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1 Introduction

The purpose of this paper is to analyze some optimization problems related to the first eigenvalue of the frac-
tional p-Laplacian with mixed boundary conditions of Neumann and Dirichlet type, where the optimization
variable is the region in which the Dirichlet condition is imposed.
Let us be more specific. Let Q ¢ R™ be an open and bounded Lipschitz domain. The complement of Q is
then divided into two sets
R*"\Q=NuD, NnD-=0,

and, for 0 < s < 1 < p < oo, we consider the fractional p-Laplacian operator of order s with homogeneous
Neumann condition on N and homogeneous Dirichlet condition on D. That is,

[u(x) — u)P~2(ux) - u(y)) dy

(-Ap)*u(x) = 2K p.v. J

e = yJesp
QuD
where K = K(n, s, p) is a normalization constant given by
= VAT("E)
Kim-9)( fle-yrds)) —a-9— 22, (1.1)
r(HrE=)

0B,
hereI'(z) = j;o tZle~t dtis the Gamma function.
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This operator is thought as acting in the fractional Sobolev space
WP (Q) == {ue WHP(QUD) : ulp =0ae.},
where, as usual, the fractional Sobolev space W$?(U) is defined as

: [u(x) — u(y)l
Ix—yl»™®

WSP(U) = {u e LP(U) € LP(U x U)}.

Hence, (-A,)*: W5P(Q) — [W5P(Q)]' and

[u(x) — u()IP~2(ux) — uy))(v(x) - v(y)) dxdy.

S —
(-Dp)u,v) =K oy

(QUD)x(QUD)

With these definitions, the associated eigenvalue problem is

(1.2)

(-Ap)Su=AulP~2u inQ,
u=0 in D.

The set N does not enter in our formulation and is interpreted as a Neumann condition over it, since the
system does not interact with N.
This problem is analogous in the nonlocal fractional setting to the eigenvalue problem for the local p-
Laplacian
~Apu = —div(|VulP—2Vu) = AjulP~2u  inQ,
u=0 onoQ\T,
[VulP=20,u =0 onT.

Here T ¢ 0Q. For I' = 0 we have the usual Dirichlet problem (with a positive first eigenvalue, A; > 0); while
for I' = 0Q we have the Neumann problem (and here the first eigenvalue is zero, /\11\’ =0).
Recall that the fractional Sobolev space W*P(U) is a Banach space when one considers the norm

lullwsr () = ( J ul? dx + ﬂ [ub) ~umi? 5 dy)l/p.

e =y
U UxU

Moreover, for 0 < s < 1 < p < oo it is a reflexive, uniformly convex and separable Banach space. The term

T H [uC) —u)® dx dy

s,p;U — |X _ y|n+sp
UxU

[U]I[jys,p(U)

is called the Gagliardo seminorm of u. We refer the interested reader to [6] for a thorough introduction to these
spaces and operators.

It is straightforward to see that A € R is an eigenvalue of (1.2) if and only if it is a critical value of the
functional

v(x) - v(y)IP
Jv) =K ” oy dxdy = KIVIY .qups
(QUD)x(QUD)
restricted to the unit ball of L? (Q). Moreover, eigenfunctions of (1.2) associated to A are critical points of J on
the unit ball of LP (Q) with critical value A.

Of particular importance is the first eigenvalue of (1.2), that is given by

aw)

vews? (@) [vID.

AS(D) =

It is an easy consequence of the direct method of the Calculus of Variations (cf. Section 2) that the fol-
lowing assertions hold:
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e Theabove infimum is achieved, and we can assume that a function u € Wf)’p (Q) that realizes the infimum

(we will call such a function an extremal) is normalized in LP(Q), that is, [[ullp;q = 1.

o The number A4(D) is in fact an eigenvalue of (1.2).

e As(D) is the first (smallest) eigenvalue, i.e. if A € R is an eigenvalue of (1.2), then A > A4(D).
« Any eigenfunction associated to As(D) has constant sign.

o Ag(D) > 0if|D| > 0.

