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COMPACT OPERATORS AND ALGEBRAIC K-THEORY

FOR GROUPS WHICH ACT PROPERLY AND

ISOMETRICALLY ON HILBERT SPACE

GUILLERMO CORTIÑAS AND GISELA TARTAGLIA

Abstract. We prove the K-theoretic Farrell-Jones conjecture for
groups as in the title with coefficient rings and C

∗-algebras which are
stable with respect to compact operators. We use this and Higson-
Kasparov’s result that the Baum-Connes conjecture with coefficients
holds for such groups, to show that if G is as in the title then the
algebraic and the C

∗-crossed products of G with a stable separable G-
C

∗-algebra have the same K-theory.

1. Introduction

Let G be a group; a family of subgroups of G is a nonempty family
F closed under conjugation and under taking subgroups. A G-space is a
simplicial set together with a G-action. If F is a family of subgroups of G
and f : X → Y is an equivariant map of G-spaces, then we say that f is an
F-equivalence (resp. an F-fibration) if the map between fixed point sets

f : XH → Y H

is a weak equivalence (resp. a fibration) for every H ∈ F . A G-space X
is called a (G,F)-complex if the stabilizer of every simplex of X is in F .
The category of G-spaces can be equipped with a closed model structure
where the weak equivalences (resp. the fibrations) are the F-equivalences
(resp. the F-fibrations), (see [2, §1]). The (G,F)-complexes are the cofi-
brant objects in this model structure. By a general construction of Davis
and Lück (see [4]) any functor E from the category Z-Cat of small Z-linear
categories to the category Spt of spectra which sends category equivalences
to weak equivalences of spectra gives rise to an equivariant homology theory
of G-spaces X 7→ HG(X,E(R)) for each unital G-ring R. If H ⊂ G is a
subgroup, then

HG
∗ (G/H,E(R)) = E∗(R⋊H) (1.1)
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2 GUILLERMO CORTIÑAS AND GISELA TARTAGLIA

is just E∗ evaluated at the crossed product ring. The isomorphism conjecture

for the quadruple (G,F , E,R) asserts that if E(G,F)
∼
։ pt is a (G,F)-

cofibrant replacement of the point, then the induced map

HG
∗ (E(G,F), E(R)) → E∗(R⋊G) (1.2)

–called assembly map– is an isomorphism. For the family F = All of all
subgroups, (1.2) is always an isomorphism. The appropriate choice of F
varies with E. For E = K, the nonconnective algebraic K-theory spec-
trum, one takes F = Vcyc, the family of virtually cyclic subgroups; the
isomorphism conjecture for (G,Vcyc,K,R) is the K-theoretic Farrell-Jones
conjecture with coefficients in R. Moreover, for E = K, (1.2) makes sense
for those coefficient rings R which are K-excisive, i.e. those for which K-
theory satisfies excision ([2, Section 3]). In this paper we are interested in
the K-theory isomorphism conjecture for coefficient rings of the form

R = I ⊗ (A⊗
˜
K) (1.3)

where I is a K-excisive G-ring, A is a complex G-C∗-algebra (or more gen-
erally a G-bornolocal C∗-algebra as defined in Section 2), ⊗ = ⊗Z is the
algebraic tensor product, ⊗

˜
is the spatial tensor product, and K is the ideal

of compact operators in an infinite dimensional, separable, complex Hilbert
space with trivial G-action. We consider the Farrell-Jones conjecture for
discrete groups having the Haagerup approximation property. These are the
countable discrete groups which admit an affine, isometric and metrically
proper action on a real pre-Hilbert space V of countably infinite dimension
(or equivalently on a Hilbert space). The term metrically proper means that
for every v ∈ V ,

lim
g→∞

||gv|| =∞.

The groups satisfying this property are also called a-T-menable, a term
coined by Gromov ([5]). Our main result is the following (see Theorem 7.1).

Theorem 1.4. Let G be a countable discrete group. Let A be a G-C∗-
algebra, let I ∈ G-Ring, and let K = K(ℓ2(N)) be the algebra of compact
operators; equip K with the trivial G-action. Assume that I is K-excisive
and that G has the Haagerup approximation property. Let Fin be the family
of finite subgroups. Then the functor HG(−,K(I ⊗ (A⊗

˜
K))) sends Fin-

equivalences of G-spaces to weak equivalences of spectra.

Observe that because Vcyc ⊃ Fin, any Vcyc-equivalence is also a Fin-
equivalence. Since E(G,Vcyc) → pt is a Vcyc-equivalence by definition, the
theorem has the following corollary (see Corollary 7.3).

Corollary 1.5. Let G, I and A be as in Theorem 1.4. Then G satisfies the
K-theoretic Farrell-Jones conjecture with coefficients in I ⊗ (A⊗

˜
K).

Higson and Kasparov proved in [10] that the groups which have the
Haagerup approximation property satisfy the Baum-Connes conjecture with



ALGEBRAIC K-THEORY FOR GROUPS ACTING PROPERLY ON HILBERT SPACE 3

coefficients in any separable G-C∗-algebra. The latter conjecture is the ana-
logue of the Farrell-Jones conjecture for the topological K-theory of reduced
C∗-crossed products. It asserts that the assembly map

HG(E(G,Fin),Ktop(A))→ Ktop(C∗
red(G,A))

is a weak equivalence. Here C∗
red(G,A) is the reduced C∗-algebra and

HG(−,Ktop(A)) is equivariant topological K-homology. The latter homol-
ogy is characterized by

HG
∗ (G/H,Ktop(A)) = Ktop

∗ (C∗
red(H,A)).

There is a natural map

A⋊H → C∗
red(H,A) (1.6)

which is an isomorphism whenH is finite. We have a homotopy commutative
diagram

HG(E(G,Fin),K(A))

��

// K(A⋊G)

��
HG(E(G,Fin),Ktop(A)) // Ktop(C∗

red(G,A)).

(1.7)

It follows from Suslin-Wodzicki’s theorem (Karoubi’s conjecture) ([13, The-
orem 10.9]) and the facts that (1.6) is an isomorphism for finite H, and that
G acts on E(G,Fin) with finite stabilizers, that the vertical map on the left
of (1.7) is a weak equivalence whenever A is of the form A = B⊗

˜
K. Using

this, the stability of Ktop under tensoring with K, and Higson-Kasparov’s
result, we obtain the following corollary of Theorem 1.4 (see Corollary 7.5).

Corollary 1.8. Let G and A be as in Theorem 1.4. Assume that A is
separable. Then there is an isomorphism:

K∗((A⊗
˜
K)⋊G) ∼= Ktop

∗ (C∗
red(G,A)).

Higson and Kasparov showed in [10, Theorem 9.4] that if G is a locally
compact group which has the Haagerup property, A is a separable G-C∗-
algebra, and C∗(G,A) is the full crossed product, then the map

Ktop
∗ (C∗(G,A))→ Ktop

∗ (C∗
red(G,A))

is an isomorphism. Hence in Corollary 1.8 we may substitute the full C∗-
crossed product for the reduced one.

The rest of this paper is organized as follows. In Section 2 we give some
preliminaries on bornolocal C∗-algebras. These are normed ∗-algebras over
C such that ‖a∗a‖ = ‖a‖2, possibly not complete, which are filtered unions
of C∗-subalgebras. For example, if X is a locally compact Hausdorff topo-
logical space and A is a C∗-algebra, then the algebra Cc(X,A) of compactly
supported continuous functions X → A is a bornolocal C∗-algebra. We
write BC∗ for the category of bornolocal C∗-algebras and G-BC∗ for the
corresponding equivariant category. In Section 3 we prove Theorem 3.3.2,
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which says that if G is a discrete group, X a G-space, I a K-excisive G-ring
and B ∈ G-BC∗, then the functor

EX : G-BC∗ → Spt, A 7→ HG(X,K(I ⊗A⊗µ K ⊗µ B)) (1.9)

is excisive, homotopy invariant, and G-stable. Here ⊗µ is the maximal tensor
product of bornolocal C∗-algebras; it is defined in (3.2.1). Section 4 concerns
equivariant asymptotic homomorphisms of G-bornolocal C∗-algebras. In
this technical section, we discuss how to extend the functor (1.9) to a functor
ĒX that can be applied to certain equivariant asymptotic homomorphisms;
the main results of this section are Proposition 4.3.7 and Lemma 4.3.13. In
Section 5 we recall Higson-Kasparov’s construction of a dual Dirac element
in equivariant E-theory ([10]). For a group G which acts by affine isometries
on a countably infinite dimensional Euclidean space V , they construct a G-
C∗-algebra A0(V ) which is a C∗-colimit over all finite dimensional subspaces
S ⊂ V , of algebras of continuous functions R×S → Cliff(R⊕S), vanishing at
infinity, and taking values in the complexified Clifford algebra Cliff(R⊕ S).
They define an equivariant asymptotic homomorphism

β̂0 : C0(R)−− > A0(V ), (1.10)

and they show that its class in EG(C0(R),A0(V )), which they call the dual
Dirac element, is invertible. We define a bornolocal G-C∗-algebra Ac(V )
which is an algebraic colimit, over the finite dimensional subspaces S ⊂ V , of
algebras of compactly supported continuous functions R×S → Cliff(R⊕S).
The map (1.10) restricts to an equivariant asymptotic homomorphism

β̂c : Cc(R)−− > Ac(V ).

