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Abstract

Free algebras with an arbitrary number of free generators in varieties of BL-algebras generated by one
BL-chain that is an ordinal sum of a finite MV-chainL n and a generalized BL-chainB are described
in terms of weak Boolean products of BL-algebras that are ordinal sums of subalgebras ofLn and free
algebras in the variety of basic hoops generated byB. The Boolean products are taken over the Stone
spaces of the Boolean subalgebras of idempotents of free algebras in the variety of MV-algebras generated
by L n.
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Introduction

Basic Fuzzy Logic (BL for short) was introduced by Hájek (see [19] and the references
given there) to formalize fuzzy logics in which the conjunction is interpreted by a
continuous t-norm on the real segment[0; 1] and the implication by its corresponding
adjoint. He also introduced BL-algebras as the algebraic counterpart of these logics.
BL-algebras form a variety (or equational class) of residuated lattices [19]. More
precisely, they can be characterized asbounded basic hoops[1, 7]. Subvarieties of
the variety of BL-algebras are in correspondence with axiomatic extensions of BL.
Important examples of subvarieties of BL-algebras are MV-algebras (that correspond
to Łukasiewicz many-valued logics, see [14]), linear Heyting algebras (that correspond
to the superintuitionistic logic characterized by the axiom.P ⇒ Q/ ∨ .Q ⇒ P/,
see [25] for a historical account about this logic), PL-algebras (that correspond to the
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logic determined by the t-norm given by the ordinary product on[0; 1], see [15]), and
also Boolean algebras (that correspond to classical logic).

Since the propositions under BL equivalence form a free BL-algebra, descriptions of
free algebras in terms of functions give concrete representations of these propositions.
Such descriptions are known for some subvarieties of BL-algebras. The best known
example is the representation of classical propositions by Boolean functions. Free
MV-algebras have been described in terms of continuous piecewise linear functions
by McNaughton [22] (see also [14]). Finitely generated free linear Heyting algebras
were described by Horn [20], and a description of finitely generated free PL-algebras
was given in [15]. Linear Heyting algebras and PL-algebras are examples of varieties
of BL-algebras satisfying theBoolean retraction property. Free algebras in these
varieties were completely described in [17].

In [10] the first author described the finitely generated free algebras in the varieties
of BL-algebras generated by a single BL-chain which is an ordinal sum of a finite
MV-chain L n and a generalized BL-chainB. We call these chains BLn-chains. The
aim of this paper is to extend the results of [10] considering the case of infinitely many
free generators. The results of [10] were heavily based on the fact that the Boolean
subalgebras of finitely generated algebras in the varieties generated by BLn-chains are
finite. Therefore the methods of [10] cannot be applied to the general case.

As a preliminary step we characterize the Boolean algebra of idempotent elements
of a free algebra inMVn, the variety of MV-algebras generated by the finite MV-chain
L n. It is the free Boolean algebra over a poset which is the cardinal sum of chains of
lengthn − 1. In the proof of this result a central role is played by the Moisil algebra
reducts of algebras inMVn.

Free algebras in varieties of BL-algebras generated by a single BLn-chainL n ] B
are then described in terms of weak Boolean products of BL-algebras that are ordinal
sums of subalgebras ofL n and free algebras in the variety of basic hoops generated
by B. The Boolean products are taken over the Stone spaces of the Boolean algebras
of idempotent elements of free algebras inMVn. An important intermediate step
is the characterization of the variety of generalized BL-algebras generated byB
(Corollary3.5).

The paper is organized as follows. In the first section we recall, for further reference,
some basic notions on BL-algebras and on the varietiesMVn. We also recall some
facts about the representation of free algebras in varieties of BL-algebras as weak
Boolean products. The only new result is given in Theorem1.5. In Section2, after
giving the necessary background on Moisil algebra reducts of algebras inMVn, we
characterize the Boolean algebras of idempotent elements of free algebras inMVn.
These results are used in Section3 to give the mentioned description of free algebras
in the varieties of BL-algebras generated by a BLn-chain. Finally in Section4 we give
some examples and we compare our results with those of [10] and [17].
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1. Preliminaries

1.1. BL-algebras: basic notions A hoop[7] is an algebraA = .A; ∗;→;>/of type
.2; 2; 0/, such that.A; ∗;>/ is a commutative monoid and for allx; y; z ∈ A:

(1) x → x = >;
(2) x ∗ .x → y/ = y ∗ .y → x/;
(3) x → .y → z/ = .x ∗ y/ → z.

A basic hoop[1] or ageneralized BL-algebra[18], is a hoop that satisfies the equation

(1.1) ...x → y/ → z/ ∗ ..y → x/ → z// → z = >:

It is shown in [1] that generalized BL-algebras can be characterized as algebras
A = .A;∧;∨; ∗;→;>/ of type.2; 2; 2; 2; 0/ such that

(1) .A; ∗;>/; is an commutative monoid,
(2) L .A/ := .A;∧;∨;>/, is a lattice with greatest element>;
(3) x → x = >;
(4) x → .y → z/ = .x ∗ y/ → z;
(5) x ∧ y = x ∗ .x → y/;
(6) .x → y/ ∨ .y → x/ = >.

A BL-algebraor bounded basic hoopis a bounded generalized BL-algebra, that
is, it is an algebraA = .A;∧;∨; ∗;→;⊥;>/ of type .2; 2; 2; 2; 0; 0/ such that
.A;∧;∨; ∗;→;>/ is a generalized BL-algebra, and⊥ is the lower bound ofL .A/.
In this case, we define the unary operation¬ by the equation¬x = x → ⊥. The
BL-algebra with only one element, that is,⊥ = >, is called thetrivial BL-algebra.
The varieties of BL-algebras and of generalized BL-algebras will be denoted byBL
andGBL, respectively.

In every generalized BL-algebraA we denote by≤ the (partial) order defined onA
by the latticeL .A/, that is, fora; b ∈ A, a ≤ b if and only if a = a ∧ b if and only if
b = a∨ b. This order is called thenatural orderof A. When this natural order is total
(that is, for eacha; b;∈ A, a ≤ b or b ≤ a/, we say thatA is ageneralized BL-chain
(BL-chain in caseA is a BL-algebra). The following theorem makes obvious the
importance of BL-chains and can be easily derived from [19, Lemma 2.3.16].

THEOREM1.1. Each BL-algebra is a subdirect product of BL-chains.

