INHOMOGENEOUS TORSIONAL CREEP PROBLEMS IN
ANISOTROPIC ORLICZ SOBOLEV SPACES
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ABSTRACT. In this paper we study the asymptotic behavior of the sequence
of solutions for a family of torsional creep-type problems, involving inhomoge-
neous and anisotropic differential operators, on a bounded domain, subject to
the homogenous Dirichlet boundary condition. We find out that the sequence
of solutions converges uniformly on the domain to a certain distance function
defined in accordance with the anisotropy of the problem. In addition, we
identify the limit problem via viscosity solutions theory.

1. INTRODUCTION

Let L, M and N be three positive integers such that L + M = N. For each
¢ € RY we write £ = (7,9) € R x RM with » = (21,...,21) € RY and y =
(Y1, yar) € RM. Moreover, we denote by | - |z, | - |a and |- |y, the Euclidean
norms in RY, RM and R, respectively. Furthermore, for & = (7,7) € RY and
& = (%,9) € RY with 7, 2 € RF and 7, § € RM we define the ”anisotropic
Euclidean norm” on RV as

16 —&hi=T-2[L +|y—9lm-

On the other hand, for a sufficiently smooth function u defined on an open subset
of R we will use the following notations

ou ou ou ou
VIU = <8l‘1,,8xL> 5 Vyu = (fayl,,aij> s Vu := (Vmu,vyu)

For each integer n > 1, we consider the mappings ¢,, ¥, : R — R which are
assumed to be odd, increasing homeomorphisms of class C! satisfying

N—1<¢n—1§t5:((tt)) < —l<oo, VE>0 (1.1)
N—1<¢;—1<w”(t)§¢;—1<oo, V>0 (1.2)

~ Ya(t)

Tt with N < ¢ <o <ooand N <o, <o <

n? n?

for some constants ¢
m?

¢,, — oo and 1), — 00 as n — 00, (1.3)
and such that there exists a real constant 8 > 1 for which

¢ < By, and ¢f < By, Yo >1. (1.4)
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Let Q2 C RY be a bounded domain with smooth boundary, 92, and let f €

C () be a positive function. The purpose of this work is to study the asymptotic
behaviour of the solutions for the family of problems

: Pn([Vau : 1/1.,,,(|Vy’u.‘ ) _ :
—lel. (<i%((1|)|7vm‘1f|lv'l'u) - ley (mv!ﬂl) = f, m Q,
u =0, on 092,

as n — o0.

(1.5)

Several research directions are assembled behind the study of the present work.
The initial motivation comes from the analysis of torsional creep problems. Ac-
cording to [4] the torsional creep represents the permanent plastic deformation of
a material subject to a torsional moment for an extended period of time and at
sufficiently high temperature. Moreover, in [4, Part IV] it is also pointed out the
fact that torsional creep problems are related to inhomogeneous problems of the
type

—div(|[Vul% ?Vu) =1 in Q,
u=0 on 0f.

It is common knowledge that for all real numbers p € (1, 00) problem (1.6) possesses
a unique solution, say u,. As explained in [23], several facts on elastic-plastic torsion
theory suggested that necessarily u, — dist(-,9€2) in some sense, where dist(-, 992)
stands for the distance function to the boundary of €2 with respect to the Euclidean
norm | - |, i.e. dist(z,00Q) := infycpq |z — y|n, for each = € Q. One of the first
results supporting this conjecture is included in [26], where it is shown that

(1.6)

lim [ wy(x)dzr — / dist(x, 0Q)dx.
This result was improved independently in [23] and [4] where it was established the
uniform convergence of u, to dist(-,0Q) in Q. If in [23] the uniform convergence
was obtained with the use of variational arguments and maximum principles, in
[4] the authors used an approach based on the analysis of the viscosity solutions
of the limiting problem of the family of equations (1.6), as p — co. In order to
explain the ideas used in [4] we recall the famous Lipschitz Extension Problem, that
is, given a Lipschitz function g : 09 — R, with its best Lipschitz constant L,
find its Absolutely Minimizing Lipschitz Extension (ov AMLE), i.e. the (unique)
best Lipschitz extension, in the sense that the Lipschitz constant is the same, L,
and it remains stable for subdomains (see [2]). The problem of finding the AMLE
can be connected with the study of the limit problem, as p — oo, of the family
of equations div(|Vu[%, *Vu) = 0 in Q subject to u = g on dQ. This idea gave
rise to a notable field of research, where the limit problem is identified and the
existence of solutions for the limit problem is investigated, thanks to a relaxed
concept of solution: solutions in viscosity sense, see Section 6 for further details on
this topic. In this context, we recall that the limit problem corresponding to (1.6),
as p — 00, reads as min{l — |Vu|y,—Asu} = 0 in Q and v = 0 on 912, which
has a unique (viscosity) solution that is precisely dist(-,02) (see, e.g. [18, 20]).
Here A u := (D?*uVu, Vu) y stands for the Infinity Laplacian, provided that D?u
denotes the Hessian matrix of u and (-,-)x is the scalar product on R¥.
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The above results can be relaxed in the sense that we can consider more general
differential operators in the left-hand side of equations (1.6). For example, in [29]
the authors replaced the p-Laplacian from (1.6), i.e. div(|Vul% *Vu), by its inho-
mogeneous variable exponent version, the p(-)-Laplacian, i.e. div(|Vu|’1)\§x)_2Vu),
where p : Q — (1, 00) is a continuous function. To be more specific, it was proved
that if p,,(+) is a sequence of continuous functions over {2 which diverges to infinity
uniformly in Q, as n — oo, then the sequence of (unique) solutions, w,, of the
family of equations

u=0, on 9, (1.7)

{ —div(|Vul% @2V =1, in Q,
converges uniformly to dist(-, Q) in Q, as n — oo. Another generalization of (1.6)
is undertaken in [6], where the authors studied the asymptotic behavior of the
sequence of (unique) solutions, w,,, for the family of problems

- ( Dn([Vuln) ) :

—div| —~—=""Vu ) =1, inQ,
(¢n(1)|vu|N

u =0, on 01},

(1.8)

with ¢,, satisfying (1.1), (1.3) and (1.4). It was established again that u,, converges
uniformly to dist(-, ) in 2, as n — oo. Note that, problems (1.7) and (1.8)
represent generalizations of (1.6) since if we consider the particular cases when
pn(z) = n and ¢,(t) = [t|"~2¢, respectively, we recover (1.6) with p = n. On
the other hand, we also point out the fact that problem (1.8) can be regarded
as an isotropic version of problem (1.5), proposed for investigation in this paper.
However, as it can be easily observed, we can not apply the results obtained from
the study of problems (1.8) to the study of problems (1.5) since the differential
operator involved in (1.5) is of anisotropic type. As we will show immediately
this new situation will give rise some changes in the conclusion of the investigation
considered here compared with the conclusion of the isotropic case.