Using Higson-Kasparov’s result, together with Lemma 4.3.13, we show in
Proposition 5.11 that for the extension ĒX of Section 4, ĒX(β̂c) has a left
homotopy inverse. Then in Corollary 5.13 we give the following application.
Let f : X → Y be an equivariant map and let

EX → EY (1.11)

be the natural transformation induced by f . Then

EX(C)→ EY (C)

is a weak equivalence whenever EX(Ac(V ))→ EY (Ac(V )) is. In Section 6 we
recall the notion of proper G-rings over a discrete homogeneous space G/H,
introduced in [2], which is analogous to the same notion for C∗-algebras ([6]).
It is shown in [6, Theorem 13.1] that the E-theory Baum-Connes assembly
map for the full C∗-crossed product with coefficients in properG-C∗-algebras
is an isomorphism. The analogous result for algebraic K-theory of algebraic
crossed products of groups and K-excisive Q-algebras and the Farrell-Jones
assembly map was proved in [2, Theorem 13.2.1]. Higson and Kasparov show
in [10] that if the affine isometric action of G on V is metrically proper, then
A0(V ) is a proper G-C∗-algebra. We prove in Theorem 6.14 that if

τ : F→ G
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is a natural transformation between functors G-BC∗ → Spt, then the map
τ(Ac(V )) is a weak equivalence whenever all the following conditions are
satisfied:

• The action of G on V is metrically proper.
• The functors F and G satisfy excision and commute up to weak
equivalence with filtering colimits along injective maps.
• If H ⊂ G is a finite subgroup and P is proper over G/H, then τ(P )
is an equivalence.

All these results are used in Section 7 to prove Theorem 1.4 (for general
bornolocal C∗-algebras) and Corollaries 1.5 and 1.8; they are Theorem 7.1
and Corollaries 7.3 and 7.5, respectively.

Acknowledgements. We wish to thank our colleague Gabriel Acosta for use-
ful discussions, and Arthur Bartels and the anonymous referee for pointing
out mistakes in previous versions of this paper. Part of the research for
this article was carried out while the first named author was visiting Sasha
Gorokhovsky at the University of Colorado Boulder. He is thankful to UCB
and his host for their hospitality and to the latter for useful discussions.

2. Bornolocal C∗-algebras

2.1. Definitions and examples. Let (A, ‖‖) be a normed ∗-algebra over

C such that ‖a∗a‖ = ‖a‖2 for all a ∈ A. A C∗-bornology for A is a filtered
family F of complete ∗-subalgebras that verifies

⋃
A∈F A = A. If F and

F ′ are two C∗-bornologies on A, we say that F is finer than F ′ (and write
F ≺ F ′) if for each A ∈ F there exists A′ ∈ F ′ such that A ⊂ A′. If F ≺ F ′

and F ′ ≺ F we call the bornologies equivalent. A bornolocal C∗-algebra
is a normed ∗-algebra A as above equipped with an equivalence class of
C∗-bornologies. Thus a bornolocal C∗-algebra is a local C∗-algebra in the
bornological sense (cf. [3, Definition 2.11]). We write (A,F) or simply A
for the algebra A equipped with the equivalence class of the C∗-bornology
F , depending on whether or not the latter needs to be emphasized. A
morphism between two bornolocal C∗-algebras (A,F) and (B,G) is a ∗-
homomorphism f : A → B such that F ≺ f−1(G) := {f−1(B) : B ∈ G}.
Note that this definition depends only on the equivalence classes of the
bornologies F and G. For example if (A,F) is a bornolocal C∗-algebra and
C ⊂ A is a closed ∗-subalgebra then C is again a bornolocal C∗-algebra with
the induced bornology

{A ∩ C : A ∈ F} (2.1.1)

and the inclusion is a homomorphism. We write BC∗ for the category of
bornolocal C∗-algebras and morphisms.

Any C∗-algebra A may be viewed as a bornolocal C∗-algebra with the
trivial bornology F = {A}. This gives a fully faithful embedding of the
category of C∗-algebras into BC∗. If {Ai} is a filtering system of bornolocal
C∗-algebras with injective transfer maps then the algebraic colimit A =
colimiAi, equipped with the obvious colimit bornology, is the colimit of the
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system in BC∗. Thus any functor F : C∗-Alg → C∗-Alg which preserves
monomorphisms extends to bornolocal C∗-algebras by

F (A,F) = colim
F

F (A). (2.1.2)

Hence, for example, ifX is a locally compact (Hausdorff) space and A ∈ BC∗

then the algebra C0(X,A) of continuous functions vanishing at infinity is
again in BC∗. Moreover the algebra of compactly supported continuous
functions is also in BC∗, since we may write it as the colimit

Cc(X,A) = colim ker(C(K,A)→ C(∂K,A)).

Here the colimit runs over all pairs (A,K) with A ∈ F andK ⊂ X a compact
subspace which is the closure of an open subset. Recall from [14, T.5.19]
that the spatial tensor product ⊗

˜
of injective morphisms of C∗-algebras is

again injective. The spatial tensor product A⊗
˜
B of bornolocal C∗-algebras

is defined by using (2.1.2) twice. For example, Cc(X,A) = Cc(X)⊗
˜
A. The

graded spatial tensor product A⊗̂
˜
B of Z/2Z-graded bornolocal C∗-algebras

A and B is defined similarly.
If B ∈ BC∗ we write B[0, 1] = C([0, 1], B) for the algebra of continuous

functions. Two homomorphisms f0, f1 : A → B ∈ BC∗ are homotopic if
there exists H : A→ B[0, 1] ∈ BC∗ such that eviH = fi (i = 0, 1).

2.2. Exact sequences. If (A,F) ∈ BC∗ then a bornolocal ideal in A is a
ring theoretic, closed two-sided ideal I, equipped with the equivalence class
of the induced bornology (2.1.1). Note that any such ideal is automatically
self-adjoint. The kernel of a homomorphism f : A → B in BC∗ in the
categorical sense is just the ring theoretic kernel ker f with the induced
bornology. If A = (A,F) ∈ BC∗ and I ⊳ A is a bornolocal ideal, then the
cokernel of the inclusion map I ⊂ A is A/I equipped with the equivalence
class of the bornology {A/A ∩ I : A ∈ F}. A sequence

0→ A
i // B

p // C → 0 (2.2.1)

of bornolocal C∗-algebras is exact if i is a kernel of p and p is a cokernel of
i. By our previous remarks, if B = (B,F) then (2.2.1) is isomorphic to the
algebraic colimit of the exact sequences of C∗-algebras

0→ A ∩B
i // B

p // B/A ∩B→ 0

with B ∈ F , and this colimit coincides with the colimit in BC∗. Conversely,
the colimit in BC∗ of any filtering system of short exact sequences of C∗-
algebras along monomorphisms is exact.

3. Equivariant homology

3.1. Homotopy invariance, excision, stability, and equivariant E-

theory. Let G be a countable discrete group. Consider the category
G-BC∗ of G-bornolocal C∗-algebras and equivariant homomorphisms. If
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A,B ∈ G-BC∗, we equip A⊗
˜
B with the diagonal action. Let A[0, 1] =

C([0, 1], A) = A⊗
˜
C[0, 1] with the trivial action on C[0, 1]. The natural map

c : A→ A[0, 1], c(a)(t) = a, t ∈ [0, 1],

is G-equivariant. Let E : G-BC∗ → Spt. We say that E is homotopy
invariant if E(c) is a weak equivalence for every A ∈ G-BC∗. We say that
E is excisive if for every exact sequence (2.2.1) of equivariant maps,

E(A)→ E(B)→ E(C) (3.1.1)

is a homotopy fibration sequence.
Any equivariant orthogonal decomposition H = H1 ⊥ H2 of a separable

G-Hilbert space gives rise to a C∗-algebra homomorphism K(Hi) → K(H)
(i = 1, 2) between the algebras of compact operators. We say that E is
G-stable (resp. stable) if for every equivariant orthogonal decomposition as
above (resp. for every decomposition as above where dimH1 = 1 and G acts
trivially on H) and every A ∈ G-BC∗, E sends the maps

A⊗
˜
K(H1)→ A⊗

˜
K(H)← A⊗

˜
K(H2) (3.1.2)

to weak equivalences. Thus if H1 and H2 are G-Hilbert spaces and E is
G-stable then the maps (3.1.2) induce a weak equivalence

E(A⊗
˜
K(H1))

∼
−→ E(A⊗

˜
K(H2)).

3.2. Equivariant algebraic K-homology. WriteK for the nonconnective
algebraic K-theory spectrum. If R is a ring and I ⊳ R is an ideal, we write
K(R : I) = hofiber(K(R)→ K(R/I)). Recall that a ring I is K-excisive if
whenever I ⊳ R and I ⊳ S are two ideal embeddings and f : R → S is a
compatible ring homomorphism, the map K(R : I) → K(S : I) is a weak
equivalence.

If I is a G-ring, the (algebraic) crossed product I⋊G is the tensor product
I ⊗ Z[G] equipped with the twisted product

(a⋊ g)(b ⋊ h) = ag(b)⋊ gh.

