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RESUME

Nous démontrons que I'opérateur dyadique de Petermichl 7 est un opérateur de type
Calderén-Zygmund sur un espace normal métrique de type homogéne. Nous comparons
les opérateurs maximaux associés aux troncatures du noyau et a la sommabilité de la série
de Haar.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In [8], Stefanie Petermichl proves a remarkable identity that provides the Hilbert kernel xl—y in R through a mean value
of dilations and translations of a basic kernel defined in terms of dyadic families on R. The basic kernel for a fixed dyadic
system D is described in terms of Haar wavelets. Assume that D is the standard dyadic family on R, i.e. D = UjezD/

with D/ ={I] :k € Z} and I] = [%, ’%_1)_ Let 7 be the standard Haar system built on the dyadic intervals in D. There
is a natural bijection between 7# and D. We shall use D as the index set and we shall write h; to denote the function
hi(x) = |1]71/2 (X;- (x) — X+ (x)) where I~ and I are the respective left and right halves of I, Xk is, as usual, the indicator
function of E and |E| denotes the Lebesgue measure of the measurable set E. With the above notation, the basic Petermichl’s

operator on L%(R) is given by

* This work was supported by CONICET (grant PIP-112-2011010-0877, 2012); ANPCyT-MINCyT (grants PICT-2568, 2012; PICT-3631, 2015); and UNL (grant
CAID-50120110100371LI, 2013).
E-mail addresses: haimar@santafe-conicet.gov.ar (H. Aimar), ivanagomez@santafe-conicet.gov.ar (I. Gémez).

https://doi.org/10.1016/j.crma.2018.04.002
1631-073X/© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


https://doi.org/10.1016/j.crma.2018.04.002
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:haimar@santafe-conicet.gov.ar
mailto:ivanagomez@santafe-conicet.gov.ar
https://doi.org/10.1016/j.crma.2018.04.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2018.04.002&domain=pdf

510 H. Aimar, I. Gomez / C. R. Acad. Sci. Paris, Ser. 1 356 (2018) 509-516

PFO) =Y (f.h1) (- (X) = hy+ (%), (1.1)

1eD

where, as usual, (f,h) = fRf(y)hl(y) dy. Hence, at least formally, the operator P is defined by the nonconvolution non-
symmetric kernel

P(x,y) =Y hi(y) (- () —h+(0)
heD
=P (x,y)+ P~ (X, y);
with
PYy) = > hi(y)(h-x) — hp+ (%) (12)

IeD+t

and Dt = (I} e D:k > 0).
Let us observe that, for x>0, y > 0 and x # y, the series ) _;.p+ hi(¥)[h;- () — hj+(x)] is absolute convergent. In fact,

1
Yo Wlh-@—hp@l= Y —= ) —h ()]
leD+ 1eD*,I121(x,y) \/m
2V2 42
= X W Tim

1eD+,121(x,y)

where I(x, y) is the smallest dyadic interval in R containing x and y.

In §2, we show that P+ (and P~), the operator induced by the kernel Pt (resp. P~), is of Calder6n-Zygmund type in
the normal space of homogeneous type R* (resp. R™) with the dyadic ultrametric §(x, y) = inf{|I| : x, y € I and I € D} and
Lebesgue measure. In §3, we compare the maximal operators induced by the geometric truncations of the kernel with the
maximal operator of the partial sums of the Haar series.

2. Petermichl’s operator as a Calderén-Zygmund operator

Following [7], a linear and continuous operator T : Z(R") — 2'(R"), with 2 and 2’ the test functions and the distribu-
tions on R", is a Calder6n-Zygmund operator if there exists K € Llloc(]R” x R"\ A) where A is the diagonal of R" x R" such
that
(1) there exists Cg > 0 with

Kt )l < —2 #
XIN=—7, XFY;
Ix—yl"

(2) there exist C; and y > 0 such that

/Y
(2.2) KK, y)—Kx, y)| <C % when 2 |x' — x| < [x — yl;
y' -y

(2b) [K(x,¥) = K(x, y)| < Cy when 2|y’ —y| < [x— yI;

x — y["*Y
(3) T extends to L2(R") as a continuous linear operator;
(4) for ¢ and ¥ € Z(R") with supp ¢ Nsupp ¥ = @, we have:

(To. ) = // K(x, )0y () dxdy.
Rﬂan

With a little effort, the notions of Calder6n-Zygmund operator and Calderén-Zygmund kernel K - i.e. satisfying (1) and (2)
- can be extended to normal metric spaces of homogeneous type. Even when the formulation can be stated in quasi-metric
spaces for our application, it shall be enough in the following context. Let (X, d) be a metric space. If there exists a Borel
measure @ on X such that for some constants 0 < o < 8 < oo such that the inequalities ar < w(B(x,r)) < Br hold for every
r> 0 and every x € X, we shall say that (X,d, n) is a normal space. As usual B(x,r) = {y € X :d(x, y) < r}. In particular,
(X,d, ) is a space of homogeneous type in the sense of [4], [6], [5], [2], and many problems of harmonic analysis find
there a natural place to be solved.

