It is trivial to compute now the residual entropy per
spin of the model which turns out to be 1/2 ln(2). This result
coincides exactly with the estimate using Pauling’s argument,
calculated using eight allowed configurations per tetrahedron
instead of the six present in spin ice [45].

One could naively expect the ground state to be a neutral
gas of charges (given that there are no charge interactions). On
the other hand, taking into account charge correlations—which
just by themselves are able to induce charge order for double

monopoles [12]—one can speculate on the condensation of
a crystal of single monopoles [11]; both cases would be
compatible with a large residual entropy. We will see that
in our case spin constraints are not restrictive enough to
force a monopole crystal at low temperatures, but its high
density and the expected charge positional correlations [18]
makes the ML ground state better described as liquidlike
than as a gas [46]. To show this, we can fix the charge on
a tetrahedron and count the number of spin configurations on
the nearest neighbor tetrahedra; they appear on a ratio 10 : 6
for neighboring monopoles of the opposite and the same sign,
respectively. It is easy to see that this implies that the average
total charge around a positive monopole (+1) is −1.

Surprisingly, the spins underlying the monopoles appear
to have much more freedom than these topological charges.
Proceeding as before for charges, the correlation function
for spins can be readily calculated by fixing an arbitrary
pseudospin from the ML to be positive and then asking for
the probability that a nearest neighbor spin has the same sign.
The answer to this question is 1/2, implying that there is no
correlation between nearest neighbors and—by connecting
tetrahedra—that the same is true for further neighbors. It
will be instructive to compare these results for the ML with
those for the spin ice ground state. There, fixing a spin
direction biases that of a nearest neighbor: It is 1/3 more
likely to have a neighboring pseudospin with the opposite
sign than with the same one [41]. The result emanates directly
from the divergence free condition: Once a pseudospin is
fixed in a tetrahedron the probability of having one with
opposite sign becomes higher, so that the magneticlike flux
lines are not interrupted. This, in turn, gives rise to dipolar
correlations [41].

In order to check these results and to give support to the
discussion in the next section on the emergence of spin short-
range order by disorder, we calculated the Fourier transform
of the charge-charge correlation function [47] and the neutron
scattering structure factor of the spin system (for details, see
Appendix B) for the ML ground state. The Monte Carlo
simulations were performed at essentially T = 0 with the
conserved monopoles algorithm (CMA, see Appendix B and
Ref. [10]), for a lattice size L = 32. A color plot of the charge-
charge correlation function is shown in Fig. 2(a) for the [lhh]
reciprocal space plane. As a reference, we have marked the
k-space values where narrow Bragg peaks occur (the size of the
symbols indicating larger intensity) for the correlation function
on a perfectly ordered monopole crystal with the Zn-blende
structure. The coincidence of the centers of both sets of peaks
confirms that we are in the presence of a liquidlike phase of
charges, where effective interactions are not strong enough to
turn it into a crystal. The spread of the diffuse peaks (�k >

1 × 2π/a) indicates that the correlation length is smaller than
the cell parameter (a) of the conventional cubic unit cell. On the
other hand, the neutron scattering structure factor [48] (i.e., the
fourier transform of the spin-spin correlation function) shown
in Fig. 2(b) is that of a paramagnet [49]. We believe this result
is nontrivial: The geometry of the lattice and internal structure
of the single monopoles are such that whatever energetics
imposing a ground state of equiprobable 3in-1out or 1in-3out
configurations will end in a perfect paramagnet at T = 0. So
as to stress more this fact, note that the structure factor we
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FIG. 2. (a) Cut in the [lhh] plane of the charge-charge correlation
function for the monopole liquid, calculated at T = 0 using the CMA
(lattice size L = 32). Although there are only noninteracting single
monopoles present, the diffuse correlations around [200] are a broad
version of those for an AIAO arrangement (a crystal of double charges)
whose narrow peaks are indicated by spots with sizes growing with
their intensities. (b) Simulated neutron structure factor for the same
monopole liquid, in the same region of k space. It shows that—like
in a perfect paramagnet—there are no spin correlations, something
that is preserved at all temperatures for the BML. (To simplify the
comparison with the spin ice Dy2Ti2O7 we have used the magnetic
form factor corresponding to Dy+3.)

obtained for the ML at T = 0 K [Fig. 2(b)] should coincide
with that calculated for Dy2Ti2O7 for T → ∞. (We will soon
discuss the temperature scale for this to happen.)

