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ideal A) under which A-compact sets are preserved. Appealing to the notion of
tensor stability for operator ideals, we first address the question in the polynomial

g:g:cohri;aces setting. Then, we define a radius of (A; B)-compactification that permits us to tackle
A-compact sets the analytic case. Our approach, for instance, allows us to show that the image of
Homogeneous polynomials any (p,r)-compact set under any holomorphic function (defined on any open set of
Holomorphic functions a Banach space) is again (p, r)-compact.
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Introduction

Several classes of functions are described by the nature of their images on compact sets. For instance,
linear operators or polynomials between Banach spaces are continuous if and only if they map compact
sets into compact sets. In this paper we propose to study the behavior of certain classes of functions on
A-compact sets of Carl and Stephani [11], determined by an operator ideal \A. More precisely, given a class
of continuous functions § and two operator ideals A and B, we are interested in studying those functions
in § mapping A-compact sets into B-compact sets. We denote this class by §(4;5) and say that an element
in (a8 is (A; B)-compactifying.

In the recent years many authors studied different type of functions between Banach spaces (such as linear
operators, polynomials, holomorphic and continuous functions) in relation with the class of p-compact sets
of Sinha and Karn [35]. For instance, in [30], Pietsch considers the class of (s, p)-compactifying operators
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as those mapping s-compact to p-compact sets, for 1 < p < s < oo. This class also was treated by Delgado
and Pineiro in [31]. However, the class of (A; B)-compactifying linear operators £(4,3), in a general setting,
can be traced back to the article of Stephani (see [36, Theorem 4.1] for a full characterization of £ 4,3)).
On the other hand, Aron and Rueda show that continuous homogeneous polynomials preserve the class of
p-compact sets [4, Theorem 3.2] and Aron, Caligkan, Garcia and Maestre give a partial result for holomorphic
functions preserving p-compact sets [3, Theorem 3.5], see the paragraph preceding Example 4.6 for details.
Also, Mufioz, Oja and Pifieiro [26] characterize the space Cx i) of continuous functions from a compact
Hausdorff space into a Banach space whose range is p-compact. In order to proceed, let us introduce some
definitions and notation.

Asusual, £, F, F and K are the ideals of bounded, finite rank, approximable and compact linear operators,
respectively; all considered with the supremum norm || ||. Also, A = (A, ||| 4) denotes a A-Banach operator
ideal, 0 < A < 1. When considering A and B, we will assume that both are A-Banach ideals with the same
A. Given a Banach space E over the real or complex field K, Bg and E’ denote its closed unit ball and its
dual space, respectively. Now, we recall the basics of the Carl-Stephani theory. A subset K of E is relatively
A-compact if there exist a Banach space Z, an operator T' € A(Z; E) and a compact set M C Z such that
K CT(M) [11, Lemma 1.1]. A sequence (zy,), in E is A-null if there exist a Banach space Z, an operator
R € A(Z; E) and a null sequence (z,), C Z such that z,, = Rz, for all n € N [11, Lemma 1.2]. As in the
case of compact sets, every A-compact set is contained in the absolutely convex hull of an A-null sequence
[11, Theorem 1.1]. Several operator ideals may generate the same system of A-compact sets. This is the
case, for instance, of the surjective hull of A, A*“" [11, p. 79] and also of A o F [24, Corollary 1.9].

Regarding linear operators, it is clear that A C Lk, ) and that £ 4,4) = £ for any A. Also, for any
class of continuous functions § and any pair of ideals A and B such that B C A, §4;8) C §(a;4) holds
trivially. Inspired by [3,4,30,31,36] we study when §( 4,53y = § or when §(4,4) = § for different classes §
of homogeneous polynomials and holomorphic functions and different A-Banach operator ideals A and B.
Before starting any discussion, notice that the class of continuous functions provides a negative result. The
next example is an extension and uses the ideas of [3, Example 3.1].

Example. Let A be a A-Banach operator ideal and E be a Banach space. Suppose that there exists a
relatively compact set in E which is not relatively A-compact. Then, there exists a continuous function
[+ R — E such that f([0,1]) is not A-compact. In particular, C(4,4)(R; E) & C(R; E).

To see this, take a null sequence (z;); C E which is not A-null. Now, consider

0 ift <o,
) =9 G+ = jt)zjpa + (G + Dt =y ift € [, 5] for j €N,

T iftZl.

Since f(]l) = z; for all j € N, we conclude that (z;); C f([0,1]) which implies that f([0,1]) is not relatively
A-compact and, clearly, [0, 1] is an A-compact set for any A.

The paper is organized as follows: In Section 1 we deal with the class of n-homogeneous (.A; B)-compactify-
ing polynomials, denoted by PfA; By which is a subclass of P”, the space of all n-homogeneous polynomials.
We introduce a A-norm on this class || - [[(4;5), under which P ) is a A-Banach polynomial ideal. Then
we focus on homogeneous polynomials preserving A-compact sets, that is the class P(’LA; Ay and show that
the property is hereditary on the degree (Proposition 1.5). Contrary to what happens in the linear case,
or even in the p-compact setting for polynomials, we show that n-homogeneous polynomials (n > 2) do
not preserve II,-compact sets (Examples 1.1 and Example 1.6). Here II,, denotes the ideal of p-summing
operators, 1 < p < oo. In Section 2, with the notions of (symmetric) tensor norms and tensor stability
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of A-Banach operator ideals we show conditions under which polynomials preserve A-compact sets (Theo-
rem 2.2). We apply our results to provide several examples. For instance, we show that polynomials defined
on Lq(u) preserve IT;-compact sets (Example 2.6). In Section 3 we present examples of (A; B)-compactifying
polynomials for some classes of polynomials generated by composition. Our examples rely on classical ideals
and show how several other examples may be constructed in an analogous way.

In Section 4 we pass to the holomorphic setting and show that each polynomial in the Taylor series
expansion of any (A;B)-compactifying analytic function is also (A; B)-compactifying. Then we define a
radius of (A; B)-compactification which allows us to obtain a reciprocal result and present several examples.
For instance, we show that the image of any (p,r)-compact set under any holomorphic function, defined
on any open set of a Banach space, is again (p,r)-compact. When r = p’ the latter result extends [3,
Theorem 3.5].

The main examples we present are based on (p,r)-compact sets of Ain, Lillemets and Oja [1]. For
1<p<ooandl<r<p with p’ the conjugate of p, a set K of F is relatively (p, r)-compact if there exists
a p-summable sequence (z;); € {,(E) such that

o0
K C {Zajxj: (aj)j S Bgr},

=1

where (a;); € B, if 7 = oco. The (p,p’)-compact sets are the p-compact sets of Sinha and Karn. If
the sequence (z;); is unconditionally p-summing, that is (z;); € ¢¥°(E), the class of unconditionally
(p, 7)-compact sets, studied in [2], is obtained (for 7 = p’ see also [21]). These type of compactness are given
in terms of the extended notion of nuclear operators N(t,u’v) (see [29, 18.1.1] for the definition). Namely,
the p-compact sets correspond with NP-compact sets, where NP = ./\f(p,lvp) is the ideal of right p-nuclear
operators [24, Remark 1.3]. Also, (p, r)-compact sets are N, 1 ,)-compact sets [2, Proposition 2.4, and un-
conditionally (p, r)-compact sets are determined by N, /) (see the paragraph above [2, Theorem 4.1]).