In the next lemma and elsewhere, we shall use the maximal tensor product
C ⊗µ D of two bornolocal C∗-algebras C,D. If (C,F), (D,G) ∈ BC∗, this
is the algebraic colimit

C ⊗µ D = colim
F×G

C⊗µ D. (3.2.1)

One checks that the colimit depends only on the equivalence classes of F and
G, so that C ⊗µ D is a well-defined C-algebra. If either C or D is nuclear,
i.e. it has a bornology in which every element is a nuclear C∗-algebra, then
C⊗µD = C⊗

˜
D is the bornolocal C∗-algebra of Section 2.1. If G is a discrete

group acting on both C and D, then we consider C ⊗µ D as a G-algebra
equipped with the diagonal action. If B,C and D are in G-BC∗ and C is
nuclear, then there is an associativity isomorphism

(B ⊗µ C)⊗µ D ∼= B ⊗µ (C ⊗µ D). (3.2.2)
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In this case we shall abuse notation and write B⊗µC⊗µD for (B⊗µC)⊗µD.
Let G be a group and let OrG be its orbit category. If G/H ∈ OrG write

G(G/H) for the transport groupoid. If R is a unital G-ring, we can form the
crossed product Z-linear category R ⋊ G(G/H) [2, Section 3.1]. Let I ⊳ R
be a two-sided ideal, closed under the action of G; consider the homotopy
fiber

K(R⋊ G(G/H) : I ⋊ G(G/H)) =

hofiber(K(R⋊ G(G/H)) → K(R/I ⋊ G(G/H))).

The G-equivariant K-homology of a G-space X with coefficients in (R : I)
is the coend

HG(X,K(R : I)) =

∫ OrG

XH
+ ∧K(R⋊ G(G/H) : I ⋊ G(G/H)).

Let Ĩ be the unitalization; this is the abelian group I⊕Z equipped with the
following multiplication:

(x,m)(y, n) = (xy +my + nx,mn).

If I is a G-ring, we write

K(I ⋊ G(G/H)) = K(Ĩ ⋊ G(G/H) : I ⋊ G(G/H))

and HG(X,K(I)) = HG(X,K(Ĩ : I)).

If I is unital, the two definitions of K(I ⋊ G(G/H)) and HG(X,K(I)) are
weakly equivalent, by [2, Propositions 3.3.9(a) and 4.3.1]. If I is K-excisive
and I ⊳ R is an ideal embedding into a unital ring R, then by [2, Proposi-
tions 3.3.12 and 4.3.1], the canonical map of OrG-spectra is a weak equiva-
lence

K(I ⋊ G(G/H))
∼
−→ K(R⋊ G(G/H) : I ⋊ G(G/H)). (3.2.3)

For any G-ring I we have a weak equivalence, natural in I

K(Ĩ ⋊H : I ⋊H)
∼
−→ K(I ⋊ G(G/H)).

If I is K-excisive, we furthermore have

K(I ⋊H)
∼
−→ K(Ĩ ⋊H : I ⋊H).

It was proved in [2] that K(− ⋊ G(G/H)) and HG(X,K(−)) send short
exact sequences of K-excisive G-rings to homotopy fibration sequences ([2,
Propositions 3.3.9(b) and 4.3.1]). More generally, we have the following
proposition, which we shall use in Section 4.

Proposition 3.2.4. Let

0→ I → A→ B → 0

be an exact sequence of G-rings. Assume that I is K-excisive. Let X be a
G-space. Then

HG(X,K(I))→ HG(X,K(A)) → HG(X,K(B))
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is a homotopy fibration sequence.

Proof. It suffices to prove the proposition for X of the form G/H where
H ⊂ G is a subgroup. We have a homotopy commutative diagram with
homotopy fibration rows

K(A⋊ G(G/H)) //

��

K(Ã⋊ G(G/H))

��

// K(Z[G(G/H)])

K(B ⋊ G(G/H)) // K(B̃ ⋊ G(G/H)) // K(Z[G(G/H)])

It follows that the homotopy fiber of the first vertical map is weakly equiv-
alent to that of the middle map, which in turn is weakly equivalent to
K(I ⋊ G(G/H)), by (3.2.3). �

3.3. Equivariant K-homology of stable algebras. The following lemma
is well-known and straightforward; it will be used in the proof of Theorem
3.3.2 below.

Lemma 3.3.1. Let H be a G-Hilbert space; if g ∈ G, write ug ∈ B(H)
for the unitary implementing the action of g on H. Let I be a G-ring and
A,B ∈ G-BC∗. Let H be H with the trivial G-action. Then the map

(I ⊗ (A⊗µ K(H)⊗µ B))⋊G→ (I ⊗ (A⊗µ K(H)⊗µ B))⋊G

(x⊗ (a⊗µ T ⊗µ b))⋊ g 7→ (x⊗ (a⊗µ Tug ⊗µ b))⋊ g

is an isomorphism.

We now come to the main theorem of this section.

Theorem 3.3.2. Let G be a countable discrete group, I a G-ring, B ∈ G-
BC∗ and K = K(ℓ2(N)) the algebra of compact operators with trivial G-
action. Assume that I is K-excisive. Let X be a G-simplicial set. Then the
functor

G-BC∗ → Spt, A 7→ HG(X,K(I ⊗ (A⊗µ K ⊗µ B)))

is excisive, homotopy invariant, and G-stable.

Proof. By [13, Corollary 10.4], C∗-algebras areK-excisive, and by [2, Propo-
sition A.4.4] K-excisive rings are closed under filtering colimits. It follows
that A⊗µB is K-excisive for every pair of bornolocal C∗-algebras A and B.
Hence I ⊗ (A⊗µ B) is K-excisive for every A,B ∈ BC∗, by [2, Proposition
A.5.3]. Besides, by [6, Lemma 4.1] and Section 2.2, −⊗µ B : BC∗ → C-Alg
is exact. Hence the functor of the proposition is excisive, by [2, Propositions
3.3.9 and 4.3.1]. Fix n ∈ Z and consider the functor

F : C∗-Alg→ Ab, F (C) = HG
n (X,K(I ⊗ ((A⊗

˜
C)⊗µ B))).
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Here C is regarded as a G-C∗-algebra with trivial action. Again by [2, Propo-
sitions 3.3.9 and 4.3.1], F is split-exact. Hence C 7→ F (C⊗

˜
K) is homotopy

invariant, by Higson’s homotopy invariance theorem [8, Theorem 3.2.2]. Spe-
cializing to C = C, we obtain that the functor of the proposition is homotopy
invariant, excisive and stable. To prove that it is also G-stable, it suffices to
show that if S ⊂ G is a subgroup, then

A 7→ K((I ⊗ (A⊗µ K ⊗µ B))⋊ G(G/S))

is G-stable. By [2, Lemma 3.2.6 and Proposition 4.2.8] there is a weak
equivalence

K((I ⊗ (A⊗µ K ⊗µ B))⋊ S)
∼
−→ K((I ⊗ (A⊗µ K ⊗µ B))⋊ G(G/S)).

It is clear that A 7→ K((I ⊗ (A⊗µ K⊗µ B))⋊ S) is stable; by Lemma 3.3.1
it is also S-stable, and therefore G-stable. �

Remark 3.3.3. Theorem 3.3.2 will be used in full generality in the proof of
Theorem 7.1. The application given in Corollary 3.3.5 below uses only the
case B = C.

Consider the comparison map

K → KH (3.3.4)

from algebraic K-theory to Weibel’s homotopy algebraic K-theory [15].

Corollary 3.3.5. Let X be a G-space. The map (3.3.4) induces a weak
equivalence

HG(X,K(I ⊗ (A⊗
˜
K)))→ HG(X,KH(I ⊗ (A⊗

˜
K))).

Proof. It suffices to show that the map of OrG-spectra

K((I ⊗ (A⊗
˜
K))⋊ G(G/H)) → KH((I ⊗ (A⊗

˜
K)) ⋊ G(G/H))

is a weak equivalence. By [2, Propostions 4.2.8 and 5.3] this is equivalent to
proving that

K((I ⊗ (A⊗
˜
K)) ⋊H)→ KH((I ⊗ (A⊗

˜
K)) ⋊H)

is an equivalence for each subgroup H ⊂ G. By [15, Proposition 1.5], the
map K(R)→ KH(R) is an equivalence for K-regular R. Thus it suffices to
show that (I ⊗ (A⊗

˜
K)) ⋊ H is K-regular. By Theorem 3.3.2, the functor

K∗((I ⊗ (−⊗
˜
K)) ⋊ H) is homotopy invariant. It follows from this, using

the argument of the proof of [12, Theorem 3.4], that (I ⊗ (A⊗
˜
K)) ⋊ H is

K-regular for every A ∈ G-BC∗. �

Remark 3.3.6. By [1, Remark 7.4], if J is any G-ring, there is a canonical
weak equivalence

HG(E(G,Fin),KH(J))
∼
−→ HG(E(G,Vcyc),KH(J)).