C. The balanced monopole liquid model (BML): Simulations
and exact solution at finite T

To investigate the thermal properties of spin and charge
correlations in the ML and its thermodynamics, we need to
introduce a model. It is clear from Sec. II A that it is not possible

to obtain a liquid—or even a crystal—of single monopoles out
of Eq. (1), something that cannot be changed by the addition
of dipolar interactions [12,50]. We generalize further this fact
in Appendix A, showing that a ML cannot be stabilized in
the pyrochlore lattice by the inclusion of any combination of
translationally invariant pairwise interactions. Previous works
have resorted to magnetic fields [1,19]—cancelling the residual
entropy of the system—or to artificial constraints [10,11] in
order to have fluids or crystals of single monopoles. We have
found that a simple model Hamiltonian leading to a ML ground
state can be written including terms with the product of the
four pseudospins on the vertices of each tetrahedron k of the
pyrochlore lattice:

HBML/kB =
∑

k

J�
4∏
i

σ k
i , (2)

with J� > 0, the strength of what we call the balanced ML
model. This Hamiltonian gaps the monopole configurations
from those containing neutral tetrahedra or double monopoles
(on equal footing), adding 2J� per excitation. Equation (2) can
be thought of as a variation of that proposed by Jaubert [21]
to study a crystal of single monopoles. It is useful to think the
BML as an effective spin model, the result of having integrated
out the crystal lattice or the dipolar electric degrees of free-
dom [13,21,27]. However, aside from the considerations in Ap-
pendix A, we make no attempt here to justify the precise form
of our Hamiltonian, in favor of a discussion of its consequences
and possible association with other systems and materials.

Quite remarkably, the Hamiltonian in Eq. (2) was solved
exactly for the pyrochlore lattice in the late eighties by Barry
and Wu (see Ref. [36]), in a context completely different
from that of geometrical frustration and magnetic charges. The
authors calculate the partition function of the system which
in the thermodynamic limit turns out to be that of a system
consisting of N/2 free dichotomic variables:

Z = 2
N
2 (2 cosh(βJ�))

N
2 (3)

from which we can recover the residual entropy of the ML
calculated above. These results and the pair spin correlations
calculated by Barry and Wu show that the BML extends our
results for the ground state to all temperatures: The spin system
described by the BML consists (at zero magnetic field) of a
single paramagnetic phase with no spin correlations. Notably,
the random thermal excitation of neutral and double charges
in a ratio 6/2 clearly dilutes the single monopoles but does not
affect the degree of spin correlation (and it is in this sense that
we call this system a balanced ML [51]).

We have studied the thermodynamics of the system by
means of standard single spin flip Monte Carlo simulations
(see Appendix B). Figure 1(b) shows in the right axis that
for T/J� � 1 the single monopole density (ρ) approaches
1 monopole per tetrahedron. As shown in the same figure,
this density can be obtained from the exact solution for the
energy [36] and calculated as ρ = 1/2(1 + tanh(J/T )). At
the same temperatures, the specific heat is seen to peak (CV ,
both simulated and calculated [36]), marking the extinction of
double monopoles and neutral excitations. We have obtained
the entropy of the system [Fig. 1(b), left axis] by integration
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of CV /T and imposing Pauling’s estimate as the integration
constant.

We checked that the monopole liquid gives the same
isotropic pattern as in Fig. 2(b) when the temperature increases,
reflecting that there are no spin-spin correlations at any tem-
perature. Although it agrees with the exact results obtained in
Ref. [36], this seems to be hardly compatible with the measured
increase in entropy [Fig. 1(b)], but for the fact that excitations
(in the form of double monopoles and 2in-2out tetrahedra)
are now diluting the single monopoles in random positions.
This idea can be quantitatively and beautifully tested by cal-
culating the entropy of mixing that results from this monopole
dilution. The curve shown in Fig. 1 with blue symbols is
the entropy increase because of mixing (�Smix(T )/NkB =
−1/2 × [ρ(T ) ln(ρ(T )) + (1 − ρ(T )) ln(1 − ρ(T ))]) to which
we have added Sres. The excellent coincidence with the curve
obtained from the specific heat is a nice way to emphasize that
for the balanced monopole liquid model of Eq. (2) only the
charge degrees of freedom are relevant.