We recall that the analysis of asymptotic behavior of solutions for different fam-
ilies of anisotropic differential operators was largely considered in the literature,
see for instance [3, 14, 16, 27, 29, 28]. In particular, for each positive integer n,
consider the family of equations

{ —divy (|Voun[2" 7V oun) — divy (|Vyua|§; *Vyu,) =1, in Q, (1.9)

Un =0, on 0f),

where p,, and ¢, are two sequences of real numbers diverging to infinity, as n — co.
For each integer n we denote by u,, the unique solution of (1.9). It was proved in [14]
and [16, Section 6] (see also [27] for a variable exponent version of the problem)
that w, converges uniformly in Q, as n — oo, to a distance function that takes
into account the anisotropy of the problem, see Section 3. Indeed it is the unique
solution of the limit problem, identified to be precisely max{|Vu|r,|Vyula} =1
in Q subjected to u = 0 on 9. Since problem (1.9) represents a particular case of
problem (1.5), obtained when ¢,, = |t|P» =2t and v,, = |t|9"~?t, our intuition is that
we can expect to prove similar results in the case of problem (1.5).
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The goal of the present paper is to complement all the former works highlighted
above by analyzing problem (1.5), which, due to its anisotropic nature, could repre-
sent a torsion that twists the material depending on the direction of the variables.

The paper is organized as follows: in Section 2 we present the function space
setting where problem (1.5) is analyzed; in Section 3 the definition and properties
of a weak solution for problem (1.5) are recalled and the main result of this paper is
emphasized; Section 4 is devoted to the study of a I'-convergence result for certain
functionals which are related with the problem considered here; subsequently, this
I'-convergence result is used in Section 5 in order to prove the main result of the
paper; Section 6 presents an alternative proof of the main result based on the
identification of the limit equation, as n — oo in (1.5), which is understood in the
viscosity sense.

2. FUNCTION SPACE SETTING

Due to the inhomogeneous nature of the problem (1.5), the classical Lebesgue and
Sobolev spaces are not the appropriate functional spaces in which to seek solutions
for our problem. Instead, one needs to work in the more general framework of
Orlicz and Orlicz-Sobolev spaces. With ¢,, and 1, as above, define

¢ t
D, (t) := / On(s) ds and U, (t):= / Yn(s)ds, Yit>0.
0 0
Note that hypotheses (1.1) and (1.2) ensure that

_ tha(t) __ ty(t)

as it is shown in [24, Lemma 1.1] (see also, [25, Lemma 2.1]). The Orlicz spaces
L% (Q) and LY () are defined by

<y, Vi>0, (2.10)

L (Q) := {u : Q2 = R; wu is measurable and / D, (Ju(€)]) d¢ < oo} ,
Q
and
LY (Q) := {u : Q@ = R; wu is measurable and / U, (Ju(€)]) d¢ < oo} .
Q

Endowed with the Luzemburg norms, given by

lulls, = inf{u >0 : /Q@n (“E?) de < 1}, (2.11)

- inf{u >0 : /Q‘I’ (“f)) de < 1}, (2.12)

L®~(Q) and LY~ (Q) are Banach spaces. The Orlicz-Sobolev space Wol’(b”’q/" (Q) is
defined as the closure of C§°(Q2) with respect to the norm ||ul| := |||VzulL|le, +
||V yular|lw, - Under our assumptions (1.1) and (1.2), L% (), LY (Q) and Wy ¥ (Q)
are reflexive Banach spaces. For more details about Orlicz and Orlicz-Sobolev
spaces we refer to the book by Adams [1], and to the papers by Clément et al. [9],
Lieberman [24] and Martinez & Wolanski [25].

and
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3. MAIN RESULTS

We say that u € Wg'*»¥"(Q) is a weak solution of problem (1.5) if

On(|Voulr) / Pn([Vyuln) /
eV ouVvd+ | ———VyuVyu dé = | fodg,
for all v € Wy *""(Q).

It is standard that for each positive integer n € N, the unique weak solution

u, € Wo*¥7(Q) of problem (1.5) is a minimizer of the Euler-Lagrange functional
associated to problem (1.5), namely, .J, : Wo'®*Y" () — R given by

Tn(v) ::/Q "(W 3l ‘L dé + / W"’ Nar) e /f . (3.13)

In particular, since Jn(v) > Ju(|v]) for all v € Wol’q)"’q’" (©) and wu,, is a minimizer
of Jy, it is clear that u,(§) > 0 for a.e. £ € Q. Moreover, it follows by standard
arguments that J,, € CH(Wo ¥ (Q);R) and (J, (un), un) = 0, i.e.

/¢n Ve “n'L Vol d§ + /Mmunw ds
(1) (3.14)

- /qundgzo.

Let us introduce the ”anisotropic distance function” to the boundary of Q with
respect to the norm |- [; as 61 : © — [0,00), determined by

01(6) = inf e~ nh. VEEQ.

Our aim is to see that, indeed, this anisotropic distance will be the limit of our
solutions u,, as n — oo. This is the core of the following theorem.

Theorem 3.1. Assume that f € C(Q) is positive and the hypotheses (1.1), (1.2),

(1.3), and (1.4) hold. Then the sequence {u,} C Wy *""""(Q) of weak solutions of
problem (1.5) converges uniformly in Q to ;.

4. A I'-CONVERGENCE RESULT

We dedicate this section of our paper to analyze the I'-convergence of certain
functionals which are strongly related with the problem under consideration.

Let us first recall the definition of the concept of I'-convergence (introduced in
[12], [13]) in metric spaces. The reader is referred to [11] and [7] for a comprehensive
introduction to the topic.

Definition 4.1. Let X be a metric space. A sequence {F,} of functionals F),
X — R := RU {400} is said to T'(X)-converge to F : X — R, and we write
I(X)— lim F, = F, if the following hold:

n—oo

(i): for every u € X and {u,} C X such that u, — u in X, we have
F(u) <liminf F, (uy,) ;
n—oo
(ii): for every w € X there exists a recovery sequence {u,} C X such that
Uy, — u in X and

F(u) > limsup F), (u,) .

n— 00
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For each integer n > 1 consider the functional I,, : L*(£2) — [0, 0o] defined by

@, (|Vaulr) U (IVyulnm) : 1,8,,7,
= [ e [ T e e Wit )

00, otherwise .