In every BL-algebraA we define a binary operationx ⊕ y = ¬.¬x∗¬y/. For each
positive integerk, the operationsxk andk x are inductively defined as follows:

(a) x1 = x andxk+1 = xk ∗ x,
(b) 1x = x and.k + 1/x = .kx/⊕ x.
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MV-algebras, the algebras of Łukasiewicz infinite-valued logic, form a subvariety
of BL, which is characterized by the equation¬¬x = x (see [19]). The variety of
MV-algebras is denoted byMV . Totally ordered MV-algebras are calledMV-chains.
For each BL-algebraA, the set

MV.A/ := {x ∈ A : ¬¬x = x}
is the universe of a subalgebraMV .A/ of A which is an MV-algebra (see [18]).

A PL-algebrais a BL-algebra that satisfies the two axioms:

(1) .¬¬z∗ ..x ∗ z/ → .y ∗ z/// → .x → y/ = >,
(2) x ∧ ¬x = ⊥.

PL-algebras correspond toproduct fuzzy logic, see [15] and [19].
It follows from Theorem1.1that for each BL-algebraA the latticeL .A/ is distrib-

utive. The complemented elements ofL.A/ form a subalgebraB.A/ of A which is a
Boolean algebra. Elements ofB.A/ are calledBoolean elementsof A.

1.2. Implicative filters

DEFINITION 1.2. An implicative filterof a BL-algebraA is a subsetF ⊆ A satisfy-
ing the conditions

(1) > ∈ F .
(2) If x ∈ F andx → y ∈ F , theny ∈ F .

An implicative filter is calledproperprovided thatF 6= A. If W is a subset of a
BL-algebraA, the implicative filter generated byW will be denoted by〈W〉. If U is
a filter of the Boolean subalgebraB.A/, then the implicative filter〈U 〉 is calledStone
filter of A. An implicative filterF of a BL-algebraA is calledmaximalif and only if
it is proper and no proper implicative filter ofA strictly containsF .

Implicative filters characterize congruences in BL-algebras. Indeed, ifF is an
implicative filter of a BL-algebraA it is well known (see [19, Lemma 2.3.14]), that
the binary relation≡F on A defined by

x ≡F y if and only if x → y ∈ F and y → x ∈ F

is a congruence ofA. Moreover,F = {x ∈ A : x ≡F >}. Conversely, if≡ is a
congruence relation onA, then{x ∈ A : x ≡ >} is an implicative filter, andx ≡ y if
and only ifx → y ≡ > andy → x ≡ >. Therefore, the correspondenceF 7→≡F is
a bijection from the set of implicative filters ofA onto the set of congruences ofA.

LEMMA 1.3 (see [17]). Let A be a BL-algebra, and letF be a filter ofB.A/.
Then.≡F/ = {.a; b/ ∈ A × A : a ∧ c = b ∧ c for somec ∈ F} is a congruence
relation onA that coincides with the congruence relation given by the implicative
filter 〈F〉 generated byF .
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1.3. MVn-algebras For n ≥ 2, we define:

Ln =
{

0

n − 1
;

1

n − 1
;

2

n − 1
; : : : ;

n − 1

n − 1

}
:

The setLn equipped with the operationsx ∗ y = max.0; x + y − 1/, x → y =
min.1; 1 − x + y/, and with ⊥ = 0 defines a finite MV-algebra, which shall be
denoted byL n. Clearly B.L n/ = {0; 1}.

A BL-algebraA is said to besimpleprovided it is nontrivial and the only proper
implicative filter ofA is the singleton{>}. In [14], it is proved thatL n is a simple
MV-algebra for each integern.

We shall denote byMVn the subvariety ofMV generated byL n. The elements
of MVn are calledMVn-algebras. A finite MV-chain L m belongs toMVn if and
only if m − 1 is a divisor ofn − 1. Therefore it is not hard to corroborate that every
MV n-algebra is a subdirect product of a family of algebras.L mi ; i ∈ I / wheremi − 1
dividesn − 1 for eachi ∈ I .

It can be deduced from [14, Corollary 8.2.4 and Theorem 8.5.1] thatMVn is the
proper subvariety ofMV characterized by the equations

x.n−1/ = xn;(Þn)

and ifn ≥ 4, for every integerp = 2; : : : ; n − 2 that does not dividen − 1

.p xp−1/n = n xp:(þn)

If A is an MVn-algebra, it is not hard to verify that for eachx ∈ A \ {>}, xn = ⊥
and for eachy ∈ A \ {⊥}, n y = >.

1.4. Ordinal sum and decomposition of BL-chains Let R = .R; ∗R;→R;>/ and
S = .S; ∗S;→S;>/ be two hoops such thatR∩ S = {>}. Following [7] we can define
the ordinal sumR ] S of these two hoops as the hoop given by.R ∪ S; ∗;→;>/
where the operations.∗;→/ are defined as follows:

x ∗ y =




x ∗R y if x; y ∈ R;

x ∗S y if x; y ∈ S;

x if x ∈ R \ {>} andy ∈ S;

y if y ∈ R \ {>} andx ∈ S:

x → y =




> if x ∈ R \ {>}; y ∈ S;

x →R y if x; y ∈ R;

x →S y if x; y ∈ S;

y if y ∈ R \ {>} andx ∈ S:



424 Manuela Busaniche and Roberto Cignoli [6]

If R∩ S 6= {>}, R andScan be replaced by isomorphic copies whose intersection
is {>}, thus their ordinal sum can be defined. WhenR is a generalized BL-chain
andS is a generalized BL-algebra, the hoop resulting from their ordinal sum satisfies
equation (1.1). ThusR]S is a generalized BL-algebra. Moreover, ifR is a BL-chain,
thenR ] S is a BL-algebra, where⊥ = ⊥R. If S is totally ordered it is obvious that
the chainR ] S is subdirectly irreducible if and only ifS is subdirectly irreducible.
Notice also that for any generalized BL-algebraS, L 2 ]S is the BL-algebra that arises
from adjoining a bottom element toS.

Given a BL-algebraA, we can consider the setD.A/ := {x ∈ A : ¬x = ⊥}. It is
shown in [18], thatD.A/ = .D.A/;∧;∨; ∗;→;>/ is a generalized BL-algebra.

THEOREM1.4 (see [10]). For each BL-chainA, we have thatA ∼= MV .A/] D.A/.

THEOREM1.5. Let A be a BL-algebra such thatMV .A/ ∼= L n for some integern.
ThenA ∼= MV .A/ ] D.A/ ∼= L n ] D.A/.

PROOF. From Theorem1.1, we can think of each non trivial BL-algebraA as a
subdirect product of a family.A i ; i ∈ I / of non trivial BL-chains, that is, there exists
an embeddinge : A → ∏

i ∈I A i , such that³i .e.A// = A i for eachi ∈ I , where³i

denotes each projection. We shall identifyA with e.A/. Then each element ofA is a
tuplex and coordinatei is xi ∈ Ai . With this notation we have that for eachx ∈ A,
³i .x/ = xi . We will prove the following items:

(1) For eachi ∈ I , MV .A i / is isomorphic toL n.