In this setting in [6] a fractional-order inductive limit topology is given to the space of compactly supported Lipschitz y
functions (0 < ¥ < 1). We shall still write 2 = 2(X, d) to denote this test functions space. And 2’ = 2'(X,d) its dual, the
space of distributions. So, the extension of the definition of Calderén-Zygmund operators to this setting becomes natural.
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Definition 1. Let (X, d, ;t) be a normal metric measure space such that continuous functions are dense in L' (X, ). We say
that a linear and continuous operator T : 2 — &’ is Calderén-Zygmund on (X, d, ) if there exists K € Llloc(X x X\ A),
where A is the diagonal in X x X, such that

(i) there exists Co > 0 with

0
IK(x, y)| < , XFEY;
dx,y) #

(ii) there exist C;1 > 0 and y > 0 such that
(iia) [K(X,y) — K(x, y)| < C KT e 200 %) < d(x, y);
. " Y= ]d(x,y)”l’ »X) =d(X, Y),

d(y,y)Y
(iib) |K(x, y") — K(x, y)| < Cld(ijj’y% when 2d(y’, y) <d(x, y);

(iii) T extends to L?(X, 1) as a continuous linear operator;
(iv) for ¢ and ¢ € 2 with d(supp ¢, supp ) > 0 we have:

(To,¥)= // KX, y)oX) ¥ (y)dp x w)x,y).

XxX

Our first result shows that P+ and P~ are Calderén-Zygmund operators. In what follows, we shall keep using P for P+
and P for P*.

Theorem 2. There exists a metric § on R™ = {x : x > 0} such that (R", 8, |-|) is a normal space where §-continuous functions are
dense in L'(R*, dx) and P can be written, for x # y both in R, as

_ Qx, y)
s(x,y)°

where Q is bounded, §-smooth and homogeneous of degree zero, i.e. Q(24x, 2/y) = Q(x, y). Moreover, P is a Calderén-Zygmund
operator on (R, 8, |-]).

P(x,y) (2.1)

Proof. For x # y, two points in RT, define §(x, y) =inf{|I| : x, y € I € D}. Define also §(x, x) =0 for every x e RT. It is easy
to see that § is an ultra-metric on R*. This means that the triangle inequality improves to §(x, z) < sup{8(x, y), 8(y, z)} for
every X, y and z € R™. Notice that |x — y| < §(x, y), but they are certainly not equivalent. Also, for x e R* and r > 0 given,
taking m € Z such that 27 <r <2 ™1 we see that Bs(x,r) ={y e RT :8(x,y) <r}={y e RT : 8(x,y) <27™} = Tt
where k(x) is the only index k € NU{0} such that x € I]'. Hence, the Lebesgue measure of B;s(x, ) is that of the interval Ik’"(x).
Precisely, |Bs(x,r)| =2~™. So that 5 < |Bs(x,1)| <, for every x e R and every r > 0. In terms of our above definitions
(RT, 8, ]-) is a normal metric space. The integrability properties of powers of § resemble completely those of the powers
of x. In fact, for fixed x € R™, the function of y € RT given by 1/8%(x, y) is integrable inside a §-ball when « < 1. It is
integrable outside a §-ball when « > 1. In particular, 1/8(x, y) is neither locally nor globally integrable on R™.

Notice now that real-valued simple functions built on the dyadic intervals are continuous as functions defined on (R*, §).
In fact, for I € D, we have that |X}(x) — X;(y)| equals zero for x and y in I or for x and y outside I. Assume that x € I and
y ¢ 1, then 8(x, y) > 21|, so that |X;(x) — X;(¥)| <8(x, y)(2|I)~! for every x and y € RT. In other words, for I € D, Xj is
Lipschitz with respect to § with constant (2 |I|)~!. Hence, §-continuous functions are dense in L1(R*, dx).