Next theorem reveals which is the I'-limit for the sequence {I,,}. Its proof follows
the ideas from [5, Theorem 3.2] but we present it in detail for the convenience of
the reader.

Theorem 4.1. Define I, : L'(Q) — [0, 0] by

Loo(u) = 0, if we X and max{|| [Voulr ||z | [Vyuln oo} <1,
*° +o00, otherwise.
where & = W2(0) 1 (M21 Wy () ). Then D(L () = lim I = L.
- n—oo

A simple consequence of Theorem 4.1 which will be useful in establishing the
conclusion of Theorem 3.1 is the following.

Corollary 4.2. For each integer n > 1 consider the functional J, : L'(Q) — R
defined by

Tawy={ . 4w e Wyt (),
" —+00, otherwise.

Define Jo : LY(Q) — R by

7 _ — [ fud, if ue X and max{| |Viulr ||z=@), | [Vyulsm @)} <1,
wo(u) = Q

400, otherwise.

where X = W) 1 (Ngs1 Wy (). Then D(LY(€)) = lim T = Toc.

n—oo

Proof of Theorem 4.1. We start by verifying the existence of a recovery se-
quence. If I (u) = oo, the inequality clearly holds for any sequence u,, — u strongly
in L'(©2). On the other hand, if I (u) < 400 we must have I, (u) = 0 and, as a re-

sult, u € & = WH(@)n(Ny21 W5 () and max{ ]| [Vaulz <), | [Vyular @)} <
1. For each n € N, let u,, := u, and note that u, € Wy'*¥"(Q2) and

Cn([Voul@le) , / Y (| Vyu(€)[ar) >
£+ dg
Q

limsup I,,(u,) = limsup (/Q on(1) (1)

: Q@ (1) | 92T, (1)
: hflso‘ip( (D) (D) )
< 1ifl_>solip<|<;i|+1|z|>2021°°(u)’

where we have taken into account (1.3) and (2.10). This implies that the constant
sequence {u,} = {u} is a recovery sequence for the I'-limit.

To prove liminf-inequality from the definition of the I'-convergence, we may
assume, without loss of generality, that u,, € Wy **" () and

hnrr_ligf I, (up) = nh_)ngo L(up) < 0o. (4.15)



INHOMOGENEOUS TORSIONAL CREEP PROBLEMS 7

Recall that ®,,(t) dominates t®» near infinity for each n > 1, thus L®~(Q) C
L% (Q) and hence, |V uy, |, € L% () (see [1, Lemma 8.12(b)]). Similarly, |V, u,|a €
L% (Q), for each n > 1.

Let & € € be a Lebesgue point for Vu € L'(Q; RY), namely

1
lim 7/ Vu(n) — Vu dn=20.
O+ |Br(§0)| B.(60) | (77) (50)|N U

Since [Vu(n) — Va(€o) 3 = [Vau(n) — Vau(o)l2 +|Vyu(n) — Vyu(€o) |3, we deduce
that

@] o o [V = Vatl@le dy < e | 9u(n) = Fu(eol dn,
and
1 1
e /B T =yl < e [ 9t - utoly an.
Consequently,
rl_i,%ﬂ |BT1€0)| e |Veu(n) — Veu(éo)lL dn =0,
and

1
limi/ Vyu(n) — Vyu(é dn=0,
r—0+ | B (&) BT(EO)| yu(n) yu(&o)|m

which shows that &, is a Lebesgue point for V,u € L'(Q;RY) and also for Vyu €
LY (Q;RM). For any ball B,.(&) C €2, and n > 1 sufficiently large it holds, in view
of Hélder’s inequality, that

fB,.(go) [Vaun(n)|dn

IN

1 Vaunlr | o X8, ) ory
b =1 (4.16)
| |V$UH|L HLM |Br(£0)| on

where (¢,) = On

G —1"
Further, invoking [15, Lemma A.2] we have for all n > 1, p > 0 and ¢ > 0 that

¢n i Pn
a0 TeeOU g oy <a,md A TPeOU g
pPnif p e (1,00) pPnif pe(1,00),
and
v i Yno
w0 70 PO gy <w,p) 2 EPEOI gy
p¥n it pe(1,00) p¥n it pe(1,00).

Consider the sets

Qrt ={£ € [Voun ([ > 1} and Q) ={£€Q; [Vou, (&)l < 1}
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Having in mind (1.4), (2.10) and (4.17), we can estimate

[ V@l e = [ Vol de+ [ (Taum(©lf de
Q Q Qf

n

IN

91+ [ 1Vaum(lF de

¢n(1)/¢n(‘vxun(x)|lz)
@, (1) Jo ¢n(1)

Q] + &, I (un) < [ + By, In(uy) -

IN

192 + dg

IN

Thus,
H |vzun‘L ||L¢’77 < [lQ\ +5¢;In(un)]1/¢" ) (4-19)
which combined with (4.16) gives

Ppn —1

[, o [T Cln < 1921+ 505 L) 95 Bl 55 (420
Now we use (1.3) and (4.15) to infer that

timsup [ Vo (n)ledn < B (4.21)
B:-(£0)

n—oo

and analogously,

n— oo

limsup/B o |Vyun(n)|ardn < |Br(&0)] - (4.22)

Let ¢ > 1 be an arbitrary real number. By (1.3), ¢ < ¢, for sufficiently large n > 1.
Applying Hoélder’s inequality we have

- L g
/\qun(ﬁ)li d¢ < </ |V ot (€)[ 97 dg) Q| e
Q Q
(Vs tun (8)]1) ) s
0 SANRME A AL A Q| on
< (1o [ 0 ) o
_a_ Pn —4
< (19 + By, Ln(un)) o |2 on

Similarly, we obtain

Y, —aq

/Q IV un ()% de < (19 + B L (un)) o7 |9 o

In particular this shows that the sequence {Vu,} is bounded in L?(€; RY) for any
g > 1. The convergence u,, — u in L'(Q2) guarantees that {u,} is bounded in
Wy%(£2), and as a result we may extract a subsequence (not relabelled) such that
U, — u weakly in Wy*(€). In particular, we find that u € N> Wy %(Q). On the
other hand, well-known lower semicontinuity results (see, e.g. [8, p. 61]) now give
[ Weutmldn <timint [ (9,0l
Br(£0) Br(&o)

n—oQ

and
/ IV, ()| ardn < Tim inf / IV, () [l
B, (o) B, (&)

n—oo
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Plugging (4.21) and (4.22) in the above inequalities implies that

