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1. Introduction

One of the most popular nonlinear models for self-limiting cell population growth is the equation
introduced by Gompertz in [1], namely

N'(t) = —aN (1) n(K/N (1)),

where N (t) is the density of the population, « is a positive constant called the intrinsic growth rate and
the positive constant K is usually referred to as the environment carrying capacity or saturation level. The
model was derived by Gompertz in 1825 and used in the context of actuarial statistics. In 1932, Winsor [2]
found out that it provides a good empirical description of decelerating tumor growth. In 1964 [3], the same

Corresponding author at: Departamento de Matematica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos
Aires. Ciudad Universitaria, Pabellén I, Buenos Aires (1428), Argentina.
E-mail addresses: pamster@dm.uba.ar (P. Amster), afdeboli@ungs.uba.ar (A. Déboli), mpkuna@dm.uba.ar (M.P. Kuna).

https://doi.org/10.1016/j.aml.2018.03.013
0893-9659/© 2018 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.aml.2018.03.013
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2018.03.013&domain=pdf
mailto:pamster@dm.uba.ar
mailto:afdeboli@ungs.uba.ar
mailto:mpkuna@dm.uba.ar
https://doi.org/10.1016/j.aml.2018.03.013

54 P. Amster et al. / Applied Mathematics Letters 83 (2018) 53-58

model was used by Laird in the description of tumor growth, and later in 1965 [4], for the first time Laird
fitted the experimental data to the Gompertz curve. Since that time the Gompertz equation has been often
used in the formulation of equations modeling the population dynamics and to describe the inner growth of
a tumor and other processes of nature, e.g. [5-7].

To better reflect the reality some of the past states of the systems may be included, that is, ideally, a
more realistic system can be modeled by differential equations with a time delay:

N'(t) = —aN(#) In(K/N(t — 7). (1)

It is clear that (1) has a unique positive equilibrium N = K. It is observed, furthermore, that if K is replaced
by a positive continuous function of (minimal) period T, then for small values of 7 the problem admits a
positive T-solution N of minimal period T'. This is readily verified by several means: for instance, it suffices
to apply the implicit function theorem to the mapping

F(N,7)(t) = N'(t) + aN(t)In(K(t)/N(t — 7))

defined over appropriate spaces, at the point (K,0). However, since we are looking for solutions N > 0, a
more straightforward argument follows from the fact that the substitution w(t) := In(N(¢)) transforms the
equation into a linear one, namely

u'(t) = au(t — 1) + p(t),

where p(t) := —aln(K(t)). Thus, a simple computation shows that, in fact, the problem has a unique
T-periodic solution for almost all values of 7; specifically, this happens for all values except for a finite
number, if we assume w.l.o.g. that 7 < T. In order to make the statement more precise, consider the space
of continuous T-periodic functions

Cr ={u e C(R,R) :u(t+T)=u(t) forall t}.

Observe that any solution v € Cr has minimal period T because if u(t + S) = w(t) for all ¢, then
p(t+ S) = p(t). For convenience, denote w := 2%, then it is seen that the homogeneous equation

' (t) = au(t — 1)
admits nontrivial solutions only when
cos(kwt) = 0 = kw + asin(kwr)

for some k € N, that is:

m— 1

k4T7 m=1,... k. (2)

Except for these specific choices of the parameters, a (unique) T-periodic positive solution exists for each

kw = a, T=

p. When (2) holds, the problem is called resonant and has (infinitely many) solutions if and only if p is
orthogonal in the L? sense to the kernel of the operator Lu(t) := u/(t) — au(t — 7) or, in terms of the original
equation:

T
/ In(K (t))e*! dt = 0.
0

We are interested in extending the previous ideas to a system in which Gompertz equation is coupled
with a second equation and serves as a model in many biological situations (see e.g. [8-11], and for DDEs
see e.g. [12-14] and the references therein):

{110 =N OGO/ ~ ) VO bl =) "
v'(t) = Bo(t) + g(t, N(t — 71),v(t — 72)).
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We shall assume that f : (0,400) x R = R and g : R x (0,+00) x R — R are continuous and bounded,
g is T-periodic in ¢, § # 0 and, as before, « is a positive constant and K a positive continuous T-periodic
function. We look for T-periodic solutions (N, v) of system (3) with N > 0.