Working with A-compact sets, those linear operators mapping bounded sets into .4-compact sets arise
naturally. These operators form the ideal of A-compact operators denoted by I 4, which were introduced
and studied in [11]. In [24], it is shown that 4 becomes a Banach operator ideal whenever A is Banach
ideal. For this, a measure of the A-compact sets K of E is defined as

ma(K; E) = inf{||T||a: K ¢ T(M), T € A(X;E) and M C By},

where the infimum is taken considering all Banach spaces X, all operators T' € A(X; E) and all compact
sets M C Bx for which the inclusion K C T(M) holds. When the context K C F is understood, we simply
write m4(K) instead of my(K; E). If K is A-compact, then its closed absolutely convex hull T'(K), is also
A-compact and ma(K) = ma(I'(K)). Although the original definition of m4 was conceived in [24] for normed
operator ideals, it is easy to see that it extends verbatim for A-normed (Banach) operator ideals and all the
properties remain valid with the obvious modifications. Now, IC 4 is a A-normed (Banach) operator ideal if
we define for E and F' Banach spaces and T' € K 4(E; F) the following A-norm [24]:

IT[kca = ma(T(Bg); F).

In particular, we denote by K, ,y and U, ) the A-Banach ideals of (p,r)-compact operators and of uncon-
ditionally (p, r)-compact operators, respectively. When it is convenient for r = p’ we write, as usual, K, and
U, the respective Banach operator ideals.

We refer to [29] for the basics of A-Banach operator ideals and [13] or [32] for definitions and results of
tensor norms and operator ideals. Also, we refer to [15] for polynomials and holomorphic functions.
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1. On (A; A)-compactifying polynomials

From the definition of A-compact sets, it is easily seen that any continuous linear operator is
(A; A)-compactifying. The class of (A; B)-compactifying operators (those mapping A-compact sets into
B-compact sets) were first studied, in a more general setting, by Stephani [36], while the particular case
of the (Ky; Kp)-compactifying operators was treated in detail (under the name of (s, p)-compactifying) in
[30] and [31]. For polynomials, in [4, Theorem 3.2], it is proved that any (homogeneous) polynomial is
(ICp; Kp)-compactifying. On the other hand, in [3, Example 4.2], it is shown that n-homogeneous polynomi-
als are not (K,; KCg)-compactifying if 1 < ¢ < p.

Recall that for n € N, a mapping P: E — F' is a continuous n-homogeneous polynomial if there exists a
continuous n-linear operator A from E to F such that P(x) = A(z, ..., z). The vector space of all continuous
n-homogeneous polynomials from E to F', P™"(E; F), is a Banach space endowed with the supremum norm.
Notice that for n = 0 we have the constant mappings and for n = 1, L(F; F) is obtained. As usual, when
F = K we write P"(E) instead of P"(E;K). The ideal of all continuous polynomials, consisting of linear
combinations of continuous homogeneous polynomials, will be denoted by P.

Now we are in a position to show that the positive result for p-compact sets and polynomials is not true,
in general, for A-compact sets. As usual, QN denotes the ideal of quasi p-nuclear operators.

Example 1.1. Let P € P?({3;¢1) be the polynomial defined by P(z) = (2},23,...) for x = (21, 2,...).
Then, P is not (IL,;II,)-compactifying for any 1 < p < oo.

Proof. Fix1 < p < co. It is enough to find a IT,-compact set K C ¢ such that P(K) C ¢; is not II,-compact.
Take n € N, n > p, and consider a sequence (a;); € co which is not in fy,,. Take the set K = {aje;: j € N} C
5, where e; denotes the canonical unit vector for each j € N. As L = {aje;: j € N} C {; is compact and
the inclusion ¢: £; — ¢5 is absolutely summing (see e.g. [13, Ex. 11.5]), K = (L) is a relatively II;-compact
set of {5 (and hence relatively IL,-compact for all p > 1).

Let us suppose that P(K) = {aje;: j € N} is a II,-compact set. Since the sequence (aje;); is also
null, by [24, Proposition 1.4], (a?ej)j is a IL,-null sequence. Then the operator T': £; — ¢; defined by
T(e;) = a?e; (canonically extended to ¢1) is a II,-compact operator. By [24, Proposition 2.1], we know that

A
Kn, = (I, o F)*"". Also we have the inclusions

K, (€15 01) = (I, 0 F)**" (U1 41) = (I, 0 F)(l1;61) = QN (€15 41) C QN (L1 47).

Then, T belongs to QN (¢1;¢1). The Persson—Pietsch multiplication table [27, Satz 48] gives that the
composition operator T="To-"oT belongs to QN (¢1;¢1). Now, consider S = ToT. By [28, Theorem 3.3.2],
S belongs to N'(¢1;41) and as S(e;) = a?"ej we conclude that (a?”)j € ¢, which is a contradiction. Therefore,
P(K) cannot be a II,-compact set. 0O

In the next example we appeal to the existence of a relatively compact set in ¢; which is not uncondi-
tionally p-compact for 1 < p < oo. If this were not the case, we would have K = U,, which is a contradiction.

Example 1.2. Fix 1 < p < oo and n € N such that n > p'. Let P € P"({,; 1) be the polynomial defined by
P(z) = (27, 2%,...) for & = (x1,22,...). Then, P is not (U 1);Up,p))-compactifying. As a consequence, P
is not (U r; Up,r))-compactifying for any 1 < < p'.

Proof. Take L C ¢; a compact set which is not unconditionally (p, p’)-compact. Then, there exists a sequence
(a;); € co such that L C T'{aje;: j € N} and therefore the set M = {aje;: j € N} is a compact set in ¢;
which is not unconditionally (p, p’)-compact.
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For each j € N, take e; the canonical unit vector and let K = {ajl-/"ej: JEN} C . As (a;/nej)j €

0994y ), K is unconditionally (p,1)-compact. With P as in the statement, P(K) = M and the result
follows. O

The above examples motivate the definition of the distinguished class of n-homogeneous polynomials
mapping A-compact sets into B-compact sets, for A-Banach operator ideals A and B. We denote by P(’LA; B)
the space of (A; B)-compactifying n-homogeneous polynomials which turns out to be a A-Banach polynomial
ideal with the A-norm defined below. Recall that a A-normed ideal (Q, ||||o) of polynomials is a subclass of
P such that

(i) Q™(E;F) = QNP"(E;F) is a linear subspace of P"(E; F) for any Banach spaces F and F', and || - ||
is a A-norm on it,
(ii) for any Banach spaces Z and W and operators T' € £(Z; E) and S € L(F; W) and P € Q"(E; F), the
polynomial So PoT: Z — W belongs to Q"(Z; W) with ||[So PoT| o < ISPl TII™,
(iii) z — 2™ belongs to Q™ (K;K) and has norm one.

When (Q"(E; F), ||| o) is complete for all Banach spaces E' and F', we say that it is A-Banach polynomial
ideal.
The following result sets the framework for our study, its proof is straightforward and is omitted.

Proposition 1.3. Let A,B be A-Banach operator ideals, E,F be Banach spaces and n € N. For P €
P(nA;B)(E; F) define

|Pllass): =sup{mp(P(K)): K C E is A-compact and ma(K) = 1}.
Then, | - [lca;8) is a A-norm on Py 4 and (P("A;B), |- lca.5)) is a A-Banach polynomial ideal.