Since for eachi ∈ I ; ³i is a homomorphism and³i .MV.A// ⊆ Ai ; we have that
³i .MV.A// ⊆ MV.A i /. Then³i .MV .A// is a subalgebra ofMV .A i /. On the other
hand, giveni ∈ I , let xi ∈ MV.A i /. Then¬¬xi = xi and there exists an element
x ∈ A such that³i .x/ = xi . Takingy = ¬¬x ∈ MV.A/ we have that³i .y/ = xi and
xi ∈ ³i .MV.A//. HenceMV.A i / ⊆ ³i .MV.A//.

In conclusionMV .A i / = ³i .MV .A// = ³i .L n/ = L n , becauseL n is sim-
ple.

(2) If x ∈ A, thenx ∈ MV.A/ ∪ D.A/.

Let x ∈ A and lety = n.¬x/. If xi ∈ Ln \ {>}, then¬xi ∈ Ln \ {⊥}. From
equation.Þn/ we obtain thatyi = n.¬xi / = >. On the other hand, if¬xi = ⊥,
then yi = n.¬xi / = ⊥. Now let z = .¬¬x/n. If xi ∈ Ln \ {>}, thenzi = ⊥, but if
¬¬xi = >, thenzi = >.

Suppose there existsx ∈ A such thatx =∈ MV.A/ andx =∈ D.A/. It follows from
Theorem1.4 that for eachi ∈ I , A i = MV .A i / ] D.A i /. Then there existi; j ∈ I ,
such thatxi ∈ MV.A i / \ {>} = Ln \ {>} andxj ∈ D.A j / \ {>}.

Let y = n.¬x/. Thenyi = >, yj = ⊥, andyk ∈ {⊥;>} for eachk ∈ I \ {i; j }.
Now let z = .¬¬x/n. We have thatzj = >, zi = ⊥, and zk ∈ {⊥;>} for each
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k ∈ I \ {i; j }. It follows thaty andz are elements in the chainMV.A/ = Ln, which
are not comparable, and this is a contradiction.

(3) If x ∈ MV.A/ \ {>} andy ∈ D.A/, thenx < y.

The statement is clear ifxi ∈ MV.A i / \ {>} for everyi ∈ I or if yi = > for each
i ∈ I . Otherwise, supposexi = > for somei ∈ I . Sincex 6= >, there must exist
j ∈ I such thatxj 6= >. If yi = > for eachi ∈ I such thatxi = >, thenx < y.
If not, let z = x ∧ y. Since operations are coordinatewise,zj ∈ MV.A j / \ {>} and
zi ∈ D.A i / \ {>}; for somei ∈ I . Hencez =∈ MV.A/ andz =∈ D.A/, contradicting
the previous item.

(4) If x ∈ MV.A/ \ {>} andy ∈ D.A/, theny → x = x andy ∗ x = x.

Since¬y = ⊥ we have that

y → x = y → ¬¬x = y → .¬x → ⊥/ = ¬x → .y → ⊥/
= ¬x → ⊥ = ¬¬x = x;

and

x = y ∧ x = y ∗ .y → x/ = y ∗ x:

From the previous items it follows thatA ∼= MV .A/ ] D.A/ = L n ] D.A/.

1.5. Free algebras in varieties of BL-algebras generated by a BLn-chain Recall
that an algebraA in a varietyK is said to befree over a setY if and only if for every
algebraC in K and every functionf : Y → C, f can be uniquely extended to a
homomorphism ofA into C. Given a varietyK of algebras, we denote byFreeK.X/
the free algebra inK overX. As mentioned in the introduction, we define aBLn-chain
as a BL-chain that is an ordinal sum of the MV-chainL n and a generalized BL-chain.
Once we fixed the generalized BL-chainB, we study the free algebraFreeV.X/,
whereV is the variety of BL-algebras generated by the BLn-chain

Tn := L n ] B:

Notice thatMV .Tn/ ∼= L n and if x 6∈ MV.Tn/ \ {>}, thenx ∈ D.Tn/ = B.
Recall that aweak Boolean productof a family .Ay; y ∈ Y/ of algebras over a

Boolean spaceY is a subdirect productA of the given family such that the following
conditions hold:

(1) If a; b ∈ A, then[a = b] = {y ∈ Y : ay = by} is open.
(2) If a; b ∈ A andZ is a clopen inX; thena|Z ∪ b|X\Z ∈ A.

Since the varietyBL is congruence distributive, it has the Boolean Factor Congru-
ence property. Therefore each nontrivial BL-algebra can be represented as a weak
Boolean product of directly indecomposable BL-algebras (see [5] and [23]). The
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explicit representation of each BL-algebra as a weak Boolean product of directly
indecomposable algebras is given in [17] by the following lemma.

LEMMA 1.6. Let A be a BL-algebra and letSpB.A/ be the Boolean space of
ultrafilters of the Boolean algebraB.A/. The correspondence

a 7→ .a=〈U 〉/U∈SpB.A/

gives an isomorphism ofA onto the weak Boolean product of the family

.A=〈U 〉/ : U ∈ SpB.A/

over the Boolean spaceSpB.A/. This representation is called the Pierce representa-
tion. Any other representation ofA as a weak Boolean product of a family of directly
indecomposable algebras is equivalent to the Pierce representation.

Therefore, to describeFreeV.X/ we need to describeB.FreeV.X// and the quo-
tientsFreeV.X/=〈U 〉 for eachU ∈ SpB.FreeV.X//.

In Section2 we obtain a characterization of the Boolean algebraB.FreeV.X//.
Once this aim is achieved, we consider the quotientsFreeV.X/=〈U 〉.

2. B(FreeV(X))

The next two results can be found in [18].

THEOREM2.1. For each BL-algebraA, B.A/ ∼= B.MV .A//.

THEOREM2.2. For each varietyK of BL-algebras and each setX

MV .FreeK.X// ∼= FreeMV∩K.¬¬X/:

THEOREM2.3. V ∩ MV is the varietyMVn.

PROOF. SinceL n
∼= MV .Tn/ is in V ∩ MV, we have thatMVn ⊆ V ∩ MV. On

the other hand, letA be an MV-algebra inV ∩MV. SupposeA is not inMVn. Then
there exists an equatione.x1; : : : ; xp/ = > that is satisfied byL n and is not satisfied
by A, that is, there exist elementsa1; : : : ; ap in A such thate.a1; : : : ; ap/ 6= >. Since
.¬¬b1; : : : ;¬¬bp/ is in .Ln/

p; for each tuple.b1; : : : ; bp/ in .Tn/
p, the equation

e′.x1; : : : ; xp/ = e.¬¬x1; : : : ;¬¬xp/ = > is satisfied inV. SinceA ∈ V ∩ MV;
it follows that > = e′.a1; : : : ; ap/ = e.¬¬a1; : : : ;¬¬ap/ = e.a1; : : : ; ap/ 6= >; a
contradiction. HenceMVn = V ∩ MV.