The operator P is actually defined as an operator in L?(R*, dx). For f € L*(R™, dx),

P =Y (f ) (h- () = hys ()

leD+
= (fhyh-() = Y (F ) hys (o).
leD+ leD+

Hence ||Pf||% <2 ep+ IS, PP =2 ||f||§, which proves (iii) in Definition 1. In particular, if ¢ is a simple function built on
the dyadic intervals, we see that Pg e L>(R*, dx), so that when v is another simple function such that §(supp ¢, supp ) >
0, the two variables function F(x, y) = ¢(x)¥(y) is simple in R* x R and for some ¢ > 0, suppF N {§ < ¢} =@, we have
that, since only a finite subset of D™ is actually involved,

Y hiIh-0 —hr @] | 9()¥ (0 dy dx

Rt xR+ \I€D*



512 H. Aimar, I. Gomez / C. R. Acad. Sci. Paris, Ser. 1 356 (2018) 509-516

= / /P(X,J’)QO(J’) ¥ (%) dx

XeR+ eRt

= / Po(x)y(x)dx
xeR*

=(Po.¥).

Hence, P(x,y) = ;cp+ hi(¥)[hj- () — hj+ (x)] is the kernel for P. Let us now show that P(x,y) = ?((:;’)) for x # y. For
J € DT, define

QX y) =010

where

O () =X~ (y) — X+ ()
OF(X) = (X)—+ (%) + Xj- (%) — (X)— (%) + X+ (X)),
Let us denote with I(x, y) the smallest interval containing x and y, then we have
1
PX.Y)= Y hWh-®) —hpr®1=v2 Y —Qikx ).

I
IeD+ 1eD+,12I(x,y) | |

Since |I(x, y)| =48(x, y) and in the last series, we are adding on all the dyadic ancestors of I(x, ¥), including I(x, y) itself,

V2 &1 Qx, y)
)

Px,y)= 5(x, y) z_mgz[(m)(x,y)(xa y)= 5(x, y)

m=0

with I (x, y) the m-th ancestor of I(x, y) and

[e¢]
QXY =V2) 27" Q) (. V).

m=0

Hence (i) in Definition 1 holds with Cq = 2°/2.

Let us check (ii.a). Let x, y and X' € RT be such that §(x,x) < %S(X, y). Let I(x,y) be the smallest dyadic interval
containing x and y. Then |I(x, y)| = 8(x, y). In a similar way |I(x,x)| = 8(x,x") and |I(x, y)| =8(x', y). Since those three
intervals are all dyadic and since |I(x, x/)| < % [I(x, y)|, we necessarily must have that x’ belongs to the same half of I(x, y)
as x does. Hence I(x', y) = I(x, y) and certainly also are the same all the ancestors 1™ (x', y) = I (x, y). Now,

Qx.y) QX )
SX,y)  dxy)
QK. y) — Q. )|
- 3%, y)
=1+II

1
7 |P(.y)—P(x.y)| =

1 1
SX,y) (x¥)

+ |Q(x’,y)|‘

In order to estimate I, let us first explore the §-regularity of each €2;. Let us prove that

(a) for fixed y € R™ we have that |Q;(x, y) — Qj(x,y)| < %S(X, x'); and
(b) for fixed x € R, [2;(x, y) — 2, y)| < 6y, ¥).

Let us check (a). The regularity in the second variable is similar. Since the indicator function of a dyadic interval I is
8-Lipschitz with constant ﬁ we have

2K, ) = 2, )| = [0} 1O} ) - ©F ()|
= |03 ) - ©3 )|
<X+ () = X+ )| + |- () — X -0 | +
+ X (X)) = X ()| + | X+ (X)) = Xjs (0|
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4 J
<4——5(x,X).
2]l
Since the series defining €2 is absolutely convergent, from the above remarks, we have
x
1< 27 am o X Y) — Qpam) x,y)
S(X, ) n; | '™ (x',y) '™ (x,y) ’
,1 o
= 27 Qi e (XS V) — Qi vy (X, V)
S(X, y) ng | 1M (x,y) 1M (x,y) ‘
__8 i - §(x,x)
Ty =T 1M, y)
20X
82(x, ¥

Let us estimate II. Since |€2| is bounded above by 2 and § is a metric on R™, we have
S§(x,y) —8(x/, S(x, x'
”52\ *, ) </ 2l PN )
8(x, ¥)8(x', y) 3(x, ¥)8(x', y)
as we already observed, under the current conditions, §(x’, y) = §(x, y). And we get the desired type estimate II <2
Hence |P(x,y) — P(x,y)| < v/214 S(XX) \when §(x,X) < 18(x, ¥).