Clearly, P(}C;,C) = P" for all n. Also, by [4, Theorem 3.2], PZ;Cp;’Cp) = P" for all n. Moreover, from [4,
Corollary 3.3], we see that ||P|| < [|P|x,x,) < ’;—THPH for any P € P".

To initiate a systematic discussion, we first consider (A;.4)-compactifying polynomials. We appeal to the
definition of polynomial ideals coming from tensor norms. For a general background of symmetric tensor
norms we refer to [17]. Let a, be a finitely generated symmetric tensor norm (s-tensor norm, for short)
of order n and let E,F be Banach spaces. We say that P € P"*(E;F) is as-continuous if its lineariza-
tion, denoted by Lp, belongs to E(@Z;E ; F). Then, considering the continuous n-homogeneous polynomial
AE T E— @Z;E given by A? (2) =1 ®---® z, we have the following commutative diagram

n,s n,os

E P

N J/ /
P

An,sE

F. (1)

As

We denote by P} (E; F) the class of all a,-continuous n-homogeneous polynomials, which is a Banach ideal

endowed with the norm given by ||Plla, = [[Lplzgn 5. This type of polynomials was first considered,

in a more general setting, in [18, Section 4.2]. As usual, we denote by 7 (ms) the projective (symmetric)
tensor norm and by ¢ (g,) the injective (symmetric) tensor norm. As it is well-known P} (E; F) = P"(E; F)
isometrically. Also, for an operator T € L(E; F) we denote by @"T: @™* E — Q™*F the operator defined
on the elementary symmetric tensors by T(z ® -+ - ® ) = Tx ® - - - ® Tz and canonically extended. Besides,

regarding A-compact sets, from [24, Corollary 1.9] and [24, Proposition 2.1] we can infer, for a A-Banach
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operator ideal A, that a set K C E is relatively A-compact if and only if there exists T' € IC4(¢1; E) such that
K C T(By,) and ma(K) = inf{||T||x }, where the infimum is taken over all the operators T' € K 4(¢1; E)
such that K C T'(By,).

Proposition 1.4. Let A be a A-Banach operator ideal and E be a Banach space. Fixn € N and s an s-tensor
norm on Q™*E. The following are equivalent.

(i) Pa,(E:F) CPly 0 (E; F), for any Banach space F.
(ii) The polynomial AE , : E — @ZSE is (A; A)-compactifying.
(i) For any T in Ka(¢1; E), the operator @™T is in K4 (@Z;gél; @)ZSE)

Moreover,

[Pl asa) < |AF

n,os

ar and [ @" Tk, < A7

n7a.€

1P s ITN% s

for all P € P (B;F) and T € Ka((1; E).

Proof. Notice that with F' = @ZéE and P = Al : E — @ZéE in (1), Lp is the identity operator on
@ZSE Hence Af, belongs to Pl (E,@ZSE) and (i) implies (ii). The converse is straightforward since
continuous linear operators preserve A-compact sets.

For any T € L({¢1; E) we have the diagram

hw—" o F

~n,s ~n,s
®, b W‘ Rq, E.

Then the following inclusions are clear:
A (T(Bi) = &"T 0 ALty (Bu,) € 8T By, ). @
®nT(B®:;el) c @nT(r(Aﬁ{m(le))) - F(Afyas(T(le))), (3)

Now, fix T' € K 4(¢1; E) and consider the inclusions in (3). As T'(By,) is A-compact, (ii) implies that
®nT(B®Z’;€1) is an A-compact set and then ®"7T is an A-compact operator. Hence, (iii) holds. On the
other hand, given an A-compact set K C E, there exists an operator T € K 4(¢1; E) such that K C T(By,).
Then, AF , (K) c AL, (T(By,)) and, by (2), being @"T" an A-compact operator (ii) holds. Finally, with
simple calculations the inequalities of the norms are obtained and the proof is complete. O

The proof of (iii) implies (i) in the above proposition uses the same ideas of [5, Theorem 3.5]. Preservation
of A-compact sets is hereditary on the degree of homogeneity as the next result shows.

Proposition 1.5. Let A be a \-Banach operator ideal, E, F' be Banach spaces and let n € N. IfP("A,A) (E;F) =
P"(E; F) then Py, 4 (E; F) = P™(E; F) for all m < n.

Proof. As P™(E;F) = PJ'(E;F) for any m, by Proposition 1.4, it is enough to show that for any T' ¢
Ka(¢1; E), the operator @™T': @Z’Sﬁl — @ZSE is A-compact.
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™oy = @ and

As in [6, Proposition 11], for each m < n there exist continuous operators j, : ®w5

Pm @;TH)’SE — @rsE such that the following diagram commutes

m
~m,s RMT ~m,s

O,

Jm l T Pm

A(’m—i-l),sg ~(m+1),s

Ts

E.

Ts

®(m+1)T

Thus, @"T = p,, 0 DT 0 4. for all m < n. As @7 is A-compact, we see that @ 17T is A-compact.
The result follows by a recursive reasoning. O

From Examples 1.1 and 1.2 and the above proposition we have the following:

Example 1.6.

(a) For eachn € Nand 1 < p < oo there is a polynomial in P"(¢2; ¢1) which is not (II,; II,,)-compactifying.
(b) For 1 < p < co,n € Nand 1 < r < p’ < n there is a polynomial in P"({,;¢;) which is not
(Uip,ry; Up,ry)-compactifying.

We observe that Proposition 1.5 can be restated with P} instead of P™ provided that the diagram (4)
remains commutative with continuity if we change @WméE by @ZL&E for every m < n. This happens for
instance for e, or for any s-norm being part of a family of complemented symmetric tensor norms (see [6]
for definition).

2. Tensor stability and (.A; .A)-compactifying polynomials

The factorization technique used in (1) involving tensor products and the idea of preserving classes of
sets determined by operator ideals, lead us to the notion of tensor stability. Based on the definition given
in [10], fixed two tensor norms « and 8 we say that a A-Banach operator ideal A is («, 8)-tensorstable if
for any Banach spaces E, F, X,Y and any S € A(E;F) and T € A(X;Y) the tensor product operator
S ®a,p T E®,X — F@gY belongs to A. If @ = [ the definition of a S-tensorstable ideal is covered
(see [10] or [13, 34.1]). When the Banach spaces F and F are fixed we say that A is («, 8)-tensorstable
for (E; F). If in addition there is a constant C' > 1 satisfying [|S ®q, ) T'||a < C||S||al|T'||.4, we say that
A is (a, B)-tensorstable for (E; F') with constant C. Such a constant always exists if the Banach spaces are
not fixed (see [13, Sec. 34]). For C = 1 the term metrically (o, 8)-tensorstable is used. Notice that when
& < a and 8 < 3 are tensor norms, if A is (&, 3)-tensorstable for (E; F) (with constant C), then A is
(o, B)-tensorstable for (E; F') (with constant C').

As A-compact sets of a Banach space E are determined by operators in IC4(¢1; E) the next lemma will
be of use.

Lemma 2.1. Let A be a A-Banach operator ideal and B a tensor norm. Let E be a Banach space and suppose
that A is (m, B)-tensorstable for ({1; E) (with constant C), then K4 is (m, 3)-tensorstable for (¢1; E) (with
constant C).

