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Ground-state energies and two-particle reduced density matrices (2-RDMs) corresponding to
N-particle systems are computed variationally within the doubly occupied configuration interaction
(DOCI) space by constraining the 2-RDM to satisfy a complete set of three-particle N-representability
conditions known as three-positivity conditions. These conditions are derived and implemented in the
variational calculation of the 2-RDM with standard semidefinite programming algorithms. Ground
state energies and 2-RDMs are computed for N2, CO, CN−, and NO+ molecules at both equilib-
rium and nonequilibrium geometries as well as for pairing models at different repulsive interaction
strengths. The results from the full three-positivity conditions are compared with those from the exact
DOCI method and with approximated 2-RDM variational ones obtained within two-positivity and
two-positivity plus a subset of three-positivity conditions, as recently reported [D. R. Alcoba et al.,
J. Chem. Phys. 148, 024105 (2018) and A. Rubio-Garcı́a et al., J. Chem. Theory Comput. 14, 4183
(2018)]. The accuracy of these numerical determinations and their low computational cost demonstrate
the usefulness of the three-particle variational constraints within the DOCI framework. Published by
AIP Publishing. https://doi.org/10.1063/1.5056247

I. INTRODUCTION

The direct solution of the N-particle Schrödinger equa-
tion is impractical except for the smallest systems as the
cost of solving a three-dimensional partial differential equa-
tion for N particles to a given accuracy χ typically grows
exponentially, as χN . This is known as the exponential wall
problem.1 Over the years, many approximations have been
applied to the full configuration interaction (FCI) calculation
to reduce the computational cost so that dealing with larger
systems becomes feasible. One such approximation is the
doubly occupied configuration interaction (DOCI) method2–10

where the configuration interaction Hilbert space is restricted
to doubly occupied determinants. The DOCI method is able
to suitably describe strongly correlated systems, capturing
most of the static correlation, and serving as the first step on
expansions approaching to the exact FCI solution.8,11–15

a)Author to whom correspondence should be addressed: qfxaldad@lg.ehu.es

Despite the restriction imposed in the configuration interaction
space, the DOCI method still scales exponentially with the sys-
tem size. For a single-particle basis set of K orbitals, a DOCI
N-electron wave function is expanded on

(
K
N
2

)
N-electron

Slater determinants, while a FCI wave function requires(
K
N
2

)
·

(
K
N
2

)
N-electron ones. However, the non-polynomial

scaling can be avoided since the N-particle wave function
contains more information than that necessary for computing
the energy as the knowledge of the two-particle reduced den-
sity matrix (2-RDM) alone suffices.16–22 Nevertheless, direct
optimization of the energy with respect to the 2-RDM is chal-
lenging because not every 2-RDM stems from an N-particle
wave function or density matrix.20,23,24 To ensure that the 2-
RDM actually derives from a physical state, a set of constraints
on the 2-RDM, known as N-representability conditions,24

must be imposed. The necessary and sufficient conditions are
known,25–28 but in practice, only a limited set of such con-
strains is used. Usually, the variational 2-RDM (v2RDM) cal-
culations use a set of necessary N-representability constraints
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involving p-particle RDMs (p-RDM), known as p-positivity
conditions.28–30 In the DOCI space, recent calculations with
molecular systems31–33 and pairing models34–36 have shown
that the lower bounds on the ground-state energies obtained
from v2RDM calculations converge rapidly with the number
p of particles. Moreover, for attractive pairing interactions two-
positivity conditions together with a subset of three-positivity
conditions have shown to provide exact numerical results for
a large variety of integrable models.35 However, repulsive
pairing models, more adequate to simulate the electronic inter-
action in molecular systems, have not been yet exploited as
benchmarks of the theory. Despite the promising calculations
and the accuracy of two- and partial three-positivity conditions,
to our knowledge, the full three-positivity conditions compris-
ing four types of three-particle probability distributions have
not been yet implemented within the DOCI space.

In this paper, the full three-positivity conditions are devel-
oped and applied in variational 2-RDM calculations to many-
electron molecules and integrable pairing models. To this end,
we derive and implement these N-representability conditions
in the DOCI space, relating them to the two- and partial
three-representability conditions already considered. The min-
imization of the energy with respect to a 2-RDM constrained
by these positivity conditions constitutes a special optimiza-
tion problem known as semidefinite programming. We report
numerical calculations performed with the semidefinite pro-
gramming algorithm (SDPA) described in Refs. 37 and 38
for the ground-state energies and 2-RDMs in the DOCI space
for several molecules at both equilibrium and nonequilibrium
geometries and for integrable pairing models with repulsive
interactions. These results have been compared with those aris-
ing from DOCI calculations, showing that the employed three-
positivity conditions provide a significant improvement upon
those obtained using only two- and partial three-positivity
conditions, while retaining the same computational scaling.
Moreover, since the DOCI results are not invariant under a
unitary orbital transformation,8,11,31,39,40 we have performed
studies on the basis set dependence of our results.

This work is organized as follows. In Sec. II, we review the
foundations of the variational reduced density matrix theory
and introduce the equations which formulate the full three-
positivity N-representability conditions in the DOCI space.
Section III presents the implementation and the first appli-
cations of our theory. The computational details are given in
Sec. III A, while the results obtained for selected molecular
systems with several orbital basis sets are given in Sec. III
B, and those for repulsive pairing models in Sec. III C.
Finally, in Sec. IV, we summarize the main conclusions of this
work.