1 1
—_— [Veu(n)|pdn <1 and ———— |Vyu(n)|pdn < 1.
1Br(&0)| /(o) 1Br (&)l S,y
Observe that almost every &, € ) is a Lebesgue point for Vu, and as shown above,
a Lebesgue point for each V,u and V,u as well. If we pass to the limit r — 07
in the above inequalities it yields |V u(§o)|r < 1 and |V u(&)|m < 1 for ae.
o € Q, or equivalently, max{|| [Vou|r ||z=), || [Vyulnr ||z} < 1. Next, since

u € Ngs1 Wy 9 (Q) we deduce that

/\Vu|q dxz)\l(q)/wq de, Yq>1,
Q Q

where A1 (q) stands for the first eigenvalue of the ¢g-Laplacian. In view of [21, Lemma
1.5] we know that lim, ,.[A\;(q)]V/? = ||<5||£io(ﬂ)7 where here 6 is the distance
function to the boundary of Q with respect to the euclidian norm in RY. Thus, the
above relations and the fact that |Vu|% = |V,ul2 + [V,ul3, now imply that

V2> [ [Vuly [[2=@) = Ascllull=(a) ,

and, thus, we deduce u € W (Q) and, consequently, u € X. It follows then that
I (u) = 0, which implies that liminf-inequality from the definition of I'-convergence
holds. This completes the proof of Theorem 4.1.

Finally, we conclude this section recalling the following well-known result which
will be extremely helpful in obtaining Theorem 3.1. It can be found in [19, Corollary
6.1.1].

Proposition 4.1. Let X be a topological space satisfying the first axiom of count-
ability, and assume that the sequence {F,} of functionals F,, : X — R, T —
converges to F' : X — R. Let z, be a minimizer for F,. If z, — z in X,
then z is a minimizer of F', and

F(z) =liminf F},(2,) .

n—oo

5. PROOF OF THEOREM 3.1

To accomplish the proof of our main result, we need first to establish the following
proposition, which in the isotropic case and considering the p-Laplacian operator
was obtained by Payne & Philippin in [26].

Proposition 5.1. Assume that the hypotheses (1.1), (1.2), (1.3), and (1.4) hold,
and for each integer n > 1 let u,, € Wol’q)"’\p" (Q) be the weak solution of the problem
(1.5). Then

lim [ F()un(€) de = / F(€)51(€) de
Q Q

n— o0

The proof of Proposition 5.1 will require two auxiliary results, stated in Lemma 5.1
and Lemma 5.2 below.

Lemma 5.1. The sequence {/ F(&un(€) df} is bounded.
Q
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Proof. For every integer n > 1 define
my, = min{¢, , ¥, }.

Then Holder’s inequality gives

1/my
[ funde <1 [ e < 511 < [ ds) Q1
Q Q Q

From the above inequalities it is clear that it is enough to show that the sequence

{/ Un () df} is bounded.
Q
Denoting by A;(m,,) the first eigenvalue of the p-Laplacian with p = m,,, given

by
[ vels e
EAVEE—

Al(mn) = inf s
veCF (\{0) /|U|mn e
Q

we deduce that
Vu, |y d§
)\1 (mn)

()™ <ok

In view of (4.17) and (4.18) we find

(5.23)

D, (t) > &, (1)t% and U, (t) >V, (1)t¥» V> 1,
and hence

- v, (¢
and ¥ <1+ (1)

< &, (1) v,(1) Vit>0.

In particular, taking ¢ as |Vyu,(§)|r and |Vyu, (€)|ar these inequalities read as

Voun (|7 <1+
) (5.24)

IVyun(€)lh <1+

for all £ € Q2 and for all integers n > 1.
On the other hand, elementary estimates and (5.24) yield

Vun ()% = (Vaua©)[] + Vyun (7)™
< 20 D2 (€)1 + [Vyun (6) 57
< 21 [Voun (€)[57 + [Vyun(€)[37)
<

o 0 (IVaun(©)lr) | Yn(Vyun(§)lam)
2 M(“ ) v, (1) M)'
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Using the above pieces of information and taking into account relations (2.10) and
(3.14) we infer

()

AU e g [ 2T O) g [ Tl
Q Q

= A(my 3, (1) 0, (1)
§%2<mn-z>/z [3|Q| v el /%(vzun(i}fywn@n "
N sz()ll)M / @n<|vyun<§2lﬂ(41>)vyun<é)|M dg]
- |§21|E” )2<mn72>/z [3|Q|+¢ /qsn Ve un(¢>n(Ll>)|vxun<5>|L "
Z+ / |V an le(wf)mun(fm dg]
< |;21|Znn) (mn=2)/2 [3|Q|—|—6/ fun dg]

and in consequence,

QU 2y
(/ unds) < B g2 2[3IQI+ﬁ|fIILoo / undg]. (5.25)

The conclusion of the lemma now follows by contradiction. Indeed, if we assume

that the sequence { / un () d€ } is unbounded, then there exists a subsequence,
Q

not relabelled, such that lim / un(§) dé = 4o00. Hence, for n > 1 sufficiently

n—oo Q

large, we have 3|Q| < / u, (&) d€. Dividing both sides of (5.25) by / un(§) d€ we
o

Q
find
et Q™1 nn—2y2 | 3I9
/Und§ < WQ " + Bl fllL=
0 1 mn /un df
Q
anfl
< (14 Bl ne

)\1 (mn)

Q2(mn=2)/[2(m,-1)]
or, equivalently, [ wu,(§) d¢ < (1 + o)1/ (mn—1) | .
avivalently, | un(6) d€ < (14 Bl 1) P ey

On the other hand, by [21, Lemma 1.5] we know that lim, [\ (my)]"/™ =
|6 ”E;(Q)’ where here § is the distance function to the boundary of Q with respect

to the euclidian norm in RY, which implies that the right-hand side in the last
inequality above is bounded. This contradicts the fact that lim / un(§) d€ = oc.

n—oo
|
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Lemma 5.2. There exists usx, € X = WH>(Q) N (ﬂqleol’q(Q)) with

max{[| [Vatos|z | (@), | [Vyticolns I} <1,
and a subsequence of {u,} (not relabeled) such that w, — us uniformly in €.