The main problem that we address here is the optimization of the principal eigenvalue As(D) with respect
to the region D where the Dirichlet data is imposed. With that in mind, we fix a constant a > 0, define the
class

Dy :={D c R"\ Q : measurable and |D| = a}

and consider the optimization problems

Af(a) := sup As(D) and A;(a):= inf Ag(D). (1.3)
DeD, DeD,

By pushing D to infinity, we will see that Ag(a) = 0. So in order to recover a nontrivial constant for the
minimization problem one has to restrict the sets D to be uniformly bounded. Therefore, given R > 0 large,
we define

DR .= {D € Dy : D c Br(0)}

and
AsR(a) == inf Ay(D). (1.4)
DeDR
This value A;’R(a) is strictly positive.
The main results in this paper are contained in the following theorem.

Theorem 1.1. Let Q c R" be bounded and open. Take 0 < s <1 < p < oo and fix a > 0. Let Af(a), A;(a),
A;’R(a) be given by (1.3) and (1.4). Then the following hold:
e A;(a) = 0 while A;®(a) > 0.
o limgpy A (a) = A1, where A, is the first Dirichlet eigenvalue of the local p-Laplacian in Q.
o limgpy AR (@) = 0.
Moreover, for every O < s < 1 there exists an optimal set DX for the constant A;’R(a).
Finally, given a sequence of quasi-optimal sets for A} (a), i.e. Ds ¢ D4 such that

A;((X) = As(Ds) + 0(1),

where 0(1) — 0 as s T 1, we have that Ds “surrounds” the boundary of Q in the sense that for any x € 0Q and
any € > 0, there exists s such that if so < s < 1, then |Ds N B¢(x)| > 0.

Notice that the first Neumann eigenvalue for the p-Laplacian in Q is A{’ = 0 (with a constant function as
eigenfunction). Therefore, as we have

Af(@) = As(D) = A5 R (@)

for every set D of measure a in By \ Q, we conclude that for s close to 1 the eigenvalue As(D) asymptotically
lies between the first Dirichlet eigenvalue and the first Neumann eigenvalue for the local p-Laplacian in Q.
In fact, for every € there exists sg such that for so < s < 1 it holds

M +e=As(D) =AY = 0.

The surprising fact of these asymptotic bounds as s T 1 is that they are independent of the size of the Dirichlet
part in our nonlocal problem and they are also independent of the radius of the ball that bounds everything.

To emphasize that in the limit as s T 1 for the lower bound for the eigenvalues we obtain a local problem
with Neumann boundary conditions in Q, we remark that with minor modifications of our arguments we can
deal with the eigenvalue problem with a potential V. In fact, let us consider a potential V € L*°(RR") such that

0<vi<V(x)<Vvy < +00 (1.5)
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for some numbers v1, v, and then we take

Jv(v
Av@)= inf VW)
vew;”(©) Vil
with V() - V()P
V(X)) -V
dv(v):=K W dx dy + J lu(x)P V(x) dx.
(QUD)x(QUD) Q

Associated with this functional we have the optimal constants

_ . -R .
AS y(a) = 5611&/\5,1/@), Ag y(@) := lepfaAs’V(D)’ Agy(a) = Dlel"lng)ls,V(D). (1.6)

In this case, we obtain that
AL y(@) = Ay(V) and  Agy(a) — AY(V),

as s T 1. Here A1(V) and /1’1\’ (V) are the first eigenvalues for the local p-Laplacian with the potential V with
Dirichlet and Neumann boundary condition, respectively. They are given by

fQ [VvI|P dx + IQ VIPV(x) dx

A (V)= min > , (1.7)
veW,”(Q) vl,.q
|[VVIP dx + |, [VIPV(x)dx
A (V)= min Jo {,ﬂ : (1.8)
vewhr(Q) vly,q

Notice that in this case A¥(V) # 0.
When we consider a potential V, one can also check that if we do not constraint D into a large ball, we
still have

lim A5y (@) = AY(V).
In fact, this limit can be deduced taking the limit as s T 1 in the following two inequalities:

A (@) < Ay (@),

— p
. K [0 MR dxdy + [, IVOOIPV(x) dx
sy(@ = min > .