II. THEORY

The variational reduced density matrix theory and its
formulation in the doubly occupied configuration interaction
space are discussed in Secs. II A and II B, respectively.

A. Variational reduced density matrix theory

In second quantization, an N-particle Hamiltonian with
pairwise interactions can be written as41

H =
∑

ij

tij a†i aj +
1
4

∑
ijkl

Vijkl a†i a†j alak , (1)

where tij and V ijkl are the one-body energy and the two-
body interaction terms, respectively. a†i and aj are the stan-
dard fermion creation and annihilation operators in a given
orthonormal single-particle basis {i, j, k, l, . . .}.

The ground-state energy can be expressed solely in terms
of the second-order reduced density matrix, 2-RDM, 2D
as16–18

E0 =
1
4

∑
ijkl

H (2)
ijkl

2Dijkl, (2)

where
2Dijkl = 〈ψ |a

†

i a†j alak |ψ〉 (3)

and

H (2)
ijkl =

1
N − 1

(
tikδjl − tjkδil − tilδjk + tjlδik

)
+ Vijkl (4)

is the two-particle reduced Hamiltonian with |ψ〉 being the
ground-state wave function and N being the number of
particles.

While Eq. (2) indicates that the ground-state energy of
an N-particle system may be computed by direct variation
of 2D, this is not the case because not every 2-RDM can
be obtained from the integration of an N-particle wave func-
tion.20,24 In general, a hierarchy of necessary, albeit not suf-
ficient, set of constraints on the p-RDM are the p-positivity
N-representability conditions.30,42 These conditions could be
derived from the positive semidefinite property of a class of
non-negative Hamiltonians of the form

H = B†B, (5)

where B is a p-particle operator. As its expectation value must
be non-negative, its matrix representation must be positive
semidefinite. Different forms of this operator lead to differ-
ent p-positivity conditions. In the two-particle space, these
yield the well-known 2-P, 2-Q, and 2-G two-positivity con-
ditions,24,25 which require the positive semidefiniteness of
the two-particle, two-hole, and particle-hole reduced density
matrices, 2D, 2Q, and 2G, respectively, whose matrix elements
are defined by Eq. (3) and

2Qijkl = 〈ψ |aiaja
†

l a†k |ψ〉, (6)

2Gijkl = 〈ψ |a
†

i aja
†

l ak |ψ〉. (7)

Even though these three representations of the 2-RDM can be
related to each other by rearranging the creation and annihila-
tion operators, restricting any of these matrices to be positive
semidefinite does not imply that the other two matrices are
positive semidefinite as well. Therefore, each of the two-
positivity conditions furnishes distinct N-representability con-
straints of the 2-RDM. Because the two-particle metric matri-
ces Eqs. (3), (6), and (7) can be obtained from three-particle
metric matrices by contraction, the two-positivity conditions
are implied by the three-positivity ones, also known as the
3-P, 3-Q, 3-E, and 3-F conditions,30,43–45 which require that
the following matrix elements constitute positive semidefinite
matrices:
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3Dijknml = 〈ψ |a
†

i a†j a†kalaman |ψ〉, (8)

3Qijknml = 〈ψ |aiajaka†l a†ma†n |ψ〉, (9)

3Eijknml = 〈ψ |a
†

i a†j aka†l aman |ψ〉, (10)

3Fijknml = 〈ψ |aiaja
†

kala
†
ma†n |ψ〉. (11)

Analogously to the two-positivity conditions, each of
these three-positivity conditions provides distinct constraints
on the N-representability of the 3-RDM and, by contraction, of
the 2-RDM. A subset of the three-positivity conditions, known
as theT1 andT2 constraints,46–48 can also be defined as the pos-
itive semidefiniteness of the following combination of metric
matrices:

T1 =
3D + 3Q, (12)

T2 =
3E + 3F. (13)

These matrices are expressible in terms of the 2-RDM
only because the terms with six creation and/or annihilation
operators in the three-particle metric matrices cancel upon
addition due to opposite signs. Note that due to their linear
relation, the positivity conditions on 3D, 3Q, 3E, and 3F war-
rant the positivity of T1 and T2; however, the converse is not
true.

The ground-state energy can be minimized with respect
to the 2-RDM subject to these conditions by a family of opti-
mization techniques known as semidefinite programming.49–52

However, as these conditions are necessary but not sufficient,
and thus the selected Hilbert space is larger than the physical
one, the variational 2-RDM method will always find a lower
bound to the exact ground-state energy and an approximation
to the exact ground-state 2-RDM.

