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We provide a framework connecting several well-known theories related to the linearity
of graded modules over graded algebras. In the first part, we pay a particular attention
to the tensor products of graded bimodules over graded algebras. Finally, we provide
a tool to evaluate the possible degrees of a module appearing in a graded projective
resolution once the generating degrees for the first term of some particular projective
resolution are known.
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1. Introduction

Koszul algebras were introduced by Priddy in [13]. We will apply the notion of a
Koszul algebra for algebras presented by quivers with relations. It can be stated as
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follows. Suppose that k is a field, @ is a finite quiver, I is a homogeneous ideal of
the path algebra k@ and A = k@ /I. The algebra A is called Koszul if the maximal
semisimple graded quotient Ay of A has a graded A-projective resolution (P, ds)
such that for all ¢ > 0, the A-module P; is generated in degree 7. Such a resolution
is called a linear resolution and it is minimal whenever it exists, in the sense that
di(Pi+1) C PiA>0 for all i > 0.

Green and Martinez-Villa proved in [I0] that the quadratic algebra A is Koszul if
and only if its Yoneda algebra, F(A) = @), Ext’y(Ag, Ap) is generated in degrees
0 and 1, which in turn is equivalent to the Yoneda algebra being isomorphic to the
quadratic dual A' of A.

Koszulness has been generalized to various settings. Next, we describe some of
these generalizations.

Berger introduced in [3] the notion of “nonquadratic Koszul algebra” for algebras
of the form A = TxV/I, where V is a finite-dimensional k-vector space and I is
a two-sided ideal generated in degree s, for some s > 2. He required the trivial
A-module k to have a minimal graded projective resolution (P,, de) such that each
P; is generated in degree % for ¢ even and % + 1 for 7 odd.

The authors of [9] considered, under the name of s-Koszul algebras, non-
necessarily quadratic Koszul algebras of the form A = k@ /I, with @ a finite quiver
and I an ideal generated by homogeneous elements of degree s, connecting this
notion with the Yoneda algebra: the algebra A is s-Koszul if and only if E(A) is
generated in degrees 0, 1 and 2. Observe that 2-Koszul algebras are just Koszul
algebras.

Later on, Green and Marcos generalized this notion defining J-Koszul and -
determined algebras. See [[7] for details.

Moreover, Green and Marcos also introduced in [§] a family of algebras that they
called 2-s-Koszul. They proved that these algebras also have the property that their
Yoneda algebras are generated in degrees 0, 1, and 2.

The main objective of the current work is to place all these definitions in a
unique framework. We next sketch how we will do this.

Let A = ,-, A: be a graded k-algebra generated in degrees 0 and 1, such that
Ay is a finite direct product of fields and A; is finite-dimensional. Given a graded
A-module X, we consider a minimal graded projective resolution (Pe(X),de(X))
and we take into account in which degrees P;(X) is generated for each ¢ > 0. We
are specially interested in what we call S-determined case.

In Sec. B] we prove that, given graded k-algebras A, B and C, a graded A — B
bimodule X and a graded B — C' bimodule Y, if X has a linear minimal A —
B-projective graded resolution, Y has a linear minimal B — C-projective graded
resolution, and Tor?(X,Y) vanishes for 7 > 1, then X @3 Y has a linear minimal
A — C-projective graded resolution. This is a particular case of Theorem [2] below.
Note that this theorem shows that any graded bimodule over a Koszul algebra which
is linear as a right module and flat as a left module is also linear as a bimodule and
the tensor product with such a module gives a functor from the category of linear
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graded modules to the category of linear graded modules. Moreover, it recovers and
generalizes the fact that the tensor product of two Koszul algebras is Koszul. The
same holds for the S-determined (see Definition [I).

Section Blis devoted to Grobner bases. Loosely speaking, we show how one can
use them to obtain generating degrees for the nth term of the minimal graded
projective resolution of a module if one knows the generating degrees for terms of
its projective presentation of a special form.

We fix a field k. All algebras will be k-algebras and all modules will be right
A-modules unless otherwise stated. We will simply write ® for ®x and Ny for the
set of non-negative integer numbers.

We thank the referee for the suggestions and for a careful reading of a previous
version of this paper.

2. Tensor Products of S-Determined Modules

In this section, we will prove Lemma [I], which is a graded version of the spectral
sequences (2) and (3) from [ p. 345].