Hence in view of Corollary 3.3.5, if I, A and K are as above, then the
Farrell-Jones conjecture with coefficients in J = I ⊗ (A⊗

˜
K) is equivalent to

the isomorphism conjecture for the quadruple (G,Fin,K, J).
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4. Asymptotic morphisms

4.1. Basic definitions. We begin by recalling from [6] some basic defini-
tions and facts concerning equivariant asymptotic morphisms of C∗-algebras.
Let G be a discrete group and let B be a G-C∗-algebra; write Cb([1,∞),B)
and C0([1,∞),B) for the G-C∗-algebras of bounded continuous functions
and of continous functions vanishing at infinity, equipped with the induced
actions. Consider the quotient

Q(B) = Cb([1,∞),B)/C0([1,∞),B). (4.1.1)

If n ≥ 0, we write Qn for the n-fold composition of the functor Q. Let
A be another G-C∗-algebra. A G-equivariant n-asymptotic homomorphism
from A to B is a G-equivariant ∗-homomorphism A → Qn(B). Thus a
0-asymptotic morphism is the same as a homomorphism of G-C∗-algebras;
1-asymptotic morphisms are simply called asymptotic morphisms. We shall
often write

f : A−− > B

for the equivariant morphism f : A→ Q(B). If f : A−− > B is an equivari-
ant asymptotic morphism then any set-theoretic lift φ : A → Cb([1,∞),B)
of f can be viewed as a bounded family of maps φt : A → B varying
continuously on t ∈ [1,∞) which, roughly speaking, tends to satisfy the
conditions for an equivariant homomorphism as t → ∞; see [6, Definitions
1.3 and 1.10] for details. Such a family is called an equivariant asymptotic
family representing f ; there is a one-to-one correspondence between equi-
variant asymptotic homomorphisms and classes of equivariant asymptotic
families up to asymptotic equivalence [6, Proposition 1.11]. An n-homotopy
between G-equivariant morphisms f0, f1 : A → Qn(B) is a G-equivariant
morphism H : A → Qn(B[0, 1]) such that Qn(evi)H = fi (i = 0, 1).
By [6, Proposition 2.3], n-homotopy is an equivalence relation; we write
[[A,B]]n for the set of n-homotopy classes of n-asymptotic morphisms. Let
π : Cb([1,∞),A) → Q(A) be the projection and let

ι : A→ Cb([1,∞),A), ι(a)(t) = a. (4.1.2)

There is a map [[A,B]]n → [[A,B]]n+1 sending the class of f : A→ Qn(B)
to that of Q(f)πι : A→ Qn+1(B); we put

[[A,B]] = colim
n

[[A,B]]n.

If A happens to be separable, then the map [[A,B]]1 → [[A,B]] is bijective
([6, Theorem 2.16]). There is a category QG whose objects are the G-C∗-
algebras and where homQG

(A,B) = [[A,B]] ([6, Proposition 2.12]). The
composite in QG of the classes of f : A→ Qn(B) and g : B→ Qm(C) is the
class of Qn(g)f .

In the next section we shall need to consider equivariant asymptotic mor-
phisms of bornolocal C∗-algebras. The definition is the same as in the C∗-
algebra case; if A and B ∈ G-BC∗, a G-equivariant asymptotic morphism
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from A to B is a G-equivariant morphism

A→ Q(B) = Cb([1,∞), B)/C0([1,∞), B).

Here Cb([1,∞), B) is the algebra of bounded continous functions with values
in the normed algebra B. It is normed by the supremum norm, but has
no obvious C∗-bornology; thus Q(B) is just a normed G-∗-algebra. As
in the C∗-algebra case, equivariant asymptotic morphisms are in one-to-
one correspondence with classes of equivariant asymptotic families up to
asymptotic equivalence. The definition of 1-homotopy is also the same as in
the C∗-algebra case. We do not consider n-asymptotic morphisms A → B
for general B ∈ G-BC∗and n ≥ 2.

4.2. Applying functors to asymptotic homomorphisms. We shall
presently show that any excisive and homotopy invariant functor from G-
C∗-algebras to spectra induces a functor QG → HoSpt to the homotopy
category. We begin by noting that the kernel C0([1,∞),B) of the projection
π is equivariantly contractible. Hence if E is an excisive and homotopy
invariant functor to spectra, then we have a natural map γn : E(Qn(B))→
E(B) given by

E(Qn(B))
π
∼
←− E(Cb([1,∞), Qn−1(B)))

ev1→ E(Qn−1(B))
π
∼
←− . . .

ev1→ E(B).

Next observe that for t ∈ [0, 1] we have the commutative diagram below,
where the vertical map in the middle is induced by Qn(evt)

Qn+1(B[0, 1])

Qn+1(evt)
��

Cb([1,∞), Qn(B[0, 1]))
πoo ev1 //

��

Qn(B[0, 1])

Qn(evt)

��
Qn+1(B) Cb([1,∞), Qn(B))

πoo ev1 // Qn(B)

It follows that the maps γnE(Q
n(ev0)) and γnE(Q

n(ev1)) : E(Q
n(B[0, 1])) →

E(B) represent the same map in HoSpt. Moreover, if f : A → Qn(B) is a
homomorphism and ι is as in (4.1.2), then we have the following commutative
diagram, where the middle horizontal map is induced by f

Q(A)
Q(f)

// Qn+1(B)

Cb([1,∞),A)

π

OO

// Cb([1,∞), Qn(B))

π

OO

ev1 // Qn(B)

A
f

//

ι

OO

Qn(B)

ι

OO ♥♥♥♥♥♥♥♥♥♥♥♥

♥♥♥♥♥♥♥♥♥♥♥♥
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Hence the maps γn+1E(Q(f)(πι)) and γn(E(f)) are the same in the ho-
motopy category. Thus we have a well-defined map

Ē : [[A,B]] → HoSpt(E(A),E(B)) (4.2.1)

(f : A→ Qn(B)) 7→ γnE(f).

One checks further that the latter map is compatible with composition, so
that we have a functor

Ē : QG → HoSpt.

Recall from [6, Theorem 6.9] that there is also an additive category EG

whose objects are the G-C∗-algebras and where the homomorphisms are
given by

EG(A,B) = [[ΣA⊗
˜
K⊗
˜
K(ℓ2(G)),ΣB⊗

˜
K⊗
˜
K(ℓ2(G))]].

Here K = K(ℓ2(N)) and ΣA = C0(R)⊗
˜
A is the suspension. There is a

functor

QG → EG (4.2.2)

which is the identity on objects and on morphisms is induced by tensor
product with C0(R)⊗

˜
K⊗
˜
K(ℓ2(G)) (see [6, Theorem 4.6]). We remark that

if E : G-C∗ → Spt is excisive, homotopy invariant, and G-stable, then

E(ΣA⊗
˜
K⊗
˜
K(ℓ2(G)))

∼
−→ ΩE(A).

Hence we can further extend Ē to a functor
=
E : EG → HoSpt.

4.3. The case of equivariant K-homology. Let X be a G-space, C ∈ G-
BC∗ and I an excisive G-ring. By Theorem 3.3.2, the functor

E : G-BC∗ → Spt, E(A) = HG(X,K(I ⊗ (A⊗µ K ⊗µ C))) (4.3.1)

is excisive, homotopy invariant, and G-stable. Hence its restriction to G-

C∗-algebras induces functors Ē : QG → HoSpt and
=
E : EG → HoSpt.

If we apply (4.2.1) to an equivariant homomorphism f : A→ Q(B), then
for

F(A) = HG(X,K(I ⊗ A))

we obtain the class of the composite

Ē(f) : F(A⊗µ K ⊗µ C)
F(f⊗µ1) // F(Q(B)⊗µ K ⊗µ C)

F(B⊗µ K⊗µ C) F(Cb([1,∞),B) ⊗µ K ⊗µ C).

F(π⊗µ1) ≀

OO

F(ev1⊗µ1)
oo

(4.3.2)

Next observe that for any G-C∗-algebra D, we have an equivariant map
of exact sequences
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0→ C0([1,∞),B) ⊗µ D

≀

��

// Cb([1,∞),B) ⊗µ D

q

��

// Q(B)⊗µ D→ 0

p

��
0→ C0([1,∞),B⊗µ D) // Cb([1,∞),B⊗µ D) // Q(B⊗µ D)→ 0

(4.3.3)
If B ∈ G-C∗ is nuclear and (D,F) ∈ G-BC∗ then B ⊗µ D ∈ G-BC∗, so
Q(B⊗µD) is defined. Taking the colimit of the diagrams (4.3.3) for D ∈ F
we obtain a commutative diagram with exact rows

0→ C0([1,∞),B) ⊗µ D

≀

��

// Cb([1,∞),B) ⊗µ D

q

��

// Q(B)⊗µ D → 0

p

��
0→ C0([1,∞),B⊗µ D) // Cb([1,∞),B⊗µ D) // Q(B⊗µ D)→ 0

(4.3.4)
In particular F(π) : F(Cb([1,∞),B⊗µK⊗µC))→ F(Q(B⊗µK⊗µC)) is a

weak equivalence since C0([1,∞),B) is contractible and F(C0([1,∞),B⊗µ

K⊗µ C)) ∼= E(C0([1,∞),B)). Hence we may also consider the composite

F(A⊗µ K ⊗µ C)
F(p(f⊗µ1)) // F(Q(B⊗µ K ⊗µ C))

F(B⊗µ K ⊗µ C) F(Cb([1,∞),B⊗µ K ⊗µ C)).