’ vews (@) vib

We include some details in Section 5.
With these preliminaries, our second result is the following:

Theorem 1.2. Let Q c R" be bounded and open.Let0 < s < 1 < p < oo befixed and take a > 0.Let V € L®(R")
be a potential such that (1.5) is satisfied. Let A;"V(a), Ag y(@), A;"};(a) be the constants defined in (1.6). Then

lim A3y (@) = (V) lsiTrgA;,’i(a)=A¥<m, lim A5y (@) = A (V).

where A1(V) and AY(V) are given by (1.7) and (1.8), respectively.

A very brief comment on related bibliography is in order. Optimal configurations related to eigenvalue prob-
lems are by now a classical subject; see, to mention just a few, [3-5, 8, 11, 12]. On the other hand, nonlocal
problems are quite popular nowadays, we just refer to [6], and for references concerning eigenvalues for the
nonlocal p-Laplacian to [2, 7] and references therein.

Organization of the Paper. After this introduction, the rest of the paper is organized as follows: In Section 2
we revise some preliminary notions on fractional Sobolev spaces that are needed in the paper. In Section 3 we
study the maximization problem and in Section 4 the minimization problem. Finally, in Section 5, we prove
Theorem 1.2. Since the proof is similar to the one of Theorem 1.1 we only sketch it and stress the differences.

Brought to you by | Univ de Buenos Aires
Authenticated | jfbonder@dm.uba.ar author's copy
Download Date | 2/19/18 3:49 PM



DE GRUYTER J. Ferndndez Bonder, J. D. Rossi and . F. Spedaletti, Optimal Design Problems = 5

2 Preliminaries

In this section, we review some definitions on fractional Sobolev spaces and on the p-fractional Laplace op-
erator. We believe that most of these results are known to experts and constitute part of the “folklore” on the
subject, but we have chosen to include some proofs of the facts that are needed just for the reader’s conve-
nience.

2.1 A Probabilistic Interpretation for the Mixed Boundary Conditions

Let Q c R"and take N,D c R"\ Qsuchthat NnD=¢and NuD = R"\ Q.

Suppose that u = u(x, t) measures the density of some substance in space x € R" and time ¢ > 0. Assume
that the probability that a particle jumps from a position x to a different position y by time unit is given by a
kernel k = k(x — y). Assume moreover that the kernel is symmetric, i.e. k(z) = k(-2).

Now, we further assume that the particles inside Q do not interact with the particles in N, and inside D
the density is zero (every particle that jumps into D is automatically killed). Then, the conservation law for
the mass gives rise to the equation

ue(x, t) = I k(x - y)u(y, t)dy - J k(x = y)u(x, t) dy
Q QuD
— - | ko= y)utn 0 - u 0) dy. 2.1)
QuD
In this paper, we consider the case where the kernel k behaves like a power of the distance, that is,

k(z) ~ |z|7"+29),

which means that the particle tends with high probability to stay close to the original position but can jump
with positive probability to positions far away. This type of kernel gives rise to the so-called fractional Laplace
operator defined as in the Introduction,

v(x) = v(y)

(-A)*v(x) = 2K(n, s, 2) p.v. J [x — y|n+25

where p.v. stands for principal value.
In some models, the kernel k depends not only on the distance but also on the difference in concentration,
making more likely to jump when the difference in concentration is large, i.e.

k=k(x-y,v(x)-v(y)).

Here we consider the case where
lv(x) - v(y)P~2
=y
and this type of kernel gives rise to the so-called fractional p-Laplace operator defined as
v(x) = v(y) P2 (v(x) - v(y)) d
=y g

k ~

>

(2.2)

(-Ap)°v(x) = 2K(n, s, p) p.v. J
U

One key factor to analyze the behavior of the solutions of (2.1) is the first eigenvalue of the associated
operator, i.e. the smallest value of A € R such that there exists a nontrivial solution to

(-Ap)Sv =AlvP2v inQ,
v=0 inD.

The purpose of this paper is to analyze this problem and, in particular, the optimization of this first eigen-
value with respect to the region D and the asymptotic behavior of this optimal eigenvalue when the fractional
parameter s tends to 1.
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2.2 The Fractional p-Laplacian

In this subsection, we recall some basic facts about the fractional p-Laplacian given in (2.2).