B. Variational reduced density matrix
theory in the DOCI space

Here we will focus on Hamiltonians with interactions
in the seniority-zero subspace, i.e., interactions that do not
change the number of paired particles. Assuming time-reversal
symmetry, the single-particle levels are doubly degenerate in
the spin degree of freedom. The seniority quantum number
classifies the Hilbert space into subspaces with a given num-
ber of singly occupied levels.53 The most general Hamiltonian
within the seniority-zero subspace is

H =
∑

i

ε ini +
∑
i,j

wijninj +
∑

ij

vijb
†

i bj , (14)

where ε i are the energies of K doubly degenerate single-
particle levels, wij is the monopole interaction, and vij is the
pairing interaction. The number operator is ni =

1
2 (a†i ai +a†

ī
aī),

and the pair-creation (annihilation) operators are b†i = (bi)
†

= a†i a†
ī
. The (i, ī) pair defines the pairing scheme, which

can involve two particles with either opposite spins (i ↑, i ↓),
momenta (i, −i), or in general any classification of conjugate
quantum numbers in doubly degenerate single-particle levels.
The DOCI Hamiltonian (14) is based on the SU(2) pair alge-
bra with generators b†i and (2ni − 1)/2, and hard-core boson
relations

[bi, b†j ] = δij(1 − 2ni), (b†i )2 = 0. (15)

For this Hamiltonian, the seniority number is also an exact
quantum number, as unpaired particles do not interact with
the rest of the system and the pairing Hamiltonian does
not allow for pair breaking. The Hamiltonian thus becomes
block diagonal in sectors labeled by the seniority quantum
number.

The ground-state energy can be cast as5,31,54

E0 =
∑

ij

JijΠij +
∑

ij

wijDij, (16)

where
Jij = δijε i + vij. (17)

The Π matrix

Πij = 〈ψ |b
†

i bj |ψ〉 (18)

together with the D matrix

Dij = 〈ψ |ninj |ψ〉, ∀i , j, and Dii = Πii (19)

define the seniority blocks of the 2-RDM. According to these
definitions, it follows that the Π and D matrices are Hermitian
and fulfill ∑

i

Πii =
∑

i

Dii = M, (20)∑
j

Dij = MΠii, (21)

where M is the number of particle pairs in the studied sys-
tem. Note that the diagonal elements of both matrices are
equal to the 1-RDM ones, ρi = 〈ψ|ni |ψ〉 = Πii = Dii. The
two- and partial three-positivity conditions can thus be written
in terms of the seniority blocks of the 2-RDM as previously
shown by Weinhold and Wilson5,54 and others.15,31,32,35,39

Here we refer the reader to the Appendix for the complete
expressions.

In the seniority-zero subspace, the full three-positivity
conditions can be expressed in terms of the two seniority blocks
of the 3-RDM

Dijk = 〈ψ |ninjnk |ψ〉, ∀ i , j , k (22)

Π
i
jk = 〈ψ |b

†

j nibk |ψ〉, ∀ i , j, k, (23)

which are Hermitian and relate to the 1- and 2-RDM counter-
parts as

ρi =
1

M − 1
*.
,

∑
j<i

Π
j
ii +

∑
i>j

Π
i
jj
+/
-
, ∀ i, (24)

Πij =
1

M − 1

∑
k,ij

Π
k
ij, ∀ i < j, (25)

Dij = Π
i
jj, ∀ i < j, (26)

Π
i
jj =

1
M − 2

∑
k,ij

Dijk , ∀ i < j. (27)

According to these definitions, the three-positivity conditions
are obtained from the semidefiniteness of the four representa-
tions of the 3-RDM. These conditions were partially formu-
lated in Refs. 5 and 54 and extended further more recently.32,39

The full set of constraints are as follows:
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• The 3-P condition: from the three-particle representation of the 3-RDM, we obtain

Dijk ≥ 0, ∀ i < j < k, (28)

Π
a � 0, ∀a. (29)

• The 3-Q condition: similarly, the three-hole 3-RDM gives rise to

1 − ρi − ρj − ρk + Dij + Djk + Dki − Dijk ≥ 0, ∀ i < j < k, (30)

Qa � 0, ∀ a, (31)

with
Qa

ij = −Π
a
ij + Πji + δij(1 − 2ρi − ρa + 2Dia), ∀ ij , a. (32)

• The 3-E condition: from the mixed two-particle–one-hole 3-RDM

Eabc =
*...
,

Dab − Dabc Πa
bc Πb

ac

Πa
bc Dac − Dabc Πc

ab

Πb
ac Πc

ab Dbc − Dabc

+///
-

� 0, ∀ a < b < c, (33)

Ea =
*...
,

Daij + δijDai Πi
aj Dia

Π
j
ai Πij − Π

a
ij Πia

Dai Πai ρa

+///
-

� 0, ∀ a, ij , a. (34)

• The 3-F condition: from the mixed one-particle–two-holes 3-RDM

Fabc =
*...
,

ρa − Dab − Dac + Dabc Πac − Π
b
ac Πab − Π

c
ab

Πac − Π
b
ac ρc − Dbc − Dac + Dabc Πbc − Π

a
bc

Πab − Π
c
ab Πbc − Π

a
bc ρb − Dab − Dbc + Dabc

+///
-

� 0, ∀ a < b < c, (35)

Fa =
*..
,

−Daij + δij(ρi − Dai) + Dij −Πi
aj − δijΠia ρi − Dia

−Πi
aj − δijΠia Πa

ij + δij(ρa − 2Dia) −Πia

ρi − Dai −Πai 1 − ρa

+//
-
� 0, ∀ a, ij , a. (36)

III. APPLICATIONS

In this section, we will discuss our computational method-
ology followed by applications to molecular systems and
pairing models in Secs. III B and III C.

