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Abstract In the present work an implementation of the
Back and Forth Error Compensation and Correction
(BFECC) algorithm specially suited for running on General-
Purpose Graphics Processing Units (GPGPUs) through
Nvidia’s Compute Unified Device Architecture (CUDA) is
analyzed in order to solve transient pure advection equa-
tions. The objective is to compare it to a previous ex-
plicit version used in a Navier-Stokes solver fully written in
CUDA. It turns out that BFECC could be implemented with
unconditional stable stability using Semi-Lagrangian time
integration allowing larger time steps than Eulerian ones.

Keywords GPGPU · CUDA · BFECC · Semi-Lagrangian ·
Level-Set · Navier-Stokes

1 Introduction

In recent years GPGPU’s (General-Purpose Graphics Pro-
cessing Units) are being used in HPC (High Performance
Computing), specially for problems that can be solved with
Cellular Automata (CA) algorithms. In particular, a great ef-
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fort is being oriented to exploit the great computing power
of this hardware on fluid mechanics problems.

In previous works [1–3] a Fractional Step solver for
the Navier-Stokes (NS) equations was presented. All steps
in the solver were explicit, except for the projection step,
which includes the solution of a Poisson equation, which
is performed with a Fast Fourier Transform (FFT) tech-
nique. Explicit methods fall in the category of CA algo-
rithms and then can be implemented very efficiently on
GPGPUs. The momentum equations were solved using a
stabilization technique called Quadratic Upwinded Interpo-
lation for Convection Kinematics (QUICK) [4]. The per-
formance of the solver was limited because QUICK per-
forms the computation using a large stencil and is limited
by the CFL (Courant-Friedrichs-Lewy) condition. In this ar-
ticle an alternative algorithm for the solution of the momen-
tum equations based on Back and Forth Error Compensation
and Correction (BFECC, [5, 6]) is explored. This solver is
more efficient since allows for larger CFL numbers; its sta-
bility is restricted only by the diffusion term. The algorithm
was implemented on Nvidia’s GPGPUs using the Compute
Unified Device Architecture (CUDA) [7, 8].

This article is an extended version of the presentation
“A Numerical Algorithm for the Solution of Viscous In-
compressible Flow on GPU’s” presented at HPCLatAm
2012 [9].

2 Governing equations

The equations being solved are the classical NS equations
for incompressible viscous fluid flows

∂u
∂t

+ (u · ∇)u = − 1

ρ
∇p + ν∇2u + f,

∇ · u = 0.

(1)

mailto:mario.storti@gmail.com


244 Cluster Comput (2014) 17:243–254

where u is the velocity field, p the pressure field, ρ the den-
sity (constant), ν the kinematic viscosity (constant) and f a
body force per unit volume. These equations are intended to
be solved with several combination of boundary and initial
conditions.

Considering w0 as an approximation to the solution of
u at time t = n�t , one can obtain the solution at t + �t

performing successively the following operations [10]

– Force: Add force terms

w1(x, t) = w0(x, t) + �tf(x, t). (2)

– Advection: the BFECC method following the characteris-
tic field is used. This results in an unconditionally stable
step. This is going to be explained on the following sec-
tions.

– Diffusion: The diffusion equation

∂w
∂t

= ν∇2w, (3)

is solved in the interval [t, t + �t], with w(t) = w2,
w(t + �t) = w3. If periodic boundary conditions are ap-
plied, this step can be solved implicitly with an efficient
Fast Fourier Transform (FFT) based solver, avoiding the
restriction on the Fourier number

Fo = ν�t/h2 < Focrit (4)

typical for explicit methods. Focrit is a nondimensional
constant depending on the spatial dimension and dis-
cretization stencil. For the standard second order Poisson
discretization used in this paper Focrit = 1/(2nd), where
nd is the number of spatial dimensions.