From these results we obtain the following theorem.

THEOREM2.4. B.FreeV.X// ∼= B.FreeMVn.¬¬X//.
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2.1. n-valued Moisil algebras Boolean elements ofFreeMVn.¬¬X/ depend on
some operators that can be defined on each MVn-algebra. Such operators provide each
MVn-algebra with an n-valued Moisil algebra structure, in the sense of the following
definition.

DEFINITION 2.5. For each integern ≥ 2, ann-valued Moisil algebra([8, 11]) or
n-valued Łukasiewicz algebra([4, 12, 13]) is an algebra

A = .A;∧;∨;¬; ¦ n
1 ; : : : ; ¦

n
n−1; 0; 1/

of type .2; 2; 1; : : : ; 1; 0; 0/ such that.A;∧;∨; 0; 1/ is a distributive lattice with
unit 1 and zero 0, and¬; ¦ n

1 ; : : : ; ¦
n
n−1 are unary operators defined onA that satisfy

the following conditions:

(1) ¬¬x = x;
(2) ¬.x ∨ y/ = ¬x ∧ ¬y;
(3) ¦ n

i .x ∨ y/ = ¦ n
i x ∨ ¦ n

i y;
(4) ¦ n

i x ∨ ¬¦ n
i x = 1;

(5) ¦ n
i ¦

n
j x = ¦ n

j x, for i; j = 1; 2; : : :n − 1;
(6) ¦ n

i .¬x/ = ¬.¦ n
n−i x/;

(7) ¦ n
i x ∨ ¦ n

i +1x = ¦ n
i +1x, for i = 1; 2; : : : ; n − 2;

(8) x ∨ ¦ n
n−1x = ¦ n

n−1x;
(9) .x ∧ ¬¦ n

i x ∧ ¦ n
i +1y/ ∨ y = y, for i = 1; 2; : : : ; n − 2.

Properties and examples ofn-valued Moisil algebras can be found in [4] and [8].
The variety ofn-valued Moisil algebras will be denotedMn.

THEOREM2.6 (see [11]). Let A be inMn. Thenx ∈ B.A/ if and only if

¦ n
n−1.x/ = x:

Furthermore,

¦ n
n−1.x/ = min{b ∈ B.A/ : x ≤ b} and ¦ n

1 .x/ = max{a ∈ B.A/ : a ≤ x}:

DEFINITION 2.7. For each integern ≥ 2; aPost algebra of ordern is a system

A = .A;∧;∨;¬; ¦ n
1 ; : : : ; ¦

n
n−1; e1; : : : ; en−1; 0; 1/

such that.A;∧;∨;¬; ¦ n
1 ; : : : ; ¦

n
n−1; 0; 1/ is ann-valued Moisil algebra ande1; : : : ;

en−1 are constants that satisfy the equations:

¦ n
i .ej / =

{
0 if i + j < n;

1 if i + j ≥ n:
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For everyn ≥ 2, we can define one-variable terms¦ n
1 .x/; : : : ; ¦

n
n−1.x/ in the

language.¬;→;>/ such that evaluated on the algebrasL n give

¦ n
i

(
j

.n − 1/

)
=
{

1 if i + j ≥ n;

0 if i + j < n;

for i = 1; : : : ; n − 1 (see [13] or [24]). It is easy to check that

M.L n/ = .Ln;∧;∨;¬; ¦ n
1 ; : : : ; ¦

n
n−1; 0; 1/

is a n-valued Moisil algebra. Since these algebras are defined by equations andL n

generates the varietyMVn; we have that eachA ∈ MVn admits a structure of an
n-valued Moisil algebra, denoted byM.A/. The chainM.L n/ plays a very important
role in the structure ofn-valued Moisil algebras, since eachn-valued Moisil algebra
is a subdirect product of subalgebras ofM.L n/ (see [4] or [12]). If we add to the
structureM.L n/ the constantsei = i =.n − 1/, for i = 1; : : : ; n − 1, thenPT.Ln/ =
.Ln;∧;∨;¬; ¦ n

1 ; : : : ; ¦
n
n−1; e1; : : : ; en−1; 0; 1/ is a Post algebra.

Not everyn-valued Moisil algebra has a structure of MVn-algebra (see [21]). For
example, a subalgebra ofM.L n/ may not be a subalgebra ofL n as MVn-algebra. For
instance, the set

C =
{

0

4
;

1

4
;

3

4
;

4

4

}
is the universe of a subalgebra ofM.L 5/, but not the universe of a subalgebra ofL 5.
On the other hand, every Post algebra has a structure of MVn-algebra (see [24,
Theorem 10]).

The next example will play an important role in what follows.

EXAMPLE 2.8. Let C = .C;∧;∨;¬; 0; 1/ be a Boolean algebra. We define

C[n] := {z = .z1; : : : ; zn−1/ ∈ Cn−1 : z1 ≤ z2 ≤ : : : ≤ zn−1}:
For eachz = .z1; : : : ; zn−1/ ∈ C[n], we define

¬nz = .¬zn−1; : : : ;¬z1/;

0 = .0; : : : ; 0/;

1 = .1; : : : ; 1/;

¦ n
i .z/ = .zi ; zi ; : : : ; zi / for i = 1; : : : ; n − 1:

With ∧ and ∨ defined coordinatewise,C[n] = .C[n];∧;∨;¬n; ¦
n
1 ; : : : ; ¦

n
n−1; 0; 1/

is an n-valued Moisil algebra (see [8, Chapter 3, Example 1.10]). If we define
ej = .ej;1; : : : ; ej;n−1/ by

ej;i =
{

0 if i < j ;

1 if i ≥ j ;
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thenC[n] = .C[n];∧;∨;¬n; ¦
n
1 ; : : : ; ¦

n
n−1; e1; : : : ; en−1; 0; 1/ is a Post algebra. Con-

sequently,C[n] has a structure of MVn-algebra.