A. Computational details

The variational optimization of the 2-RDM in the DOCI
space was performed for three sets of N-representability condi-
tions: the two-positivity (2-POS) conditions, the two-positivity
plus the T1 and T2 partial three-positivity [(2,3)-POS] condi-
tions, and the full three-positivity (3-POS) conditions. This
optimization has been formulated as a semidefinite problem
(SDP) in which the energy, being a linear function of the 2-
RDM, is minimized over the intersection of a linear affine
space and the convex cone of block-diagonal positive semidef-
inite matrices.49–52 We have developed codes that allow to
efficiently formulate and solve the SDP exploiting the sparse
structure of the matrices from the three sets of p-positivity
conditions induced by the structure of the seniority-zero wave
functions. Thus, the SDP in the seniority-zero subspace com-
putationally scales with the number K of single-particle basis
elements as O(K3) for the 2-POS conditions and as O(K4)
for both the (2,3)-POS and the full 3-POS conditions. This

scaling is due to the sparse structure of the three-particle met-
ric matrices within the DOCI framework, which possess O(K3)
blocks of O(1 × 1) dimension and O(K) blocks of O(K × K)
dimension, in contrast to the sparse structure of the two-particle
ones which present O(K2) blocks of O(1 × 1) dimension
and O(1) blocks of O(K × K) dimension. This will allow us
to treat without excessive computational efforts systems of
sizes up to K = 40. In our numerical calculations, we use the
semidefinite programming algorithm (SDPA) code.37,38 This
code solves semidefinite problems at several precision levels
by means of the Mehrotra-type predictor-corrector primal-
dual interior-point method, providing ground-state energies
and the corresponding 2-RDMs. We programmed the varia-
tional reduced density matrix method as a dual problem in
the SDPA code, which does not allow for the equality con-
straints Eqs. (20), (21), and (24)–(27). These are included
by relaxing them into inequality constraints with a suffi-
ciently small summation error δ.47,55 In our work, we have set
δ = 10−7, which effectively fixes the precision of the ground-
state energies.

B. Molecular systems

For molecular systems, the integrals in Eq. (1) are given
by
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TABLE I. Non-parallelity (NPE) and Maximum Absolute (MAE) errors of the ground state potential energy
curves of molecules and ions calculated by the v2RDM-DOCI method imposing the 2-POS, (2,3)-POS, and
3-POS conditions from the DOCI results using the canonical molecular orbitals (CMO), natural orbitals (NO),
orbitals which minimize the seniority number of the FCI wave functions (Mmin), and orbitals which minimize
the DOCI energy (OPTE). Curves are computed in the interval [1.4, 4.0] bohr. Results correspond to standard
STO-3G atomic basis set. The 2-POS and (2,3)-POS data have already been described in Ref. 33.

MAE(Eh) NPE(Eh)

2-POS (2,3)-POS 3-POS 2-POS (2,3)-POS 3-POS

N2 CMO 1.731× 10�3 3.804× 10�5 1.055× 10�5 1.649× 10�3 2.614× 10�5 4.828× 10�6

NO 1.088× 10�3 2.523× 10�5 9.920× 10�6 9.801× 10�4 1.327× 10�5 5.008× 10�6

Mmin 1.137× 10�3 2.661× 10�5 1.023× 10�5 1.055× 10�3 1.529× 10�5 4.390× 10�6

OPTE 1.184× 10�3 2.887× 10�5 9.878× 10�6 1.076× 10�3 2.215× 10�5 5.103× 10�6

CO CMO 3.445× 10�2 3.408× 10�3 5.631× 10�5 3.430× 10�2 3.397× 10�3 5.130× 10�5

NO 1.022× 10�1 3.337× 10�2 8.344× 10�4 1.020× 10�1 3.336× 10�2 8.298× 10�4

Mmin 3.599× 10�2 4.224× 10�3 1.960× 10�4 3.576× 10�2 4.213× 10�3 1.913× 10�4

OPTE 1.112× 10�2 1.107× 10�3 2.084× 10�5 1.082× 10�2 1.098× 10�3 1.599× 10�5

CN� CMO 9.403× 10�2 1.139× 10�2 9.712× 10�4 9.395× 10�2 1.138× 10�2 9.666× 10�4

NO 1.448× 10�2 5.759× 10�4 2.394× 10�5 1.435× 10�2 5.668× 10�4 1.957× 10�5

Mmin 9.673× 10�3 3.410× 10�4 1.632× 10�5 9.583× 10�3 3.271× 10�4 1.167× 10�5

OPTE 3.779× 10�3 1.813× 10�4 1.042× 10�5 3.617× 10�3 1.750× 10�4 6.266× 10�6

NO+ CMO 1.050× 10�1 1.188× 10�2 1.281× 10�3 1.049× 10�1 1.187× 10�2 1.275× 10�3

NO 2.070× 10�2 8.607× 10�4 3.743× 10�5 2.050× 10�2 8.510× 10�4 3.056× 10�5

Mmin 1.318× 10�2 5.114× 10�4 2.221× 10�5 1.300× 10�2 5.039× 10�4 1.513× 10�5

OPTE 4.237× 10�3 2.527× 10�4 1.317× 10�5 3.999× 10�3 2.375× 10�4 6.327× 10�6

tpq = 〈p|h|q〉, (37)