– Projection: the resulting velocity field is projected onto
the divergence free space. This is achieved solving a Pois-
son equation,

w4(x, t) = w3(x, t) − ∇p, (5)

where p is defined as the solution of [11]

∇2p = ∇ · w3 in Ω,

∇p · n = w3 · n in ∂Ω,
(6)

Ω ⊂ R
n being the domain on a n-dimensional space,

∂Ω its boundary and n the outward normal to ∂D.

2.1 The method of characteristics

The scope of this article is to focus on the solution of the
advection step of the exposed solver. Let’s consider for the
moment a scalar field F that is being advected by the veloc-
ity field u,

D(m)F

Dt
= ∂F

∂t
+ u · ∇F = 0, (7)

Fig. 1 Solid line is a trajectory that connects A and C points. Dashed
line A′C is an approximation based on using the velocity field as a first
order predictor

where D(m)(·)/Dt stands for a material derivative, i.e. fol-
lowing fluid particles. An arbitrary dimensional space can
be considered, in 3D x = (x, y, z). Even if the method of
characteristics can be explained abstractly (without spatial
discretization), to fix ideas a simple Cartesian grid with con-
stant mesh size h is going to be used.

The approach for solving this kind of equations follows
that presented on [5]. Considering Eq. (7) in 1D (extensions
to higher dimensions are trivial), a splitting reveals that

∂F

∂t
+ dx

dt

∂F

∂x
= 0, (8)

where

dx

dt
= u(x, t), (9)

that can be solved leading to an ordinary differential equa-
tion for the particle position x. Once the trajectories of the
particles have been determined, the solution of (8) is ob-
tained by simply stating that the value of F is constant
throughout the trajectory [12]. This last equation relates, in
particular, points A and C of Fig. 1. The objective is to track
back the trajectory passing through C at time t + �t to the
point defined as A at time t . This should be done following
the trajectory (solid curve); but in the discrete case this is ap-
proximated using the velocity field as a first order predictor
of the previous position (dashed curve); reaching point A′.

Components of the velocity field on positions located at
the mid interval of the actual computational grid are required

(i.e. u(x, tn+ 1
2 )). One option is a second order extrapolation

of the form

u
(
x, tn+ 1

2
) = 1

2

(
3u

(
x, tn

) − u
(
x, tn−1)). (10)
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Then, (9) can be integrated to O(�t2) [13] solving for
α = �x such that

�x
�t

= α

�t
= u

(
x − α

2
, tn+ 1

2

)
, (11)

whose solution can be obtained by a Fixed-Point iteration

α(k+1) = �tu
(

x − α(k)

2
, tn+ 1

2

)
, (12)

taking α0 = 0 on the first iteration k = 0. It was found that
using two iterations was typically sufficient; this coincides
with the results reported by [5].

A sufficient condition for convergence of the iterative
procedure is shown in [14], and basically states that �t

must be smaller than the reciprocal of the maximum abso-
lute value of the velocity gradient components, i.e. for the
2D case

�t <
[
max

(|u,x |, |u,y |, |v,x |, |v,y |
)]−1 (13)

where u and v are the velocity components on x and y direc-
tion respectively). Having the value of α, (7) is easily solved
by stating that the value of F is constant along the approxi-
mated trajectory A′C, i.e.

F(x, tn+1) − F(x − α, tn)

�t
= 0. (14)

Trilinear (in 3D) spatial interpolation is used when evalu-
ating α and when solving (14). Linear interpolation for α

and tricubic spline interpolation for F was proposed in [5]
in order to reduce numerical damping. Tricubic spline in-
terpolation has also the property of exactly conserving mass
for solenoidal flows. Analysis of the stability properties of
the semi-Lagrangian advection scheme [15] shows that it is
possible to integrate (14) for CFL numbers greater than one;
where CFL = umax�t/h, and umax being the maximum ve-
locity in the flow field.

2.2 Back and forth error compensation and correction

Following [16] let’s suppose that there exists some operator
L(., .) that performs an approximate solution to the advec-
tion operator, i.e.