Lemma 2.1 ([7, Lemma 2.2]). Let 0 < s < 1 < p < co be fixed and let U c R" be open. For every u € WS?(U),
the fractional p-Laplacian given by (2.2) defines a distribution D'(U). Moreover,

[u(x) — u()P~2(ux) - uW))(P(x) - p¥)) dxdy
|x — y|m+sp ’

<G%fm@=KJI

UxU

for every ¢ € CX(Q), where K is defined in (1.1).

Remark 2.2. From Lemma 2.1 one can observe that the fractional p-Laplacian is a bounded operator between
W$P(U) and its dual [WSP(U)]'.

Remark 2.3. The choice of the constant K in the definition of the fractional p-Laplacian is made in order for
the operators (-Ap)® to converge to the local p-Laplacian —Ap as s T 1. Infact, it is easy to see from the Gamma
convergence results in [10] that for any f € LP'(Q), ifus € Wg’p (Q) is the weak solution of

(-Ap)us =f inQ,
us =0 inR"\ Q,

then us — uass T 1 strongly in L?(Q) where u ¢ W(l)’p (Q) is the weak solution to

-Apu=f inQ,
u=0 on 0Q.

With all these preliminaries, we establish the definition of weak solution of a mixed boundary value problem
for the fractional p-Laplacian.

Definition 2.4. Let 0 < s <1 < p < oo be fixed and let Q ¢ R" be open and let D ¢ R" \ Q. Given f € Lp'(Q)
(or more generally, f € [W;”(Q)]'), we say that u € W7 (Q) is a weak solution of

(-ApSu=f inQ,
u=0 inD,
if the equality holds in the distributional sense, that is, if
[u(x) — u)P2(ux) - u(y)(v(x) - v(y))

T dxdy = va dx,
(QUD)x(QUD) Q

K

for every v € W, (Q), where K is given in (1.1).

The next Poincaré-type inequality, although its proof is elementary, is crucial in the remainder of the paper.
This inequality is established in [7, Proposition 2.10]. We include here a proof for the reader’s convenience.

Proposition 2.5. Let Q ¢ R™ be a bounded, open set and let D ¢ R™ \ Q be a measurable bounded set. Then

W o = PN,

forevery u € WP (Q), where
d=d(Q,D)=sup{lx-yl: xeQ, yeD}.

Proof. The proof is rather simple. In fact, given u € Wf,’p (Q), we have

[u]f,p;QuD = ” % dxdy > J Iu(X)Ip( J m dy) dx.
o) D

(QuD)x(QuD)
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Observing that

1
D

for every x € Q completes the proof. O
We now want to remove the hypothesis in Proposition 2.5 that D is bounded.

Corollary 2.6. Assume that D is only measurable, then there is a positive constant 6 > O such that

b p
Wl o = Ol g

Proof. Take R > 0 large so that Dg := D n Bg(0) has positive measure. Hence

[Wl? up = WY qup, = Ollull o,
where 0 = 05 is obtained from Proposition 2.5. The proof is complete. O

Remark 2.7. If |D| = a < 0o, one can take R > 0 in the above proof such that |Dg| = %a. Hence one arrives at

p —(n+sp) |D| p
[u]s’p;guD = dR 7"”"17;@’

where dgr = sup{|x —y| : x € Q, |y| = R}. Therefore one can take

]

9= dl—e(n+sp) =

for R large.

From Corollary 2.6 it is not difficult to show the existence of an extremal for the constant Ag(D). The main
difficulty is that, even if Q is smooth, since we do not want to make any regularity assumptions on D, we
cannot assume that the injection W*?(Q u D) c LP(Q U D) is compact.

Theorem 2.8. Let Q c R" be a bounded domain with Lipschitz boundary. Then, given D ¢ R™ \ Q measurable
with positive measure, there exists u € Wy (Q) such that

where K is given in (1.1). Moreover, the extremal can be taken to be normalized in LP (Q), i.e. |[ullp;q = 1.

Proof. The scheme of the proof is standard. Let {vi}xen C Wls)’p (Q) be a normalized minimizing sequence for
As(D), i.e.
Jvi) = KVl pqop — As(D)  and  [[vilip;o = 1.

Then, {Vi}ken ¢ WSP(Q U D)isbounded and hence, up to some subsequence, we can assume that vy — u
weakly in WS?(Q u D).