After having studied the BML given by Eq. (2), the obvious
question to ask is how different perturbations will break the del-
icate balance that makes the spins in this system uncorrelated
at all temperatures. The important case of a magnetic field will
be studied elsewhere [52]; in the next section we consider other
interactions, likely to be present in real pyrochlore materials.

III. EFFECT OF PERTURBATIONS ON THE BALANCED
MONOPOLE HAMILTONIAN HBM L

The BML is only one particular model (with the peculiar-
ities that it is exactly balanced to be a perfect paramagnet at
all temperatures and that it has an analytic solution) leading to
a ML ground state. We will subject the BML to perturbations
and study their effect in two different aspects: (i) how, while
preserving the ML ground state, new terms can imbalance the
BML and thus affect correlations at finite temperature, (ii) how
different perturbations could destabilize the ML. Regarding
the first point, we will consider in the next two subsections the
usual nearest neighbor spin interactions [Eq. (1)] as a small
perturbation to Eq. (2). For Jnn small enough, the effective
ferro- or antiferromagnetic character of nearest neighbor inter-
actions will determine the preeminence of one or other types of
low energy excitations (neutral 2in-2out tetrahedra, or double
monopoles, respectively) to the ML. This, in turn, will affect
in very different ways the system on increasing temperature.
In the third subsection we explore the possibility of changing
the ML ground state by adding interactions.

A. ML ground state with excess 2in-2out excitations: Jnn > 0

We consider now adding to Eq. (2) a nearest neighbors
interaction term favoring the ice rule [Eq. (1)]. For moderate
values of Jnn, its effect is that of raising the probability
of finding a neutral tetrahedron (2in-2out) with increasing
temperature. In order to show how this perturbation affects the
system we consider an extreme case [53]: T and Jnn are such
that all single monopoles and 2in-2out configurations have
the same probability to manifest [1/(8 + 6)], with a negligible
density of double monopoles. Figure 3(a) shows the charge-
charge correlation function simulated in these conditions. The

FIG. 3. (a) Charge-charge correlation function for a monopole
liquid perturbed by a nearest neighbors interaction term favoring
neutral sites (L = 32). The perturbation parameter Jnn and temper-
ature are such that any neutral site or single monopole can occur
with equal probability, with a negligible concentration of double
charges. (b) Simulated neutron diffuse scattering intensities for the
same configurations. The charge correlations in panel (a) look broader
than those for the ML [Fig. 2(a)], with a magnitude reduced approx.
by half. On the other hand, anisotropic spin correlations have now
developed in panel (b) and present a structure comparable to that of
a spin ice material at high temperature. Remarkably, dipolarlike spin
correlations (absent at T = 0) develop in our system with increasing
temperature.

widening and shortening of the peaks indicate that charge
correlations decrease as single monopoles are diluted by
neutral sites, pushing it towards a gas phase. Just the opposite
occurs on the spin channel Fig. [3(b)] where the addition
of 2in-2out sites has transformed the spherically symmetric
pattern into an anisotropic one. Indeed, the pattern resembles
that measured [37,38] or simulated (see Fig. 5 in Appendix B)
for spin ice at high temperature, with diffuse scattering more
noticeable for k along [l00] and [lll]. We are then faced
with a quite peculiar situation. Starting from a perfect spin
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paramagnet with charge correlations at T = 0, we found that
the addition of neutral sites diminishes these correlations, while
on the other hand it enhances spin correlations, moving the
system towards a spin liquid. Given that the spin system does
not reach long range order (or, more appropriate, the power
law correlations typical of the emergent gauge field in spin
ice [41,44]) we can term this ‘short range (topological) order
by disorder’ [54].

As discussed in the introduction, it was found in previous
experimental [38] and numerical [55] studies that spin ice
correlations can be seen up to temperatures much higher
than the typical energy scale (Jnn) and even in the presence
of strong dilution [38]. This important issue was addressed
before by Sen et al. [56] and is also implicit on Ref. [57].
Both approaches are based on a charge approximation in
which double monopoles were neglected. We will argue
below that the absence of double monopoles is indeed crucial
to obtain dipolar correlations at high temperatures. A first
step in this direction was taken by Brooks-Bartlett et al. [11]
who noted that single monopoles of fixed charge can have
associated a fluctuating moment (a prerequisite to have a
Coulomb phase [41]), something that is not possible for
double charges. However, as made evident by the balanced
ML case—where we observed a total absence of correlations
in a highly fluctuating scenario [Fig. 2(b)]—the existence of
fluctuating magnetic moments is not a sufficient condition.

