Eur. Phys. J. Plus (2018) 133: 508 THE EUROPEAN
DOI 10.1140/epjp/i2018-12336-y PHYSICAL JOURNAL PLUS

Regular Article

Gravitons emission during pre-inflation from unified spinor fields

Luis Santiago Ridao®?, Marcos R.A. Arcodfa?'?, and Mauricio Bellini!»?¢

! Departamento de Fisica, Facultad de Ciencias Exactas y Naturales, Universidad Nacional de Mar del Plata, Funes 3350,
C.P. 7600, Mar del Plata, Argentina

2 Instituto de Investigaciones Fisicas de Mar del Plata (IFIMAR), Consejo Nacional de Investigaciones Cientificas y Técnicas
(CONICET), Mar del Plata, Argentina

Received: 26 February 2018 / Revised: 5 October 2018
Published online: 11 December 2018
© Societa Italiana di Fisica / Springer-Verlag GmbH Germany, part of Springer Nature, 2018

Abstract. We obtain the equation that describe the conditions of quantization for neutral massless bosons
on an arbitrary curved space-time, obtained using a particular theoretical formalism developed in a previous
work (ML.R.A. Arcodfa and M. Bellini, arXiv:1703.01355). In particular, we study the emission of neutral
massless spin-(1,2)A bosons during pre-inflation using the recently introduced unified spinor field theory.
We conclude that during pre-inflation (which is governed by vacuum equation of state), gravitational
radiation is emitted, which could be detected in the future, as primordial gravitational radiation.

1 Introduction

It is well known that Heisenberg suggested unified quantum field theory of a fundamental spinor field describing all
matter fields in their interactions [1,2]. In his theory the masses and interactions of particles are a consequence of
a self-interaction term of the elementary spinor field. The fact that manifolds with no-Euclidean geometry can help
uncover new features of quantum matter makes it desirable to create manifolds of controllable shape and to develop
the capability to add in synthetic gauge fields [3].

On the other hand, in a previous work we have developed construct a pure geometric spinor field theory on
an arbitrary curved background, which is considered a Riemannian manifold. In the theory the spinor field U s
responsible for the displacement of the extended Weylian manifold [4] with respect to the Riemannian background
and the covariant derivative of the metric tensor in the Riemannian background manifold is null'. However, the Weylian
covariant derivative on the extended Weylian manifold?, is nonzero: gaﬁ Iy # 0. In this formalism they are considered
the couplings of the spinor fields with the background and their self-interactions in a generic manner. The theory is
worked in 8 dimensions, 4 of them related to the space-time coordinates (z*), and the other 4 related to the inner
space (¢*), described by compact coordinates. The former have the spin components as canonical momentums: (s,,).

This paper is organized as follows: In sect. 2 we have described the space-time structure from a quantum approach
to recover a line element on a background Riemannian manifold. In sect. 3 we have exposed the spinor field formalism
for bosons and the dynamic equations. In sect. 4 we have studied the particular case of the neutral bosons on arbitrary
curved backgrounds. In sect. 5 we studied the example of neutral massless bosons in the pre-inflationary epoch. In
particular, we consider the emission of massless spinor fields with spins s = i and s = 2A. Finally, in sect. 6 we develop
some final comments.
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2 Einstein-Hilbert action and quantum structure of space-time

If we deal with an orthogonal basis, the curvature tensor will be written in terms of the connections R%; ;s = I"%; . —
% s+ 5%, — 5, I"%s. The Einstein-Hilbert (EH) action for an arbitrary matter Lagrangian density £

z:/d4x¢fg [iu], (1)

after variation, is given by

0L = /d4x\/—g [590‘5 (Gap + KTap) + gO‘B(SRag] , (2)

where k = 87G, G is the gravitational constant, g*?0R,5 = §O(x®), such that §O(x®) is an arbitrary scalar field,
and T, 3 is the energy-momentum tensor defined by

oL

When the flux 6©(x*) that cross the Gaussian-like hypersurface defined on an arbitrary region of the space-time, is
zero, the resulting equations that minimize the EH action, are the background Einstein equations: Gog + kTog = 0.
However, when this flux is nonzero, one obtains in the last term of eq. (2). This flux becomes zero when there are
no sources within this hypersurface. Hence, in order to make 6Z = 0 in eq. (2), we must consider the condition:
Gap + Twp = Agag, where A is the cosmological constant. On the other hand, we can make the transformation