Proof. Let X,Y be Banach spaces. Take S € K4(¢1; F) and T € KA(X;Y). As S(By,) and T(Bx) are

relatively A-compact sets, for € > 0, there exist Ly, Ly C By, compact sets and operators S € A(¢1; E) and
T € A(¢1;Y) such that S(By,) C S(L1) and T(Bx) C T'(Lg) with ||S||la < (1 +¢)||S|lk, and || T]|a < (1 +

Please cite this article in press as: S. Lassalle, P. Turco, Polynomials and holomorphic functions on A-compact sets in Banach
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)T x4 To see that SRT': (13, X — E@gY belongs to K 4, note that the operator SRT: 1@,6; — E@gY
is in A and that

S@T(Byg, x) =T(S@T(By, @ Bx)) c N(S@T(Ly @ Ly)).

Since the tensor product of relatively compact sets is relatively compact and Ly ® Ly C B, &0, We have

ST € Kall1-X; EQgY). Moreover, ||S @ Tk, < S@T)a < C|S|allT]la < CA+e)2S kTl
and the proof follows. 0O

Observe that, with almost the same proof, Lemma 2.1 remains valid if we replace K 4 with A%%". Indeed,
if Se A5 ({1; F) and T € A% (X;Y), S € A({1;F) and T o gx € A(¢1(Bx);Y) for gx: ¢1(Bx) — X the
usual quotient map. The assertion follows from the inclusion

S ®T(Bygx) CT(S® (T 0qx)(Br, @ Busy))-

The next theorem shows the relation between tensor stability and the preservation of A-compact sets
under polynomials. As usual, 0,,: @ FE — ®™*FE denotes the symmetrization mapping.

Theorem 2.2. Let A be a A\-Banach operator ideal, E be Banach space and suppose that A is (mw,7)-tensor-

stable for (£1; E). Then, every polynomial in P™(E; F) is (A;.A)-compactifying for any Banach space F and
any n € N. Moreover, if A is (m,m)-tensorstable for (¢1; E) with constant C, then

1P| < 1Pl ) < €|

ons 8nE — &7 B||IP].

Proof. Let us prove that (iii) of Proposition 1.4 holds. Fix n € N and T € ICA(€1; E) with ||T|[, = 1. We
shall show that ®™T belongs to ICA(® °01;®°E) and [@* T, < O™ : O FE — ®n °E
by (®T)™: ®7r61 — ®7TE the operator deﬁned on the elementary tensors of the full tensor product by
T1RLa® @y Try @Try® - ® Tx,, (extended by linearity and completion).

We claim that (QT)" € K4(®.¢1; & E) and 1(®T)"[lx, < O™ '. Let us reason by induction. First,
note that (®7)% = TQ@rmT: 01@,0; — E®,E. By the hypothesis and Lemma 2.1, we know that (®7)? is
A-compact with norm at most C. Suppose that the operator (®T)"~! is A-compact and H(®T)"*1HKA <

A'I’LS

‘ Denote

C™~2. As 7 is an associative tensor norm, @:F < F®, (@;LAF) for every Banach space F. AsT € K 4(¢1; E),
(@T)"~! is A-compact and A is (, 7)-tensorstable for (¢1; E), the claim follows from the diagram

. (@T)" .
Bnly 8 E
~ TR(RT)"* ~
683" ) ————~ B8, (B 'E).

Now, the commutative diagram, where ¢,, is the norm one inclusion,

'VL
Ans T ~n,s

£1H-® E

~n @D)" n
Al —— @,

shows that @™T € K 4. The proof follows from Proposition 1.4. O
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We have a similar result for (7, €)-tensorstable ideals where the class of €5-continuous polynomials appear.
With the proof of [7, Proposition 3.11] as prototype, we can see that the class P._ corresponds to the ideal
of weakly integrable polynomials. An n-homogeneous polynomial P: E — F is weakly integrable if for
every linear functional y’ € F’, the scalar valued n-homogeneous polynomial y' o P € P™(E) is integral (for
definition see [15, Definition 2.23]).

Theorem 2.3. Let A be a A-Banach operator ideal, E be Banach space and suppose that A is (m,¢€)-tensor-
stable for (£1; E). Then, every polynomial in P!’ (E; F) is (A; A)-compactifying for any Banach space F' and
any n € N. Moreover, if A is (m,e)-tensorstable for (¢1; E) with constant C,

Proof. The result follows by mimicking the proof of the above theorem considering the pair (7, €) instead of
On: @ FE — @:SEH =1 (see e.g. [16, Proposition 3.1]). O

(m, 7). For the norm inequality also use that ‘

Remark 2.4. Theorem 2.2 can be enunciated in a more general form. For instance, if we consider a family of
symmetric tensor norms «, and a tensor norm 3 such that for a Banach space E, the operator o,,: (E ®3
(E®s(E®p... (E®pE)...))) = @4 °E is continuous for every n € N. Under this assumption, if a \-Banach
operator ideal A is (m, B)-tensorstable for ({1; E), then Pg (E; F) C Py 4 (E; F) for every Banach space
F and any n € N.

Now, we give more examples of A-compact sets which are preserved under polynomials.

Example 2.5. Every polynomial is (AV; A)-compactifying. Moreover, for any Banach spaces E and F, n € N
and P € P"(E; F),

1PI < 1Pl v < |

On: GNE = B EH 1P| .
Proof. By [13, 34.1], NV is a metrically (7, w)-tensorstable ideal. Then the result follows by Theorem 2.2. O

The above example can be reformulated in terms of the ideal of (Grothendieck) integral operators, Z,
since Z- and N-compact set coincide [25, Proposition 2.2].

Example 1.1 shows the existence of a 2-homogeneous polynomial which is not (II,; II,,)-compactifying for
any 1 < p < oco. The following examples show positive partial results if we restrict the domain or the class
of polynomials.

Example 2.6. Every polynomial in P(L;(u); F') is (Il ; II1 )-compactifying for any Banach space F'. Moreover,
for any n € Nand P € P*(L1(pn); F),

n’ﬂ
1P < 1Py, < 7 (121
( ) = pl

Proof. By [20, Theorem 3], I1; is (, 7)-tensorstable for (¢1; L1(p)) and one may check that this holds with
constant C' = 1. As ‘

On: @rLi(p) = R L1 H < — (1n fact, the bound is attained if the dimension of

Ly (p) is at least n), an application of Theorem 2.2 completes the proof. O

Example 2.7. Every polynomial in P, is (II,; II,)-compactifying for every 1 < p < co. Moreover, for any
Banach spaces E and F, n € Nand P € P!' (E; F),

[
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Proof. By [19, Theorem 3.2] (see also [13, Corollary 34.5.2]), II,, is metrically (e, €)-tensorstable. As e <,
I1, is metrically (m,¢)-tensorstable. An application of Theorem 2.3 completes the proof. 0O

The class of weakly extendible polynomials, introduced and studied by Carando [7] and Kirwan and
Ryan [22], is another classical ideal associated to an s-tensor norm. Next, we show that weakly extendible
polynomials also preserve IIj-compact sets. Following [7, Definition 3.10] an n-homogeneous polynomial
P: E — F is weakly extendible if for every linear functional 3’ € F’, the scalar n-homogeneous polynomial
y' o P € P™(E) can be extended to any superspace. That is, for any Banach space X with X D F there exists
P € P"(X) such that P(z) = i o P(x) for every = € E. As shown in [7, Proposition 3.11] (see also [22]),
the class of weakly extendible polynomials coincides with 7s-continuous polynomials for 7,, the s-tensor
norm defined as follows. Fix a Banach space E and let Jg: E < ¢ (Bg) be the canonical (isometric)
inclusion, for u € @°E, |uf, = [|[®"*Jg(u)|, . Before proceeding, we need a technical result. Recall
that an operator ideal A is right-accessible if A o F = A", where A™" denotes the minimal kernel of A
(see [13, Proposition 25.2]). Also, we denote by A" the injective hull of A.