Complementing these previous studies we can understand
now the persistence of correlations at high temperature in a sim-
ple manner (without taking into account dipolar interactions)
by analyzing spin correlations for the present case in which
all neutral and single monopole configurations are equally
probable. We proceed as before, by checking the bias imposed
by a given spin on any other in the same tetrahedra. We should
now count the six possible 2in-2out configurations in addition
to the eight monopole ones. If the absence of double monopoles
is guaranteed, the fixing of a spin direction turns now the
probability of having a pseudospin in the same tetrahedron
pointing in the opposite direction (i.e., having the opposite
sign) 1/7 more likely than otherwise. This is of course much
smaller than the probability of 1/3 that we got for spin ice, but it
is not negligible and is responsible for dipolarlike correlations
in the former perfect paramagnet. From the point of view of
spin ice we can say that, basically, monopoles dilute the dipolar
correlations propagated by neutral sites, without erasing them.

We will now point to the evident fact that raising the
temperature to infinity should restore the isotropic correlations
of a perfect paramagnet, a phase which (remarkably) is now at
both ends of the temperature axis. The expected destruction of
spin correlations at high temperatures can be made less trivial
by inferring that it is then the presence of the double monopoles
that makes all the difference. We can now add to this that—even
in the presence of strong local moment fluctuations—only
when the ratio of neutral tetrahedra and double monopoles
is near 6 : 2 the dipolarlike spin correlations will be erased.
A good example of this is the BML at all temperatures,
but also the ML (where there are no double monopoles or
neutral cites) which can be thought of as the BML in the
limit T → 0. An important instance with an experimental
counterpart is that of spin ices for T � 8Jnn (with Jnn ≈ 1 K).
At T = 10 K (T ≈ 8Jnn), where experiments still show a

spin-ice-like neutron pattern in Ho-titanate samples [38], our
simulations using Eq. (1) show that the fraction of single
monopoles per tetrahedron is near 1/2, but the ratio of neutral
to double monopole sites is bigger than 7 (see Appendix B
for the magnetic structure factor we obtained). As shown in
Ref. [56], the inclusion of dipolar interactions (present in real
materials but not considered here) should enhance even more
these correlations and contribute to define better the pinch
points in Fig. 3(b) and Fig. 5.

B. ML ground state with excess double monopole
excitations: Jnn < 0

When the added perturbation term [Eq. (2)] favors AIAO
order, its effect at finite temperature is to increase the density
of double monopoles. It has been previously shown that
introducing this type of excitations in a disordered monopole
ground state can lead to a crystal of monopoles [19], in an
example of classical order by disorder [58,59]. One important
difference between this case and the ML we are now studying
is the huge residual degeneracy present in our system. In order
to test the occurrence or not of this phenomenon we study
again the extreme case, with a value for T and the perturbation
such that any single or double monopole configuration has the
same chance to manifest (1/10), with negligible proportion of
neutral tetrahedra. Figure 4(a) shows that the charge-charge
correlation function has higher and narrower peaks than the
BML—showing that monopole correlations are stronger, with
a correlation length extending approximately over a unit cell—
but that crystallization has not taken place.

Regarding the spin channel, we can see in Fig. 4(b) that the
perfect paramagnet has developed correlations in the form of
diffuse scattering around [311] and [022], the same positions
of the perfectly ordered AIAO state. In this case then, both
the monopole and spin channels are examples of short range
order by disorder. Proceeding as we did before, we can evaluate
how the double monopoles occurring with probability 2/10
unbalance the correlation of a nearest neighbor spin within
a single tetrahedron. We find that once we fix the direction
of a pseudospin, the probability that a second pseudospin in
the tetrahedron points in the same direction is 1/5 larger than
otherwise. The change in sign in the average pseudospin value
explains the qualitative differences observed in the correlation
functions [Fig. 3(b) and Fig. 4(b)].