It is easy to see that for each MVn-algebraA, B.A/ = B.M.A//.
We need to show that the Boolean elements of the MVn-algebra generated by a

setG coincide with the Boolean elements of then-valued Moisil algebra generated
by the same set. In order to prove this result it is convenient to consider the following
operators on eachn-valued Moisil algebraA. For eachi = 0; : : : ; n − 1,

Ji .x/ = ¦ n
n−i .x/ ∧ ¬¦ n

n−i −1.x/;

where¦ n
0 .x/ = 0 and¦ n

n .x/ = 1. In M.L n/ we have

Ji

(
j

.n − 1/

)
=
{

1 if i = j ;

0 if i 6= j :

LEMMA 2.9. LetA be an MVn-algebra, and letG ⊂ A. If 〈G〉MVn
is the subalgebra

of A generated by the setG and 〈G〉Mn is the subalgebra ofM.A/ generated byG,
thenB.〈G〉MVn

/ = B.〈G〉Mn/.

PROOF. Since 〈G〉Mn is always a subalgebra ofM.〈G〉MVn
/, we have that

B.〈G〉Mn/ is a subalgebra ofB.〈G〉MVn
/.

We will see thatB.〈G〉MVn
/ ⊆ B.〈G〉Mn/. The caseG = ∅ is clear. Suppose

thatG is a finite set of cardinalityp ≥ 1. Since MVn-algebras are locally finite (see
[9, Chapter II, Theorem 10.16]), we obtain that〈G〉MVn

is a finite MVn-algebra. Since
finite MVn-algebras are direct products of simple algebras, there exists a finitek ≥ 1
such that〈G〉MVn = ∏k

i =1 L mi , where eachmi −1 dividesn−1; for eachi = 1; : : : ; k.
If k = 1; then〈G〉Mn and〈G〉MVn are finite chains whose only Boolean elements are
their extremes. Otherwise, we can think of the elements of〈G〉MVn as k-tuples, that
is, if x ∈ 〈G〉MVn , thenx = .x1; : : : ; xk/. We shall denote by1 j the k-tuple given by

.1 j /i =
{

1 if i = j ;

0 if i 6= j :

It is clear that for eachj = 1; : : : ; k; 1j is in 〈G〉MVn
. From this it follows that for

every pairi 6= j , i; j ∈ {1; : : : ; k}; there exists an elementx ∈ G such thatxj 6= xi .
Indeed, suppose on the contrary that there existi; j ≤ k such thatxi = xj , for every
x ∈ G. Then for everyz ∈ 〈G〉MVn

we would havezj = zi contradicting the fact that
1i is in 〈G〉MVn .

To see that every Boolean element in〈G〉MVn is also in〈G〉Mn , it is enough to
prove that1 j is in 〈G〉Mn for every j = 1; : : : ; k. For a fixed j , for eachi 6= j ,
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i = 1; : : : k; we choosexi ∈ G such thatxi
j 6= xi

i . Let ji be the numerator ofxi
j ∈ Ln.

It is not hard to verify that

1 j =
k∧

i =1;i 6= j

Jji .x
i /:

Therefore1 j ∈ 〈G〉Mn andB.〈G〉MVn
/ ⊆ B.〈G〉Mn/.

If G is not finite, lety be a Boolean element in〈G〉MVn
. Hence, there exists a finite

subsetGy of G such thaty belongs to the subalgebra of〈G〉MVn
generated byGy.

Therefore, sincey is Boolean,y belongs to the subalgebra of〈G〉Mn generated byGy;

and we conclude thatB.〈G〉MVn
/ ⊆ B.〈G〉Mn/ for all setsG.

Given an algebraA in a varietyK, a subalgebraSof A; and an elementx ∈ A, we
shall denote by〈S; x〉K the subalgebra ofA generated by the setS∪ {x} in K.

LEMMA 2.10. Let C be inMn and x ∈ C. Let S be a subalgebra ofC such that
¦ n

i .x/ belongs toB.S/ for eachi = 1; : : : ; n − 1. ThenB.〈S; x〉Mn/ = B.S/:

PROOF. Clearly B.S/ is a subalgebra ofB.〈S; x〉Mn/. It is left to check that
B.〈S; x〉Mn/ ⊆ B.S/. To achieve this aim, we shall study the form of the elements in
〈S; x〉Mn . We define for eachs ∈ S,

Þ.s/ = s ∧ x;

þ.s/ = s ∧ ¬x;

i .s/ = s ∧ ¦ n
i .x/; for i = 1; : : :n − 1;

Ži .s/ = s ∧ ¬¦ n
i .x/; for i = 1; : : :n − 1:

For all s ∈ S we have thati .s/ andŽi .s/ are inS for i = 1; : : : ; n − 1. Let

M :=
{

y =
ky∨

j =1

pj∧
i =1

fi .si / : fi ∈ {Þ; þ; 1; Ž1; : : : n−1; Žn−1} andsi ∈ S

}
:

We shall see that〈S; x〉Mn = M = .M;∧;∨;¬; ¦ n
1 ; : : : ; ¦

n
n−1; 0; 1/. Indeed, for all

s ∈ S; s = 1.s/∨Ž1.s/, and thenS ⊆ M . Besides,x ∈ M becausex = Þ.1/. Lastly,
it is easy to see thatM is closed under the operations ofn-valued Moisil algebra.
Thus 〈S; x〉Mn is a subalgebra ofM . From the definition ofM , it is obvious that
M ⊆ 〈S; x〉Mn , and the equality follows.

Now let z ∈ B.〈S; x〉Mn/. By Theorem2.6, ¦ n
n−1.z/ = z andz = ∨kz

j =1

∧pj

i =1 fi .si /

with fi ∈ {Þ; þ; 1; Ž1; : : : ; n−1; Žn−1} andsi ∈ S. Then we have

z = ¦ n
n−1.z/ = ¦ n

n−1

(
kz∨

j =1

pj∧
i =1

fi .si /

)
=

kz∨
j =1

pj∧
i =1

¦ n
n−1. fi .si //;
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is in B.S/ because¦ n
n−1. fi .si // = k.¦

n
n−1.si // or ¦ n

n−1. fi .si // = Žk.¦
n
n−1.si //, for

somek = 1; : : : ; n − 1.

THEOREM2.11. Let C be an MVn-algebra andx ∈ C. LetS be a subalgebra ofC
such that¦ n

i .x/ belongs toB.S/ for eachi = 1; : : : ; n − 1. Then

B.〈S; x〉MVn/ = B.S/:

PROOF. By Lemma2.9and Lemma2.10we obtainB.〈S; x〉MV n/ = B.〈S; x〉Mn/ =
B.S/.

2.2. Boolean elements in FreeMVn(Z) Recall that a Boolean algebraB is said to
be free over a posetY if for each Boolean algebraC and for each non-decreasing
function f : Y → C, f can be uniquely extended to a homomorphism fromB into C.

THEOREM2.12. B.FreeMVn
.Z// is the free Boolean algebra over the posetZ ′ :=

{¦ n
i .z/ : z ∈ Z; i = 1; : : : ; n − 1}.