Vpqrs = 〈pq|v |rs〉, (38)

where 〈p|h|q〉 and 〈pq|v |rs〉 are the one- and two-electron anti-
symmetrized integrals, respectively, expressed in the Dirac
notation. In this case, the DOCI Hamiltonian (14) reduces
to

Hmol = 2
∑

i

tiini +
∑
i,j

(2Vijij −Vijji)ninj +
∑

ij

Viijjb
†

i bj . (39)

We have for the first time investigated the set of isoelectronic
diatomic systems N2, CO, CN−, and NO+ within the full 3-
POS v2RDM-DOCI theory, determining their ground-state
potential energy curves for varying internuclear distances. In
these molecular systems, the static correlation is of paramount
importance especially at dissociation. The STO-3G, 3-21G,
and DZ atomic basis sets have been used to obtain all the
reported results. Given that the DOCI and v2RDM-DOCI
results are not invariant with respect to unitary transforma-
tion of the basis set used,8,11,31,39,40 we have studied their
dependence for several basis set choices. In particular, we
have performed calculations using the following orthonor-
mal basis sets: the canonical molecular orbitals (CMO), the
natural orbitals (NO), the orbitals which minimize the senior-
ity number of the exact FCI expansions (Mmin),11 and the
orbitals which minimize the DOCI energy (OPTE).56 The
one- and two-electron integrals expressed in the CMO basis
sets have been computed with the PSI3.4 package.57 We have
used our own codes to build and diagonalize either the full
Hamiltonian (1) to obtain the NO and Mmin basis sets, or
its projection in the seniority-zero space (14) to obtain the

OPTE ones. The calculation of energies and RDMs within
DOCI has been implemented using modified versions of
the direct determinant-FCI algorithm reported in Refs. 58
and 59.

In Table I, we report the maximum absolute errors
(MAE) found between the DOCI energy and those obtained
from the use of different N-representability constraint sets
in the variational method as functions of the internuclear
distance, using several orbital basis sets. The values arising

FIG. 1. Ground-state potential energy curve of the N2 molecule calculated by
the DOCI and v2RDM-DOCI procedures imposing the 2-POS, (2,3)-POS, and
3-POS conditions. Results correspond to canonical molecular orbitals arising
from the STO-3G atomic basis set. The bottom panel shows the logarithm of
the absolute values of the energy errors, |∆E|, of the v2RDM-DOCI results
with respect to the DOCI ones.
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FIG. 2. Ground-state potential energy curve of CO molecule calculated by
the DOCI and v2RDM-DOCI procedures imposing the 2-POS, (2,3)-POS, and
3-POS conditions. Results correspond to canonical molecular orbitals arising
from the STO-3G atomic basis set. The bottom panel shows the logarithm of
the absolute values of the energy errors, |∆E|, of the v2RDM-DOCI results
with respect to the DOCI ones.

from the 2-POS and (2,3)-POS v2RDM-DOCI procedures
have been previously reported by us in Ref. 33; they have
been included in this and other Tables in order to make an
easier comparison with the results obtained from the method
proposed in this work. As can be seen, in all cases, the full
3-POS conditions improve the energies from those using the
2- and (2,3)-POS by at least three and two orders of magni-
tude, respectively. Table I also shows the non-parallelity errors
(NPE) in that internuclear distance interval, that is, the dif-
ferences between the maximum and minimum deviation of
the v2RDM-DOCI energy values from the DOCI ones. Both
MAE and NPE quantities have very similar numerical values,
predicting similar behavior. Figures 1–4 show the potential
energy curves obtained with the CMO basis sets for the stud-
ied systems, as well as the logarithm of the absolute values

FIG. 3. Ground state potential energy curve of the CN− molecule calculated
by the DOCI and v2RDM-DOCI procedures imposing the 2-POS, (2,3)-POS,
and 3-POS conditions. Results correspond to canonical molecular orbitals
arising from the STO-3G atomic basis set. The bottom panel shows the loga-
rithm of the absolute values of the energy errors, |∆E|, of the v2RDM-DOCI
results with respect to the DOCI ones.

FIG. 4. Ground state potential energy curve of NO+ molecule calculated by
the DOCI and v2RDM-DOCI procedures imposing the 2-POS, (2,3)-POS, and
3-POS conditions. Results correspond to canonical molecular orbitals arising
from the STO-3G atomic basis set. The bottom panel shows the logarithm of
the absolute values of the energy errors, |∆E|, of the v2RDM-DOCI results
with respect to the DOCI ones.

of the energy errors, |∆E|, relative to the corresponding refer-
ence DOCI values. These results demonstrate that the 3-POS
variational method yields the closest values to the DOCI one,
in agreement with those exhibited in Table I. The variational
lower bound 3-POS v2RDM-DOCI curve is essentially indis-
tinguishable from the DOCI curve, although its values always
lie below the DOCI ones. Therefore, it is worth noting that
the 3-POS conditions strongly reduce the 2- and (2,3)-POS
non-parallelity errors near bond dissociation. Moreover, the
comparative analysis of the counterpart values arising from
the different molecular orbital basis sets, reported in Table I,
shows that the OPTE one leads to the most accurate results,
the Mmin basis set presents better behavior than the natural
orbitals, while the CMO basis set provides a poor approxi-
mation. These results are illustrated in Fig. 5, which shows