Let A, B and C be k-algebras. Let X be an A— B-bimodule, Y a B—C-bimodule
and Z an A — C-bimodule. Given a € A, we will denote left multiplication by a
on X by L, € Endp(X). We recall that for each n € N, Ext(Y,Z) is an A — B
bimodule with the structure given by

aTb := (Ext®(Ly, Z) o Ext(Y, Lo))(T), for T € Ext®(Y, Z),a € A,b € B.

Suppose now that A is a Z-graded algebra and M is a graded A-module. Given
i € Z, M[i] will denote the i-shifted graded A-module with underlying A-module
structure as before, whose grading is such that M[i], = M;;,. For any graded
A-module N and any n € N, we will denote by Homg, 4(M, N) the set of degree
preserving A-module maps from M to N and by Exté, 4(M, N) the set of equiva-
lence classes of exact sequences of graded A-modules with degree zero morphisms

fn—l fn—2

0— N T, . N RN

Let us consider as usual ext’y (M, N) := @, Extg,. 4 (M, NJi]), which is a subset
of Exty (M, N) in a natural way. Moreover, if M has an A-projective resolution
with finitely generated modules, then both sets coincide.

Suppose now that A, B and C' are Z-graded algebras, and that the bimodules
X,Y and Z are graded. For each n > 0, the A— B-bimodule structure on Ext& (Y, Z)
induces a graded A — B-bimodule structure on extg (Y, Z) whose ith component
is Extg,. (Y, Z[i]). Note also that ext{ (Y, Z[i]) = extg (Y, Z)[i] as graded A — B-
bimodule, moreover for any n > 0, Tor?(X,Y) is a graded A — C-bimodule in a
natural way.

The main tool of this section is the following lemma.

Lemma 1. Let A, B and C be Z-graded algebras, X a graded A — B-bimodule,
Y a graded B — C-bimodule, and Z a graded A — C-bimodule. There are two first
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quadrant cohomological spectral sequences with second pages
By = Exty,amgp)(X,exth(Y,Z))  and  Ey? = Extiy, poge)(Tor? (X,Y), 2)

that converge to the same graded space.

Proof. Let
dpn (X) dp—1(X) do(X)
- —_ e

Pa(X) Py(X) (> X)

be a graded A — B-projective resolution of X and

dO(Z) dn—l(Z) dn(Z)

(Z 5)1°(2) 1"(2)

be a graded A — C-injective resolution of Z. Consider two bicomplexes whose (i, j)-
components are respectively

Homg, (4orep) (Pi(X), home (Y, I (Z)))
and
Homg,(aorgc)(Pj(X) ®@p Y, I'(Z)).
Since there is an isomorphism of complexes
Fo = Homg,(aorgo) (Pe(X) ®@p Y, 1°(Z))
= Homg,(aorgp) (Pe(X), home (Y, I°(2))),

the respective total complexes are isomorphic. Here, as usually, for two complexes
of graded modules (Us,dye) and (V*,d"®) over the algebra D, we denote by
Homg,p(Us, V*®) the complex with (Homg,p(Us,V*®))n = @,cz Homa,p(Ui—n,
V=) and differential d, defined by the equality d,,(f) = d"" = f + (=1)" fdy,i—n for
f € HomGrD(Uifna Vﬁi)~
The first two pages of the spectral sequence E corresponding to the first bicom-

plex are

Ey? = Homg,amrep) (Pi(X), extl (Y, Z))  and

By = Extly,  gorep) (X, extL (Y, 2)),

while the first two pages of the spectral sequence E corresponding to the second
bicomplex are

By = Homg,(awec)(Torf (X, Y), I'(Z))  and
B = Bty (Tr(X,1), 2).

Since both spectral sequences converge to the homology of F,, the lemma is
proved. O

From now on, any Z-graded algebra A is assumed to be non-negatively graded,
that is A = @,., Ai, where Ay is isomorphic to a finite product of copies of k as
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an algebra, dimy A; < oo, and A is generated as an algebra by Ay & A;. This is
equivalent to say that A = (kQ)/I, where @ is a finite quiver and I is an ideal
generated by homogeneous elements of degree greater or equal 2.

Definition 1. Let S = (S;)i>0 be a collection of subsets S; C Z. A graded A-
module X is called S-determined if it has a graded projective resolution P, (X)
such that P;(X) is generated as A-module by elements of degrees belonging to S;,
ie. Pi(X) = (Bjcs, Pi(X)j)a for all i > 0. We say that X is S-determined up to
degree r if the condition on P;(X) holds for 0 <i <.

If the set S; = {i}, i.e. each P;(X) is generated in degree i, then we say that the
resolution is linear.