We have u ¢ Wg’p (Q) because vy = 0 in D for every k € N implies that u = 0 in D.

Since Q is Lipschitz, it follows that the injection W*?(Q) ¢ LP(Q) is compact (see [6, Theorem 7.1]) and
so, since v — u weakly in W5?(Q), we obtain that ully;q = 1. Therefore

As(D) < J(u) < liI{nian(vk) = As(D).

The proof is complete. O

Remark 2.9. The Lipschitz regularity on 0Q is needed in order for the compactness of the embedding
WsP(Q) c LP(Q) to hold; see [6, Theorem 7.1]. In fact, what is needed is that Q be a bounded extension
domain, that is, the existence of a hbounded extension operator E: W*P(Q) — W*5P(R"). Lipschitz boundary
implies that Q is a bounded extension domain; see [6, Theorem 5.4].
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3 The Maximization Problem

In this section, we study the problem of maximization of As(D). That is, given a > 0 we define
Af(a) =sup{As(D) : D c R"\ Q, |D| = a}.

In particular, we are interested in the asymptotic behavior of the constant A} (a) when s T 1. As we will see,
the behavior of Af (a) when s T 1 is independent of the value of the constant a > 0.
We begin with a simple lemma.

Lemma 3.1. Let D1 ¢ D, c R™\ Q be measurable sets with positive measure. Then As(D1) < As(D).

Proof. Letu e Wf)’zp(Q) be such that ||ullp;q = 1. Then, u ¢ Wf)’lp(Q) and so

As(D1) < K[ulf .00p, < KWWY ,00p, -
Taking the infimum on u € W}”(Q) concludes the proof. O

As a consequence of this lemma we have the following upper bound for A{ (a):
A (@) < A(R™\ Q).

Observe that As(R™ \ Q) is the first eigenvalue of the fractional p-Laplacian with Dirichlet boundary condi-
tions, i.e., it is the first eigenvalue of the problem

(3.1)
u=0 inR"\ Q.

{(—Ap)su =AluP2u inQ,
Problem (3.1) was studied, among others, in [2] where, based on the famous results of Bourgain—Brezis—
Mironescu [1], the asymptotic behavior of the eigenvalues when s T 1 is obtained. Namely,

limAg(R"\ Q) = A4,
sT1

where A, is the first eigenvalue of the local p-Laplacian in Q with homogeneous Dirichlet boundary condi-
tions, i.e.
fQ |VVIP dx

A= _—
veW,”(Q) IQ [vIP dx

On the other hand, take D = Q, \ Q where Q, = Uxeq Br(x) is the usual fattening of Q and r is chosen in
such a way that |D| = a. Then
As(D) < A (a),

and so
liminf Ag(D) < liminf A (a) < limsup A (a) < A1(Q).
sT1 sT1 sT1

Now, let ug € Wls)’p (Q) be the eigenfunction associated to As(D) normalized in LP(Q). Then, by [1, The-
orem 4] it follows that there exist a sequence s T 1 and a function u € Wé’p (Q) such that us, — uin LP(Q)

and

p

P P
"Vu"p;Q < h]?lg)lfl((n’ Sk p) [usk]sk,p;QUD’

where K(n, s, p) is given in (1.1). Hence
IIVullﬁ;Q <A1(Q)

with |ullp,q = 1. Therefore, u is the normalized eigenfunction of the p-Laplacian in Q and one can conclude
that
lim A} (a) = 11(Q). (3.2)
sT1
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In order to finish the study of the maximization problem, we need to study the quasi-optimal Dirichlet
sets D. Notice that, since we are considering a maximization problem, it is not clear that there is an optimal
set for Af(a). Hence, we deal with quasi-optimal sequences as s T 1, that is, we take Ds ¢ D, such that

Aj (@) = As(Ds) + 0o(1),

where 0o(1) — 0 as s T 1. Our next result says that the quasi-optimal sets D “cover” the boundary of Q as
sT1.

Theorem 3.2. Givenany quasi-optimal configuration D, for A} (a), any x € 0Q and e > 0, there exists s € (0, 1)
such that for every sg < s < 1 it holds
|Ds N Be(x)| > 0.