FIG. 5. Ground state potential energy curve of NO+ system calculated by the
FCI, DOCI, and v2RDM-DOCI procedures imposing the 2-POS, (2,3)-POS,
and 3-POS conditions, in the CMO and in the OPTE molecular orbitals arising
from the STO-3G atomic basis set. The bottom panel shows the logarithm of
the absolute values of the energy errors, |∆E|, of the v2RDM-DOCI results
with respect to the DOCI ones.
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TABLE II. Energy errors in the ground state of the NO+ molecule at two
bond lengths calculated in the canonical molecular orbitals (CMO), natural
orbitals (NO), orbitals which minimize the seniority number of the FCI wave
functions (Mmin), and orbitals which minimize the DOCI energy (OPTE).
The errors calculated by the DOCI variational RDM method (v2DM-DOCI)
are computed imposing the 2-POS, (2,3)-POS, and 3-POS conditions. Results
correspond to standard STO-3G basis set. The 2-POS and (2,3)-POS data have
already been described in Ref. 33.

Ev2RDM�DOCI � EDOCI(Eh)

EDOCI(Eh) 2-POS (2,3)-POS 3-POS

Req = 2.2 bohr

CMO �127.316934 �2.121× 10�3
�2.542× 10�4

�1.239× 10�5

NO �127.320704 �1.985× 10�3
�1.681× 10�4

�1.080× 10�5

Mmin �127.324924 �3.901× 10�3
�2.658× 10�4

�1.127× 10�5

OPTE �127.326027 �2.795× 10�3
�1.980× 10�4

�1.082× 10�5

Rst = 4.0 bohr

CMO �126.871538 �1.050× 10�1
�4.068× 10�3

�8.673× 10�4

NO �127.119269 �1.795× 10�2
�4.600× 10�4

�2.796× 10�5

Mmin �127.121756 �1.236× 10�2
�2.584× 10�4

�1.870× 10�5

OPTE �127.128085 �1.276× 10�3
�2.415× 10�5

�9.483× 10�6

the potential energy curves for 2-, (2,3)-, and 3-POS-v2RDM-
DOCI methods, as well as for the DOCI and FCI ones, for
the NO+ system, in the CMO and OPTE molecular basis
sets.

We have gathered in Table II the values of the NO+ energy
differences Ev2RDM−DOCI − EDOCI obtained for each of the
above-mentioned orthonormal basis sets by imposing 2-, (2,3)-
, and 3-POS N-representability conditions. These values have
been obtained at both an internuclear distance near the equi-
librium (2.2 bohr) and at a stretched geometry (4.0 bohr).
These results again show a clear improvement according to

the sequence of imposed conditions 2-POS, (2,3)-POS, and
3-POS as well as to the basis set sequence CMO, NO, Mmin,
OPTE. To complete this study, we report in Table III values of
the root-mean-square deviation of theΠ and D seniority blocks
of 2Dv2RDM−DOCI with respect to those of 2DDOCI, for the NO+

system at two internuclear distances. As can be observed, these
values confirm, in terms of differences of 2-RDM elements, the
conclusions arising from the numerical values found in terms
of energy differences, showing similar behavior. The 3-POS
conditions improve upon the accuracy of the 2-RDMs from 2-
POS by two-to-three orders of magnitude while they improve
upon the accuracy from (2,3)-POS by one-half-to-two orders
of magnitude.

In order to test the effect on the results of the chosen
atomic basis set, we compare in Tables IV and V the energy
and 2-RDM differences between v2RDM-DOCI and DOCI for
the imposed conditions series 2-POS, (2,3)-POS, and 3-POS
and for different basis sets. The results for the energies and
their comparison with those reported in Table II indicate that
there is no drastic effect of the 3-POS conditions when using
the CMO orthonormal basis at the equilibrium geometry. On
the other hand, at stretched geometries, the larger basis sets
give somewhat smaller energy differences. In Table V, the
differences in the 2-RDM and their comparison with those
reported in Table III also show that the influence is moderated
although in this case the results suggest that there is a small
improvement for the larger basis sets.

C. Pairing models

Attractive pairing Hamiltonians based on the SU(2) alge-
bra describe the fundamental physics of superconductivity
in macroscopic systems of condensed matter,60 and neu-
tron stars,61 as well as in mesoscopic systems like atomic
nuclei,61,62 cold atoms,63,64 and ultrasmall superconducting

TABLE III. Root-mean-square deviations of theΠ and D seniority blocks of the 2-RDM with respect to the DOCI
ones in the ground state of the NO+ molecule at two bond lengths calculated in the canonical molecular orbitals
(CMO), natural orbitals (NO), orbitals which minimize the seniority number of the FCI wave functions (Mmin)
and orbitals which minimize the DOCI energy (OPTE). The errors calculated by the DOCI variational RDM
method (v2DM-DOCI) are computed imposing the 2-POS, (2,3)-POS, and 3-POS conditions. Results correspond
to standard STO-3G basis set.