Lemma 2.8. Let A be a A\-Banach operator ideal. Then ICle = K ginj isometrically.

Proof. Let E, F' be Banach spaces. Consider ¢g: ¢1(Bg) — E the canonical quotient and Jr as above. As,
by [24, Proposition 2.1], K4 = (A o F)**" we have the following:

T e Ky (B;F) & JroToqr € Ao F({1(Bg);le(Br)) < T o qp € A™ ™"({,(Bg); F),

where the last equivalence follows from a combination of [13, Corollary 25.2.2] and [13, Proposition 25.11],
since both ¢ (Bp/) and ¢1(Bg)" have the metric approximation property. Now,

T o qE € Ainj mm(f1(BE);F) o T e (Am] mm)sur(E; F) o Tc (Aln] O?)sur(E;F),

where the last equivalence follows from the fact that any injective A-Banach ideal is right-accessible [13,
21.2]. Another application of [24, Proposition 2.1] completes the proof. O

Proposition 2.9. Let A be a A-Banach operator ideal and E be a Banach space. Suppose that every polynomial
in P"(E; F) is (A; A)-compactifying for any Banach space F and any n € N. Then, every polynomial in
”P[]LS(E; F) is (A™; A™)-compactifying for any Banach space F and any n € N. Moreover, if there exists
C > 0 such that for every P € P(E;F), ([Pl 4.4 < ClPIl, then ||P|(aini,amiy < C||P|p,, for every
PePp (B F).

Proof. Since K ginj = ICZ” , by Proposition 1.4 (iii), it is enough to show that the tensor operator @"T
belongs to ICZ"J(@@:;S&; @ZSE) forany T € K'y7 (€1; E). As JpoT is in K A (¢1; loo(Bgr)), by Proposition 1.4,
we get that the operator @™ (Jg o T): @:;S& — @Z’:EO@(BE/) is A-compact and satisfies

I©"(Je o Tl < CllTeo Tk, = ClIT i -

Now, notice that ®"(JgoT) = " Jgo®"T with " Jg: QA@ZSE — @:;SEOO(BE/) a linear isometry. Therefore,
Q"T: @:;sfl — @Z:E belongs to the injective hull of the ideal of K 4 (see e.g. [29, Proposition 8.4.4]). Also,

l&" Tl < €7 (T 0 Tl < C 1T izs

and the proof is complete. 0O
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Example 2.10. Every polynomial in P,_ is (IIy; I )-compactifying. Moreover, for any Banach spaces E and
F,neNand P e Py (E; F),

~n ~n,s
1Pl < Jon: 87E = &°E|| 1P, -
Proof. By Example 2.5, every polynomial preserves A/-compact sets, which coincide with Z-compact sets.
Since Z®™ = II;, Proposition 2.9 gives the result. The inequality of the norms follows by combining those
of Example 2.5 and Proposition 2.9. 0O

To study the behavior of polynomials on (p,r)-compact sets and unconditionally (p,r)-compact sets,
we give conditions on the tensor norms « and 5 under which the ideal N(t,p,q) is (a, B)-tensorstable. Let
1 < p < oo and denote by d, the Chevet-Saphar tensor norm [32, p. 135]. For the sequence space £,
1 < p < o0, by [13, Corollary 15.10.2], the result stated in [13, 12.7] reads as follows: £,®4, ¢, = £,((,). Thus,
0p®4,¢p is identified with ¢, via the mapping A, defined on the elementary tensors as Ap(a®b) = (a;b;) )
where the indexes (7, j) are considered, for instance, with the square ordering. Also, by [33, Theorem 4.6],
co ®d,, co = o V. co. Therefore, the corresponding identification cy ®q,, co = ¢ is also true.

Proposition 2.11. Let 1 < p,q < 0o and 0 <t < oo such that 1 + % > % + %. Let a, B be tensor norms such
that dgy < o on Ly @ Ly and B < dy, on , ® L,. Then, the ideal N ) is metrically (o, §)-tensorstable.

Proof. For the proof, we borrow some ideas of [13, Proposition 34.5] and use the usual convention that
l, = co when p = oco. Fix E;, F; Banach spaces and T; € N, o) (Ei; F;) for i = 1,2. As it can be inferred
from the factorization of (¢, p, ¢)-nuclear operators [29, Theorem 18.1.3], given € > 0 there exist operators
S; € F(Ei;ly), R; € F(£,; F;) and diagonal operators Dyi: £, — £, with A? € ¢; such that T; = R; Dy S;,
and [|R]| = |Si] = 1 and [N, < (1 + O Tllng, ., fori = 1,2

Now, define A € ¢4, indexed on pairs (i,j) with the square ordering, by A(; ;) = )\})\?. Clearly, ||Alle, =
At [le, [IA]l¢, . Also, note that as approximable operators are a-tensorstable for any « [13, 34.1] and dy < «
on Ly ® Ly, the operator Si ®(a,q,,) S2 is approximable and 151 ®(ady) Ss]| < 1. The same reasoning is
valid for R; ®(d,,8) R5. Thus, we have the following commutative diagram

P Ty ®Ts o~
E1QaFy ———— F1Qghs
S1®S2 \L TRI@RQ

Dy1®Dy2 —~

gq’(@dquq’ — L,®a, b

P
Aq’ \L TAPI
Dy

ly 0.

Another application of [29, Theorem 18.1.3] gives that 71 ® Ty is in Ny, 4) and

T2 ® T2llngs 0y < B2 ® Rell A A 1A 1| S1 @ Sa

< UM e N Nle, < X+ €2 IT1 N0 1 T2 N0 -
Therefore, the proof is complete. O

Notice that the above result for 1+ 1 = %4— % also can be obtained by combining [13, Proposition 34.4(2)]
and [13, Proposition 34.5].
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Example 2.12. For 1 <p < oo and 1 <7 < p', every polynomial is (K, y; K(p,ry)-compactifying. Moreover,
for any Banach spaces E and F', n € N and P € P*(E; F),

1Pl iy < ||t BB > B2 1P

Proof. By [2, Proposition 2.4], (p,r)-compact sets are N, 1 ,/)-compact sets. As % > % and d, < 7 = dy;

a direct application of Proposition 2.11 gives that Mp,1,r/) is metrically (m, 7)-tensorstable. Now, the result
follows by Theorem 2.2. 0O

When r = p’ in the above example, we cover [4, Theorem 3.2] and [3, Corollary 3.3]. Example 1.2
shows that if 1 < p < oo and n > p/, there exists an n-homogeneous polynomial which is not
(Up,ry;Up,ry)-compactifying for any 1 < r < p’. The following example shows a positive partial result
if we restrict the class of polynomials.