Fn+1 = L
(
u,F n

)
. (15)

In the continuum case a forward operation L(−u, ·) exactly
compensates the backward operation L(u, ·) (see Fig. 2), i.e.
after applying a backward and forward operation the same
initial field is obtained. (Note that this is valid only for the
pure advection case, with no diffusion). Of course, this is
no longer true for the discrete operators due to numerical
errors. Lets say that the backward operation introduces an

Fig. 2 Schematic BFECC operation over a streamline field and using
L(., .) as the advection operator for the scalar field F

error denoted as e. If this error is purely dissipative, then the
forward operation will introduce the same error, so after the
backward and forward steps a field F̄ = Fn + 2e. Then, an
explicit expression for e can be readily obtained as

e = −1

2

(
Fn − F̄

)
. (16)

This error can be subtracted (this is called as error compen-
sation, hence the name of the method) from Fn and then the
field is advected. This method has been proven to be second
order accurate in both, time and space [17].

Considering the advection operator L(., .) as the Semi-
Lagrangian one explained on Sect. 2.1, BFECC is defined
as follows

F ∗ = L
(
u,F n

)

F̄ = L
(−u,F ∗)

F ∗ = Fn + (
Fn − F̄

)
/2

Fn+1 = L
(
u,F ∗).

In this way the order of accuracy of the Semi-Lagrangian
scheme can be raised from one to two at the expense of com-
puting three times the advection operator [17].

As there is no strong evidence on the time dependence of
e a variation of the algorithm was proposed in [17]. After
the first two steps, forward and backward, the error is com-
puted and used as a correction directly for the backward so-
lution L(u,F n) instead of applying a new forward step with
a modified field. In this article the standard BFECC is used,
since the modified version introduced previously performed
worst (in terms of accuracy) in the cases studied.
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The proposed scheme does not preserve positivity, i.e. it
does not satisfy the Discrete Maximum Principle [17], i.e.
overshoots/undershoots may be observed at sharp disconti-
nuities. A basic correction was proposed in the mentioned
reference and tested on the transport of a 1D square signal.
This correction was implemented by the authors, but the im-
provement obtained was not worth for the extra computa-
tional effort needed.

3 Numerical examples: scalar transport

In typical solid-fluid applications F is used for representing
the region occupied by each phase, the fluid occupying the
region Ω where F ≥ 0 and the other the complement.

3.1 Unbiased level-set contouring algorithm (ULCA)

First of all, given an initial region Ω the level set function
F must be computed. The algorithm used in this article fol-
lows that presented on [18]. It turns out that even with coarse
grids (i.e. 50 × 50) the numerical error obtained by the algo-
rithm developed differs at most by 1 %.

3.2 Error indicator based on the L1-norm computation of
the characteristic function

One way to assess the quality of the discrete transport al-
gorithm is to compute the area (area in 2D, volume in 3D)
occupied by one fluid, i.e. the F ≥ 0 region, for instance,
since for a solenoidal field this area should be preserved. So
the error indicator would be

Ea = ∣∣|Ωn| − |Ω0|∣∣. (17)

In this equation the absolute value | · | for sets stands for
the area (measure) of the set. Ω0 (Ωn) is the region where
the initial (final) level set function is nonnegative F 0 ≥ 0
(Fn ≥ 0).

But checking only area changes may be misleading, be-
cause the transport algorithm may distort the region keeping
the same area. If the velocity field is a pure rotation, then af-
ter a full rotation the geometry Fn should be the same as the
initial F 0. Then the improved error indicator E (see [19])
consists basically in measuring the area where the indicator
functions H(F) for the initial and final configuration do not
coincide, i.e. the sum of the red and green areas in Fig. 3,

E =
∫

Ω

1

L

∣∣H
(
F 0) − H

(
Fn

)∣∣dΩ

= |Ωn − Ω0| + |Ω0 − Ωn|. (18)

where the Heaviside function H(.) is defined as H(φ) = 1
if φ ≤ 0 and H(φ) = 0 otherwise. Note that in the second

Fig. 3 Definition of the L1
error E in the level set
indicators

line of (18) the subtraction operator stands for set difference.
This E indicator is null only if the regions are coincident.
Note that if the absolute value is removed in the definition
of E with the H differences then we would get the area dif-
ference, i.e.