‖2Dv2RDM�DOCI �
2DDOCI ‖

Π D

2-POS (2,3)-POS 3-POS 2-POS (2,3)-POS 3-POS

Req = 2.2 bohr

CMO 1.613× 10�3 1.747× 10�4 6.466× 10�6 1.980× 10�3 6.424× 10�4 5.175× 10�6

NO 1.392× 10�3 1.080× 10�4 2.398× 10�6 2.505× 10�3 5.050× 10�4 2.936× 10�6

Mmin 2.954× 10�3 2.266× 10�4 3.583× 10�6 2.477× 10�3 3.978× 10�4 2.073× 10�6

OPTE 1.887× 10�3 1.821× 10�4 3.227× 10�6 2.362× 10�3 4.358× 10�4 2.258× 10�6

Rst = 4.0 bohr

CMO 9.847× 10�2 7.621× 10�3 3.400× 10�3 1.337× 10�1 1.190× 10�2 3.337× 10�3

NO 1.150× 10�2 5.596× 10�4 1.364× 10�4 5.504× 10�2 1.069× 10�3 4.889× 10�5

Mmin 9.848× 10�3 4.163× 10�4 4.507× 10�5 5.347× 10�2 7.817× 10�4 3.314× 10�5

OPTE 2.768× 10�2 2.595× 10�4 6.366× 10�5 4.075× 10�2 1.569× 10�4 6.674× 10�6
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TABLE IV. Energy errors in the ground state of the NO+ molecule at two
bond lengths calculated in the canonical molecular orbitals (CMO). The errors
calculated by the DOCI variational RDM method (v2RDM-DOCI) are com-
puted imposing the 2-POS, (2,3)-POS, and 3-POS conditions. Results were
obtained using the 3-21G and DZ atomic basis sets. The 2-POS and (2,3)-POS
data have already been described in Ref. 33.

Ev2RDM�DOCI � EDOCI(Eh)

EDOCI(Eh) 2-POS (2,3)-POS 3-POS

Req = 2.2 bohr

3-21G �128.210830 �3.565× 10�3
�3.538× 10�4

�1.921× 10�5

DZ �128.914167 �2.448× 10�3
�3.374× 10�4

�2.544× 10�5

Rst = 4.0 bohr

3-21G �127.818807 �4.652× 10�2
�2.924× 10�3

�4.531× 10�4

DZ �128.518533 �3.104× 10�2
�2.036× 10�3

�2.519× 10�4

grains.65,66 A large class of these Hamiltonians can be derived
from the quantum integrable Richardson-Gaudin (RG) pairing
models.67,68 These models, being exactly solvable for attrac-
tive and repulsive interactions, provide ideal Hamiltonians to
study the effects of strong correlation and to test the accuracy
of approximate methods such as the variational reduced den-
sity matrix method within the seniority-zero subspace. Here,
we will benchmark the variational method with the hyperbolic
RG model leading to separable pairing Hamiltonians.68 It has
been shown that these Hamiltonians naturally represent sys-
tems of spinless fermions with p-wave pairing interactions. In
2D, the hyperbolic model gives rise to the px + ipy model,69,70

and in 1D to an interacting and number conserving Kitaev
wire.71 Both Hamiltonians display a quantum phase transition
to a topological superfluid in the attractive branch. On the con-
trary, the repulsive branch has been related to the physics of
quantum Hall systems.72 Here we will explore the repulsive
interaction side as it is more akin to the physics of quantum
chemistry.

The separable pairing Hamiltonian can be derived as
a linear combination of the hyperbolic RG integrals of
motion

Hhyp =
∑

i

εi ni + G
∑

ij

√
εiεj b†i bj, (40)

where G is the interaction strength and εi are the single-particle
energies. For simplicity, we will treat half-filled systems with
the number of pairs M = K /2, where K is the total number
of levels, and with equidistant single-particle energies defined
as εi = i/K, i = 1, 2, . . ., K. The eigenstates of the hyperbolic
Hamiltonian (40) are

|Ψ
〉
=

M∏
α=1



K∑
i=1

√
εi

εi − Eα
b†i


|0
〉
, (41)

where |0〉 is the vacuum state. Each eigenstate is determined
by M pair energies Eα that are a particular solution of a set of
M non-linear coupled Richardson equations.68 Therefore, the
complexity of the model Hamiltonian increases linearly with
the number of pairs M, and we can look for exact ground-state
energies for sizes beyond the limits of an exact diagonalization.
Here we consider a system of K = 40 levels at half-filling
corresponding to a dimension of the Hamiltonian matrix of
1.4 × 1011. The exact solution is obtained by solving a set of
20 non-linear coupled equations. Alternatively, one can avoid
the divergencies that arise when solving the M Richardson
equations by using the eigenvalue-based method of Ref. 73
that reduces the solution to a set of K quadratic equations. In
both cases, the complexity of the integrable model increases
linearly with the system size.

Figure 6 compares the energy logarithmic errors of the
v2RDM-DOCI procedures imposing 2-POS, (2,3)-POS, and
3-POS conditions as a function repulsive pairing strength G.
We consider a quite large interval of the interaction strength
going up to twice the bandwidth (G = 2.0). The left inset dis-
plays the ground-state energy as a function of G with two
marked regimes. At weak coupling, the system behaves as
a normal metal, while at stronger couplings it resembles a
strongly correlated Fermi liquid. Both characteristics can be
seen in the right inset where we plot the occupation probabili-
ties ρi for G = 0 and G = 2.0 evaluated from the exact solution.
The errors in the ground-state energy for the 2-POS, the (2,3)-
POS, and the 3-POS follow a similar pattern. Once the Fermi

TABLE V. Root-mean-square deviations of the Π and D seniority blocks of the 2-RDM with respect to the DOCI
ones in the NO+ molecule at two bond lengths, calculated for the v2RDM-DOCI method in the canonical molecular
orbitals (CMO). The errors are computed imposing the 2-POS, (2,3)-POS, and 3-POS conditions. Results were
obtained using the 3-21G and DZ atomic basis sets.