When the problem is non-resonant, the existence of such solutions follows from a direct application of
Schauder’s Theorem; thus, we shall focus on the case in which the resonance conditions (2) are satisfied for
the first equation and 7 = 7. We shall prove the existence of a constant R > 0 such that if the limits

fO = lim f(u,v), foo = lim f(u7v)

u—0t u—+00

exist uniformly for |v] < R and fy # fs, then the problem admits at least one T-periodic solution when
the projection (in the L? sense) of the function In(K(t)) to the kernel of the operator L is sufficiently
small. In more precise terms, the existence of solutions is guaranteed under the following Lazer—Leach type
condition [15]:

T . 2
/ (K (£)e™ dt| < 2| foe — fol. (4)
0 @]

Theorem 1.1. Let R := Hglgm and assume that the previous limits fo, feo exist uniformly for |v] < R.

Then (3) has at least one T-periodic solution, provided that (4) holds.

The proof will follow from a slightly more general result (see Theorem 2.2).

2. A general abstract system

Let C == Cr N CY(R,R) and consider the linear operator L : CY — Cr given by Lu(t) = u/(t) —
Au(t) — Bu(t — 7). Writing u = ), .,ane™*", a simple computation shows that Ker(L) is nontrivial if and
only if

A+ B cos(kwt) = kw + Bsin(kwr) =0

for some k € Ng. When &k = 0, the condition simply says that A+ B = 0; for & > 0, resonance situation may
occur only if |A| < |B| and T = —2ZE_  which is satisfied for finitely many values of 7 € [0,T). Observe,

\/B2_A2

furthermore, that in this case
Ker(L) = span{cos(kwt), sin(kwt)}
and Im(L) = Ker(L)*, where orthogonality is understood in the L? sense, namely:
T .
Ker(L)* =S ue Cr: / u(t)e™tdt =05 .
0
In particular, Ker(L) = Ker(L*), where the adjoint operator L* is given by
L*u(t) = —u'(t) — Au(t) — Bu(t + 7).

Moreover, it is clear that L : Ck N Ker(L)t — Im(L) is bijective; thus, by the open mapping theorem
we deduce the existence of a constant ¢ such that ||ullc1 < ¢||Lulls for all u € CH N Ker(L)*
c= L7

Now consider the more general system

{Llu(t) = g1(u(t —71),v(t — m2)) + p(t) (5)
Lov(t) = ga(t, ug, vy)

, namely,
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with g1 : R? = R, g2 : R x C([-71,0]) x C([~72,0]) = R bounded continuous functions and Lju(t) :=

uw'(t) — aju(t) — bju(t — 7). Assume that |a1] < |b1| and set T = \/% for some k € N. Define as before
17"
w = 2% and fix 7y < T such that

cos(kwt) = —a1 /by, sin(kwt1) = —kw/b;.

Moreover, we shall assume that as 4+ bo # 0 and that the previous relations do not hold for the delay 7o < T’
thus, Ker(Ls) = {0} and it is deduced as before that

[uller < callLoulloo (6)

for all u € C..

Remark 2.1. In particular, when by = 0 # ag, it is readily verified that ¢y = ﬁ Indeed, if |u(t)| achieves

its absolute maximum value at t = ¢g then Lou(tg) = —agu(te) which, in turn, implies: |as]||v]|co < || L2t so-

In order to state our Lazer—Leach type condition, we shall assume that the limits

1"/ (00) := lim nf g1, v) !
g7"" (£00) = limsup g1 (u, v) (8)
u—+oo

exist uniformly for |v| < ¢z2||g2]|co and that the following technical condition holds:

T
/O [91(p cos(kwt) + (1), ¢(t)) — g1(pcos(kwt) + (1), 0)] sin(kwt) dt — 0 (9)

as p — +oo uniformly for ||@]lec < c2]/g2]loo and [|¥]|co < ¢1(||91loo + ||P]loc) Where, as before, ¢; is the norm
of the right inverse of L;. For example, (9) is satisfied when ¢;(£00) := lim, 40091 (4, v) exist uniformly
for [v] < callgallc.