Example 2.13. For 1 < p < oo and 1 < r < p/, every polynomial in P, is (U,);Uep,r))-compactifying.
Moreover, for any Banach spaces £ and F', n € N and P € P? (E; F),

y <|IP

||PH(M(]))T);U(I717‘)

s’

Proof. By the paragraph above [2, Theorem 4.1}, U, ,)-compact sets are N (o v ,v)-compact sets. As ﬁ +
% <1,d, < 7and e < dy; a direct application of Proposition 2.11 gives that j\/(oo7p/7T/) is metrically

(m, e)-tensorstable. Hence, the result follows by Theorem 2.3. O
3. On (A; B)-compactifying polynomials

There are two classical types of polynomial ideals generated by a A-Banach operator ideal A. Namely, if
neN, P} =AoP" and 73["A] = P" o A, both ideals of homogeneous polynomials are considered with the
usual composition A-norm. Given the nature of their definitions, P4 and P4 have an expected behavior on
different type of compact sets. Here we present some examples which involve well-known polynomial ideals
and A-compact sets. We give an example of each type. Once this is done, it will be clear how to proceed
with other examples.

We start with the class of (Grothendieck) integral homogeneous polynomials PZ. By [12, Proposition 2.5]
and [9, Proposition 1], it is the composition Banach polynomial ideal P} = Z o P™.

Example 3.1. Every polynomial in Pz is (K;N)-compactifying and therefore is (K;.A)-compactifying for
every Banach operator ideal \A. Moreover, if n € N and P € PZ,

[Pl esay < 1Pl geonry < 1Pl -

Proof. Continuous mappings preserve compact sets and also Z C L(x,z). As Z- and N -compact sets coincide,
the isometric identity P} = Z o P™ shows that every polynomial in P} is (K; N)-compactifying. As N C A
for any Banach operator ideal A, every polynomial in P? is (K;.A)-compactifying. The norm inequalities
follow from the norm one inclusions

P% =ToP"C E(}C;I) oP" C PZL)C;I) = P(n]CN) C P(n]C;A). O

Notice that Example 3.1 remains valid if instead of Pz we consider the subclasses of nuclear or Pietsch
integral polynomials. The next example deals with the ideal of p-dominated polynomials of Matos, which in
fact is the polynomial composition ideal Py, = Poll, (see [34, Proposition 3.6] for multilinear mappings).
For the ideal of p-summing operators we have the following;:
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Lemma 3.2. Let 1 < p,r < o0 and 0 < t < oo such that % > %—
(j\/'(t,p/m/);K(S,T))-compactifying for % = % +

%. Then, every operator in 11, is

1
5
Proof. By [29, Remark 20.2.2], II, o Ny ») C N(s1,7). The result is immediate from the definition of

compact sets given by operator ideals and the fact that N, 1, generates the (s, r)-compact sets [2, Propo-
sition 2.4]. O

Example 3.3. Let 1 < p,r < oo and 0 < t < oco. Then,

(a) If
(b) If

5, every polynomial in P} is (N pr r); K(s,r))-compactifying for % = % +
< p, every polynomial in Py is (U, )5 Kp,r))-compactifying.

i Ll

>1
—_ T
<r

Proof. Statement (a) follows from the above lemma and Example 2.12 while (b) is a particular case of (a)
where ¢t = oo is considered. O

4. On (A; B)-compactifying holomorphic functions

In this section we focus on some classes of holomorphic functions. For E and F' complex Banach spaces
and U an open subset of E, we denote by H(U; F) the space of all holomorphic functions from U to F.
Our aim is to understand to what extent the results obtained in the previous sections pass to the analytic
setting. This type of study was initiated by Aron, Caliskan, Garcia and Maestre [3] where they treat the
case of p-compact sets.

Recall that given E, F Banach spaces and an open set U C F, a function f: U — F is holomorphic if
for each xy € U there exists a sequence of polynomials P, f(xg) € P"(F; F') such that

F@) = 3 Puf(wo)(a — o),

n=0

uniformly for all z in some neighborhood of o. We say that >~ P, f(2o), is the Taylor series expansion
of f at xp and that P, f(xg) is the n-component of the series at x.

Proposition 4.1. Let A, B be A\-Banach operator ideals, let E, F' be Banach spaces and U C E an open set. If
f € H(U; F) is (A; B)-compactifying, then for each xo € U and every n € N, the n-component of the series
of f at zg is (A; B)-compactifying.

Proof. Fix zo € U and take Y-, P, f(z¢) the Taylor series expansion of f at z. Take K C E an absolutely
convex A-compact set and let us show that P, f(x0)(K) is a B-compact set for each n. Set A = {z € C: |z]| <
1} and denote by A° its interior. There is 6 > 0 so that L = {zg + dtx: t € (1 +J)A,z € K} is included in
U. As f is (A; B)-compactifying and L is A-compact it suffices to prove that

{Pnf(xo)(z): x € 0K} CT(f(L)).

Suppose this is not true and take z = B, f(x0)(Z) € T'(f(L)) for some & € §K. By the Hahn—Banach
theorem, there is ¢ € F’ so that |p(z)] > 1 and |p(T(f(L))| < 1. Now, defining g: (1 + §)A° — C by
9(t) = o(f(xo + tZ)) we have a holomorphic function. By the Cauchy inequality, we obtain a contradiction
since

g™ (0)

n!

1< lp(2)] = [£ 2| <supflg)l: [t =1} < 1. O
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In virtue of Proposition 4.1, it is natural to inspect under which conditions a holomorphic function whose
components in the Taylor series expansion are all (A; B)-compactifying is itself (A; B)-compactifying. In
order to do so, we define for f in H(U; F) its radius of (A; B)-compactification at xg € U as

r(as) (fiw0) = 1/ limsup || P f (o) | (') -

As usual, the radius is infinite if lim sup ||Pnf(x0)||éxg) = 0 and the radius is zero if P, f(zo) fails to be

(A; B)-compactifying for some n. Notice that for r(f; o) = 1/limsup || P, f(z0)||*/", the radius of uniform
convergence of f at xo, we have r(4,5)(f;20) < 7(f;20). In what follows we will need the next result which

is the A\-Banach version of [23, Lemma 3.1] (see also [37, Lemma 3]). We omit the proof.

Lemma 4.2. Let A be a A\-Banach operator ideal and E be a Banach space. Consider (Ky,), C E a sequence
of A-compact sets such that Y oo | ma(K,)» < co. Then, the set K = {> o xn: x, € K,,} is A-compact
and mA(K)A < 2701021 mA(Kn))\'

We first give a positive result for holomorphic functions mapping A-compact sets of small size into
B-compact sets.

Lemma 4.3. Let A, B be A\-Banach operator ideals, let E, F be Banach spaces and U C E an open set. Fix
zo € U and f € H(U; F) whose Taylor series expansion at o is Y, Pnf(xo). Suppose that P, f(zo) is
(A; B)-compactifying for all n and r4,g)(f;20) > 0. If K C U is an A-compact set and ma(K — xg) <
ra;8)(fiz0), then f(K) is B-compact.

Proof. As r(4,5)(f;20) < r(f;x0) for an A-compact set K C U such that ms(K — x0) < ra;8)(f;20), we
have

c {imn Tn € Pnf(xo)(K—xo)}.

n=1

Also

o0

3 ms(Pf o) ) Z(prxo\\MB)mA(K—xo)”)k.