Equivalently, a graded A-module X is S-determined if and only if for any i > 0
and any graded A-module Y with support not intersecting S; — that is, Gajesi Y; =
0 — the space Exti, 4(X,Y) is zero. Analogously, the graded A-module X is S-
determined up to degree r if and only if the last mentioned condition holds for
0<i<r.

The notion of an S-determined module provides a general framework for
some well-known situations. We will now exhibit some well-known examples of
S-determined modules.

e Consider a function ¢ : Z>9 — Z, and define S; = {§(¢)} for all ¢ > 0, the
S-determined modules are called §-determined modules. If Ag is a d-determined
module over A, then the graded algebra A is called d-determined.

e With the same notations, if moreover the Ext algebra, F(A), of A is finitely
generated, then A is called §-Koszul, see [7]. In particular, if ¢ is the identity,
then §-determined modules are called linear modules and §-Koszul algebras are
exactly Koszul algebras [13].

e Also, given s € N, let us define x, : Ng — Z by

s e
— if 7 is even,

2

@4—1 if 7 is odd.

Xs(i) =

The xs-linear modules are called ys-determined modules and ys-Koszul algebras
are s-Koszul algebras, see [3]. Denoting by S; the set {j |7 < xs(¢)}, S-determined
modules correspond to 2-s-linear modules. If moreover Ay is a 2-s-determined
module over A, then the graded algebra A is called 2-s-determined, see [8].

Using minimal graded projective resolutions, it is not difficult to see that the
A-module Ay is S-determined if and only if A is an S-determined module over
A% @ A. This fact follows, for example, from [I4] Theorem 2].
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Given two collections S = (S;)i>0 and R = (R;)i>0 of subsets of Z we define
the collection S® R = ((S®R)i),., by

SeRi= |J {n+mlneS;meRi}.
jtk=i
Ji k=0
Lemma [I allows us to prove the following theorem, which generalizes some
well known results about Koszul algebras and Koszul modules concerning tensor
products.

Theorem 2. Let S = (S;)i>0 and R = (Ri)i>0 be two collections of subsets of Z.
Let A, B and C be Z-graded algebras, and finally let X be a graded A — B-bimodule
which is S-determined as bimodule and Y be a graded B — C'-bimodule which is R-
determined as C-module. If TorlB(X,Y) =0for1<i<r—1,then X®pY isan
S ®@R-determined until rth degree A— C-bimodule. In particular, if Torf (X, Y)=0
for alli > 1, then X @Y is an S ® R-determined A — C-bimodule.

Proof. Let us fix n and r such that 0 < n < r. For any graded A — C-bimodule Z
such that €B,,¢sgr), Zm = 0, we will prove that Extg, 4orgey(X ®pY,2) = 0.

By Lemma [T] there are spectral sequences

E}; = Bxtl, qorgp) (X, extL (Y, Z)) and  E?; = Extl, aorge)(Torf (X,Y), 2)

3

that converge to the same graded space T,. It follows easily from the condi-
tion on Tor?(X,Y) that T, = Ext{, aogey(X @5 Y,Z) if n < r and that
T, = Ext,(aoreey (X @Y, Z) @V for some V C Homg,(acrgcy(Tory (X,Y), Z).

Thus, it is enough to prove that Ef] = 0 for all integers 7,5 > 0 such that
1+ j = n. Let us fix such i and j. If £ € S;, then for any [ € R; it is clear that
k+1e(S®R), and so Z[k]; = Zx+; = 0. Since Y is an R-determined C-module,
we know that exté(Y, 2 = Extjérc(Y, Z[k]) = 0 for any k € S;; from this, since X
is an S-determined A°? ® B-module, Ef] = ExtiGT(Ao;@B)(X7 extjc(Y, Z)) =0. We
have proven that for any 0 < n < r and any graded A — C-bimodule Z such that
D..csar), Zm = 0 one has Ext¢, qorg0) (X ®@pY, Z) = 0. Consequently, X @Y
is an S ® R-determined until rth degree A — C-bimodule. |

Example 1. Let A be the k-algebra with generators x and y subject to the relations
ry=yz =0and 23 = ¢>. Let X = A/(z) and Y = A/(y). Note that X is a graded
A-module and Y is a graded A-bimodule in a natural way. We will show that the
conclusion of Theorem [ about the tensor product X ® 4 Y of k-A-bimodule X
and A-A-bimodule Y does not hold. One can easily see that there are short exact
sequences

Y[1]—A—>X

and

X[1]— A=Y
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of graded right A-modules. It follows from these two short exact sequences that X
and Y are linear as right A-modules. On the other hand, X ® 4 Y = A/(z,y) is the
unique simple A-module whose minimal projective resolution P, is not linear at Ps.
This example shows that Theorem [2 is not valid without the vanishing condition
on Tor?(X,Y).