Proof. Let ¢ > N be an arbitrary real number. By (1.3), ¢ < ¢;, and ¢ < v, for
sufficiently large integers n > 1. Using Holder’s inequality, (5.24), recalling the fact
that (J,(un), un) = 0, and taking into account (1.4) and (2.10), we deduce that

- q

nq

[t < | [ wam©rF df} 0
Q Q

i O, (IVoun(©)lr) Jom o 2ot
o+ | 2ATe@le) o] oy

IN

q
én

IN

_ (1)
[ PR
< |oj+ o / F(E)un(e ] o

< :|Q| 5 /Q F€)un©) dg]

Pn —4a
Q\ bn

Similarly, we can obtain

Yp —4

[ 19t de < Dm 5 [ £ dg} W

By Lemma 5.1, there exists a positive constant M such that / f(&un(§) de <M

for all integers n > 1 sufficiently large. Thus, for all such n > 1 we must have
1 Vatnlr Log) < (191 + BM)Y O Q] 6n =0/ @Pn) (5.26)

and
1V ytalar llzogey < (19 4+ M) ¥n Q) a —0/ v (5.27)

This assures that the sequence {Vu,} is bounded in L4(Q;RY) for any ¢ > N.
Hence, there exists a subsequence {u,,} of {u,} and us € Wy '%(Q), such that
Up, — Uso Weakly in Wol’q(Q) and u,, — U strongly in L2(Q2). However, since ¢ >
N was arbitrary, the compactness of the embedding of Wy 4(Q) into C%(£2) (0 <
a < 1) for ¢ > N (one can choose, e.g., « = 1 — N/q), allows us to conclude
that indeed u,, — s uniformly in €. Finally, Proposition 4.1 (with X = L(Q),
F,=Jn, Foo = Joo, 2n = uy,) and Corollary 4.2 ensure that us is a minimizer for
Joo which, in particular, means that u., € X and

max{|| |Vatoo|r || | [Vytoolnr (L)} < 1.

Lemma 5.2 is proved. O

PROOF OF PROPOSITION 5.1. Fix an arbitrary subsequence of {u,}, still de-
noted by {u,}. Similar arguments as those used in the proof of Lemma 5.2 can be

q

i On(1) [ n(|Vatin(E)|0)|Vaorun (€L bama
IQI+¢) qb;/ 5 el ™ |Q| e
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considered to show that this subsequence contains, in its turn, a subsequence, say
{tn, }, which converges uniformly in © to a certain limit u., € X with
max{|| |Vatso|r [L (@), | [Vytoo|ar (L)} < 1.

In order to get the conclusion of Proposition 5.1 it is enough to establish that
limg o0 fQ fup, d€ = fﬂ fé1 d€. In other words, we will show that the limit of all
possible subsequences of {fQ fu, dE} is fQ f61 d€ and in accordance, the limit of
the full sequence should also be fQ foq d€.

In the sequel, for simplicity, we will write u,, instead of wu,,.

Since 6; € X € WY (Q), max{|| [Vadi|zllzoe, || [Vyoilarllne} =1 (see, e.g.
[3, p.37, Section 3|) and w, is a minimizer of J,, in Wol’(b"’q/" (Q), for each integer
n > 1 it holds that

Jn(un>SJn<5l>:/Q ('V 51“ dc + / 'W”M de /f51 .

|ﬂ|<1> o |9|\Ifn
/Q fovae =BG B / Fun d

|m | /f ¢, Vn>1.

or,

A

IN

Consequently, we find
/f51 d¢ < lim /fun dgz/fuoo dg. (5.28)

Next, we observe that for each ¢ = (z,y) € Q and n = (a,b) € 0 such that
1€ —n[1= 01(§), we have

Uoo(§) = Uso(§) — Uus(n)
<z —alL]l [Vauso|rllne + |y — bl [Vyuoo|ar|[ L= (5.29)
< 61(8).

Multiplying by f and integrating over 2 we get
lim fu, d§ = / fuso d€ < / fo1 d€.
Q Q Q

n—oo

n—oo

Recalling (5.28), we deduce that lim fuy, d€ = / fé1 d€, which concludes the
Q Q
proof of Proposition 5.1.

We are now ready to give the proof of Theorem 3.1.

PrOOF OF THEOREM 3.1. As in Proposition 5.1 we fix an arbitrary subsequence
of the solutions {u,} (not relabeled). Again as in Lemma 5.2 we can admit that
{un} converges uniformly to a certain limit u,, € X with

max{|| [Vatoo|r [|lLoe @) | [Vytoolnr Loy} < 1.

Hence, it just remains to see that u., = d1. Notice that, since {u,} is arbitrary, this
means that 7 is indeed the limit of the full sequence {u,}. Recall that by (5.29)
we have uy (§) < 01(€), for each € € Q. Further, since u,(£) > 0 for a.e. £ €  and
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for every integer n > 1, we deduce that us(§) > 0 for a.e. £ € Q. Finally, applying
Proposition 5.1 and taking into account the fact that u,, — us uniformly in Q, we

find that
/Qfél d& :nli_{r;o/gfun d¢ = /quoo dg .

Recalling the continuity of f, 61 and u, the last equalities yield us, = d. The
proof of Theorem 3.1 is complete.

6. THEOREM 3.1 REVISITED UNDER THE POINT OF VIEW OF VISCOSITY
SOLUTIONS

We devote this section to show our main result under a completely different
perspective: the identification of the limit equation as n — oo in (1.5), which has
to be understood in viscosity sense, see Definitions 6.1, 6.2 and 6.3 below. As
we will see the anisotropic distance also fulfils the limit equation, and then the
identification us, = d1 is a consequence of the uniqueness of solutions.

Furthermore, these arguments lead as well that the limit u,, maximizes the
functional F(v) = [, fv among certain set of functions. With this result and the
positivity of f, the fact that u., = d; follows straightforward.

Let us write in detail these ideas. We start by specifying the notion of solutions
we are considering along this section. We refer to [10] for the definition and main
properties of viscosity solutions to problems of the type

{ Hy, (tn, Vg, D2un) =0, n 0,

U =0 on 99, (6.30)

where D?u,, stands for the Hessian matrix of w,,.

Definition 6.1. An upper semicontinuous function u defined in 2 is a viscosity
subsolution of (6.30) if, ulspq < 0 and, whenever xo € 2 and ¢ € C%(Q) are such
that u(xo) = P(xo) and u(z) < P(x), if x # xo, then

H,, (tp, Vin, D*u,) < 0.

Definition 6.2. A lower semicontinuous function u defined in Q is a viscosity
supersolution of (6.30) if, ulsq > 0 and, whenever xg € Q and ¢ € C?(Q) are such
that u(xo) = ¢(xo) and u(x) > ¢(x), if © # xo, then

Hn(um Vg, DQUn) > 0.

Definition 6.3. A continuos function that is both supersolution and subsolution to
(6.30) is a wviscosity solution to (6.30).