As limsup(||P,Lf(x0)||&”B) ma(K — x9))* < 1, the series is convergent. Then, by Lemma 4.2, f(K) is
B-compact and the proof is complete. 0O

In order to deal with A-compact sets of arbitrary size we will need the following:

Lemma 4.4. Let A be a A-Banach operator ideal, let E be a Banach space and K C E be a relatively
A-compact set such that 0 € K. Then, given € > 0, there exist 6 > 0 such that ma(K NdBg) <.

Proof. Take ¢ > 0 and K C F as in the statement. There exist a Banach space Z, a compact set L C By
and an operator T' € A(Z; E) such that K C T(L) and [T, < (1 + €)ma(K). Consider the quotient
map q: Z — Z/ker(T) and the injective operator T such that 7' = T o . Then, T € A*“"(Z/ker(T); E),
T || gsur < | T]| 4 (see e.g. [29, Proposition 8.5.4]) and K C T(g(L)) with ¢(L) compact. As 0 € K, 0 € q(L)
and there exists 6 > 0 such that

KNéBp C T(q(L))NéBr C T(q(L) NeBz) = eT(1q(L) N By).
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Since %q(L) N By is relatively compact then K N §Bg is A*“"-compact. Now, we use that relatively A%%"-
and A-compact sets coincide [11, p. 79] with the same measure [24, Proposition 1.8], then

A (K (1685) < €| T g < (1 4+ Oma(E),
and the proof follows. O
Below we give the main theorem of this section from which all the examples we present are deduced.

Theorem 4.5. Let A, B be A-Banach operator ideals, let E, F be Banach spaces and U C E an open set. Let
[ € H(U; F) whose Taylor series expansion at xg € U is > oo Pnf(xo). Suppose that for each xo € U,
P, f(x0) is (A; B)-compactifying for every n and v a;g)(f;x0) > 0. Then f is (A; B)-compactifying.

Proof. Let K C U be an A-compact set. By Lemma 4.4, for each z € K we may choose ¢, > 0 such that
ma((K—2)N6,Bp) < riap)(fi7). Take z1,..., 24 € K such that K = JS_, K; with K; = KN(x;+8,, Bp).
We claim that f(K;) is relatively B-compact for j =1,...,k.

Indeed, for each j, my (Kj - xj) = mA((K — ;) N Oy, BE) <78 (f;r;). Then, the claim follows from
Lemma 4.3.

To end the proof, notice that f(K) = UI’-C:1 f(K;) and finite union of B-compact sets is B-compact. O

The case on p-compact sets was treated in [3]. Let E, F' be Banach spaces and U C FE be a balanced
open set. In [3, Theorem 3.5] the authors prove that if K C U is a p-compact set such that there exists a
sequence (), in £,(E) NU with K C {357, apzk: (ag)k € ng,} C U, then f(K) is p-compact for any
f € H(U; F). As a consequence, any entire function between Banach spaces is (K,; KCp)-compactifying [3,
Corollary 3.6]. For a discussion about the restriction considered on the p-compact sets K see [3, Remark 3.7].
Now, Theorem 4.5 allows us to prove in full generality [3, Theorem 3.5] as the next example shows.

Example 4.6. Let 1 <p <ooand 1 <r <p'. Let E, F be Banach spaces, U C E an open set. Then, every
function in H(U; F) is (Kp,ry; Kp,r))-compactifying.

Proof. By Example 2.12, every P € P"(E;F) is (K(,,); K(p,r))-compactifying and satisfies ||P| <
”P”(IC(Z,.T);IC(,,.T)) < e"||P||. For each zg € U, write the Taylor series expansion of f at zg as > .. P, f(x0).

S
. 1/n
1/ Timsup | Pof (o)l e ) = 2r(fra0) >0,
the conclusion follows from Theorem 4.5. O

With a similar proof of the above example, using Example 2.6 instead of Example 2.12, we obtain the
next result.

Example 4.7. Let U C L1(p) be an open set. Every function in H(U; F) is (IIy; II; )-compactifying for any
Banach space F'.

Now we apply Theorem 4.5 to the class of weakly extendible holomorphic functions. Given E, F' Banach
spaces and U C E an open set, f € H(U; F) is weakly extendible if for every y' € F', v/ o f € H(U) is
extendible.

Please cite this article in press as: S. Lassalle, P. Turco, Polynomials and holomorphic functions on A-compact sets in Banach
spaces, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.03.070
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Lemma 4.8. Given E, F Banach spaces and U C E an open set. Let f € H(U; F) whose Taylor series
expansion at xo € U is > o P, f(xo). Then f is weakly extendible if and only if for each xo € U, P, f(xo)

belongs to Py (E; F) and limsup || P, f(zo) 77% < 0.

Proof. Fix g € U and write f as f(z) = Y. Pnf(20)(z — o). Since for every y' € F’, y'o f is extendible,
by [8, Proposition 3.1] and the uniqueness of the Taylor series expansion of an holomorphic function,
we get that for every ¢y € F’ and every n € N, y/ o P, f(x) is an extendible scalar valued polynomial
and limsup ||y’ o P, f(zo)|le < oo (here, ||y’ o P,f(xo)|le is the extendible norm of the polynomial, see
below [7, Proposition 3.2]). Thus, for every n € N, P, f(zo) € P, (E; F') and, by the Principle of Uniform

1
n

s < 00. O

Boundedness, limsup || P, f(zo)

With a similar proof of Example 4.6 and using Example 2.10 instead of Example 2.12, we obtain the
next result.

Example 4.9. Let E, F' be Banach spaces, U C E an open set. Then, every function H(U; F') which is weakly
extendible is (IIy; II; )-compactifying.

Our final example deals with the class of weakly integral holomorphic functions in the sense of Dimant,
Galindo, Maestre and Zalduendo [14]. Given E, F Banach spaces we say that f € H(B%; F) is weakly
integral if for every ' € F'| y' o f € H(B%,) is scalar valued integral as defined in [14, p. 86].

Lemma 4.10. Given E,F Banach spaces and f € H(B%; F) whose Taylor series expansion at xg € BY, is
oo o Puf(z0). Suppose that f is weakly integral, then for each xo € BY, P, f(xzo) belongs to PL(E;F) and

1
& < 00.

lim sup | P, f (o)

Proof. Recall that P € PZ (E;F) if and only if for every y' € F’, ¥’ o P is an integral scalar valued
polynomial (see the comment above Theorem 2.3). Then, the proof is analogous to that of Lemma 4.8
using [14, Proposition 2] instead of [8, Proposition 3.1]. O

Now, with a similar proof of Example 4.6 and using Example 2.13 instead of Example 2.12, we obtain
the next result.

Example 4.11. Let 1 < p < oo and 1 < r < p'. Let E, F be Banach spaces. Every function in H(Bg; F)
which is weakly integral is (U(p ); Uy, ry)-compactifying.

Acknowledgments

The authors thank the referees for their careful reading of, and useful suggestions for, this manuscript.
Also, the authors thank Verdnica Dimant and Daniel Carando for helpful conversations on integral and
extendible functions. This project was supported in part by CONICET PIP 0483, ANPCyT PICT-2015-2299
and UBACyT 1-474.

References

[1] K. Ain, R. Lillemets, E. Oja, Compact operators which are defined by #p,-spaces, Quaest. Math. 35 (2012) 145-159.

[2] K. Ain, E. Oja, On (p, r)-null sequences and their relatives, Math. Nachr. 288 (2015) 1569-1580.