Proof. Assume that the conclusion is false. Then, there exist a sequence sy T 1, sets D ¢ R"\ Q and g9 > 0
such that

1
Ao (Di) = A, (@) - 2 and  [Dicn Bey(x)] =0.

Now, by (3.2), we have
A < lilgn inf A, (Dx). (3.3)
—00

On the other hand, let T = 0Q n B, (x) and consider the following eigenvalue problem (that was already
mentioned in the Introduction):
-Apu = AlulPu inQ,
u=0 onoQ\T, (3.4)
[VulP~29,u=0 onT.
Let us denote by A (T') the first eigenvalue of (3.4), i.e.
IQ |VVIP dx

A F =inf )
1(D) IQ|V|I’ Ix

where the infimum is taken over all functions v € W1-P(Q) such that v =0on 0Q \ I.
It is straightforward to see that
0=AY <A@ <Ay

and that the above inequalities are strict when T # @, 0Q.
Now, denote by u; € WHP(Q) the eigenfunction of (3.4) associated to A;(I'), extended by 0 on Dy, nor-
malized in LP(Q). Then u; € Wf)’f(Q) and so

lim sup A, (Di) < lim K(n, Sio P) U1l p = IVuallh = A1(T) < Aq.
—00

k—o00

This contradicts (3.3) and the proof is complete. O

4 The Minimization Problem

Now we analyze the minimization problem

A (@) := Dierg As(D). (4.1)

As we mentioned in the Introduction, this problem is of little interest since taking a sequence of domains to
infinity makes the eigenvalues go to zero.
Proposition 4.1. Let QO c R" be bounded and open andlet 0 < s < 1 < p < oo be fixed. Then
Ag(a) =0
forevery a > 0, where A () is the constant defined in (4.1).
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Proof. Take r > 0 such that |B,(0)| = @ and define Dy = B,(ke;) where e; = (1,0, ...,0) € R" so Dy € D,.
Now, let uy be defined as
Q17 ifxeQ,
ui(x) =

0 if x € Dy.

Observe that uy € Wf-,’kp (Q) for k large and [[uglly;0 = 1.

So,
A5 (@) < As(Dy) < Kluid? 0,
with 5 1
p _ _
[uk]s,p;QUDk = @ J J |X—y|"+5p dx dy.
Dy Q

Now, just observe that |[x — y| ~ k for x € Q and y € Dy and so there exists a constant C > 0 independent of k
such that

[url} piqup, < CkTT+P).
This completes the proof. O
We consider now the problem A;’R (a) defined by
A" (@) = inf As(D). (4.2)

In this case the admissible sets are forced to be inside of the ball Bx(0). Note that in this case we have
A;’R(a) > 0. Taking the limitas s T 1in A;’R(a), we obtain that this quantity tends to zero. This is contained
in the following proposition.

Proposition 4.2. Let Q c R" be bounded and open, let 0 < s < 1 < p < co be fixed. Then
limA;® (@) =0
sT1

for every a > 0, where As®(a) is the constant defined in (4.2).

Proof. LetD € ‘D§ be such that dist(D, Q) > 0. Now we define the function

07 ifxeQ,
u(x) =
0 ifxeD,

sou € W;*(Q) and ||ullp;o = 1. We can then estimate A5 R (a) as follows:

AR (@) < As(D) < K[ulf, oup-

On the other side,
2 1 2a
P - = - - R
ls.p.000 = {g J J =y XY = Gy, ayr
DO
Then
K[u]s,p,QnDR <C(1-s),
where the constant C does not depend on s. This implies the desired result. O

To end this section, we show that for any fixed O < s < 1 there exists an optimal configuration for the constant

A;’R(a). Let us observe that this does not follow by a direct application of the direct method of the Calculus of

Variations since for a minimizing sequence of domains, we do not have enough compactness in a topology of

domains and, what is more important, the associated eigenfunctions do not lie in the same functional space.
We begin with the following lemma.
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Lemma 4.3. Givenu € W5P(Q), there exists D, ¢ Br \ Q, |Dy| = a such that ¢ = xp, is a solution to the follow-
ing minimization problem:

m(gn{J J Mdydx:Oscpsl, J ¢(y)dy=a}.

e =y
Q BR\Q Br\Q

Proof. The proof is a direct consequence of the bathtub principle [9, Theorem 1.14]. In fact, let

4
f)s= | P _ 4,

e =y
and observe that the level set of f, {f < t}, has finite measure. So, the bathtub principle says that the problem
int{ [ ¢mfndy:0sp=1, | pw)dy=af

Br\Q Br\Q

has a solution of the form ¢ = yp, where {f < t} ¢ D c {f < t}, and |D| = a for some ¢ > 0. This completes the
proof of the lemma. O

We can now prove the existence of the optimal configuration for AQ’R(a).