Corollary 2. Let X be a graded A — B-bimodule. If Ay is an S-determined right
A-module and X is an R-determined B-module, then X is an S ® R-determined
A — B-bimodule. In particular, if A is 2-s-determined and X is a 2-s-determined
B-module, then X is a 2-s-determined A — B-bimodule. When s = 2 we obtain that
if A is Koszul and X is a linear B-module, then X is a linear A — B-bimodule.

Proof. Since Ay is an S-determined right A-module, A is an S-determined module
over A°’? @ A. Since A is flat as a right A-module, the result follows from Theorem [2]
since A®4 X = X. O

It was proved in [2, [10] that if A and B are Koszul algebras, then A ® B is a
Koszul algebra too. In the next corollary, we give a very short and easy proof of a
generalization of this fact. Note that this generalization follows from [12, Chap. 3,
Proposition 1.1] for algebras A, B such that Ay = By = k.

Corollary 3. If X is an S-determined A-module and Y is an R-determined B-
module, then X @Y is an S ® R-determined module over A ® B. In particular, if
A and B are 2-s-determined, then A ® B is 2-s-determined. It also follows that if
A and B are Koszul, then A ® B is Koszul.

Proof. It follows from Theorem [ since any k-module is flat. The second part
follows from the fact that (A ® B)y = Ap ® By. O

It is interesting to mention also the following special case of Theorem

Corollary 4. Let X be a graded A — B-bimodule that is flat as a left A-module.
If X is 2-s-determined as B-module, then the functor — @4 X : ModA — ModB
induces a functor from the category of 2-s-determined A-modules to the category of
2-s-determined B-modules. In particular, if X is a linear B-module, then — @4 X
induces a functor from the category of linear A-modules to the category of linear
B-modules.

3. Using Grobner Bases

In this section, we will use Grobner bases techniques to study graded projective
resolutions of a graded module X over an algebra A = k@ /I, where @ is a finite
quiver and I is a homogeneous ideal contained in (kQs)2. Our aim is to estimate
the degrees of the modules appearing in the minimal projective resolution of X
using Grobner basis of I and a particular graded projective presentation of X.
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We fix a set of paths S C ()>2. Next, we introduce some notation. Given two
paths p and ¢ in @, we write p|q if there are paths v and v in Q — possibly of
length 0 — such that ¢ = upv. If ¢ = pv (respectively, ¢ = up) we say that p divides
q on the left (respectively, right) and we write p|;q (respectively, p|.q). We say that
S is reduced if for any ¢ € S, there is no p € S, p # ¢ such that p|q. Let us write
len(q) =nif ¢ € Q..

We next define, for n € N, the notion of n-overlap for S. These elements will
provide a minimal set of generators for each projective module of the minimal
projective resolution of Ay as A-module. Note that n-overlaps are called n-chains
by Anick in [I] and n-ambiguities by Chouhy and Solotar in [5].

Given a quiver ) we also denote by @ the set of paths in @, the context makes
it clear what we mean.

Definition 3. Let @) be a quiver and S C )>2 is a set of paths. We say that p €
is an S-path if there exists s € S such that s|,.p. We denote by Qg the set of S-paths
in Q. Suppose that p = qu for some u,q € Q. We say that g S-vanishes p if there
is no s € S dividing u. We say that q almost S-vanishes p if ¢ does not S-vanish
p and, for any presentation u = ujue with us € <o, ¢ S-vanishes qui. We write
qlsp if ¢ S-vanishes p and ¢|%p if ¢ almost S-vanishes p (note that the relations |g
and | are not transitive). If ¢|%p, then we automatically have p € Q.

We next define the set of n-overlaps O,,(S) C @Q and the set of n-quasioverlaps
RO, (S) C Q x Q¢ inductively on n.

e For n=0, we define Oy(S) = Q1 and QOy(S) ={(w,v) |w € Qo,v € Q0,vw =0}.
e For n =1, we define O1(S) = S and QO1(S) = {(w,v) |w,v € Q=p,vw € S}.
e For n > 1, we define

O,(S) ={w]|Fws € Onp—1(5),ws € O,_2(S) such that wi|sw, wa|gw}
and

Q0. (S) = {(w,v) | T (w1,v) € QOp_1(9), (w2,v) € QO,_2(S) such that

w1 |sw, wa|gw}.