Gap = Gap — Agap, (4)

where the scalar field 66 complies 066 = 0 [5,6], and the transformed Einstein equations with the equation of motion
for the transformed gravitational waves, hold

Gag = —HTag. (5)

Equation (5) give us the Einstein equations with cosmological constant included. Notice that the scalar field 660 (z®)
appears as a scalar flux of some 4-vector with components 6 W :

oW, , = 00(z?), (6)

lle

through the closed hypersurface M, which is situated in any region of space-time. Here, SW< = §I Eegﬁa —or ﬁo‘%qﬁ7
(see footnote®). In this work we shall use a recently introduced extended Weylian manifold [7] to describe quantum
geometric spinor fields ¥, where the connections are

rg = { ;‘7} P gs ®)

Here Y
0T, =0 gy, 9)

describes the quantum displacement of the extended Weylian manifold with respect to the classical Riemannian
background, which is described by the Levi-Civita symbols in (8), and the variation of the Ricci tensor is

6B = (0754 - (75, " (10)

where 5Al“ga =% gy,

% We define the covariant derivative of some vector field Y7: 7],
[Tﬁ] la Vo’ 4+ €610, (7)

where £ is the self-interaction constant, Vo2 is the covariant derivative on the Riemann manifold and 6I'2, is the displacement
of the manifold with respect to the Riemann one.
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2.1 Quantum structure of space-time

In order to describe the quantum structure of space-time we consider a the variation 6X* of the quantum operator
XH:

Sos v 1 ~a > v k(U
X%z ):(27‘_)3/2/d3k7 {kak(J? ) +bf Xj(2")|

where b; and by, are the creation and destruction operators of space-time, such that (B] [bg, b;,] |B) = 6@ (k — k) and
A% are 4 x 4-matrices that comply with the Clifford algebra. Moreover, we shall define in the analogous manner the
variation d®* of the quantum operator ®* that describes the quantum inner space:

o 1 o ~

B(0) = s | 03" [enbut0) + 306
where ¢l and ¢, are the creation and destruction operators of the inner space, such that (B| [c,, ci,] |B) = 03) (35— 4).
In our case the background quantum state can be represented in a ordinary Fock space in contrast with LQG [8,
9], where operators are qualitatively different from the standard quantization of gauge fields. These operators can be
applied to some background quantum state, and describes a Fock space on an arbitrary Riemannian curved space-time
|B), such that they comply with

6X"|B) =da*|B), 69" |B) = d¢"|B). (11)

The states |B) do not evolves with time because we shall consider the Heisenberg representation, in which only the oper-

ators evolve with time so that the background expectation value of the manifold displacement is null: (B] 5TZ,Y|B> = 0.
In order to describe the effective background space-time, we shall consider the line element

A?6pp = dz*dpp +dd*5pp = (B|6X 06X |B') + (B|60,68" |B'), (12)

where ¢“ are the four compact dimensions related to their canonical momentum components s that describe the spin.

The variations and differentials of the operators X*# and @ on the extended Weylian manifold, are given respectively
by

5X"|B) = (Xﬂ)” da®|B), 66" |B) = (é#)ﬂ do® | B, (13)
dX"|B) = (X“) de®|B),  dé*|B) = (éu) 46 | B), (14)
with covariant derivatives
(%) 1B = [V 46Xy - ) |B), (15)
(qﬁﬂ) 1B = [vﬁqﬁu G, — qﬁﬂ%} |B). (16)

2.2 Bi-vectorial structure of inner space

We shall consider the squared of the §d-norm on the bi-vectorial space, and the squared §X-norm on the vectorial
space, are

“—> ~ A~
6050 = (50,50, ) (75"), (17)
XX =X ,0X", (18)

such that ¢ = o~“ and Xe =g A% are, respectively, the components of the inner and coordinate spaces. Furthermore,
Y are the (4 x 4) Dirac matrices that generate the vectorial and bi-vectorial structure of the space-time:

5) = (B|; {8} 07 - } [08] 17,7 B)

= ¢ Luxa- (19)

<B ’XMX#‘ B> = $2 ]I4><4a
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The 4* matrices, comply with the Clifford algebra

_ I .2 —af~ -
= 31 (7/1) 6ﬂa6u7aﬁ7ya {’Y”v’yy} = 29" L4,
where I = 70919243, T4, 4 is the identity matrix, 3% = 1 [ ,77]. In this paper we shall consider the Weyl basis on

a Minkowsky space-time (in Cartesian coordinates): {7¢,7%} = 21l 54

0l 0 —o!
0 _ 1:
7_<H0>’ ’7 (0_10 )a

o2 = 0 —o? o= 0 —o?
a2 0 ’ a3 0 ’
such that the Pauli matrices are

01 0 —i 10
1 _ 2 __ 3 _
(i) = G) e Gh)