In particular, setting u := In N and g1 (u, v) := f(e*,v) and taking into account Remark 2.1, the existence
of T-periodic solutions of (3) with N > 0 is an immediate consequence of the following main result of the
paper:

Theorem 2.2. Let |ai| < |b1| and fiz T, 7 and T2 as before. Assume that go is T-periodic in its first

coordinate, p1 € Cr, the limits (7) and (8) exist uniformly for |v| < callg2]lco and (9) is satisfied.
If

T
/0 p(t)e* dt| < 2(g™™ (+00) — g1 (~o0)) (10)

or

/0 p(t)et dt| < 2(g™ (—o0) — g3 (+00)) (11)

then the problem admits at least one solution w € Crp. If furthermore p has minimal period T, then u has
minimal period T .
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Proof. According to the standard continuation method adapted to this context (see e.g. [16, Thm 2.1]),
let us firstly prove that the solutions (u,v) € Cr x Cr of the system

{10 ) e =) il 7)1+ 50 )
V' (t) = agu(t) + bav(t — T2) + Aga(t, ug, vy)

with A € (0,1) are a priori bounded. Indeed, suppose that (u,,v,) is a sequence of solutions of (12) for
some A, € (0,1), then we already know from (6) that

[vn]loo < anncl < e2||[Lavn|loo < 2|92l oo
Next, write
Uy = Up, + pp cos(kwt — 6,)

with 4, € Ker(L)*, p, > 0and 6,, € [0,27), then ||i,|c1 < c1(]|g1]loo + ||Plloo)- We conclude that p,, — +oc0
and, moreover, since Ker(L*) = Ker(L) we deduce that fOT Luy, (t)e**t dt = 0 for all n, that is

T T
/ g1 (Un(t — Tl), Un(t — 7—2))eiku}t dt = — / p(t)eikwt dt
0 0

for all n. Next, observe that the substitution kws := kw(t — 1) — 8,, and periodicity imply that the left-hand
side term can be written as

T
gilkom+0n) / 01(pm c08(keos) + n(s), du(s)) ™" ds,
0

where |¢,] < cillgi]lo and |¢pn| < c2||g2|leo- For convenience, let us fix A € [0,27) such that

_eiA fOTp(t)eikwt dt =

fOT p(t)etket dt‘, then the previous equality simply reads

T T
/ 91(pn cos(kws) + ¥, (8), dn(s)) cos(kws + R,) ds = / p(t)eik“’t dt
0 0

where R,, = kwr +0,, + A.
From the identity cos(kws + R,,) = cos(kws) cos(R,,) — sin(kws) sin(R,,) and (9) we deduce, following the
ideas of Lemma 3 in [17], that

T
/0 91 (pn cos(kws) + ¥, (), dn(s)) sin(kws) ds =
T
/0 [91(pr, cos(kws) + Y (s), on(s)) — g1(pn cos(kws) + ¥, (s), 0)] sin(kws) ds
+ / 91(pn cos(kws) + 1Pn(s),0) sin(kws) ds — 0
0

as n — oo. Thus, assuming for example that (10) holds, by Fatou’s lemma we conclude:

T
/ p(t)e™t dt| > gi™ (+00) /+ cos(kws) ds — gfup(—oo)/ cos(kws) ds
0 I -

where I+ C [0, 27] are respectively the positivity /negativity sets of cos(kws). Hence

T .
/ p(t)eZk‘”t dt
0

> 291" (+00) — g5 (—o0)],

a contradiction.
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Next, identify Ker(L) with C by the mapping p cos(kwt — 6) +— z := pe’. We need to compute the degree
of the mapping

T T
P(z) = / g(pcos(kwt — 0))e™*+t dt — / p(t)ert dt
0 0

over large balls centered at 0. Now observe that

T T
/ g(pcos(kwt — 0))e @t dt = ' / g(pcos(kwt))e*t at
0 0

and, moreover, since g(p cos(kwt)) is even, we obtain as before

T T
/ 9(pcos(kwt))e™™" dt > [g}"! (+00) — 93" (~oc)] > / p(t)e™" dt
0 0

for p > 0. This implies

deg(®,B,(0),0) = £+1

and so completes the proof. O
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