Lemma 5. Suppose that S is reduced and n > 1. If w € O,(S), then there is a
unique w' such that w'|jw and w' € On_1(S). If (w,v) € QO,(S), then there is a
unique w' such that w'jjw and (w',v) € QOpH_1(S).

Proof. We will only prove the assertion about n-overlaps since the proof for n-
quasioverlaps is similar. The existence of w’ is a direct consequence of the defini-
tion of an m-overlap. Thus we only need to prove the uniqueness. We proceed by
induction on n. For n = 1, the assertion is obvious. For n = 2, the assertion follows
directly from the fact that S is reduced. Suppose now that n > 2 and we have
already proven the statement for n —1 and n — 2. Suppose that there are two differ-
ent paths w’, w” € 0,_1(S) such that w'|;w and w” |;w. Without loss of generality,
we may assume that w” = w'u for some u € @Q~o. By the definition of O,,_1(S5),
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there exist w] € O,_2(S) and why € O,_3(S) such that wi|sw’ and wh|%w’. The
inductive hypothesis assures that w] and w} are unique elements of O,,_2(S) and
O,,—3(9), respectively such that wh|;w} [;w”. Then w)|$w”. Since u € Qo, we have
wh|sw’. Since this is a contradiction, the proof is complete. O

Given w € O,(S), and i such that 0 < i < n, p;(w) will denote the unique
element of O;(S) that divides w on the left. Analogously, for (w,v) € QO,(S),
0 <i <mn, p?(w) will denote the unique element such that (p}(w),v) € QO;(5)
and p?(w)|;w. The next two lemmas give alternative definitions for n-overlaps and
n-quasioverlaps.

Lemma 6. Consider a reduced set of paths S and an integer n such that n > 1.
Given a path w € Q, w € O, (S) if and only if it can be represented in the form
W = VoULVIUD * * * Uy —1Vp—1UpUp, WHheTe U, ... Uy € Q, V1,...,Un_1 € Q=0, and
v, Up, € Qo are such that

(1) viciuv; € S for 1 <i<mn,

(2) forall1 <i < n-—1, there are no u,v € Q¢ such that vv;ju € S, uljuir1v11
and v|,u;,

(3) len(uy) >0 ifn < 2.

Proof. Suppose that w € O,(5). Given i, 1 <1i < n, there exists a unique w; € S
such that w;|,p;(w). It follows from the definition of O;(S) that, for 2 < i < n, there
exist v;_1, u; € Qo such that p;(w) = p;—1(w)u, and w; = v;_ju;. We also define
u} = p1(w). Using again the definition of i-overlap, we get v;|,u} for 1 <i <n—1.
It remains to define u; from the equality u; = w;v; for 1 <i <n —1 and u,, = ul,.
It is clear that vy and v,, are simply the ending and the starting vertices of w.

Now, if uy,...,un € Q, v1,...,0p—1 € Qsq, and vg,v, € Qo satisfy all the
required conditions, then the induction on 1 < ¢ < n shows that ujvy ---uv; €

Lemma 7. Let S be a reduced set of paths and let n be an integer, n > 1. Given
paths w € Q and vy € Qsq, the element (w,vy) € QO,(S) if and only if w can
be represented in the form w = uivius -+ Up_1Vp_1UpVy, where uy, ..., uy, € Q,
V1y. .y Un_1 € Q>0, and v, € Qo are such that

(1) viciuv; € S for 1 <i<mn,

(2) forall1 <i <n-—1, there are no u,v € Q¢ such that vv;u € S, uljuir1v11
and v|,u;,

(3) len(uy) >0 ifn=1.

Proof. The proof is analogous to the proof of Lemma [l and so it is left to the
reader. |

Example 2. Let @ be the quiver with Qo = {e} and Q; = {z,y}. Fix S =
{x?y3, x3}. The element (wq, vo) = (zrryyy, T2) is a 3-quasioverlap with ps° (wo) =
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zxz and p]°(wp) = x. The elements u; = e, v1 = uz = v2 = &, and uz = yyy provide
the partition of Lemma [[] At the same time, the element w = vowy = xxxrTyyYy
is a 3-overlap with ps(w) = zzzxx and pi(w) = xzx € S. In this case, the paths
uy = I, v] = TT, Uz = e, vy = x, and uz = ryyy provide the partition of Lemma [@.
Note that, though vowy is a 3-overlap, we have pa(vowp) # vops° (wo) and this fact
causes differences in the partitions of vowg and (wq,vo).