3 Spinor field

The expressions (6) and (8), give us

swh o

= 3w (20)
I-being the Weylian 4-length. The self-interacting effects do not necessary preserve the Riemannian flux of matter fields
along the Gaussian hypersurface, so that (W), = VadW® + &2 5WY,,. Notice that when the coupling constant is
zero: £ = 0, the Riemannian flux on the extended Weylian manifold is equal to the flux on the Riemannian one. The
flux equation can be rewritten using (20), so that
150
36
However, when we describe matter fields, the coupling £ is nonzero. In general, ¢ depends on the theory under study
(i.e. on the group representation of the spinor fields), and can be proportional to some physical property of the field
(mass, charge, etc). Spinors with € = 0, do not describe matter fields, but geometric fields.

V% 4 200, = (21)

~ >
In this framework, we can define respectively the slash and vector quantum fields U =U,A% U = W¥,5% The
4-vector components are ¥, = (31%7 where the flux of ¥*-field through the Gaussian hypersurface in eq. (21): é(xﬁ |p¥),
can be represented according to (12) as a Fourier expansion in the momentum-space:

O (1) = gy [ [ [ A BN AT o g SN AT,

We can define the spinor (complex) components v, (zﬁ|¢")

( ﬁ|¢u d4

d4 <—> [Askelﬁ'xe’iﬁ»@ _Bisezg-xegﬁp]

where (B|Ay B}, |B) = (CTP)25<4>(k — k) 5<4>(s — '), and
é
00"
where slyxyq = iggﬁﬁ. Here, ¢ is the speed of light, M, is the Planckian mass, i = h/(27), h-being the Planck
constant. Additionally, the squared bi-vectorial S-norm, is

~112 —> A A
I = (1518) = (8] 525 e
for 5'# = 5%,. In order to quantize the spin, we shall consider the universal invariant
> ~ A~
<B ‘(i b ‘ B> - <B ‘ (suqﬁy) (749") B> = s¢Lixa = (27nh) Lina, (24)

with n-integer. For this reason, gravitons (which have s = 2k), will be invariant under ¢ = n 7 rotations and vectorial
bosons (with s = &), will be invariant under ¢ = 2n7 rotations.

— N N N
(<§> @ ) = (2ga6]14><4 - ﬁaﬁﬁ) 5P = 284 —Ya 8 = Sa, (22)

B> = 52H4><4, (23)
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4 Dynamics of neutral bosons
Explicitly written, the dynamics of massless neutral vector bosons is given by [7]
= Vs (VO07) 2 (V) 07 - 2 (V07 ) e
— (Veur) i, 200 (V07 ) + (V) 0
— 200 (vﬁa) =2 [@ﬂ, ;f/a} ¥, (25)

such that in the case of bosons, we obtain

2

(B|[2u0e.0) 8¢ )] | B) = S5 il 159 (x =) 69 (8- ). (26)

where L, is the Planckian length and \/g is the squared root of the ratio between the determinant of the Minkowsky

metric: 1, and the metric that describes the background: g,,,. This ratio describes the inverse of the relative volume
of the background manifold with respect to the Minkowsky one. The Fourier expansion for the spinor field ¥, is

6 S X < — ) — i —

Ak [ dts—— 2 {As,k eE X e8P _pl TR X RSP (27)

od h

3(SP) 4 : . :
where ol = S4. If we deal with bosons, creation and destruction operators must comply [7]
2
452 L2 cSM?

= L (|Ag,s|*> — |Bi,s|?) =0, £ < ; ”) . (28)

The conditions (28) are required for scalar bosons (the first equality) and vector, or tensor bosons (the second equality).
On the other hand, in order for the expectation value of the energy to be positive: (B |H|B) > 0, we must choose
the negative signature in the second equality of (28) The expectation value for the local particle-number operator for

bosons with wave-number norm & and spin s, N, ks, is given by?