Theorem 4.4. Let O ¢ R" be a bounded domain, let a > 0 and let R > 0 be such that |Bg \ Q| > a. Then, there
exists an optimal set D c By \ Q, that is, D such that |D| = « and

A5 (@) = As(D).
Proof. Let Dy ¢ Bg \ Q be a minimizing sequence for A;’R(a), that is,
Dl =a and As(Di) — AsR(@.

Let uy € Wls)’f (Q) be the normalized, nonnegative eigenfunction associated to As(Dy). Then, it is easy to see
that the sequence {uy}ien is bounded in W5P(Q) and so, there exists u € W5?(Q) such that, up to a sub-
sequence,

uy — u weakly in W5?(Q),

uy — u strongly in L?(Q) and a.e. in Q.

Now, let D = D,, be the optimal set given in Lemma 4.3. Let us check that this set is optimal for A;’R(a).
In fact, passing to a further subsequence, if necessary, we can assume that there exists ¢ € L*(Bg \ Q)
such that
D, — ¢ x-weaklyin L®(Bg \ Q).

Moreover, this function ¢ satisfies

0<¢p<1 and J o) dy = a.
BR\Q

Observe now that, given x € Q, the function y — |x — y|~**sP) belongs to L(Bg \ Q). So, for any x € Q,

we have that 1 5
y
J —lx—y|”+5P dy — J —lx—yl'”sl’ dy ask — oo.
Dk R

We can then apply Fatou’s lemma to conclude that

J J M dy dx < llmmfj j lur (0P y dx

|x — y|n+sp |n+sp
Q Br\Q Dy
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and so, from our choice of D (cf. Lemma 4.3), we obtain

j J M dy dx < 11m1nfj J O y dx. (4.3)

[x — y|n+sp |n+sp
D Dy

Also, by the weak semicontinuity of the Gagliardo seminorm, we have

lu(x) —u)P - [uk(x) — ux(y) P
” Xy dxdy < llgg)lf ” TSI dx dy (4.4)
QxQ QxQ

Observe now that if we extend u to D by zero, we have that

[uCo —u)P luCol?
[u]f,p;QUD = JJ |X _ y|n+sp dx dy +2 j J- |X y|n+sp dX

and so (4.3) and (4.4) imply that u € W (Q) and that

As(D) < K[u]® < lim 1an[uk] = lim As(Dy) = AR ().

s,p;QUD s,p;QUD

The proof is complete. O

5 Proof of Theorem 1.2

The results for the maximization problem follow exactly as those in Section 3 with the obvious modifications.
It remains to check the results of the minimization problem.
For this, we first observe that, by Lemma 3.1 (with the obvious modifications to include the potential
function V), it holds that
As,v(9) < As,v(D)

for every D € D,, from where it follows that
As,v(0) < A (@) < Ay (@) (5.1)

forany R > 0.
Recall that As,y(0) is the first eigenvalue of the fractional p-Laplacian plus a potential with homogeneous
Neumann boundary conditions and is given by

KWV .o+ Jo VOOIVIP dx
Asv(©) = inf 5.pi0 Ig; |
vewe vI.q

It is not difficult to check (cf. Remark 2.3) that As (8) converges to the first eigenvalue of the local p-
Laplacian plus a potential with homogeneous Neumann boundary conditions, i.e.

lim A, v (0) = A (V), (5.2)
sT1
where
VP dx + |, V(x)|v|P dx
Wy e ST Jo VO
veWlp(Q) J'Q [v|P dx

Let us now give an estimate for A’ V(a) This estimate uses the ideas from Proposition 4.2.

Let D € DX be such that dist(D, Q) = d > 0.So A V(a) < As,v(D).