3 82(xy)
The analogous procedure, using (b) and a similar geometric consideration for x, y, y’ with §(y, y) < %S(X, y) gives

5(y.y")
82(x,y)

S(x,X)
5x,y) "

|P(x,y") — P(x,y)| <+/212

3. Comparison of the maximal operators

As usual, for Calderén-Zygmund operators, the truncations of the kernel and the associated maximal operator play a
central role in the analysis of the boundedness properties of the operator. For 0 < & < R < 00, set
Qx, y)
Yy
Sometimes, for example when P acts on LP(R*,dx) with p > 1, only the local truncation about the diagonal is actually
needed. For € > 0, P oo (X, y) = Xis(x.y)=¢} (X, ¥) P(x, ¥). Since the original form of Petermichl’s kernel is given in terms of

the Haar-Fourier analysis, a scale truncation is still possible and natural. For [ < m both in Z, we consider also the scale
truncation of P between 2! and 2™. In other words,

P, yy= Y W0 —hp ).

{IeD+:2!<|I|<2m}

Pe r(%,y) = Xe<s(x,y)<R) P (X, ¥) = Xe<5(x,y)<R

Since § takes only dyadic values, P, g can also be written as Py 5. for A and u € Z. For simplicity, we shall write Py , to
denote P ,.. Hence, in our notation the distinction between the two truncations is only positional: P'™ is scale truncation;
Pj;y is metric truncation. Let us compare these two kernels and the operators induced by them. The calligraphic versions
PLm and ‘Pi.m denote the operators induced by Pim and P m, respectively.

In the next statement, we use two notations for the ancestrality of a dyadic interval. Given I € D, I denotes, as
before, the n-th ancestor of I. Instead, T/ denotes the only, if any, ancestor of I in the level DJ of the dyadic interval. For
instance, if I =[2,2), then IV =11,2), I® =[0,2), I° =[1,2), I* =0, 8).

Lemma 3. Let | and m in Z with | < m. Then

(1) PE™(x, ) = Pym(x, ¥) + Qum(x, ), where

0, fors(x, y) = 2™;
m—1 X
V2 Y 2750, ) (. ), for0 < 5(x, y) <24
Qmx. y) = =t
—% > 27"Qw x,y) (X, ¥),  when 2l <8(x, y) <2™;

2
n=1og: 5tx.y)
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(2) P4 pelongs to L' (R, dx) in each variable when the other variable remains fixed. Moreover
/ PLM(x, y) dx = / PlM(x, y)dy = 0;
yeRTt yeRt

(3) | Qun 9| =232 (27 X544y 2y (6 9) + 27" Xy cam) )
(4) the inequality ‘fyew Qrmx,y) dy’ < 24/2 holds for every |, m in Z and every x € R*;
(5) the sequence fye]R+ Q.0(x, y) dy converges uniformly in x € R* for I tending to —oo.

Proof. Let us rewrite together the two truncations of P for the same values of | and m with [ <m,

PPMxyy= Y W ®) —hr®);
1eD+ 2l<|I|<2m
Qx, y)
p s =4 < <2my(&,
L.m(X, ¥) (2!<8(x,y) <2 }(X y) 3%, )

with Q(x, y) =232, 27"Q ) (x,y) (%, ¥). Let us compute PLM(x, y) for the three bands around the diagonal A of Rt x R*
determined by 2! and 2™. First, assume that 0 < 8(x, y) < 2\. Then

1
PP yy=v2 ) ).
IeDt
2l<|I)<2m
Since suppQ; C I x I, once (x, y) is given, with §(x, y) < 2!, the sum above is performed only on those dyadic intervals I
for which 2! < |I| < 2™ that contain I(x, y); the smallest dyadic interval containing both x and y. Hence,

m—1

1
PG Y) = V2 ) iRy (6 ¥) = Qun(X, Y) = Qum (% ¥) + Pum(X, )
j=l

in the §-strip {(x, y) : RT x RT : 8(x, y) < 2}. Second, assume that §(x, y) > 2™. Then no dyadic interval I containing both x
and y has a measure less than 2™, so that P'™ vanishes when §(x, y) > 2™ and again P'™ = Qi.m + Pim. The third and last
case to be considered is when 2! < 8(x,y) <2™. Again the non-vanishing condition for ©;(x, y) requires I 2 I(x, y), hence