N (%) [atav=g [ats <B ] {{v(x, o). (x. ¢>] ‘ B> — L, (29)

~ N ~t N
where the slashed spinor fields are: ¥ = VY, v = (f’y”!I/M)T. Furthermore, these fields comply with the algebra

2 T 5@ (x—x") 6@ (b — &
)\/;5 (x—x) 6D (¢ — &), (30)

which must be nonzero in order that particles can be created. Notice that this is the case for bosons with spin
nonzero, but in the case of scalar bosons, which have zero spin, one obtains that (|4 s|> — |Bgs|?) = 0, and

(3]

452 L2

(B|[pxont 00| ) = 57 (40 -

X ot
(B|[¥(x,9),¥ (x',¢)]|B) = 0. This result is valid in any relativistic scenario.

If we take the expectation value for (25), and we take into account (26) and (27), we obtain the following equation
for the wave-numbers of bosons:

e 1 o Voo i
[77,9%] 4 = 597 () 0 = 20k Laxa + 59”7 (77) o 0 + 577 s,

2 (v P 1 L 1 Ié;
-2 79,75] + =g°° 75, — = 75 31
%Z{QV}[’YW]‘FQQ {ye}V Vu = 59" {Ve}v o (31)

4 To connect the Fock-space theory and the ordinary quantum mechanics one can introduce the wave function in position
space by using the definition of a kind of n, s-particle state vector that describes a system of ny s particles that are localized in
coordinate space at the points x1;¢1...Xn; dn:

1
\/nk,sl

where here |B) is our reference state. This state is not a vacuum state because it describes a curved background state, but
describes the Riemannian (classical) reference with respect to which we describe the quantum system.

[X1,%X2,. .., Xn; D1, P2, ..., ¢n) = @T(Xlﬂﬁl) . --Ef(xn?d’n) |B),
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where k = k%y, and 7, = E}~, are the components of the basis on the background metric, which are related by the

vielbein E¥ with the 4 x 4 matrices v* on the Minkowsky space-time. In our case we shall use Cartesian coordinates
to describe spacial coordinates. In this paper we shall use the Weyl representation of the ~-matrices to generate the
hyperbolic space-time.

5 Pre-inflation

The idea of a pre-inflationary expansion of the universe in which the universe begins to expand through a (global)
topological phase transition was proposed in [10]. In this model the birth of the universe was studied using a complex

time 7(t) = [ eié(t)dt, such that the phase transition from a pre-inflationary to inflationary epoch was examined using
a dynamical rotation of the complex time, 7(¢), on the complex plane. After a particular choice of coordinates, one

can define a dynamical variable 0: 7/2 > (t) > 0, such that it describes the dynamics of the system and it is related
with the expansion of the universe

0(t) = ge*HOt. (32)

We consider the line element introduced in [10] to describe pre-inflation
g2 (T L[4 5 daidad
48?2 = ( - ) 5 [de §;diidid] . (33)

If we desire to describe an initially Euclidean 4D universe, that thereafter evolves to an asymptotic value 6 — 0, we
must require 6 to have an initial value fp = 5. Furthermore, the nonzero components of the Einstein tensor, are

3 3 ...
Goo = & Gij = = 0ij, (34)

The equation of state for the metric (33), is

P
o= 1. (36)

We shall describe the case where the asymptotic evolution of the Universe is described by a vacuum expansion. In
this case the asymptotic scale factor, Hubble parameter and the potential are, respectively, given by

3

= %H& (37)

a(t) = ag eflo?, 4 H, \%
a

so that, due to the fact that % = 0, the background field background solution of the background dynamics

//_2/:
o' -3¢ =0, (38)

¢(t) = ¢o- (39)

This solution describes the background solution of the field that drives a phase transition of the global geometry from
a 4D Euclidean space to a 4D hyperbolic space-time. The exact back-reaction effects were considered in [5,6]. In the
present paper we shall consider the emission of gravitons (massless bosons of spin 2 and spin 1), using unified spinor
fields [7].



Eur. Phys. J. Plus (2018) 133: 508 Page 7 of 8

5.1 Graviton’s emission in pre-inflation

To study the graviton’s emission during pre-inflation we shall use eq. (31), for spin s = 2/ (see eq. (26)). In this case
eq. (31) can be separated into two new equations

i =0 5° v 0 =i
h’“ﬂsn?{w}h’ﬂ’ (40)
1 3is? (v
EPLya = gk‘a [’Yﬂﬁa} + 782;; {QV} [’70”7ﬂ] . (41)

Equations (40) and (41) give us the conditions that must be fulfilled by the modes with wave number &k and massless
bosons with spin s = 2A, in eq. (25). In particular, eq. (40) is fulfilled only by s = 2k-spin massless bosons (gravitons).