Denote by u; € WHP(Q) the eigenfunction assoc1ated to /\N (V) normalized such that [u1[p;q = 1 and ex-
tend u; to D by zero. Since dist(D, Q) > 0, we have that u; € Wf,’p (Q) and hence

Ao (D) < Kusl? o + j VOO us P dx.
Q
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How [uq ()P
uqi(x
K[ul]spguD —K[u1]§’,p;g+21<[j J dxdy =1+1I.

Using the results of [1], we deduce that
I=Kwl} o — Vil g assT1.

Finally,
lurl) oIDI 2aK
dntsp = dntsp

(recall from (1.1) that K ~ (1 — s)). Combining all this, we get

—0 assT1

lim As,v(D) < IV ll? o + j VOOlua P dx = AY (V). (5.3)
Q

Putting together (5.1), (5.2) and (5.3), we arrive at
. - . —-R N
151Tr111 A y(a) = 15,1Tn11 Agy (@) = A7 (V).

To finish this section just observe that the existence of an optimal configuration for the constant A;’ff(a)
follows without change as in the proof of Theorem 4.4.

Funding: The work on is paper was partially supported by Universidad de Buenos Aires under grant UBACyT
20020130100283BA, by ANPCyT under grant PICT 2012-0153 and by CONICET under grant PIP2015
11220150100032CO. J. Fernandez Bonder and J. D. Rossi are members of CONICET.

References

[1] ). Bourgain, H. Brezis and P. Mironescu, Another look at Sobolev spaces, in: Optimal Control and Partial Differential Equa-
tions. In Honour of Professor Alain Bensoussan’s 60th Birthday, 10S Press, Amsterdam (2001), 439-455.

[2] L.Brasco, E. Parini and M. Squassina, Stability of variational eigenvalues for the fractional p-Laplacian, Discrete Contin.
Dyn. Syst. 36 (2016), no. 4, 1813-1845.

[3] D.Bucurand G. Buttazzo, Variational Methods in some Shape Optimization Problems, Appunti Corsi Tenuti Docenti Sc.,
Scuola Normale Superiore, Pisa, 2002.

[4] D.Bucurand P. Trebeschi, Shape optimisation problems governed by nonlinear state equations, Proc. Roy. Soc. Edinb.
Sect. A128 (1998), no. 5, 945-963.

[5] S. Chanillo, D. Grieser, M. Imai, K. Kurata and I. Ohnishi, Symmetry breaking and other phenomena in the optimization of
eigenvalues for composite membranes, Comm. Math. Phys. 214 (2000), no. 2, 315-337.

[6] E.DiNezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math. 136 (2012),
no. 5, 521-573.

[7]1 J.Fernandez Bonder and ). F. Spedaletti, Some nonlocal optimal design problems, J. Math. Anal. Appl. 459 (2018), no. 2,
906-931.

[8] A.Henrotand E. Oudet, Minimizing the second eigenvalue of the Laplace operator with Dirichlet boundary conditions,
Arch. Ration. Mech. Anal. 169 (2003), no. 1, 73-87.

[9] E.H.Lieband M. Loss, Analysis, 2nd ed., Grad. Stud. Math. 14, American Mathematical Society, Providence, 2001.

[10] A.C.Ponce, Anew approach to Sobolev spaces and connections to I'-convergence, Calc. Var. Partial Differential Equations
19 (2004), no. 3, 229-255.

[11] ). Sokotowski and J.-P. Zolésio, Introduction to Shape Optimization. Shape Sensitivity Analysis, Springer Ser. Comput.
Math. 16, Springer, Berlin, 1992.

[12] V. Sverak, On optimal shape design, J. Math. Pures Appl. (9) 72 (1993), no. 6, 537-551.

Brought to you by | Univ de Buenos Aires
Authenticated | jfbonder@dm.uba.ar author's copy
Download Date | 2/19/18 3:49 PM



	Optimal Design Problems for the First $p$-Fractional Eigenvalue with Mixed Boundary Conditions
	1 Introduction
	2 Preliminaries
	2.1 A Probabilistic Interpretation for the Mixed Boundary Conditions
	2.2 The Fractional $p$-Laplacian

	3 The Maximization Problem
	4 The Minimization Problem
	5 Proof of Theorem 1.2