PROOF. Let S be the subalgebra ofB.FreeMVn
.Z// generated byZ ′. Let C be a

Boolean algebra and letf : Z ′ → C be a non-decreasing function. The monotonicity
of f implies that the prescription

f ′.z/ = . f .¦ n
1 .z//; : : : ; f .¦ n

n−1.z///

defines a functionf ′ : Z → C[n]. SinceC[n] ∈ MVn; there is a unique homo-
morphismh′ : FreeMVn

.Z/ → C[n] such thath′.z/ = f ′.z/ for everyz ∈ Z. Let
³ : C[n] → C be the projection over the first coordinate. The composition³ ◦ h′

restricted toS is a homomorphismh : S → C; and fory = ¦ n
j .z/ ∈ Z ′ we have

h.y/ = ³.h′.¦ n
j .z/// = ³.¦ n

j .h
′.z/// = ³.¦ n

j . f ′.z///

= ³.¦ n
j . f .¦ n

1 .z//; : : : ; f .¦ n
n−1.z////

= ³. f .¦ n
j .z//; : : : ; f .¦ n

j .z/// = f .¦ n
j .z// = f .y/:

HenceS is the free Boolean algebra over the posetZ ′. However, since¦ n
j .z/ is in S

for all z ∈ Z and j = 1; : : : n − 1, Theorem2.11asserts that

S = B.S/ = B.〈S; z〉MVn/

for everyz ∈ Z. From the fact thatS is a subalgebra ofB.FreeMVn.Z// we obtain

S = B.〈S; Z〉MVn/ = B.FreeMVn.Z//

that is,B.FreeMVn.Z// is the free Boolean algebra generated by the posetZ ′.
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From Theorem2.4we obtain the follwoing result.

COROLLARY 2.13. B.FreeV.X// is the free Boolean algebra generated by the poset
Y := {¦ n

i .¬¬x/ : x ∈ X; i = 1; : : : ; n − 1}.

REMARK 2.14. If n = 2, that is, the variety consideredV is generated by a BL2-
chain, then¦ 2

1 .x/ = x for eachx ∈ X. Therefore, in this case,Y = {¬¬x : x ∈ X},
and the cardinality ofY equals the cardinality ofX. It follows thatB.FreeV.X// is
the free Boolean algebra over the setY.

3. FreeV(X)/〈U〉

Following the program established at the end of Section2, our next aim is to
describeFreeV.X/=〈U 〉 for each ultrafilterU in the free Boolean algebra generated
by Y = {¦ n

i .¬¬x/ : x ∈ X; i = 1; : : : ; n − 1}, where〈U 〉 is the BL-filter generated
by the Boolean filterU .

The plan is to prove thatMV .FreeV.X/=〈U 〉/ is a subalgebra ofL n and then,
using Theorem1.5, decompose each quotientFreeV.X/=〈U 〉 into an ordinal sum. To
accomplish this we need the following results.

THEOREM3.1. LetA be a BL-algebra andU ∈ SpB.A/. Then

MV .A=〈U 〉/ ∼= MV .A/=.〈U 〉 ∩ MV .A//:

PROOF. Let V =: 〈U 〉 ∩ MV .A/ and let f : MV .A/=V → MV .A=〈U 〉/ be given
by f .a=V/ = a=〈U 〉, for eacha ∈ MV.A/. It is easy to see thatf is a homomorphism
into MV .A=〈U 〉/. We have that

(1) f is injective.

Let a=〈U 〉 = b=〈U 〉; with a; b ∈ MV.A/. From Lemma1.3, we know that there
existsu ∈ U such thata∧ u = b∧ u. SinceU ⊆ MV.A/, we have thatu ∈ V . From
the fact thatu is Boolean (see [17, Lemma 2.2]), we have thata∗u = a∧u = b∧u ≤ b;
thusu ≤ a → b and similarlyu ≤ b → a. Thena → b andb → a are inV and this
means thata=V = b=V .

(2) f is surjective.

Let a=〈U 〉 ∈ MV.A=〈U 〉/. Thena=〈U 〉 = ¬¬.a=〈U 〉/ = ¬¬a=〈U 〉, and since
¬¬a ∈ MV.A/ we obtain thatf .¬¬a=V/ = a=〈U 〉.

By Theorem2.4, if U ∈ SpB.FreeV.X//, thenU is an ultrafilter in

B.FreeMVn.¬¬X//:
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Moreover,〈U 〉 ∩ MV .FreeV.X// = 〈U 〉 ∩ FreeMVn.¬¬X/ is the Stone ultrafilter of
FreeMVn.¬¬X/ generated byU . From [14, Chapter 6.3], we have that

〈U 〉 ∩ FreeMVn
.¬¬X/

is a maximal filter ofFreeMVn.¬¬X/. It follows from [14, Corollary 3.5.4] that the
MV-algebraMV .FreeV.X//=.〈U 〉 ∩ MV .FreeV.X/// is an MV-chain inMVn, thus
from Theorem3.1we have the follwoing result.

THEOREM3.2. MV .FreeV.X/=〈U 〉/ ∼= L s with s − 1 dividing n − 1.

From Theorems1.5and3.2we obtain the next result.

THEOREM3.3. For eachU ∈ SpB.FreeV.X//, we have that

FreeV.X/=〈U 〉 ∼= L s ] D.FreeV.X/=〈U 〉/

for somes − 1 dividing n − 1.

In order to complete the description ofFreeV.X/ we have to find a description of
D.FreeV.X/=〈U 〉/ for eachU ∈ SpB.FreeV.X//. This last description depends on
the characterization of the varietyW of generalized BL-algebras generated by the
generalized BL-chainB. Therefore, we shall firstly consider such variety.

3.1. The subvariety ofGBL generated by B We recall thatV is the variety of BL-
algebras generated by the BL-chainTn = L n ]B. LetW be the variety of generalized
BL-algebras generated by the chainB.

Let {ei ; i ∈ I } be the set of equations that defineMVn as a subvariety ofBL,
and {dj ; j ∈ J} be the set of equations that defineW as a subvariety ofGBL.
For eachi ∈ I , let e′

i be the equation that results from substituting¬¬x for each
variablex in ei , and for eachj ∈ J, let d′

j be the equation that results from substi-
tuting ¬¬x → x for each variablex in the equationdj . Let V ′ denote the variety
of BL-algebras characterized by the equations of BL-algebras plus the equations
{e′

i ; i ∈ I } ∪ {d′
j ; j ∈ J}.

THEOREM3.4. V ′ ⊆ V.