F(π) ≀

OO

F(ev1)
oo

(4.3.5)

Lemma 4.3.6. The maps (4.3.2) and (4.3.5) belong to the same class in
HoSpt.

Proof. Let D = K ⊗µ C. The lemma follows from (4.3.4) and from the
following commutative diagram

Cb([1,∞),B) ⊗µ D
ev1⊗µ1 //

q
**❚❚❚

❚❚❚
❚❚❚

❚❚❚
❚❚❚

❚
B⊗µ D

Cb([1,∞),B⊗µ D).

ev1

OO

�

The following proposition summarizes our previous discussion.
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Proposition 4.3.7. Let G be a discrete group, X a G-space, C ∈ G-BC∗,
and I a K-excisive G-ring. Consider the functors

F : G-Alg→ Spt,

F(A) = HG(X,K(I ⊗A)),

E : G-BC∗ → Spt,

E(A) = F(A⊗µ K⊗µ C).

Then the restriction of E to the category of G-C∗-algebras induces functors

Ē : QG → HoSpt and
=
E : EG → HoSpt from the equivariant asymptotic

category and equivariant E-theory to the homotopy category of spectra. The
diagram

EG
=

E

##●
●●

●●
●●

●●

QG

<<②②②②②②②②

Ē

// HoSpt

G-C∗

OO

E
// Spt

OO

commutes up to natural equivalence. If f : A − −− > B is an equivariant
asymptotic homomorphism, then Ē(f) is the homotopy class of the composite
of diagram (4.3.2). If moreover B is nuclear, then the class of the latter map
is the same as that of the composite of diagram (4.3.5).

Proof. We showed in Section 4.2 that any excisive and homotopy invariant
functor G-C∗ → Spt extends to a functor QG → HoSpt, and moreover to
EG → HoSpt if in addition the functor is G-stable. By Theorem 3.3.2, this
applies to the functor E. The equivalence between the maps (4.3.2) and
(4.3.5) is established by Lemma 4.3.6. �

Example 4.3.8. Let A be a C∗-algebra. For a ∈ C0(R,A) and t ∈ [1,∞), put

φ0 : C0(R,A)→ Cb([1,∞), C0(R,A)), φ0(a)(t)(x) = a(x/t). (4.3.9)

Let B be another C∗-algebra and let

f0 : C0(R,A)→ B

be a ∗-homomorphism. Consider the map

f̂0 : C0(R,A)→ Q(B), f̂0(a) = π(f0φ0(a)).

Assume that B is nuclear, and let C ∈ BC∗. Then under the isomorphism

C0(R,A)⊗µ C ∼= C0(R,A⊗µ C),

the map p(f̂0⊗µ1) identifies with ̂f0 ⊗µ 1. Thus if A,B ∈ G-C∗, C ∈ G-BC∗,

and f̂0 is G-equivariant, then, writing 1 for the identity map of K⊗µ C, we
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have that ̂f0 ⊗µ 1 is G-equivariant, and Ē(f̂0) is equivalent to the composite

F(C0(R,A⊗µ K ⊗µ C))
F(f̂0⊗µ1) // F(Q(B⊗µ K ⊗µ C))

F(B⊗µ K ⊗µ C) F(Cb([1,∞),B⊗µ K ⊗µ C)).

F(π) ≀

OO

F(ev1)
oo

(4.3.10)

Now let A,B,C ∈ G-BC∗ with B nuclear. Formula (4.3.9) defines a
homomorphism C0(R, A)→ Cb([1,∞), C0(R, A)), which restricts to

φc : Cc(R, A)→ Cb([1,∞), Cc(R, A)).

Let # ∈ {0, c} and let f# : C#(R, A)→ B be a ∗-homomorphism. Put

f̂# : C#(R, A)→ Q(B), f̂#(a) = π(f#φ#(a)). (4.3.11)

Assume that f̂# is G-equivariant; write 1 for the identity map of K ⊗µ C.

Then ̂f# ⊗µ 1 is again G-equivariant. Moreover, by Proposition 3.2.4 and
Theorem 3.3.2, the map

F(π) : F(Cb([1,∞), B ⊗µ K ⊗µ C))→ F(Q(B ⊗µ K ⊗µ C))

is a weak equivalence. Let Ē(f̂#) be the composite

Ē(f̂#) : F(C#(R, A⊗µ K ⊗µ C))
F( ̂f#⊗µ1)// F(Q(B ⊗µ K⊗µ C))

F(B ⊗µ K ⊗µ C) F(Cb([1,∞), B ⊗µ K⊗µ C)).

F(π) ≀

OO

F(ev1)
oo

(4.3.12)
In the next section we shall need the following trivial observation.

Lemma 4.3.13. Let i : A → A′, j : B → B′ ∈ G-BC∗ and let fc :
Cc(R, A) → B and f0 : C0(R, A

′) → B′ be ∗-homomorphisms. Assume that
B and B′ are nuclear and that the diagram

C0(R, A
′)

f0 // B′

Cc(R, A)

i

OO

fc
// B

j

OO

commutes. Further assume that f̂0 and f̂c are G-equivariant. Let E be as

in Proposition 4.3.7 and let Ē(f̂#) be as in (4.3.12) (# ∈ {0, c}). Then the
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diagram

E(C0(R, A
′))

Ē(f̂0) // E(B′)

E(Cc(R, A))

E(i)

OO

Ē(f̂c)

// E(B)

E(j)

OO

is homotopy commutative.

5. A Dual Dirac element

The purpose of this section is to prove a compactly supported variant of a
theorem of Higson and Kasparov ([10, Theorem 6.10]). We start by recalling
some material from [9], [10], and [11]. A Euclidean space is a real pre-Hilbert
space. Let V be a countably infinite dimensional Euclidean space. Write
F(V ) for the set of finite dimensional affine subspaces of V . For S ∈ F(V )
put S0 = {s1 − s2 : si ∈ S}. Write Cliff(S) for the complexified Clifford
algebra of S0. As usual we use the subscripts c and 0 to indicate compactly
supported functions and functions vanishing at infinity. For # ∈ {c, 0}, put

C#(S) = C#(S,Cliff(S)).

Observe that the Z/2Z-grading on Cliff(S) induces one on C#(S). For ex-
ample Cliff(R) = C⊕ uC where u is a degree one element satisfying u2 = 1.
Thus

C#(R) = C#(R)⊕ uC#(R).

We regard C#(R) as a Z/2Z-graded algebra with homogeneous components
C#(R)j = ujC#(R) (j = 0, 1). In addition the algebra C#(R) is also Z/2Z-
graded according to even and odd functions. For f ∈ C#(R) write f =

f even + fodd for its even-odd decomposition. One checks that the map

θ : C#(R)→ C#(R), θ(f) = f even + ufodd (5.1)

is a homogeneous isometric embedding. Let X ∈ C(R) be the identity
function. We may interpret θ as the functional calculus of the degree
one, essentially self-adjoint, unbounded operator of multiplication by Xu ∈
C(R,Cliff(R)); we have

θ(f) = f(Xu). (5.2)

We will identify C#(R) = θ(C#(R)). Consider the graded spatial tensor
product

A#(S) = C#(R)⊗̂
˜
C#(S). (5.3)

Using the identification above, we may regard A#(S) as a subalgebra of
C#(R× S,Cliff(R⊕ S0)). We have

A#(S) =

{f = f0 + uf1 ∈ C#(R× S,Cliff(R⊕ S0)) : f i(−t, s) = (−1)if i(t, s)}.
(5.4)
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If S1 ⊂ S2 ∈ F(V ), define S21 = S0
2 ⊖ S0

1 and write S2 = S1 + S21. Then
A#(S2) = A#(S21)⊗̂

˜
C#(S1). Following [11], we write C21 : S21 → Cliff(S21)

for the inclusion and X ∈ C(R) for the identity function, considered as
degree one, essentially self-adjoint, unbounded multipliers of C0(S21) and
C0(R), with domains Cc(S21) and Cc(R). Using functional calculus, one
obtains a map

β21 : A0(S1)→ A0(S2), β21(f⊗̂
˜
g) = f(X⊗̂

˜
1 + 1⊗̂

˜
C21)⊗̂

˜
g. (5.5)

Lemma 5.6. Let v ∈ S1 ⊂ S2 ∈ F(V ), ρ > 0, f ∈ Ac(S1) with supp(f) ⊂
D1((0, v), ρ), the closed ball in R × S1. Then supp(β21(f)) ⊂ D2((0, v), ρ),
the closed ball in R×S2. In particular the map (5.5) sends Ac(S1) to Ac(S2).

Proof. It follows from the fact that if s2 decomposes as s2 = s1 + s21 ∈
S1 + S21 then

β21(f)(x, s2) = f(xu+ s21, s1), (5.7)

and that for each x, the spectrum of xu+ s21 is {±
√

x2 + ||s21||2}. �

Remark 5.8. It follows from (5.1), (5.2), and (5.7), that the map (5.5) is
injective.