During pre-inflation 77 = ﬂQ—vaB and (7) = %Wﬁ. From (41) we obtain four vector equations that provide us the
solutions for the k”-components of the graviton’s propagation during pre-inflation. Using the fact that (for i, j = 1,2, 3)

oo} =Lor} = toaf = oa) =5 a

we obtain the resulting values for k%
184\ - T4\ 4
KO = — (Z> 6, K =k=0 K=+ (Z> 6, (43)
yen) en)

such that the physical wave number norm of gravitons that propagate in the Z-direction, is

|k|? _ (kak®) _ 1288 P20
(rag)? '

(44)

a2(0)  a2(9)

Notice that it tends to zero with the expansion of the universe, due to the fact 6 — 0 with the increasing of the scale

factor a(f) = ”2—“99. However, due to the fact we are dealing with photons, the k-squared norm must be null on physical

coordinates. Therefore, the effective frequency and the z-component of the wave number in physical coordinates should
be altered in the following manner (we use natural units):

s (10} O LR (Y e () 2\
w :(k) [s(a(é)ﬂ +a2<7m0) 02, (k) [s((l(@)] , (45)

such that ko k® = 0. Therefore, the redefined physical values INc”‘, should be the values experimentally measured. The

physical wavelength results to be \,;, = (22) (aéf)

57 JH; !, such that Hy = ay'. In other words the physical wavelength
of gravitons is something smaller than the physical Hubble radius during pre-inflation.

5.2 Massless s = h-bosons emission in pre-inflation

In order to study the massless s = i bosons emitted during the pre-inflationary epoch, we shall use eq. (31), with (26),
for s = h. In this case eq. (31) can be splited into two equations:

2

[7,7) 0 = 573 {OVV} [°,%], (46)

1
KPlyxy = ika %, 7a] - (47)
Equation (46) is needed to assure its validity for s = A, so that eq. (47) is fulfilled in order to obtain the wave number

components of the wave. Notice that if we sum eqs. (46) and (47), we obtain eq. (31) for the metric (12). The wave
number solutions for the four egs. (47), are

L i
K= — (w;a?) 6, K'=k2=0 k=7 <MZO) 6. (48)
0
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The physical wave number norm of s = fi-bosons that propagate in the z-direction, is

1% _(km:{ 8
a2(0) ~ a2(0)

_ (WGO)Q] 02 >0, (49)

which, as in the case of gravitons, tends to zero with the expansion of the universe. In order for the k-squared norm

to be null, the frequency and z-wave number must be altered in physical coordinates, k,k® = 0:

s=@ [ (BN () n @ -[(5)]

These should be the values measured in an experiment. In this case, the physical wavelength for massless s = h-

bosons, is Ay, = (%) (a(gf)

3
Hubble horizon.

)Ho_l, which is something bigger than both the physical graviton’s wavelength and the

6 Final comments

Following the unified spinor field theory recently introduced, we have obtained the universal equation of motion for
massless bosons with quantization included: eq. (31). This equation describes the dynamics of massless bosons with
different spin on arbitrary Riemannian background. The dynamics of some particular spinor field is given when we
consider eq. (26) in the background (Riemannian) expectation value of eq. (25). In particular, we have explored the
case of a pre-inflationary scenario described in sect. 5. In this epoch the universe suffered a global topological phase
transition that made possible the transition between a global 4D Euclidean universe and an hyperbolic one through

an expansion governed by a vacuum equation of state: P = —p. A remarkable result here obtained is that during this
2
epoch gravitons and s = h-bosons take a positive relativistic squared norm in physical coordinates: alf—(%) s=(1,2)h > 0,

which tends to zero with the expansion of the universe. However, by redefining the physical coordinates in order to
obtain k. k® = 0, we obtain that the wavelengths of both gravitons and photons is increased co-moving with the
Hubble radius of the universe: Ap;, ~ a/Hy. Our calculations show that gravitational radiation is emitted during the
big bang. As was shown in (29), bosons with s = (1,2)% can be created in any relativistic scenario, and therefore
can be created during pre-inflation. However, this is not the case of scalar bosons, which have zero spin. Because
the wave-length of both, photons and gravitons are of the order of the Hubble horizon, the frequency should be very
low, of the order of the inverse of the edge of the universe, which make it very difficult to be detected because of the
diluting effects of the expansion of the universe. However, they should be responsible for very large-scale gravitational
and electromagnetic primordial fundamental wavelengths, which are coherent, and could be detected in the future in
the extreme (low-frequencies) range of the primordial electromagnetic and gravitational spectrum.
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