PROOF. Let A be a subdirectly irreducible BL-algebra inV ′. From Theorem1.1, A
is a BL-chain, and by Theorem1.4, A = MV .A/]D.A/. Since for eachx ∈ MV.A/,
we have¬¬x = x, MV .A/ satisfies equations{ei ; i ∈ I }. ThenMV .A/ is a chain
in MVn, that is,MV .A/ ∼= L s, with s − 1 dividing n − 1. Moreover, since for each
x ∈ D.A/, we have¬¬x → x = x, D.A/ satisfies equations{dj ; j ∈ J}. Hence
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D.A/ = C is a generalized BL-chain inW. SinceA is subdirectly irreducible,C
is also subdirectly irreducible, and sinceGBL is a congruence distributive variety,
we can apply J́onsson’s Lemma (see [9]) to conclude thatC ∈ HSPu.B/. Hence
there is a setJ 6= ∅ and an ultrafilterU over J such thatC is a homomorphic image
of a subalgebra ofBJ=U . From the proof of [2, Proposition 3.3] it follows that
.L n ] B/J=U = L J

n=U ] BJ=U , and sinceLn is finite, L J
n=U ∼= L n. Now it is easy

to see thatA = L s ] C ∈ HSPu.L n ] B/ ⊆ V.

The next corollary states the main result of this section.

COROLLARY 3.5. The varietyW of generalized BL-algebras generated byB con-
sists of the generalized BL-algebrasC such thatL n ] C belongs toV.

PROOF. GivenC ∈ W, L n ] C ∈ V ′ ⊆ V. On the other hand, ifC is a generalized
BL-algebra such thatL n ]C ∈ V, then the elements ofC satisfy equationsd′

j for each
j ∈ J and since¬¬x → x = x for eachx ∈ C, the elements ofC satisfy equations
dj for each j ∈ J. HenceC is in W.

3.2. D(FreeV(X)/〈U〉) We know that the ultrafilters of a Boolean algebra are
in bijective correspondence with the homomorphisms from the algebra into the two
elements Boolean algebra,2. Since every upwards closed subset of the posetY =
{¦ n

i .¬¬x/ : x ∈ X; i = 1; : : : ; n − 1} is in correspondence with an increasing
function from Y onto 2, and every increasing function fromY can be extended to
a homomorphism fromB.FreeV.X// into 2; the ultrafilters ofB.FreeV.X// are in
correspondence with the upwards closed subsets ofY. This is summarized in the
following lemma.

LEMMA 3.6. Consider the posetY = {¦ n
i .¬¬x/ : x ∈ X; i = 1; : : : ; n − 1}.

The correspondence that assigns to each upwards closed subsetS ⊆ Y the Boolean
filter US generated by the setS∪ {¬y : y ∈ Y \ S}, defines a bijection from the set of
upwards closed subsets ofY onto the ultrafilters ofB.FreeV.X//.

We shall refer to each member of SpB.FreeV.X// by US making explicit reference
to the upwards closed subsetS that corresponds to it.

LEMMA 3.7. Let FS be the subalgebra of the generalized BL-algebra

D.FreeV.X/=〈US〉/

generated by the setXS := {x=〈US〉 : x ∈ X;¬¬x ∈ 〈US〉}. Then

FS = D.FreeV.X/=〈US〉/:
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PROOF. FreeV.X/=〈US〉 is the BL-algebra generated by the setZS = {x=〈US〉 :
x ∈ X}. From Theorem3.3, there exists an integerm such that

FreeV.X/=〈US〉 = L m ] D.FreeV.X/=〈US〉/:
Hence each element ofZS is either inLm \ {>} or it is in D.FreeV.X/=〈US〉/.

If XS = ∅; thenFS = D.FreeV.X/=〈US〉/ = {>}. So let us supposeXS 6= ∅. Let
y ∈ D.FreeV.X/=〈US〉/. Recalling thatFS is the generalized BL-algebra generated
by XS, we will check thaty is in FS. Sincey ∈ FreeV.X/=〈US〉, y is given by a term
on the elementsx=〈US〉 ∈ ZS. By induction on the complexity ofy, we have:

• If y is a generator, that is,y = x=〈US〉 for somex=〈US〉 ∈ ZS, sincey ∈
D.FreeV.X/=〈US〉/, we have that> = ¬¬y = ¬¬.x=〈US〉/ = .¬¬x/=〈US〉.
This happens only if¬¬x ∈ 〈US〉.

• Suppose that for each elementz ∈ D.FreeV.X/=〈US〉/ of complexity less
than k, z can be written as a term in the variablesx=〈US〉 in XS. Let y ∈
D.FreeV.X/=〈US〉/ be an element of complexityk. The possible cases are
the following:

(1) y = a → b for some elementsa; b of complexity< k. In this case the
possibilities are

.a/ a ≤ b. This meansa → b = > andy can be written asx=〈US〉 →
x=〈US〉 for anyx=〈US〉 ∈ XS, and thusy ∈ FS,

.b/ a 6≤ b. Sincey = a → b is in D.FreeV.X/=〈US〉/; the only possi-
bility is thata; b ∈ D.FreeV.X/=〈US〉/ and by inductive hypothesis
y is in FS.

(2) y = a ∗ b for some elementsa; b of complexity< k. In this case
necessarilya; b ∈ D.FreeV.X/=〈US〉/ and by inductive hypothesisy is
in FS.

Then for eachy ∈ D.FreeV.X/=〈US〉/, y can be written as a term on the elements
of XS. Thereforey ∈ FS and we conclude thatFS = D.FreeV.X/=〈US〉/.

With the notation of the previous lemma, we have the following theorem.

THEOREM3.8. For eachUS in SpB.FreeV.X//,

D.FreeV.X/=〈US〉/ ∼= FreeW.XS/:

PROOF. From Theorem2.6 and Lemma3.6 we can deduced that¬¬x ∈ 〈US〉 if
and only if¦ n

1 .¬¬x/ ∈ S if and only if ¦ n
i .¬¬x/ ∈ S for i = 1; : : : ; n − 1. Hence if

¬¬x 6∈ 〈US〉 there is aj such that¦ n
j .¬¬x/ 6∈ S. We define, for eachx ∈ X,

jx =
{

⊥ if ¬¬x ∈ 〈US〉;
max{i ∈ {1; : : : ; n − 1} : ¦ n

i .¬¬x/ 6∈ S} otherwise:
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Let C ∈ W and letC′ = L n ] C. From Theorem3.5, C′ is in V. Given a function
f : XS → C, define f̂ : X → C′ by the prescriptions:

f̂ .x/ =
{

f .x=〈US〉/ if ¬¬x ∈ 〈US〉;
.n − jx − 1/=.n − 1/ otherwise:

There is a unique homomorphism̂h : FreeV.X/ → C′ such thatĥ.x/ = f̂ .x/
for eachx ∈ X. We have thatUS ⊆ ĥ−1.{>}/. Indeed, if¬¬x ∈ 〈US〉, then
ĥ.¦ n

i .¬¬x// = ¦ n
i .¬¬.ĥ.x// = ¦ n

i .¬¬ f .x=〈US〉// = ¦ n
i .>/ = >. If ¬¬x 6∈ 〈US〉,

then

ĥ.¦ n
i .¬¬x// = ¦ n

i

(
¬¬n − jx − 1

n − 1

)
= ¦ n

i

(
n − jx − 1

n − 1

)
=
{

⊥ if i ≤ jx;

> otherwise:

Hence there is a unique homomorphismh1 : FreeV.X/=〈US〉 → C′ such that
h1.a=〈US〉/ = ĥ.a/ for all a ∈ FreeV.X/. By Lemma3.7, D.FreeV.X/=〈US〉/ is
the algebra generated byXS. Then the restrictionh of h1 to D.FreeV.X/=〈US〉/ is a
homomorphismh : D.FreeV.X/=〈US〉/ → C, and for eachx such that¬¬x ∈ 〈US〉,

h.x=〈US〉/ = h1.x=〈US〉/ = ĥ.x/ = f̂ .x/ = f .x=〈US〉/:
Therefore we conclude thatD.FreeV.X/=〈US〉/ ∼= FreeW.XS/.

THEOREM 3.9. The free BL-algebraFreeV (X) can be represented as a weak
Boolean product of the family.FreeV.X/=〈US〉/ : US ∈ SpB.FreeV.X//, where
B.FreeV.X// is the free Boolean algebra over the posetY = {¦ n

i .¬¬x/ : x ∈ X;
i = 1; : : : ; n − 1}. Moreover, for eachUS ∈ SpB.FreeV.X//, there existsm ≥ 2
such thatm − 1 dividesn − 1 and

FreeV.X/=〈US〉 = L m ] FreeW.XS/;

whereXS := {x=〈US〉 : ¬¬x ∈ 〈US〉} andW is the variety of generalized BL-algebras
generated byB.

4. Examples

4.1. PL-algebras Let G be a lattice-ordered abelian group (`-group), andG− =
{x ∈ G : x ≤ 0} its negative cone. For each pair of elementsx; y ∈ G−, we define
the following operators:

x ∗ y = x + y and x → y = 0 ∧ .y − x/:

ThenG− = .G−;∧;∨; ∗;→; 0/ is a generalized BL-algebra. The following result
can be deduced from [3] (see also [6] and [15]).
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THEOREM 4.1. The following conditions are equivalent for a generalized BL-
algebraA:

(1) A is a cancellative hoop.
(2) There is aǹ -groupG such thatA ∼= G−.
(3) A is in the variety of generalized BL-algebras generated byZ−, whereZ denotes

the additive group of integers with the usual order.

Let us considerW, the variety of generalized BL-algebras generated byZ−, that
is, the variety of cancellative hoops. In [16] a description ofFreeW.X/ is given for
any setX of free generators. Therefore we can have a complete description of free
algebras in varieties of BL-algebras generated by the ordinal sum

PLn = L n ] Z−:

Indeed, if we denote byPLn the variety of BL-algebras generated byPLn, from
Theorem3.9 we obtain thatFreePLn.X/ is a weak Boolean product of algebras of
the formL s ] FreeW.X ′/ with s − 1 dividing n − 1 and some setX ′ of cardinality
less or equal thanX. Therefore, in the present case, the BL-algebraFreePLn

.X/ can
be completely described as a weak Boolean product of ordinal sums of two known
algebras.

From [15, Theorem 2.8],PL2 is the variety of PL-algebrasPL. From Remark2.14,
SpB.FreePL.X// is the Cantor space2|X|. From Theorem3.9, the free PL-algebra
over a setX can be describe as a weak Boolean product over the Cantor space2|X|

of algebras of the formL 2 ] FreeW.X ′/ for some setX ′ of cardinality less or equal
thanX.

Given a BL-algebraA; the radicalR.A/ of A is the intersection of all maximal
implicative filters ofA. We have thatr.A/ = .R.A/; ∗;→;∧;∨;>/ is a generalized
BL-algebra. Let

PLr = {R : R = r.A/ for some A ∈ PL}:
PLr is a variety of generalized BL-algebras. In [17] a description ofFreePL.X/ is
given. From Example 4.7 and Theorem 5.7 in the mentioned paper we obtain that
FreePL.X/ is the weak Boolean product of the family.L 2 ] FreePLr .S/ : S ⊆ 2|X|/
over the Cantor space2|X|. In order to check that our description and the one given in
[17] coincide it is only left to check thatPLr = W. From Corollary3.5we have that
W consist on the generalized BL-algebrasC such thatL 2 ] C ∈ PL.

THEOREM4.2. PLr = W.

PROOF. LetC ∈ PLr . Then there exists a BL-algebraA ∈ PL such thatr.A/ = C.
It is not hard to check thatL 2 ] C is a subalgebra ofA; thusL 2 ] C is in PL. It
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follows thatC ∈ W. On the other hand, letC ∈ W. ThenL 2 ] C is in PL; and
C ∈ PLr .

4.2. Finitely generated free algebras As we mentioned in the introduction, when
the set of generatorsX is finite, let us say of cardinalityk, the algebraFreeV.X/ is
described in [10] as a direct product of algebras of the formL s]FreeW.X ′/, with s−1
that dividesn − 1 and some setX ′ of cardinality less than or equal to the cardinality
of X, whereW is again the subvariety ofGBL generated byB. The method used to
describe the algebras strongly relies on the fact that the Boolean elements ofFreeV.X/
form a finite Boolean algebra. Indeed,FreeV.X/ is a direct product ofnk algebras
obtained by taking the quotients by the implicative filters generated by the atoms of
B.FreeV.X//. In this case, once you know the form of the atom that generates the
ultrafilter U you also know the numbers such thatMV ..FreeV.X//=〈U 〉/ = L s.

When the setX of generators is finite, of cardinalityk, thenY = {¦ n
i .¬¬x/ :

x ∈ X; i = 1; : : : ; n − 1} is the cardinal sum ofk chains of lengthn − 1. Therefore
the number of upwards closed subsets ofY is nk. Since weak Boolean products over
discrete finite spaces coincide with direct products, Theorem3.9asserts thatFreeV.X/
is a direct product ofnk BL-algebras of the formL s ] FreeW.Y/, with s − 1 that
dividesn − 1 and some setY of cardinality less than or equal tok.

Therefore the description given in the present paper coincides with the one in [10].
However, the description given in [10], based on a detailed analysis of the structure of
the atoms ofB.FreeV.X// for a finite X, is more precise because it gives the number
of factors of each kind appearing in the direct product representation.
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