[3] R. Aron, E. Caligkan, D. Garcia, M. Maestre, Behavior of holomorphic mappings on p-compact sets in a Banach space,
Trans. Amer. Math. Soc. 368 (2016) 4855-4871.

[4] R. Aron, P. Rueda, p-compact homogeneous polynomials from an ideal point of view, in: Function Spaces in Modern
Analysis, in: Contemp. Math., vol. 547, Amer. Math. Soc., Providence, RI, 2011, pp. 61-71.

Please cite this article in press as: S. Lassalle, P. Turco, Polynomials and holomorphic functions on A-compact sets in Banach
spaces, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.03.070



http://refhub.elsevier.com/S0022-247X(18)30282-8/bib414C4Fs1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib414F32s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4143474D5F5472616E73s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4143474D5F5472616E73s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib41525F436F6E74s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib41525F436F6E74s1

ARTICLE IN PRE

S. Lassalle, P. Turco / J. Math. Anal. Appl. sse (sees) eee—ses 17

ot

Aron, P. Rueda, Ideals of homogeneous polynomials, Publ. Res. Inst. Math. Sci. 48 (2012) 957-969.
. Boyd, S. Lassalle, Decomposable symmetric mappings between infinite-dimensional spaces, Ark. Mat. 46 (2008) 7—29.
. Carando, Extendible polynomials on Banach spaces, J. Math. Anal. Appl. 233 (1999) 359-372.
. Carando, Extendibility of polynomials and analytic functions on £, Studia Math. 145 (2001) 63-73.
. Carando, S. Lassalle, Extension of vector-valued integral polynomials, J. Math. Anal. Appl. 307 (2005) 77-85.
. Carl, A. Defant, M.S. Ramanujan, On tensor stable operator ideals, Michigan Math. J. 36 (1989) 63-75.
. Carl, I. Stephani, On A-compact operators, generalized entropy numbers and entropy ideals, Math. Nachr. 199 (1984)
7-95.
[12] R. Cilia, M. D’Anna, J.M. Gutiérrez, Polynomial characterization of L.o-spaces, J. Math. Anal. Appl. 275 (2002) 900-912.
[13] A. Defant, K. Floret, Tensor Norms and Operator Ideals, North-Holland Publishing Co., Amsterdam, 1993.
[14] V. Dimant, P. Galindo, M. Maestre, I. Zalduendo, Integral holomorphic functions, Studia Math. 160 (2004) 83-99.
[15] S. Dineen, Complex Analysis of Infinite Dimensional Spaces, S.M.M., Springer-Verlag, London, Berlin, Heidlberg, 1999.
|
]

i
RERSIENIESHENED
WwoOoUQw

N

[16] K. Floret, Natural norms on symmetric tensor products of normed spaces, Note Mat. 17 (1997) 153-188.
[17] K. Floret, The extension theorem for norms on symmetric tensor products of normed spaces, in: Recent Progress in Func-
tional Analysis, Valencia, 2000, in: North-Holland Math. Stud., vol. 189, North-Holland, Amsterdam, 2001, pp. 225-237.
[18] K. Floret, S. Hunfeld, Ultrastability of ideals of homogeneous polynomials and multilinear mappings on Banach spaces,
Proc. Amer. Math. Soc. 130 (2002) 1425-1435.
J.R. Holub, Tensor product mappings, Math. Ann. 188 (1970) 1-12.
J.R. Holub, Tensor product mappings. II, Proc. Amer. Math. Soc. 42 (1974) 437-441.
J.M. Kim, Unconditionally p-null sequences and uncoditionally p-compact operators, Studia Math. 224 (2014) 133-142.
P. Kirwan, R. Ryan, Extendibility of homogeneous polynomials on Banach spaces, Proc. Amer. Math. Soc. 126 (1998)
1023-1029.
[23] S. Lassalle, P. Turco, On p-compact mappings and the p-approximation property, J. Math. Anal. Appl. 389 (2012)
1204-1221.
[24] S. Lassalle, P. Turco, The Banach ideal of A-compact operators and related approximation properties, J. Funct. Anal. 265
(2013) 2452-2464.
[25] S. Lassalle, P. Turco, On null sequences for Banach operator ideals, trace duality and approximation properties, Math.
Nachr. 290 (2017) 2308—-2321.
[26] F. Muiioz, E. Oja, C. Pifleiro, On a-nuclear operators with applications to vector-valued function spaces, J. Funct. Anal.
269 (2015) 2871-2889.
[27] A. Persson, A. Pietsch, p-nukleare une p-integrale Abbildungen in Banachrdumen, Studia Math. 33 (1969) 19-62 (German).
[28] A. Pietsch, Nuclear Locally Convex Spaces, Springer-Verlag, New York, Heidelberg, 1972.
[29] A. Pietsch, Operator Ideals, North-Holland Publishing Company, Amsterdam, New York, Oxford, 1980.
|
]

(19
[20
[21
[22

[30] A. Pietsch, The ideal of p-compact operators and its maximal hull, Proc. Amer. Math. Soc. 142 (2014) 519-530.

[31] C. Pifieiro, J.M. Delgado, p-convergent sequences and Banach spaces in which p-compact sets are g-compact, Proc. Amer.
Math. Soc. 139 (2011) 957-967.

[32] R. Ryan, Introduction to Tensor Products on Banach Spaces, Springer, London, 2002.

[33] P. Saphar, Produits tensoriels d’espaces de Banach et classes d’applications linéaires, Studia Math. 38 (1970) 71-100
(French).

[34] B. Schneider, On absolutely p-summing and related multilinear mappings, Wiss. Z. Brandenbg. Landeshochsch. 35 (1991)
105-117.

[35] D.P. Sinha, A.K. Karn, Compact operators whose adjoints factor trough subspaces of £, Studia Math. 150 (2002) 17-33.

[36] I. Stephani, Generating systems of sets and quotients of surjective operator ideals, Math. Nachr. 99 (1980) 13-27.

[37] P. Turco, A-compact mappings, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM 110 (2016) 863-880.


http://refhub.elsevier.com/S0022-247X(18)30282-8/bib41525F5072696D73s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib424C5F41726B4D6174s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib436172s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4361725F537475s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib43614C6132s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib436144655261s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib43615374s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib43615374s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib436944614775s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4446s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib446947614D615A75s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib44494Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib466C6F32s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib466C6F31s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib466C6F31s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib466C6F48756Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib466C6F48756Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib486F6C5F49s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib486F6C5F4949s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4B696D5F537475646961s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4B6972527961s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4B6972527961s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C61547572s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C61547572s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C6154757232s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C6154757232s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C6154757233s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4C6154757233s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4D4F50s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib4D4F50s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib5065722D506965s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib5069654E4C43s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib506965s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib50696532s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib44656C50696Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib44656C50696Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib5279s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib536170s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib536170s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib5343484Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib5343484Es1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib53694B61s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib53746570s1
http://refhub.elsevier.com/S0022-247X(18)30282-8/bib547572s1

	Polynomials and holomorphic functions on A-compact sets in Banach spaces
	Introduction
	1 On (A;A)-compactifying polynomials
	2 Tensor stability and (A;A)-compactifying polynomials
	3 On (A;B)-compactifying polynomials
	4 On (A;B)-compactifying holomorphic functions
	Acknowledgments
	References