C. Effect of other interactions on the ML ground state

Equations (1) and (2) have the particularity of operating
effectively at a charge level, where Jnn and J� function like
chemical potentials for the creation of monopoles or neutral
excitations. In general, spin interactions cannot be interpreted
fully at this level, and they will tend to break the massive
accidental degeneracy of the ML in favor of certain spin
configurations (with their associated charge arrangement) at
low temperatures. Long range dipolar interactions are a good
example of these, since they can be thought of as having a dom-
inant effective charge-charge Coulomb component, together
with a spin-spin correction [1] that decreases with monopole
distance r like 1/r5. The addition of dipolar interactions to
Eq. (2) will then make the ML crystallize into a zincblende

174422-6



CHARGE AND SPIN CORRELATIONS IN THE MONOPOLE … PHYSICAL REVIEW B 97, 174422 (2018)

FIG. 4. (a) Charge-charge correlation function for a monopole
liquid perturbed by a nearest neighbors interaction term favoring
‘all-in’ or ‘all-out’ configurations (L = 32). The parameters and
temperature were chosen such that any monopole configuration
among the ten possible ones (double or simple) can occur with
equal probability, with a negligible concentration of neutral sites.
Now the charge correlations look much sharper than those for the
ML (Fig. 2) and with extra intensity. (b) Simulated neutron diffuse
scattering intensities for the same configurations. We observe again
the development of anisotropic spin correlations. Now, a relatively
small concentration of thermally generated double monopoles favors
the appearance of broad peaks in positions compatible with the
crystal of monopoles, the all-in/all-out antiferromagnet (marked with
circles, their sizes indicating their intensities), in a case of classical
‘short-range order by disorder.’

crystal of monopoles on decreasing temperature, in a single
or a series of steps (depending on the relative strength of
HBML). These may involve first a solid of single monopoles—a
Coulomb spin liquid studied in Refs. [11] and [21]—and then
either freeze the fragmented spin liquid [11] into one of the
ground states previously determined [10] or transform it into
a crystal of double charges.

While chargelike interactions can generally be more
intuitively handled, it would be impossible to list the effect
of different spin-spin interactions (with varying range and
strength) on the ML. It is then a pleasant surprise that second
and third nearest neighbor exchange interactions could in
principle be tuned to preserve the charge-charge character
of Eq. (2). Their inclusion is not a mere detail as would
be naively guessed. If attraction between like monopoles is
triggered [14,20] it can open the door to very sophisticated
charge disordered phases different from the ML [14]—for
example based on jelly fish structures. Aside from
thermodynamics, these structures may have a strong influence
on the dynamics of the system, something that has been
studied in relation with the spontaneous Hall effect observed in
Pr2Ir2O7 [20,60]. Extra interactions, a magnetic field, quantum
effects, and the interplay with other degrees of freedom, could
lead to more sophisticated single monopole crystals, as the
double monopole layer seen in Tb2Ti2O7 [9,11,13]. Indeed,
the physics found in the titanate of Tb [9,11,28], based on
a very low Jnn and a strong coupling between magnetic and
elastic or dipolar electric degrees of freedom [13,21,27], bears
some qualitative resemblance with the physics behind the ML,
suggesting a promising route for its realization.

IV. CONCLUSIONS

One of the contributions of this paper has been the descrip-
tion of a state of monopole matter. We studied a monopole
liquid in the pyrochlore lattice, a charge-disordered phase with
high density of single monopoles, in the absence of an applied
magnetic field. We found the residual entropy per spin of this
phase to be ln(2)/2 (amounting to one free Ising variable per
tetrahedron) a result which is exact in the thermodynamic limit.

Although we named this phase after its magnetic charge
properties, the monopole liquid turned out to be an ambivalent
phase. While at T = 0 it is a liquid from the point of view of
monopoles, from that of spins (as it would be seen in diffuse
neutron scattering measurements) it is a ‘spin gas’ (i.e., a
perfect paramagnet) free of spin-spin correlations.

After proving that a ground state of single monopoles
cannot be stabilized by translationally invariant pairwise spin
interactions of any range, we proposed a four spin Hamiltonian,
and we use it to study the monopole liquid thermodynamics and
to measure charge as well as spin-spin space correlations. We
name this model the balanced monopole liquid (BML): The
thermal creation of neutral and double monopole excitations in
proportion 6 : 2 does not perturb the spin correlations, making
the BML a perfect paramagnet at any given temperature.
Indeed, thermal disorder is directly related to the entropy of
mixing that results from the dilution of single monopoles with
neutral and double monopoles.