‖2Dv2RDM�DOCI �
2DDOCI ‖

Π D

2-POS (2,3)-POS 3-POS 2-POS (2,3)-POS 3-POS

Req = 2.2 bohr

3-21G 1.121× 10�3 1.088× 10�4 3.742× 10�6 9.917× 10�4 3.014× 10�4 4.403× 10�6

DZ 7.738× 10�4 1.070× 10�4 4.470× 10�6 5.639× 10�4 2.733× 10�4 3.757× 10�6

Rst = 4.0 bohr

3-21G 4.743× 10�2 2.829× 10�3 7.299× 10�4 6.147× 10�2 2.304× 10�3 1.717× 10�3

DZ 3.764× 10�2 1.891× 10�3 3.185× 10�4 4.412× 10�2 1.616× 10�3 6.599× 10�4
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FIG. 6. Logarithm of the absolute values of energy errors, |∆E|, for the
ground-state as a function of the coupling G for the repulsive separable pairing
Hamiltonian with K = 2M = 40 calculated within v2RDM-DOCI imposing
the 2-POS, the (2,3)-POS and the 3-POS conditions. The left inset shows the
ground-state energy as a function of G and the right inset displays the occu-
pation probabilities ρi for the two extreme cases: G = 0 (continuous line) and
G = 2 (filled circles).

liquid is stabilized, the accuracy of the (2,3)-POS conditions
improves one order of magnitude over the 2-POS conditions,
and the complete 3-POS conditions gain an additional 3-4
factor. It is interesting to point out that while the (2,3)-POS con-
ditions are sufficient to obtain the exact ground-state energy for
attractive pairing Hamiltonians,35 they are not enough for the
same Hamiltonians with repulsive interactions despite the high
accuracy (∼10−5) in the relative ground-state energy error. The
reason for the different behavior of the v2RDM-DOCI between
attractive and repulsive pairing interactions is still an open and
intriguing question.

IV. SUMMARY AND CONCLUSIONS

In this work, we have studied the effect of the full three-
particle N-representability conditions in the variational deter-
mination of the two-particle reduced density matrix within the
seniority-zero subspace. These conditions constitute necessary
constraints to ensure the N-representability of the two-particle
reduced density matrix. We have focused on a set of isoelec-
tronic molecules and exactly solvable pairing models with
repulsive interactions. The results obtained show an important
improvement upon those obtained using two- and partial-three-
particle N-representability conditions, approaching those pro-
vided by the exact DOCI method. Moreover, this achievement
does not require any (significant) increase of the computa-
tional cost. The quality of these numerical determinations

evinces the usefulness of the three-particle variational con-
straints within the doubly occupied configuration interaction
framework.
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APPENDIX: TWO- AND PARTIAL THREE-PARTICLE
N-REPRESENTABILITY CONDITIONS
ON THE 2-RDM

As mentioned in Sec. II, restricting the operator B in
Eq. (5) to the two-particle space leads to the 2-P, 2-Q, and 2-G
conditions. In the seniority-zero subspace, the 1- and 2-RDM
become block diagonal in the seniority number and these con-
ditions can be reformulated in terms of their seniority blocks
ρ, Π, and D. Thus, it follows that5,15,31,32,35,39,54

• The 2-P condition:

Π � 0 (A1)

Dij ≥ 0, ∀i, j. (A2)

• The 2-Q condition:

Q � 0 (A3)

Dij + 1 − ρi − ρj ≥ 0, ∀i, j, (A4)

where
Qij = Πij + δij(1 − 2ρi). (A5)

• The 2-G condition:

Gij =

(
ρi − Dij −Πij

−Πji ρj − Dij

)
� 0, ∀i > j, (A6)

g � 0, (A7)

where
gij = Dij. (A8)

From the three-positivity conditions, the following sub-
set depending on the 1- and 2-RDM only can be
derived.

• The T1 condition:

T i
1 � 0, ∀i, (A9)

1 − ρi − ρj − ρk + Dij + Djk + Dki ≥ 0, ∀i > j > k, (A10)

where
(T1)i

jk = δjk(1 − 2ρj − ρi + 2Dij) + Πjk , ∀j, k , i. (A11)
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• The T2 condition:
T i

2 � 0, ∀i, (A12)

T2
ijk =

*..
,

ρi − Dij − Dik + Djk Πik Πij

Πik ρk − Djk − Dik + Dij Πjk

Πij Πjk ρj − Dij − Djk + Dik

+//
-
� 0, ∀ i < j < k. (A13)

where

T i
2 =

*..
,

Djk −δjkΠik Dik

−δjkΠki δjk(ρi − 2Dik) + Πjk Πik

Dji Πji ρi

+//
-
. (A14)
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