Ea = ∣∣|Ωn| − |Ω0|∣∣

=
∣∣∣
∣

∫

Ω

(
H

(
F 0) − H

(
Fn

))
dΩ

∣∣∣
∣. (19)

The error indicator E can be computed numerically by
subintegration, i.e.

– Refine the computational grid into smaller subcells, i.e.
each cell is divided in nsc × nsc subcells (typically
nsc =10).

– Interpolate bilinearly the values of F 0 and Fn over this
finer mesh.

– Compute the L1-norm as

E =
∫

Ω

1

L

∣∣H
(
F 0) − H

(
Fn

)∣∣dΩ

≈ Ωc

L

N∑

i,j=1

∣∣H
(
F 0

ij

) − H
(
Fn

ij

)∣∣, (20)

where L is the expected perimeter, N is the amount of
subcells per dimension, and Ωc is the subcell area.

For velocity fields that are not rigid body rotations, the
benchmark can be extended in the following way. The ini-
tial level set function F 0 is advected under the velocity field
u for a certain time T/2 to a deformed state Fn/2. Then this
distorted geometry is advected back with the velocity field
reversed (u → −u). Again, the same region should be re-
covered and the error indicator E can be used.

3.3 Performance measurement

The efficiency of the algorithm is assessed by computing the
rate at which cells are processed, using the following data

– Nit : number of iterations performed;
– Ncells : number of cells computed on each time step;
– ttotal : time (in seconds) taken to perform one complete

BFECC iteration;
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Fig. 4 Zalesak’s disk results after one full revolution with 100 grid
point per direction and CFL = 4.9

with Ncells = (Ndim)d , d being the number of dimensions
and Ndim the amount of grid points per direction (only struc-
tured Cartesian constant-mesh-size grids are considered). So
the computing rate is computed as

Rate = Nit × Ncells

ttotal

[
cells

sec

]
. (21)

3.4 2D examples

3.4.1 Zalesak’s disk

This test consists in the advection of a region composed of a
circle with a slot [20].

– The computational domain is Ω ⊂ R
2 : [0;100]×[0;100];

– The advected region is a circle centered at (50;75) with a
radius of 15 and a slot of width 5 and height 25.

– The velocity field is a rigid body rotation around the cen-
ter of the domain with a period of 628 time units,

u = (π/314)(50 − y),

v = (π/314)(x − 50).
(22)

The initial field and the error indicator (see Sect. 3.2) after
one revolution are shown on Fig. 4 and Table 1. The CFL
number was 4.9. For reference the results obtained with a
particle level set method [21] are shown.

The results obtained by BFECC are similar in accuracy
to those obtained by the particle method, but far more accu-
rate than those obtained by other simple level set methods
(see [21]).

3.4.2 Single vortex

While Zalesak’s disk test is a good indicator of numerical
diffusion in an interface-capturing method, it does not test

Table 1 Zalesak’s disk. Error indicator values obtained with the
present BFECC code. In parentheses numerical results obtained by [21]
using Particle Level-Set method and Semi-Lagrangian time integration

Grid cells Initial area Area loss [%] L1-error

Theoretical 581.85 – –

One revolution 50 574.38 4.98 (3.09) 0.85 (0.434)

100 581.14 0.78 (1.07) 0.26 (0.181)

200 580.92 0.11 (0.22) 0.06 (0.105)

Two revolutions 50 574.38 4.66 (2.66) 1.75 (0.610)

100 581.14 4.02 (1.01) 0.52 (0.206)

200 580.92 0.34 (0.22) 0.12 (0.103)

the ability to preserve small scale properties of the fluid
flow. The single vortex benchmark proposed in [22] tests
this property of tearing flows.

The velocity field is defined by the stream function

ψ(x) = 1

π
sin2(πx) sin2(πy) cos

(
πt

T

)
, (23)

so, the velocity components are

u = ψ,x = sin2(πx) sin(2πy) cos

(
πt

T

)
,

v = −ψ,y = − sin2(πy) sin(2πx) cos

(
πt

T

)
.