Example 3. Let us take Q as in the previous example and S = {2, zy?}. Consider
(wo, vg) = (zzayy, zx). It is a 3-quasioverlap with p5° (wo) = zax and pi° (wo) = .
The elements w1 = e, v1 = ug = vo = x, and ug = yy provide the partition of
Lemma [l At the same time, vowy = zaxxzryy ¢ O3(S) while w = xzrryy is a
3-overlap with ps(w) = xzzx and p;(w) = zaxx € S. The paths uy = z, v1 = zx,
uy = e, vo = x, and ug = yy provide the partition of Lemmal6. This example shows
that it is possible that (wp,v) € QO,(S) while vowy & O, (5).

Let us introduce the following notation. Given n € N,

By definition, we set mino, (S) = +o00 and maxo,(S) = —oc if O, (S) is empty
and mingo,, (S) = +o00 and maxqo, (S) = —oc if QO,,(S) is empty. Note that under
this convention, we have mino,,(S) > n+1 and maxo, (S) < len(S)n —n+1, where
len(S) denotes the maximal length of the paths in S.

Now, we are going to prove a theorem that allows to estimate the values of
maxoy, (S) and mino,, (S) using maxqo, (S) and mingo, (S).

Theorem 8. Given n > 0, for any reduced set S, we have

e maxqo,(S) < maxo,(S) — 1,
e mingo,(S) > mino,(S) — len(S) + 1.

Proof. The result is obvious for n = 0. For n > 1, we are going to prove the
following assertion. If (w,v) is an n-quasioverlap, then there is v' € @~ such that
v'|v and v'w is an n-overlap. Since it follows easily from the definition of 1-overlap
that len(v) < len(S), we have

len(v'w) — len(S) + 1 < len(w) + len(v) — len(S) + 1 < len(w) < len(v'w) — 1

for such v’. Thus, after proving the existence of v’, we will be done.

More precisely, we will prove the following statement by induction on n. If
(w,v) € QO,(S), then there exists v/ € Q¢ such that v'|.v, vw € O,(9),
v p¥(w)|1pi(v'w) for odd i, and p;(v'w)|v p? (w) for even i.
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For n = 1, we define v/ = v.

Let us now consider the case n = 2. If vw cannot be presented in the form
vw = u'su with u,u’ € Qg and s € S, then we can take v = v and obtain the 2-
overlap wuv satisfying all the required conditions. Suppose that it is possible to write
vw = u'su with u,u’ € Q<o and s € S. Choose such a presentation with minimal
len(u). It follows from the definition of 2-quasioverlap that len(u') < len(v), i.e.
there is v' € Q<o such that v = v/v’. It is easy to see that v'w is a 2-overlap with
p1(v'w) = s satisfying all the required conditions.

Let us now prove the inductive step. Suppose that the assertion above is true
for all (n — 1)-quasioverlaps. We will prove it for n by induction on len(v). Since
the assertion is obvious for any (w,v) € QO,(S) with len(v) = 1, we may assume
that, when we try to prove the assertion for some n-quasioverlap, we have already
proved it for all n-quasioverlaps with length smaller than len(v).

Let us consider (w,v) € QO,(S) and denote by w’ the path p¥_;(w). Since
(w',v) € QOy,—1(S), we can apply the induction hypothesis. Thus, there exists v €
Q>0 such that 9],v, vw' € Op,—1(S), p¥ (W')]1p;(Dw") for odd i, and p; (w’)|;0p7 (w')
for even i. Note also that p}(w’) = py(w) for 0 < i < n — 1. Let us consider three
cases:

Case 1: p,_o(0w)|%0w. In this case, we can simply define v' = 0. It is easy to
see that v'w is an m-overlap with p,_1(v'w) = v'w’ satisfying all the required
conditions.

Case 2: p,, _2(vw')|s0w. In this case, 0p. _o(w)|1pn—2(0w), 9p% _o(w) # pp_o(vw'),
and, hence, 2 { n.
Suppose that i is odd and p;(0w’)|s?py, o (w). Since

pi(0W)ipit1 (W), pir (Dw)10pf 44 (W),

0pir (W)[10p7 1o (w), and pi(0w') # piga (tw'),

we know that p;(0w') # 0pj, o (w).

Also, 9p} (w)|&0py, o (w) implies 0p} (w)|spi(0w’) and vp} (w) # pi(dw’). Thus,
it follows from p;_o(0w’)|%p; (Dw’) that p;—2(0w’)|s0py (w).