The balance characterizing the complete lack of spin-spin
correlations in the BML model is affected by small perturba-
tions, and we learned physics from their inclusion. The main
consequence of adding moderate nearest neighbors ferro- or
antiferromagnetic interactions is changing the proportion of
excitations of each type. As in the phenomenon of classical
order by disorder, thermal excitations tend to imbalance the
magnetically disordered BML towards two different forms of
order.
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The case in which the perturbation is ferromagnetic pro-
motes neutral excitations; by diluting the single monopoles
their effect is to reduce their charge correlations. On the other
hand, they create spin correlations resembling those measured
in spin ice materials and systems. For this one system, the
short range order created by thermal disorder resembles that
related with an emergent gauge field. This phenomenon lead
us by another route [11,56] to show how the presence of strong
correlations in spin ice materials at temperatures much higher
than Jnn can be understood by the relative low concentration of
double charges. The absence of spin correlations in the strongly
fluctuating environment of the monopole liquid (in the limit
T → 0), spin ices for T � 8Jnn, and the balanced monopole
liquid (at all temperatures) can be rationalized as cases in which
the fraction of neutral sites to double monopoles occurs in a
ratio approaching 6 : 2. The antiferromagnetic perturbation—
favoring a majority of double monopoles as excitations, which
are now in a ratio of less than 6 : 2 respect to neutral sites—is
the converse of the previous case. Charge-charge correlations
increase in strength by the insertion of double monopoles,
while spin correlations generate a diffuse version of the crystal
of double charges (the all-in/all-out state) in a sort of short
range order by disorder. We think that, in the same way we
have used this system to understand in a new light spin ices,
the monopole liquid can be the starting point to rationalize
the physics behind Tb2Ti2O7, materials showing magnetic
moment fragmentation, and—more generally—of monopole
matter [6,9–11,13,20,23–25].
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APPENDIX A: IMPOSSIBILITY TO GENERATE A
MONOPOLE LIQUID FROM TRANSLATIONALLY
INVARIANT STATIC PAIRWISE INTERACTIONS

Some of the results shown along this paper have been
derived from a four spin Hamiltonian [Eq. (2)]. As a way
to justify the need for such a Hamiltonian, we prove in this
Appendix that a ML ground state cannot be stabilized by trans-
lationally invariant pairwise spin interactions, irrespectively of
their range.

We will prove it by contradiction, assuming first that the
ML ground state can be obtained using a set of pairwise inter-
action constants Jij depending only on the relative position of
pseudospins σi and σj on the pyrochlore lattice sites i and j .
Jij should be such that all spin configurations with one single
monopole per tetrahedron have the same energy E0, with E0

smaller than the energy of any other configuration. It will probe
useful to write the energy E of a given configuration as the sum
of two terms:

E =
∑

k,l,a,b

J ab
kl σ a

k σ b
l = D + T (A1)

TABLE I. Basis for the configurations of double (AIAO) and
single monopole crystal (ML) and spin ice (SI) configurations. The
spin configurations are obtained by repeating these arrangements over
all up tetrahedra of the pyrochlore lattice.

1 2 3 4

AIAO + + + +
ML + + + −
SI + + − −

in which now k and l indicate the up tetrahedra to which
the pseudospins belong, a and b correspond to one of
the four spin types in a given tetrahedron. Implicitly, self-
energy terms in which a = b and k = l simultaneously, have
been removed from this and all following summations. D ≡∑

k,l,a=b J aa
kl σ a

k σ a
l andT ≡ ∑

k,l,a 
=b J ab
kl σ a

k σ b
l are the diagonal

and off-diagonal terms on the type of spin.
The reductio ad absurdum is reached by computing the

energy E for three different spin configurations which we
chose to be perfectly ordered: (i) a crystal of double monopoles
(which we label AIAO); (ii) a crystal of single monopoles,
which belongs to the monopole liquid phase and has minimum
energy E0 (ML); (iii) a spin ice configuration with maximum
magnetization along the [100] direction (SI). In all three cases,
the whole spin configuration can be assembled by repeating
in every up tetrahedron of the pyrochlore lattice a fixed spin
arrangement (see Table I).