Note that in both of the above definitions the strict inequality can be relaxed,
since the second condition is required just in a neigbourhood of xy. We refer to
[10] for further details about general theory of viscosity solutions, and [4, 20, 22]
for viscosity solutions related to the co—Laplacian and the p—Laplacian operators.
Regarding viscosity solutions to anisotropic operators we refer for instance to [3,
14, 16, 27, 28]. More recently, in [6] the authors determine the limit equation
corresponding to the isotropic case of (1.5), which turns out to be the same limit as
in [4, 29]. In view of this, it would be reasonable to think that the limit equation
in our case coincide with the limit found in [14], and this is indeed what occurs, see
Proposition 6.1 below.
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If we admit that the solutions u, to (1.5) are smooth enough so that we can take
derivatives in the PDE, our problem could be rewritten as follows

_ &n(|Vaun|L) |Vrun|L¢%(‘vmun|L)_¢n(|vrun|L)

Azun - Aoo zUn
¢n(1)|vxun|L ¢n(1)|kun‘% 7
Vn(|Vytn|m) IVyun |y, (IVytunlar) — Yn([Vyunlar)
—— L " AUy — n Ao yn, = [
Uu DIV ytnlar Sn(DIV 0Tl v =1

Here Ayv = div, (Vv), Ayv = divy (Vyv), Ax v = VouD20(V,)t and Ay yv =
VyvD;v(V,v)" are the Laplacian and the infinity Laplacian in x variables and in
y variables, respectively.

Let z € RY and

wy = (21, ..., 2L), and Wo = (ZL415-y ZN )5
stand for the first L components and for the last M components of z. Also for
S € SN we will call
S1 = (sijh<ij<L
the first L x L minor of the matrix S and
Sy = (Sz‘j)LHgi,jgN

the last M x M minor of S.
According to the notation adopted in (6.30) if we let

_ Oa(lwilr) ~wiledn (lwiln) — én(Jwilr)
H,(w,S) = 7¢n<1)|wl|Ltrace(Sl) om0 (S1wy,wy)
Y (Jw2|m) lwa|ny, ((walnr) — n((wa|nr)
_7¢n(1)‘w2|Mtrace(Sg) — In(D[03, (Sawa, wa) ,
then we can write
H,(V,, D*(u,)) = f. (6.31)

It is standard to show that if u,, is a continuous weak solution to (1.5) then it is a
viscosity solution to (6.31), see for example Lemma 1.8 in [21].

Notice that with the only use of the equation (1.5) all of the results stated in
Lemma 5.2 can be obtained, since in (5.26) and (5.27) we can pass to the limit as
¢,, and 1, go to oo, and then as ¢ — 0o to prove that

max{|| |Vitoo|r ||z | [Vytoolns ey} < 1,

being us the uniform limit in Q of some subsequence of {u,}. Furthermore, for n
sufficiently large, u,, are continuous weak solutions to (1.5), hence viscosity solutions
to (6.30). In order to identify the limit equation for such wue., we need to show
certain properties satisfied by this limit summarized in the next lemma. These
results are inspired from some ideas presented in [14], but we include the details of
proof for convenience of the reader.

Lemma 6.1. Let uy be the limit obtained in Lemma 5.2. Then, u., maximizes
the functional

Fv) = /vadf, (6.32)
in the set

K = {ve X :max{| |Vaulr =y, | Vyular [~} <1},
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where X = WH(Q) N (ﬁqleol’q(Q)>, namely,

F(ux) = Eg%}){(F(v)

Furthermore, us also maximizes (6.32) if F is integrated in any subdomain of Q.
Finally, if D C Q is a convex set, then for every £ € D, we can express Uqo as

Uoo (&) = P 12&){“00 0)+1§ — 01},

where A(§) = {0 € 0D such that 61(§,0D) := inf,coplé, n1=]¢,0[1}.

Remark 6.1. Note that the property of us, given by Lemma 6.1, namely F(uso) =
maxye g F(v), can be related with the I'-convergence results from Section 4.

Proof. Observe that u,, are minimizers of the Euler-Lagrange functional given by
(3.13). In particular, for any v € K

—/qundfé In(un) < IQ;@&()) |Q|\Ij /f d¢ < 7+@+/ fu de.

If we pass to the limit as n — oo in the previous chain of inequalities, using (1.3)
and the convergence u,, — Uy, uniformly in €2, we get

/ fusod€ > / fodg, for any v € K.
Q Q

Let us now define the set
K ={vewW" (D) : max{|| |Vov|r [lz=y, | [Vyvlnr [=(m)} < 1, vlop = usclon}

with D C € being an open and smooth subset. Since uso|p € IN(, it follows that

magc/jjfvde/Dfuoodf.

veK

By contradiction, suppose that there exists v* € K such that fD forde > fD fusodE.
Then we can construct v* € K as follows

«__J v" inD
YT uee inQ\D.

Clearly fQ fu* d€ > fQ fuso d€, which contradicts the previous assertion. Actually,
the above arguments show that

/ Suo d€ = magc/ fudg, (6.33)
D veK JD

provided that D C Q is an open and smooth subset.

Finally, assume that D C Q is a convex subset. Let £ € D be fixed. Since
Uso € K we have oo (§) < uoo(8)+]€ — 0[1, for every 8 € 0D such that 61(€,0D) is
attained, i.e, for every 8 € A(£). In particular, we have

Use(€) < inf, (uoe ()¢ ~ ) (634

We construct v € K as follows

v(€) = Inf {uec(m)+]€ —nh}-

neA(g)

Note that v is a continuous function over D which satisfies

max{|| [Vov|z ||z (D), | IVyvlar L=y} <1,
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and v|gp = Uso. Then, by (6.33) we have

/ fode < / frioo d. (6.35)

On the other hand, (6.34) yields that us < v in D. Integrating this inequality over
D and taking into account relation (6.35) we deduce that

/fvdé‘ /fuoo 3

Combining this equality with that fact that v and u., are continuous functions
satisfying uo, < v in D we deduce that us, = v in D. The proof of Lemma 6.1 is
now complete. O

We are ready now to identify the limit equation for ..

Theorem 6.1. Let uy, be the limit obtained in Lemma 5.2. Then u is the unique
viscosity solution of the following equation

{ max{|Vatoo|r, |VyUoo|lm} =1 in Q,

Uso = 0 on 0. (6.36)

Proof. The uniqueness of the viscosity solutions for equation (6.36) is a simple
consequence of [17, Theorem 1]. Thus, it remains to show that u., is a solution
of (6.36). In order to do that we first observe that u. = 0 on 99, since u, = 0
on 0N for each positive integer n. Next, we will show that u. is both a viscosity
supersolution and a viscosity subsolution of the above quoted equation.