Now, the descending induction on i gives us p;(0w’)|s0pj, o(w) and
0pY(w)|gpi(dw’) for all odd @ such that 1 < ¢ < n — 2. As before, we have
0pY(w) # p1(vw’). Consequently, 0 # v and there is vg € Qs such that v = vy0.
Then (dw,vy) € QO,—1(S) and len(vg) < len(v). Thus, we have vj such that
voow € O, (S) satisfies all required conditions. It is easy to check that we can take
v = v{v in this case.

Case 3: There is a presentation dw = p,_o(0w)u'su with u € Qo, ' € Q
and s € S. Let us choose such a presentation with minimal len(u’). Since
Pr—2(0W")]10p% _5(w) and pn_2(0w’) # Upl_,(w), n must be even.
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It follows from the minimality of «' that p,_2(w’)|%pn—2(0w')u's. Since
Pr—2(0W")|stw’, we know that vw'|;p,—2(0w')u’'s and, hence, p,—o (0w’ )u's|svw.
Since 0p?,_o(w)|$ow, we have also 0pf, _o(w)|spn—2(0w')u's.

For even 2 < i < n — 2, we have vp!_(w)|ipi—1(0w")|1p;(0w’)|10pY (w) and
0pl_q(w)|s0p¥ (w). Thus, p;(0w’)|svpY (w) for such i. Suppose that p;(Tw')|s0p} (w)
and p;(0w’) # 0pY(w) for some 2 < i < n — 2. Since VpY_,(w)|4vp} (w), we have
0py_o(w)|spi(vw’). Moreover, p;_o(0w')|%p;(0w’) implies p;—o(Dw’) # 0p}_o(w).

Thus, the descending induction on ¢ gives us p;(0w)|stp!(w) and
0pY_o(w)|spi(tw') for even i, 2 < i < n — 2. In particular, we get 9]gp2(dw’).
On the other hand, there is » € S such that 7|p2(0w’) and r # po(dw'). As
a consequence, pa(tw’) = vjr and ¥ = vjvy for some vy, v € Q¢. In particu-
lar, len(vg) < len(v). It follows from our arguments that (w,vy) € QO,(S) with
vorel (W) = pr—2(dw’)u’s. We thus have got v’ such that v'w € 0,,(S) satisfies all
required conditions. O

Corollary 9. For any reduced set of paths S,
maxop +m (S) < maxo, (S) + maxo,,(S) — 1
and

minoy4y, (S) > mino, (S) + mino,, (5) — len(S) + 1.

Proof. The proof follows from Theorem [8land the fact that any w € O, 1, (S) can
be represented in the form w = w'w” with v’ € O,(S) and w” € QO,,(95). |

From now on, we fix an admissible order > on the set of paths in @, [6]. More pre-
cisely, this means that there is a well order > such that for any paths p, ¢, u,v € @,

e if p > ¢, then upv > uqu if the products are paths.
e p=qifqlp.

Given a linear space V, its basis B, and x € V, we call the sum 2111 a;b; a
reduced expression of x as a linear combination of the elements of B if a; € k*,
bjeBfor1<i<m,b;#bjforl1<i<j<m,andz=> " ab.

For z € k@, tip(z) is the maximal path of @, with respect to the order >,
appearing in the reduced expression of x as a linear combination of paths. A subset
G C [ is called a Grébner basis of I if for any x € I, there exists ¢ € G such that
tip(g) | tip(z).

From now on, we fix A = kQ/I, where I is an ideal of k@ that has a finite
Grobner basis G.

We will use the notation of Green and Solberg in [T1]. Let X be a graded A-
module and let Py(X) 25 X be its minimal graded projective cover. Suppose also
that X is finitely presented. The projective module Py(X) can be presented in the

form Py(X) = @,cq, fi A, where T is a finite set and, for any 7 € Tp there exist

1850191-12



Generating degrees for graded projective resolutions

e; € Qu, m; € Z, and an isomorphism of graded modules inA = ¢, A[m;] that sends
1P to e;.

Consider the graded space Vx = @ieTO PkQ. The set whose elements are of
the form f2p, where i € Ty and p is a path ending in e;, is a basis of Vy, we denote
this set by Bx and introduce the following well order on it. We set f'p > fjoq if
either p > q or p = ¢ and i > j. We say that f p divides fjoq on the right if i = j
and p|,q. For = € Vx, we write tip(z) for the maximal element of Bx, with respect
to the order >, appearing in the reduced expression of z as a linear combination
of elements of Bx. The set x1,...,x; of nonzero elements of Vx is called right tip
reduced if tip(x;) does not divide tip(z;) on the right for any 1 <i,j <1, i # j.