By [11, Proposition 3.2], if S1 ⊂ S2 ⊂ S3, then β31 = β32β21. Let A0(V )
be the C∗-algebra colimit of the direct system {βTS : A0(S) → A0(T )}.
Also let

Ac(V ) = colim
F(V )

Ac(S)

be the algebraic colimit; by Remark 5.8 this is the colimit in BC∗. We have
a commutative diagram

A0(0)
β0 // A0(V )

Ac(0)

OO

βc

// Ac(V )

OO
(5.9)

Now let G be a discrete group acting on V by affine isometries. Then
for each g ∈ G there are an orthogonal transformation ℓ(g) and a vector
τ(g) ∈ V such that

g · v = ℓ(g)(v) + τ(g) (v ∈ V ). (5.10)

The G-action on V induces an action on A#(V ) defined as follows

(g · f)(v) = ℓ(g)(f(g−1 · v)).

We regard A#(0) and A#(V ) as G-algebras with the trivial and the induced
action, respectively.

In general, the map β# : A#(0) → A#(V ) is not G-equivariant; however
this can be fixed asymptotically. Indeed the asymptotic homorphism

β̂# : A#(0) −−− > A#(V )
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defined by (4.3.11) is G-equivariant.
The following proposition is an immediate consequence of a theorem of

Higson and Kasparov and of the results of the previous section.

Proposition 5.11. (cf. [10, Theorem 6.8]). Let G be a countable discrete
group acting on V by affine isometries. Let X be a G-space, let I be a
K-excisive G-ring, and let B ∈ G-BC∗. Consider the functor

EX : G-BC∗ → Spt, EX(A) = HG(X,K(I ⊗ (A⊗µ K ⊗µ B))).

Then the map ĒX(β̂c) defined in (4.3.12) is a split monomorphism in HoSpt.

Proof. Put E = EX : G-BC∗ → Spt. By Proposition 4.3.7 and [10, Theo-

rems 6.8 and 6.11], the functor (4.2.2) sends the class of β̂0 to an isomorphism
in EG. Hence in view of (5.9) and of Lemma 4.3.13 it suffices to show that E
sends the inclusion Cc(R) = Ac(0)→ A0(0) = C0(R) to a weak equivalence.
Because E commutes up to weak homotopy equivalence with filtering colim-
its along injective maps, the natural map colimρ>0 E(C0(−ρ, ρ))→ E(Cc(R))
is a weak equivalence. For each ρ > 0, C0(−ρ, ρ) ⊳ C0(R) is an ideal and the
quotient C0(R)/C0(−ρ, ρ) ∼= C0((−∞,−ρ] ∪ [ρ,∞)) is contractible; indeed
H(f)(s, t) = f(t/s) is a contraction. Thus because the functor E is homo-
topy invariant and excisive, E(C0(−ρ, ρ))→ E(C0(R)) is a weak equivalence.
Hence we have a weak equivalence

E(Cc(R))
∼
−→ E(C0(R)). (5.12)

This finishes the proof. �

Corollary 5.13. Let Y be another G-space, and f : X → Y an equivariant
map. Let τ : EX → EY be the natural map induced by f . Assume that
τ(Ac(V )) is a weak equivalence. Then τ(C) is a weak equivalence too.

Proof. By excision and homotopy invariance, τ(C) is equivalent to the de-
looping of τ(C0(R)) in HoSpt. By (5.12) the latter map is equivalent to
τ(Cc(R)). The corollary now follows from the proposition above and the
fact that a retract of an isomorphism is an isomorphism. �

6. Proper actions

Let G be a discrete group. If J ∈ G-Rings is commutative but not
necessarily unital and I ∈ G-Rings, then by a compatible (G, J)-algebra
structure on I we understand a J-bimodule structure on I such that the
following identities hold for a, b ∈ I, c ∈ J , and g ∈ G:

c · a = a · c,

c · (ab) = (c · a)b = a(c · b),

g(c · a) = g(c) · g(a).

(6.1)

If I and J are ∗-C-algebras we will additionally require the following two
conditions

(λc) · a = c · (λa), (c · a)∗ = c∗ · a∗ (λ ∈ C, c ∈ J, a ∈ I). (6.2)
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If moreover I and J are normed, we will further ask that

||c · a|| ≤ ||c||||a||, (c ∈ J, a ∈ I). (6.3)

We say that a compatible (G, J)-algebra structure is full if it satisfies the
additional condition

J · I = I. (6.4)

If (A,F), (B,G) ∈ G-BC∗ with A commutative, for a compatible (G,A)-
algebra structure on B to be full we shall also require that G be equivalent
to the filtration F · G consisting of the ∗-subalgebras A ·B with A ∈ F and
B ∈ G:

F · G ∼ G. (6.5)

Let H ⊂ G be a subgroup. The ring

Z(G/H) = {f : G/H → Z : |supp(f)| <∞} =
⊕

gH∈G/H

Z

has a natural G-action. We say that a G-ring I is proper over G/H if it

carries a full compatible (G,Z(G/H))-structure. Observe that

C(G/H) = Cc(G/H) ∈ G-BC∗ (6.6)

is the algebra of compactly supported continuous functions. We say that
A ∈ G-BC∗ is proper over G/H if it carries a full compatible (G,C(G/H))-
algebra structure. Then if x ∈ G/H and χx is the characteristic function,
(6.2) implies that multiplication by χx is a ∗-homomorphism A → A with
image Ax = χxA. Hence Ax is a closed ∗-subalgebra, and we have a direct
sum decomposition

A =
⊕

x∈G/H

Ax (6.7)

where each Ax ∈ BC∗, and AH ∈ H-BC∗. If F is a bornology in the
equivalence class of A, then the induced C∗-bornology in Ax consists of the
C∗-algebras Ax = A ∩ Ax with A ∈ F . The algebra A also carries the
following C∗-bornology

F• = {
⊕

x∈F

Ax : F ⊂ G/H finite,A ∈ F}.

Condition (6.5) implies that F• is equivalent to F :

F ∼ F•. (6.8)

Remark 6.9. By (6.7) and (6.8), if G/H is infinite and A is nonzero and
proper over G/H, then A cannot be complete, since it is isomorphic as a
bornolocal C∗-algebra to an infinite algebraic direct sum of copies of AH .
In particular, no nonzero G-C∗-algebra can be proper in our sense over an
infinite homogeneous space G/H.

Lemma 6.10. Let A,B ∈ G-BC∗. Assume that A is proper over G/H.
Then A⊗

˜
B and A⊗µB are proper over G/H, as a G-bornolocal C∗-algebra

in the first case, and as a G-∗-algebra in the second.
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Proof. Straightforward. �

Lemma 6.11. Let A,B ∈ G-BC∗ with A commutative and let H ⊂ G be a
subgroup. Assume that A is proper over G/H and that B is equipped with a
full compatible (G,A)-algebra structure. Then B is proper over G/H.

Proof. For x ∈ G/H let Bx = AxB. It follows from (6.7) that B =
∑

xBx.
Next we show that Bx ∩By = 0 if x 6= y. Let b ∈ Bx ∩By. Then there exist
n, a1, . . . , an ∈ Ax and b1, . . . , bn ∈ B such that

b =

n∑

i=1

aibi. (6.12)

Because Ax is a bornolocal C∗-algebra, there is a C∗-subalgebra Ax ⊂ Ax,
such that a1, . . . , an ∈ Ax. Let {eλ} be a bounded approximate unit in Ax.
Use (6.3) and (6.12) to show that limλ eλb = b. On the other hand, eλ ∈ Ax

and b ∈ By implies eλb = 0. Hence Bx∩By = 0, as claimed. Define an action

of C(G/H) on B as follows. For c =
∑

x λxχx ∈ C(G/H) and b =
∑

x bx ∈ B,
put

c · b =
∑

x

λxbx.

One checks that this action satisfies (6.1), (6.2) and (6.3). Moreover (6.5)
and (6.8) together imply that if B = (B,G) then G• ∼ G. Thus B is proper
over G/H. �

Let G be a countable discrete group and V a Euclidean space of countably
infinite dimension where G acts by affine isometries. We say that the action
of G on V is metrically proper if

lim
g→∞

‖g · v‖ =∞ (∀v ∈ V ). (6.13)

The condition that a group G admits such an action is the Haagerup ap-
proximation property. In the literature, the groups that have this property
are sometimes called a-T-menable groups and sometimes Haagerup groups.

The purpose of this section is to prove the following.

Theorem 6.14. Let G be a countable discrete group and let V be a Eu-
clidean space of countably infinite dimension with an action of G by affine
isometries. Let E,F : G-BC∗ → Spt be functors and τ : E → F a natural
transformation. Assume:
i) The action of G on V is metrically proper.
ii) If H ⊂ G is a finite subgroup and P ∈ G-BC∗ is proper over G/H, then
τ(P ) is a weak equivalence.
iii) The functors E and F are excisive and commute with filtering colimits
along injective maps up to weak equivalence.
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Then the map τ(Ac(V )) is a weak equivalence.

The proof of Theorem 6.14 will be given at the end of the section. First
we need to introduce some notation and prove some lemmas. Let S ∈ F(V );
consider the subalgebra

Zc(S) = {f ∈ Cc(R× S) : f(−t, s) = f(t, s)} ⊂ Ac(S).

Observe that Zc(S) lies in the center of Ac(S) and, moreover, we have

Ac(S) = Zc(S)Ac(S). (6.15)

Write

R+ = [0,∞).