Given their regularity, the diagonal term D is the same in
all three configurations, leaving only the off-diagonal term T

to be computed. We can now separate the off-diagonal term of
the AIAO configuration into six contributions:

TAIAO = α12 + α13 + α14 + α23 + α24 + α34, (A2)

where αab = ∑
k,l,a 
=b J ab

kl [the signs in Eq. (A2) come from
the fact that σa

i σ b
j = 1 for all a 
= b for this configuration]. We

can obtain similar equations for the ML and SI configurations
using Table I:

TML = α12 + α13 − α14 + α23 − α24 − α34 (A3)

TSI = α12 − α13 − α14 − α23 − α24 + α34. (A4)

Symmetry considerations guarantee that all αab are equal
(αab = α) leading to TAIAO = 6α, TML = 0, and TSI = −2α.
The absurd is reached by noting that E0 = D < D + 6α and
E0 = D < D − 2α. This contradiction demonstrates that it
is impossible to obtain a monopole liquid from pairwise
translationally invariant interactions, paving the way for the
search of the ML within many body interactions (as we did in
the text) or by dynamic models including further degrees of
freedom [13,21,61].

APPENDIX B: SIMULATION DETAILS

We provide here some details on the simulations used in
the main text to study the equilibrium properties of the Ising
pyrochlores. We simulated L × L × L conventional cubic
cells of the pyrochlore lattice (16 × L × L × L spins) with
Metropolis and conserved monopoles [10] algorithms. In all
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cases the boundary conditions were set to be periodic along
the cubic primitive vectors.

1. Metropolis algorithm

In order to obtain Fig. 1 in the main text we used the
Metropolis algorithm with the Hamiltonian in Eq. (2) (main
text) with the usual spin-flip dynamics and L = 8. After
reaching equilibrium, we averaged the data over 10–150
independent runs and 5 × 104–1.5 × 106 time steps depending
on the temperature.

2. Conserved monopoles algorithm (CMA)

We have used the conserved monopoles algorithm [10] to
speed up simulations without leaving the monopole liquid
phase. The situation is quite parallel to its use in spin ice within
the two-in-two-out manifold [10,62,63]. The usual Metropolis
dynamics is modified to control the temperature and the density
of magnetic charge independently. We start the simulation
from a spin configuration in which all tetrahedra are occupied
by single monopoles excluding two neutral ones. From this
initial state, the only spin flips allowed are those that leave the
number of monopoles unchanged, producing then an effective
movement of the neutral sites. The inclusion of these neutral
tetrahedra has no measurable effect for large system sizes.

3. Calculation of the charge correlation function

The charge-charge correlation function has been
calculated as:

I (k) = 2

N

∑
ij

〈QiQj 〉 eik·r ij , (B1)

where 〈...〉 indicates thermal average, N/2 is the number of
tetrahedra, Qi represents the topological charge at position
r i , and r ij is the distance between monopoles. The sum runs
over the charge positions on the vertices of the lattice ‘dual’
to the pyrochlore, which is a diamond lattice. All plots have
been obtained in thermal averages over sets composed of ≈100
configurations.

4. Calculation of neutron diffraction structure factors

The simulated neutron structure factors have been calcu-
lated following the expression:

I (k) = [f (|k|)]2

N

∑
ij

〈σiσj 〉 (μ⊥
i · μ⊥

j ) eik·r ij , (B2)

where the sum now sweeps the pyrochlore lattices, N is the
number of sites, 〈σi σj 〉 is the thermal average of the correlation

FIG. 5. Simulated spin structure factor for the nearest neighbors
spin ice model of Eq. (1) (L = 32, Jnn = 1.1 K) at T = 10 K. The
anisotropy observed on the pattern (characteristic of the Coulomb
phase) can be seen at temperatures ten times higher than Jnn. At these
temperatures, the fraction of single monopoles per tetrahedron is near
its high temperature limit of 1/2, but the ratio of neutral to double
monopole sites exceeds 7, much bigger than the value of 3 at which
dipolar correlations disappear.

between pseudospins at sites i,j ; μ⊥
i is the component of

the quantization direction of the spin Si = σiμ̂i at site i

perpendicular to the scattering wave vector k:

μ⊥
i = μ̂i −

(
μ̂i · k

|k|
)

k
|k| (B3)

and f (|k|) is the magnetic form factor. We have chosen the
magnetic factor of Dy+3 as a benchmark to plot all structure
factors. This factor is:

f (|k|) = c +
4∑

i=1

ai exp

(
−bi

|k|2
16π2

)
(B4)

with ai,bi obtained from Ref. [64]. An example of the intensity
as would be observed by neutron scattering could be seen in
Fig. 5, in which we have plotted the structure factor for a
nearest neighbors spin ice model [Eq. (1), with Jnn = 1.1 K]
at 10 K. We can see that even at such high temperatures there is
still a marked anisotropy, with stronger scattering in the same
directions of reciprocal space as has been measured at low
temperatures.
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