Let us consider a point £ € . To prove that u., is a viscosity supersolution,
let ¢ be a function in C?(Q2) such that ue (&) = ¢(&) and us — ¢ has a local
minimum at ;. Since u,, — Uy uniformly, there exists a sequence &, — £p such
that u,, — ¢ has a local minimum at &,,, for any positive integer n.

Recall that u,, are viscosity solutions to (6.31) and in particular

On([Vap(§n)|L) DIV 2(Ea) ar)
,(ﬁn(l)‘vw@(gn”LAx@(gn) - T/’n(l)WySO(fn)\MAyw(f")

Va0 ()0 (Ve (En)ln) = dn(|Vap(€n)lL)
o (DVaip(6n)]3 Acocp(én)

V@) (IVy (&n) [ar) = ¥n([Vy(&n)lnr) 5
Un(DIVy(&n) 3

Note that the estimates from [25, Lemma 2.1]

soy(€n)) = f(6n)-
(6.37)

min{s® , 5% }¢, (1) < dp(st) < max{s?n, 5% }o, (1),
(6.38)
min{s¥n | 5% b, (t) < P (st) < max{s¥n, 5%}, (1),

for all t,s > 0 together with (1.3) ensure that the functions by, b, : [0,00) — R
defined by b, (t) o= Wiﬁ"(t) and reciprocally by, (t) := Wig“’“(” if t > 0,
b,(0) := 0 and b,(0) := 0 are continuous. In addition, the functions a,,a, :
[0,00) — R given by a,(t) := ‘75%('5) and an(t) == L if ¢t >0, a,(0) := 0 and
@, (0) := 0 are of class C* on (0, 00).
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Assume by contradiction that

max{|Vao(&o)|z, [Vye(&o)lar} < 1.

It follows that for some n sufficiently large we have

max{|Vap(&n)lL, [Vye(&n)lm} < 1.
Estimates in (6.38) also imply that

(| Vap(€n)|L)
¢n(1)|V2p(&n)lL

which in addition, if we have in mind that A,p(&,) — Azp(&o), [Vae(&n)ln —
|Voo(&)lr < 1 (hence for some gy > 0 we have |V,¢(&,)|r < 1 — e if n large
enough) and (1.3), indicates that the first term in (6.37) tends to zero. In a similar
way,

A0 0(En)] < [Vap(€)le" 1 Arp(En)l,

lim 1/}n(|vy<p(€n)|lz)
n—00 ¥, (1)|Vy (&)L

Regarding the next term in (6.37) we note that
[Vap(6n)|L0n (V2 (€n)lL) — on(IVap(§n)lL)
bn(1)[Vap(&a)l}
On(1)[Vap (&)l On([Vap(&n)lL)

< OnllVep(Eall) & =2 _ [Vap(€)l7" dn(l) _of —2
T e V@ T ) [Vee@l

Ay@(fn) =0.

1 ¢n =3
—(0r-2F 5 wastels)
where we have used (1.1). Now observe that

lim (67 — 2)% 3| Va(€n)l = [Vap(Eo)ls < 1.

n— oo

thus there exists g > 0 such that

1
(o —2)on—3|Vep(€n)|L < 1—eo, for n sufficiently large.
Therefore,

im0 Vae(En)l2) 60 VplEls) _ —
i oIV T <m0

and similarly

o AV (En) [ n (Ve (€n) [ar) — Y (IVye(€n)lar) _ . -3 _
lim inf DIV, 0 lE) s < ABg e =0
Clearly, Asc 2¢0(£n) = Ao z9(&0) and Ao y9(&n) = Aooy(&0). This shows that

eventually the whole left hand side in (6.37) tends to zero, while the right hand
side remains positive. We have reached the desired contradiction which shows that

max{|Vao(&o)|z, [Vye(So)lar} = 1.
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Next, we show that uy, is a viscosity subsolution. Fix & € © and let ¢ € C%(Q)
be such that us(§0) = ¢(&o) and us — ¢ has a local maximum at . Let € > 0 be
sufficiently small such that the set

D.:={£eQ 6 —-&i<e},

satisfies D. C Q. It is also clear that D, is an open and convex subset of  for
each ¢ > 0 small enough. Let now 7, € RL be such that |n.|, = 1. Define
n := (nr,0n) € RY, where 0y, stands for the null vector in RM. It is clear that
for each € > 0 small enough we have

(6o £en) —&oli=] £enhi=¢elnLlL =€,

which implies that &y +en € 0D, and |(§o £en) —&o[1= € = 61 (&0, D) (and, thus,
& ten € A(&)) for each € > 0 small enough and for each 1 constructed as above.
By Lemma 6.1 and the fact that ¢ is a test function such that u.(£o) = ¢(&o) and
Uso < ¢ in Dy for each € > 0 small enough we deduce that

Pl60) = use(0) = inf {usc(6) 160 — 1} < uoe(€0 —em) + € < o(60 —em) +.

Rearranging the previous expression, we get

©(&0) — w(&o —en) <

1.

Passing to the limit as € — 0 we deduce that

(Vo(o),mn <1,

or, equivalently

<vx¢(§0),77L>L S 1, A nL S RL with |T)L|L = 17

where we have denoted by (-,-)y and (-,-)r the scalar products on RV and R’
respectively. Recalling the well-known fact that for each x € R” it holds true that

|JT‘L: sup <$>77L>La
InLlL=1

the above relation assures that

[Vaep(€o)le <1.

Similar arguments can be used in order to show that

IVyp(&o)lar < 1.

Consequently we get

max{|Vae(&o)|z, [Vye (o)} < 1.

The proof of Theorem 6.1 is now complete.
O

Acknowledgements: M. Mihailescu has been been partially supported by CNCS-
UEFISCDI Grant No. PN-III-P4-ID-PCE-2016-0035. M. Pérez-Llanos was sup-
ported by projects ANPCYT PICT2014-1771 and CONICET PIP 11220150100032CO
(Argentine).