Restriction along the inclusion R+ × S ⊂ R× S induces an isomorphism

Zc(S) ∼= Cc(R+ × S). (6.16)

¿From now on we shall identify both sides of (6.16). Let S ⊂ T ∈ F(V );
every element of T writes uniquely as

t = πS(t) + π⊥
S (t) πS(t) ∈ S, π⊥

S (t) ∈ T 0 ⊖ S0.

Consider the map

pST : R+ × T → R+ × S,

pST (x, t) = (
√

x2 + ||π⊥
S (t)||

2, πS(t)). (6.17)

In view of (5.7), under the isomorphism of (6.16), the restriction of βTS to
Zc(S) identifies with composition with pST :

βTS(f) = fpST . (6.18)

Put

Zc(V ) = colim
S
Zc(S).

Consider the inverse system of locally compact topological spaces and proper
maps {pST : R+ × T → R+ × S}. Let H = V be the Hilbert space com-
pletion; write Hw for H equipped with the locally convex topology of weak
convergence. Equip

X := R+ × H (6.19)

with the coarsest topology such that both the projection R+×H→ Hw and

the map R+ ×H→ R+, (x, h) 7→
√

x2 + ||h||2 are continuous. If h ∈ H and

S ∈ F(V ), write h = πS(h) + π⊥
S (h) ∈ S + S⊥

0 . Let

pS : X→ R+ × S, pS(x, h) = (
√

x2 + ||π⊥
S (h)||

2, πS(h)).

We have a homeomorphism

X→ lim
S∈F(V )

R+ × S, (x, h) 7→ (pS(x, h))S . (6.20)
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Observe that if S ∈ F(V ), then the subspace topology on R+ × S ⊂ X is
the usual Euclidean topology. Let v ∈ S ∈ F(V ) and let

◦

DS((r, v), δ) = {(x, s) : (x− r)2 + ||s − v||2 < δ2}

be the open ball in R+ × S. The subsets

U(S, r, v, δ) = p−1
S (

◦

DS((r, v), δ)) (S ∈ F(V ), (r, v) ∈ R+ × S, δ > 0),
(6.21)

are open and form a sub-basis for the topology of X. Observe that the maps

Zc(S)→ Cc(X), f 7→ fpS

induce a monomorphism
Zc(V ) →֒ Cc(X). (6.22)

Its image consists of those f which factor through a projection pS .
Let S ∈ F(V ), X ⊂ R+ × S a locally closed subset. Put

Zc(X) = Cc(X).

If X happens to be open then Zc(X) is the subalgebra of Zc(S) consisting
of those elements f with supp(f) ⊂ X.

Lemma 6.23. Let S ∈ F(V ), X ⊂ R+ × S a locally closed subset, and
let Z ⊂ X be closed in the subspace topology. Then the restriction map
Zc(X)→ Zc(Z) is surjective.

Proof. This is a straightforward application of Tietze’s extension theorem.
�

For X ⊃ Z as in Lemma 6.23, we write

I(X,Z) = ker(Zc(X)→ Zc(Z)).

The following trivial observation will be useful in what follows.

Lemma 6.24. Let S ⊂ T ∈ F(V ) and X ⊂ R+×S. Then p−1
S (X)∩ (R+×

T ) = p−1
ST (X).

Let S ∈ F(V ) and let X ⊂ R+ × S be a locally closed subset. Put
L = p−1

S (X); by Lemma 6.24, if T ′ ⊃ T ⊃ S, then (6.18) defines a map
βT ′T : Zc((R+ × T ) ∩ L)→ Zc((R+ × T ′) ∩ L). Write

Zc(L) = colim
T⊃S

Zc((R+ × T ) ∩ L). (6.25)

If Z ⊂ X is closed in the subspace topology, and M = p−1
S (Z), we write

I(L,M) = ker(Zc(L)→ Zc(M)). We have

I(L,M) = colim
T⊃S

I((R+ × T ) ∩ L, (R+ × T ) ∩M). (6.26)

If now G acts on V by affine isometries, then the action extends by
continuity to an action by affine isometries on H. Let G act on X via
g(x, h) = (x, gh). We also have an action of G on limS(R+ × S) via

(g(xS , vS))gS = (xS , g(vS));
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one checks that the homeomorphism (6.20) is equivariant with respect to
these actions. Similarly, the map (6.22) is a homomorphism in G-BC∗. We
remark that if the action of G on V is metrically proper then so are the
actions on H and on R× H. In particular by (6.13), we have

lim
g→∞

||g(r, v)|| =∞ (r, v) ∈ R+ × H. (6.27)

The following lemma is an immediate consequence of (6.27).

Lemma 6.28. Let G act on V by affine isometries. Assume that the action
is metrically proper. Let X,Y ⊂ R+ × H be bounded subsets and let G ⊂ G
be a finite subset. Then the set

G̃X,Y = {h ∈ G : GX ∩ hY 6= ∅}

is finite.

Let X be as in (6.19). In (6.21) we have introduced the open subsets
U(S, r, v, δ) ⊂ X. We shall also consider the compact subsets

W (S, r, v, δ) = p−1
S (DS((r, v), δ)) (S ∈ F(V ), (r, v) ∈ R+ × S, δ > 0).

(6.29)
Consider the stabilizer subgroup of an element v ∈ V :

Gv = {g ∈ G : gv = v} .

If the action of G on V is metrically proper, then Gv is finite for all v ∈ V .

Lemma 6.30. Let X be as in (6.19) and let (r, v) ∈ R+ × V . Let G act on
V by affine isometries. Assume that the action is metrically proper. Then
there exist a precompact open neighborhood (r, v) ∈ U ⊂ X and an affine
subspace S ∈ F(V ) such that
i) U = p−1

S (U ∩ (R+ × S)).
ii)

gU ∩ U =

{
U g ∈ Gv

∅ g /∈ Gv

Proof. Let S1 ∈ F(V ) such that v ∈ S1. Because Gv is finite, the affine
subspace S′

1 generated by the orbit GvS1 is in F(V ). Hence, upon replacing
S1 by S′

1 if necessary, we may assume that

S1 = GvS1. (6.31)

Let δ > 0 and let W = W (S1, r, v, δ). By definition, an element (x, h) ∈ X

is in W if and only if

δ2 ≥ (
√

x2 + ||π⊥
S1
(h)||2 − r)2 + ||πS1

(h)− v||2. (6.32)

We may rewrite the right hand side of (6.32) as

x2 + ||h− v||2 + r2 − 2r
√

x2 + ||π⊥
S1
(h)||2. (6.33)

Observe that if g ∈ Gv, then

||gh − v|| = ||gh − gv|| = ||h − v||.
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Moreover for ℓ = ℓg as in (5.10), using (6.31) in the second identity, we have

||π⊥
S1
(gh)|| = ||ℓ(π⊥

g−1S1
(h))|| = ||π⊥

S1
(h)||.

We have shown that GvW = W . Observe also that the expression (6.33)
goes to infinity as ||h|| does. In particular the map (x, h)→ ||h|| is bounded
on W . Hence by (6.13) W ∩ G(r, v) is finite. Taking δ sufficiently small,
we obtain W ∩ G(r, v) = {(r, v)}. By Lemma 6.28, the set G = {g ∈ G :
W ∩ gW 6= ∅} \Gv is finite. Let U1 = U(S1, r, v, δ); put

U = U1 \ (GW ).

Let S = GS1. Then U is precompact and satisfies both (i) and (ii). �

An open set U ⊂ X is called G-admissible if it admits a finite open
covering

U =

n⋃

i=1

Ui (6.34)

such that each Ui is precompact and satisfies the conditions of Lemma 6.30
for some (ri, vi) ∈ Ui.

Let U ⊂ X be an open subset. Assume that there exists S ∈ F(V ) such
that U = p−1

S (U ∩ (R+ × S)). Then if G ⊂ G is finite and T ⊃ GS, we have

GU = p−1
T ((GU)∩(R+×T )). Hence the algebra Zc(GU) is defined by (6.25).

Put

Zc(G,U) = colim
G⊂G

Zc(GU). (6.35)

Here the colimit runs over the finite subsets G ⊂ G.

Lemma 6.36. Let G be a discrete group acting on V by affine isometries.
Assume that the action is metrically proper. Then

Zc(V ) = colim
U
Zc(G,U),

where the colimit runs over the G-admissible open subsets of X.

Proof. Let Uρ = U(0, 0, 0, ρ) ⊂ X. We have Uρ ∩ (R+ × S) =
◦

DS((0, 0), ρ)
for every 0 ∈ S ∈ F(V ). Thus

Zc(V ) = colim
0∈S

colim
ρ
Zc(

◦

DS((0, 0), ρ)) = colim
ρ
Zc(Uρ).