By [II} Proposition 5.1], there are finite sets 71 and 77, elements h} € Vy
(i € Ty), and elements k! € Vx (i € T}]) such that

(1) any element h in the kernel of the composition Vy — Po(X) X5 X can be
uniquely represented in the form h =3, ;. fi + ZieT{ f!, where f; € h1kQ
and f! € hl'kQ,

(2) for any element h € {hl};er, U {h!'}ier;, there exists e, € Qp such that
heh = h7

(3) hi' € @;eq, hOI for any i € T},

(4) the set {hl}ier, U {h%/}ieT{ is right tip reduced.

Moreover, it is clear that all the elements in the set {h}}ier, U {h}/}ieT{ can be
chosen homogeneous. Let us define P (X) = Dicr, LA, where, for any i € T}
there exists an isomorphism of graded modules f}A = ;1 A[—deg(h})] that sends
f! to ep1. Here deg(h}) denotes the degree of h;j. Note that the order in the basis of
Vy induces an order on the set { f!};er,. In this way, we obtain a graded projective
presentation

Pr(x) 2, pox) 2 x

of X, where do(X) sends f} to the class of h} in Py(X) for any i € Ty. Let also

dn(X) dy—1(X) do(X)

Po(X) Py(X) (> X)

be the minimal graded A-projective resolution of X.

As before, given a graded A-module M, we will denote by M; its jth homo-
geneous component. The next theorem will be crucial for us. It allows to estimate
the degrees of the generators of the terms of the resolution constructed using the
algorithm from [TT].

Theorem 10. Let us fix the notation as above. If k and [ are the minimal and the
mazximal degrees of f}, i € Ty, then, for any

l+maxqo, (tip(G))
n>1, Pn(X): @ Pn(X)j A.
j=k-+mingo, (tip(G))
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Proof. The algorithm described in Sec. 3] gives a graded projective resolution
2 B () Po(X)(*5 X),

of X. Due to this algorithm P,(X) can be presented in the form P,(X) =
@Bicr, /A and d,_1(X) sends f' to h' € @,cp, | [I' A, where all these cle-
ments satisty the following property. If tip(h?') = fj"_lp, then tip(h?‘l)p € Qg and
if q|ltip(h?_1)p7 q# tip(h;‘_l)p, then ¢ is not S-path.

For i € T,,, let us introduce p; € Q and t(i) € T,,—1 by the equality tip(hl') =
ft?;)lpi. It is possible to prove inductively on n that (w,v) € QO,(S) for w =

dn-1(X) o do(X)

Pin—2(i) - - - Pe(iyPi and some v € Q¢ such that v|rtip(h7}n_1(i)). Consequently, the
required statement follows from the equality
n—2

deg(f]") = deg(ftlnfl(i)) + Z len(pym (i) = deg(ftlnfl(i)) + len(w).

m=0

O

In other words, for any n > 1, we are able to deduce the possible degrees of
the generators of P, (X) from those of the generators of P;(X) and the lengths of
n-quasioverlaps for tip(G).

We obtain two corollaries.

Corollary 11. Let A = kQ/I, X be a graded finitely presented A-module and let
G be a homogeneous Grobner basis for I such that tip(G) is reduced. Let Po(X) be
a minimal graded A-projective resolution of the graded A-module X and P;(X) be
as above. If k and | are the minimal and the mazimal degrees of f}, i € Ty, then,
for any
l+maxoy, (tip(G))—1
n>1, PuX)= 5! P.(X); | A.
j=k+mino, (tip(G))—len(tip(G))+1

Proof. It follows directly from Theorems R and [0 |

Corollary 12. Let A = kQ/I where I has a homogeneous Gréobner basis G such
that len(tip(G)) < s and maxoz(tip(G)) < s+ 1. If additionally mino; (tip(G)) = s,
then the algebra A is s-Koszul.

Proof. It follows from Corollaries[ and [since P1(Ao) = @ ¢, €aA[—1], where
€, 1s the starting vertex of the arrow a.. More precisely, we get by induction on ¢ > 3
that

maxo; (tip(G)) < maxo;—o(tip(G)) + maxoq (tip(G)) — 1 < xs(1 — 2) + s = x5(1).

If additionally mino; (tip(G)) = s, then all the elements of tip(G) have length
s. Then we get that P»(Ag) is generated in degree s + 1 and that if the minimal
generating degree for P;(Ag) is m, then the minimal generating degree for P;4(Ao)
is not less than m + s. Then we get by induction that P;(Ag) is generated in degree

Xs(i)' Oa
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