20

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

M. MIHAILESCU & M. PEREZ-LLANOS

REFERENCES

. Robert A. Adams, Sobolev spaces, Academic Press [A subsidiary of Harcourt Brace Jovanovich,

Publishers], New York-London, 1975, Pure and Applied Mathematics, Vol. 65. MR 0450957

. Gunnar Aronsson, Extension of functions satisfying Lipschitz conditions, Ark. Mat. 6 (1967),

551-561 (1967). MR 0217665

. Marino Belloni and Bernd Kawohl, The pseudo-p-Laplace eigenvalue problem and viscosity

solutions as p — oo, ESAIM Control Optim. Calc. Var. 10 (2004), no. 1, 28-52. MR 2084254

. T. Bhattacharya, E. DiBenedetto, and J. Manfredi, Limits as p — oo of Apup = f and related

extremal problems, Rend. Sem. Mat. Univ. Politec. Torino (1989), no. Special Issue, 15-68
(1991), Some topics in nonlinear PDEs (Turin, 1989). MR 1155453

. Marian Bocea and Mihai Mih™ ailescu, I"-convergence of inhomogeneous functionals in Orlicz-

Sobolev spaces, Proc. Edinb. Math. Soc. (2) 58 (2015), no. 2, 287-303. MR 3341440

. Marian Bocea and Mihai Mihailescu, On a family of inhomogeneous torsional creep problems,

Proc. Amer. Math. Soc. 145 (2017), no. 10, 4397-4409. MR 3690623

. Andrea Braides, I'-convergence for beginners, Oxford Lecture Series in Mathematics and its

Applications, vol. 22, Oxford University Press, Oxford, 2002. MR 1968440

. Haim Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universi-

text, Springer, New York, 2011. MR 2759829

. Philippe Clément, Ben de Pagter, Guido Sweers, and Frangois de Thélin, Ezistence of solutions

to a semilinear elliptic system through Orlicz-Sobolev spaces, Mediterr. J. Math. 1 (2004),
no. 3, 241-267. MR 2094464

Michael G. Crandall, Hitoshi Ishii, and Pierre-Louis Lions, User’s guide to viscosity solutions
of second order partial differential equations, Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 1,
1-67. MR 1118699

Gianni Dal Maso, An introduction to I'-convergence, Progress in Nonlinear Differential Equa-
tions and their Applications, vol. 8, Birkh&user Boston, Inc., Boston, MA, 1993. MR 1201152
Ennio De Giorgi, Sulla convergenza di alcune successioni d’integrali del tipo dell’area, Rend.
Mat. (6) 8 (1975), 277-294, Collection of articles dedicated to Mauro Picone on the occasion
of his ninetieth birthday. MR 0375037

Ennio De Giorgi and Tullio Franzoni, Su un tipo di convergenza variazionale, Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 58 (1975), no. 6, 842-850. MR 0448194
Agnese Di Castro, Mayte Pérez-Llanos, and José Miguel Urbano, Limits of anisotropic
and degenerate elliptic problems, Commun. Pure Appl. Anal. 11 (2012), no. 3, 1217-1229.
MR 2968618

Nobuyoshi Fukagai, Masayuki Ito, and Kimiaki Narukawa, Positive solutions of quasilinear
elliptic equations with critical Orlicz-Sobolev nonlinearity on RN, Funkcial. Ekvac. 49 (2006),
no. 2, 235-267. MR 2271234

Toshihiro Ishibashi and Shigeaki Koike, On fully nonlinear PDEs derived from wvariational
problems of LP norms, STAM J. Math. Anal. 33 (2001), no. 3, 545-569. MR 1871409
Hitoshi Ishii, A simple, direct proof of uniqueness for solutions of the Hamilton-Jacobi equa-
tions of eikonal type, Proc. Amer. Math. Soc. 100 (1987), no. 2, 247-251. MR 884461
Robert Jensen, Uniqueness of Lipschitz extensions: minimizing the sup norm of the gradient,
Arch. Rational Mech. Anal. 123 (1993), no. 1, 51-74. MR 1218686

Jirgen Jost and Xianqging Li-Jost, Calculus of variations, Cambridge Studies in Advanced
Mathematics, vol. 64, Cambridge University Press, Cambridge, 1998. MR 1674720

Petri Juutinen, Minimization problems for Lipschitz functions via viscosity solutions, Ann.
Acad. Sci. Fenn. Math. Diss. (1998), no. 115, 53, Dissertation, University of Jyvéskul,
Jyvaskuld, 1998. MR 1632063

Petri Juutinen, Peter Lindqvist, and Juan J. Manfredi, The oco-eigenvalue problem, Arch.
Ration. Mech. Anal. 148 (1999), no. 2, 89-105. MR 1716563

, On the equivalence of viscosity solutions and weak solutions for a quasi-linear equa-
tion, STAM J. Math. Anal. 33 (2001), no. 3, 699-717. MR 1871417

Bernhard Kawohl, On a family of torsional creep problems, J. Reine Angew. Math. 410
(1990), 1-22. MR 1068797

Gary M. Lieberman, The natural generalization of the natural conditions of Ladyzhenskaya
and Ural’tseva for elliptic equations, Comm. Partial Differential Equations 16 (1991), no. 2-3,
311-361. MR 1104103




25.

26.

27.

28.

29.

INHOMOGENEOUS TORSIONAL CREEP PROBLEMS 21

Sandra Mart{ nez and Noemi Wolanski, A minimum problem with free boundary in Orlicz
spaces, Adv. Math. 218 (2008), no. 6, 1914-1971. MR 2431665

L. E. Payne and G. A. Philippin, Some applications of the mazimum principle in the problem
of torsional creep, STAM J. Appl. Math. 33 (1977), no. 3, 446-455. MR 0455738

Mayte Pérez-Llanos, Anisotropic variable exponent (p(-),q(-))-Laplacian with large exponents,
Adv. Nonlinear Stud. 13 (2013), no. 4, 1003-1034. MR 3115150

Mayte Pérez-Llanos and Julio D. Rossi, The behaviour of the p(x)-Laplacian eigenvalue prob-
lem as p(xz) — oo, J. Math. Anal. Appl. 363 (2010), no. 2, 502-511. MR 2564871

Mayte Perez-Llanos and Julio D. Rossi, The limit as p(z) — oo of solutions to the inhomoge-
neous Dirichlet problem of the p(z)-Laplacian, Nonlinear Anal. 73 (2010), no. 7, 2027-2035.
MR 2674182

MIHATI MIHAILESCU

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF CRAIOVA

200585 CRAIOVA, ROMANIA

AND

“SIMION STOILOW” INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY
010702 BUCHAREST, ROMANIA.

mmihailes@yahoo.com

MAYTE PEREZ-LLANOS

IMAS-CONICET AND DEPARTAMENTO E MATEMATICA, FCEYN UBA,
C1upaD UNIVERSITARIA, PAB 1, (1428),

BuUENOS AIRES, ARGENTINA.

maytep@dm.uba.ar