Because Uρ ⊂ W (0, 0, 0, ρ), which is compact, there is a G-admissible open
subset Uρ ⊂ U ⊂ X (ρ > 0), by Lemma 6.30. On the other hand, since a
G-admissible open set is precompact by definition, it is bounded, whence it
is contained in some Uρ. Hence

colim
ρ
Zc(Uρ) = colim

U
Zc(U) = colim

U
Zc(G,U),

where the last two colimits are taken over the G-admissible open sets U ⊂ X.
This completes the proof. �
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Let U ⊂ X be a G-admissible open subset and let U = {U1, . . . , Un} and
v1, . . . , vn be as in (6.34). We may choose S ∈ F(V ) such that

Ui = π−1
S (Ui ∩ (R+ × S)), (i = 1, . . . , n). (6.37)

Write

Gi = Gvi , U<i =
⋃

j<i

Uj.

Let G ⊂ G be a finite subset. With the notations of (6.25) and of Lemma
6.28, put

G̃i = G̃U,U<i
,

Zi
c(G,U ) = Zc(GU \ G̃

iU<i).

Observe that

i < j ⇒ G̃i ⊂ G̃j ,

GU \ G̃iU<i = GU \ G̃
jU<i ⊃ GU \ G̃

jU<j. (6.38)

Moreover, GU \ G̃jU<j is closed in GU \ G̃iU<i (i < j). With the notation of
(6.26), put

J i(G,U ) = I(GU \ G̃iU<i,GU \ G̃
i+1U<i+1). (6.39)

By Lemma 6.23 we have an exact sequence

0→ J i(G,U )→ Zi
c(G,U )→ Zi+1

c (G,U )→ 0.

Note that

Zn+1
c (G,U ) = 0, Jn(G,U ) = Zn

c (G,U ). (6.40)

If H ⊃ G is another finite subset of G, then GU \ (G̃iU<i) is open in HU \
(H̃iU<i). Hence Z

i
c(G,U ) ⊂ Zi

c(H,U ) and thus the algebraic colimit

Zi
c(G,U ) = colim

G
Zi
c(G,U ) (6.41)

is in G-BC∗. One checks that restriction maps induce an equivariant map
Zi
c(G,U )→ Zi+1

c (G,U ), and so for

J i(G,U ) = colim
G

J i(G,U ) (6.42)

we have an exact sequence in G-BC∗

0→ J i(G,U )→ Zi
c(G,U )→ Zi+1

c (G,U )→ 0. (6.43)

Lemma 6.44. Let J i(G,U ) ∈ G-BC∗ be as in (6.42) (1 ≤ i ≤ n). Then
J i(G,U ) is proper over G/Gi.

Proof. Let S ∈ F(V ) be as in (6.37), and let G ⊂ G be a finite subset.

By (6.26) and (6.39), J i(G,U ) is the colimit, over T ⊃ G̃iS, of the ideals

J i(G,U , T ) ⊳ Zc(T∩(GU \G̃
iU<i)) of those functions f which vanish outside

G̃i+1Ui. Let Gi+1 be the image of G̃i+1 in G/Gi. By our hypothesis on

Ui, G̃
i+1Ui is the disjoint union of the open subsets ḡUi (ḡ ∈ Gi+1). Let
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J i(G,U , T )ḡ ⊂ J i(G,U , T ) be the subalgebra of those functions f which
vanish outside ḡUi. Then

J i(G,U , T ) =
⊕

ḡ∈Gi+1

J i(G,U , T )ḡ

and J i(G,U , T )ḡJ
i(G,U , T )h̄ = 0 if ḡ 6= h̄.

Hence J i(G,U , T ) is an algebra over C(Gi+1) such that C(Gi+1)J i(G,U , T ) =
J i(G,U , T ). One checks that this structure is compatible with the maps

J i(G,U , T ) → J i(G,U , T ′), and so we get a C(Gi+1)-algebra structure on

J i(G,U ) with C(Gi+1)J i(G,U ) = J i(G,U ). Passing to the colimit along

the inclusions G ⊂ H one obtains a full compatible (G,C(G/Gi))-algebra
structure on J i(G,U ). �

Proof of Theorem 6.14. Because Zc(V ) ⊂ Ac(V ) is a central G-subalgebra,
Ac(V ) carries a canonical compatible (G,Zc(V ))-structure. Moreover, by
(6.15) we have

Ac(V ) = Zc(V )Ac(V ). (6.45)

Condition (6.5) also holds because it holds for the action of Zc(S) on Ac(S)
(S ∈ F(V )). Let U ⊂ X be a G-admissible open subset. Put

Ac(G,U) = Zc(G,U)Ac(V ).

Because we are assuming that E and F commute with filtering colimits up
to homotopy, it suffices, in view of Lemma 6.36, to prove that τ(Ac(G,U))
is a weak equivalence for every G-admissible open subset U ⊂ X. Let U =
{U1, . . . , Un} be as in (6.34). Define inductively

A1
c(G,U ) = Ac(G,U), Ii(G,U ) = J i(G,U )Ai

c(G,U ),

Ai+1
c (G,U ) = Ai

c(G,U )/Ii(G,U ).

By (6.40), we have

An+1
c (G,U ) = 0, In(G,U ) = An

c (G,U ).

Hence because we are assuming that E and F satisfy excision, by (6.43)
and induction, we can further reduce to proving that τ(Ii(G,U )) is a weak
equivalence (1 ≤ i ≤ n). This follows from Lemma 6.11, Lemma 6.44, and
the hypothesis that τ(P ) is a weak equivalence whenever P is proper over
G/H and H is finite. �

7. Main results

Let G be a group and Fin the family of its finite subgroups. An equivari-
ant map f : X → Y of G-spaces is called a Fin-equivalence if f : XH → Y H

is a weak equivalence for H ∈ Fin.
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Theorem 7.1. Let G be a countable discrete group. Let B ∈ G-BC∗,
let I be a K-excisive G-ring, let ⊗

˜
be the spatial tensor product, and let

K = K(ℓ2(N)) be the algebra of compact operators; equip K with the triv-
ial G-action. Assume that G acts metrically properly by affine isometries
on a countably infinite dimensional Euclidean space V . Then the functor
HG(−,K(I ⊗ (B⊗

˜
K))) sends Fin-equivalences of G-spaces to weak equiva-

lences of spectra.

Proof. Let Z be a G-space; consider the functor EZ : G-BC∗ → Spt,

EZ(A) = HG(Z,K(I ⊗ (A⊗µ K ⊗µ B))).

We must prove that if X → Y is a Fin-equivalence then EX(C)→ EY (C) is
a weak equivalence. By Corollary 5.13 it suffices to show that EX(Ac(V ))→
EY (Ac(V )) is a weak equivalence. By Theorem 3.3.2, the functor EZ is
excisive, homotopy invariant and G-stable. Moreover, it commutes with
filtering colimits along injective maps up to weak equivalence, since algebraic
K-theory commutes with arbitrary filtering algebraic colimits up to weak
equivalence. Therefore, by Theorem 6.14 we are reduced to proving that if
H ⊂ G is a finite subgroup and A ∈ G-BC∗ is proper over G/H, then

EX(A)→ EY (A) (7.2)

is a weak equivalence. By Lemma 6.10, C = A⊗µK⊗µB is proper over G/H
as a ∗-algebra, and thus I⊗C is proper over G/H as a ring. This finishes the
proof, since we know from [2, Proposition 4.3.1, Lemma 11.1, and Theorem
11.6], that if H is finite and J is a K-excisive G-ring, proper over G/H, then
HG(−,K(J)) maps Fin-equivalences to weak equivalences. �

Corollary 7.3. (Farrell-Jones’ conjecture) Let G, I, B and K be as in
Theorem 7.1. Then the assembly map

HG(E(G,Vcyc),K(I ⊗ (B⊗
˜
K)))→ K((I ⊗ (B⊗

˜
K)) ⋊G)

is a weak equivalence.

Proof. The assembly map is induced by E(G,Vcyc) → pt, which is a Vcyc-
equivalence, and therefore a Fin-equivalence. �

If B is a C∗-algebra then by Suslin-Wodzicki’s theorem (Karoubi’s conjec-
ture) [13, Theorem 10.9] and stability of Ktop, we have a weak equivalence

K(B⊗
˜
K)

∼
−→ Ktop(B⊗

˜
K)

∼
←− Ktop(B).

If G is a group and A is a G-C∗-algebra then

(A⊗
˜
K)⋊G ⊂ C∗

red(G,A⊗
˜
K) ∼= C∗

red(G,A)⊗
˜
K.

Thus there is a map

K((A⊗
˜
K)⋊G)→ Ktop(C∗

red(G,A)). (7.4)

Corollary 7.5. Let G be as in Theorem 7.1 and let A be a separable G-C∗-
algebra. Then (7.4) is a weak equivalence.
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Proof. We have a homotopy commutative diagram

HG(E(G,Fin),K(A⊗
˜
K))

��

// K((A⊗
˜
K) ⋊G)

��
HG(E(G,Fin),Ktop(A)) // Ktop(C∗

red(G,A)).

(7.6)

By Corollary 7.3 the top horizontal arrow in (7.6) is a weak equivalence.
By [7, Corollary 8.4], the bottom arrow is equivalent to the Baum-Connes
assembly map, which is an equivalence for Haagerup groups, by [10, Theorem
1.1]. It follows from the Suslin-Wodzicki theorem [13, Theorem 10.9] that
the map (7.4) is an equivalence for finite G. Since E(G,Fin) has finite
stabilizers, the latter fact implies that the vertical map on the left is a weak
equivalence. This concludes the proof. �
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