1
P, y)=v2 ) ).

Since I D I(x, y) then, in the above sum, I has to be an ancestor of I(x, y). Hence |I| =2"|I(x, y)| = 2"8(x, y) for some
n=0,1,2,... The upper restriction on the measure of I, |I| < 2™, provides an upper bound for n. In fact, since 2™ > |I| =
2"8(x, y), n < (log, 2™8~1(x, y)) — 1. Notice that 2™5~1(x, y) is an integral power of 2, so that log, 2™5~!(x, y) € Z. Hence,

2m
108> 5(x, 3 1

m_ V2 1
poT = 5(x.9) > o S ey (- Y)

n=0
V2 ad 1
= 5oy \ Q@Y = Y Ry )
n=log, s(imy)

=P X, ¥)+ QmX, ),

and (1) is proved.

In order to prove (2), notice that for x fixed P'™(x,-) is a finite linear combination of Haar functions in the variable y.
Hence, P'™(x, ) is an L'(R*, dx) function and its integral in y vanishes, since each Haar function has mean value zero. An
analogous argument hold for y fixed and PL™(-, y).

Let us get the bound in (3). We only have to check it in the bands {5(x, y) < 2!} and {2! <§(x, y) <2™}. Let us first take
8(x, y) <2!. Then,
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m—1 m
Q. )| =v2|D 2774, )| =V2) 27T <2v227,

j=l j=l

as desired. Assume now that 2! < 8(x,y) <2™. Then,

- n 1 sy _ m
|Qumx, y)|<f6(x %) Zm 2= T Y

n=l0g> 5(xy)

For the proof of (4), notice that from (3), we have that, for fixed x and fixed | and m, as a function of y, Q;(x, ¥), and
hence P, (x,y) are integrable. Then,

/ Qim(x, y)dy

yeR*

<2v2 / {zilX{é(x,y)<2’}(Xa Y) + 27" X yy<2m (%, Y)} dy =2v2.
yeRt

Let us prove (5). From the expression in (1) for Q, we have

/onoc y)dy=+2 / (Zz Q) (- y))dy

yeR+ Bs(x.2) ‘=
_\/i / ! < i lQ](n)(x (va)>d
8(x, y) ; on .Y)
Bs(x,1)\Bs(x,2)) n=log 573
1
—fzz ! / Qi) (% ¥) dy — fzz ' / (Z R0 ) (% y))
= B ysp=2) "=

-1
:ﬁ(szz’a,j(x) ! 22 Z 27" an(X)>

j=l n=—i

where G j(x) = JEB(;(XA,ZI) Qi (x,y) % ¥)dy and op i (x) = f{a(x,y):zf} Qmyy) X, y)dy and f; f denotes the mean value of f on
E, so that

—1-1
/ Qo y)dy = sz 011+1(X)—<22_ Zam<x>+ Z Z%;(X))

yeR+ i=—n n=—I+1 i=l
Since, in the definitions of & and o, we are taking mean values of functions with L>-norm equal to 1, we certainly have
that || <1 and |o| < 1. Hence, ‘Zi;]_n an,,-(x)‘ <n, and ‘Z:l an,,-(x)‘ < |l = —L. So the first term in the expression for the

integral is dominated by the geometric series Z,>o 21 the second term is dominated by the convergent series Yoo n27m,
and the third term is bounded by || Zn__,_H 27", which tends to zero as |I| tends to infinity. O

Let us notice that (4) and (5) in the above lemma hold also integrating in the variable x. Let

Mgy f(x) = sup /If(y)ldy

xeleD+t 1]

be the dyadic maximal operator. Set

P*f(0) = sup / P e, y) £ (y) dy

I<m
I,meZ R+

Py f(x) = sup | PLm(x, y)|
<m

I,meZ
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Theorem 4. The inequalities

Pif(X) < 4v2May f(x) +P* f (%) (3.1)

and

P*f(x) < 4v2Mgy f (%) + Ps f (%) (3.2)
hold for every locally integrable function f defined on R™.

Proof. Inequalities (3.1) and (3.2) follow from (1) and (3) in Lemma 3. O

The above theorem, together with properties (2), (4) and (5) in Lemma 3, and the results in [1] and [3], give classical
boundedness properties in Lebesgue spaces of Py, so that, from (3.2) and the boundedness properties of Mg, we obtain the
corresponding bounds for P*.
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