(24)

The test considers a unit square computational domain
with a circle of radius 0.15 placed at (0.5;0.75). The ini-
tial conditions, the maximum stretching and the results after
the forward and backward steps with T = 8, N = 256 grid
points per dimension and CFL = 4.9 are shown on Fig. 5.
The error indicator (see Sect. 3.2) is shown in Table 2.

3.5 3D examples

3.5.1 Volume preservation computation

In this test the volume preservation of the scheme [23] is
checked. The volume is computed as

∫

Ω

H(φ)dx = h3
N∑

i,j=1

H̃ (φi,j ) (25)

where H̃ is a regularized version of the Heaviside function,

H̃ (x) =

⎧
⎪⎨

⎪⎩

0, if x < −ε
1
2 + x

2ε
+ 1

2π
sin(πx

ε
), if − ε ≤ x ≤ ε,

1, if x > ε

(26)

and ε = 1.5h.
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Fig. 5 Single vortex test using 256 grid points per direction and
CFL = 4.9

Table 2 Single vortex test. Area loss and error indicator values ob-
tained with the present BFECC code. In parentheses numerical results
obtained using Particle Level-Set method and Semi-Lagrangian time
integration [23]

Grid cells Initial area Area loss [%] L1-error

Theoretical 0.0707 – –
64 0.0443 37.09 (1.81) 0.033 (0.00300)

128 0.0652 7.66 (0.71) 0.014 (0.00100)
256 0.0696 1.44 (0.35) 0.003 (0.00059)

3.5.2 Zalesak’s disk

This benchmark is the natural extension of the 2D version
(see Sect. 3.4.1) to 3D. The domain Ω ⊂ R

3 : [0;100] ×

Fig. 6 3D Zalesak’s disk after one complete revolution with 100
points per dimension and CFL = 4.9

Table 3 Volume loss for the Zalesak’s disk problem with the
present method. In parentheses results obtained with Particle Level-Set
method [23] and Semi-Lagrangian time integration [24]

Cells per dimension Initial volume Volume loss [%]

100 11176 0.51 (2.3 [23])

128 11106 0.27 (0.9 [24])

[0;100] × [0;100] and 100 grid points per direction. The
disk is now a sphere centered at (50;75;50) with radius 15
and a slot of width 5 and height 25. The velocity field is rigid
body rotation centered at z = 50, is

u = (π/314)(50 − y),

v = (π/314)(x − 50),

w = 0.

(27)

The level set after one complete revolution is shown in
Fig. 6. The numerical results obtained are shown on Table 3
being the accuracy comparable to that achieved with particle
methods.

3.5.3 Deformation field

First proposed by LeVeque [25] this is a 3D test combining
deformations on x-y and x-z planes. The velocity field is
given by

u = 2 sin2(πx) sin(2πy) sin(2πz) cos

(
πt

T

)
,

v = − sin(2πx) sin2(πy) sin(2πx) cos

(
πt

T

)
,

w = − sin(2πx) sin(2πy) sin2(πz) cos

(
πt

T

)
,

(28)
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Fig. 7 3D deformation field test using 128 points per direction and
CFL = 4.9

Table 4 Volume loss for the 3D deformation field case with the pro-
posed BFECC algorithm. In parentheses values obtained with Particle
Level-Set [23] and Semi-Lagrangian time integration [24]

Cells per dimension Initial volume Volume loss [%]

100 0.014237 3.76 (2.6 [23])
128 0.014197 4.49 (1.8 [24])

modulated in time, being the half period T = 3. The domain
is a unit cube and the advected region is initially a sphere
of radius 0.15 placed at (0.35;0.35;0.35). Since the veloc-
ity field is reversed for t > T/2 the geometry at the final
position T = 3 should be the same as for the initial posi-
tion t = 0. The numerical results are shown in Table 4. Fig-
ure 7 shows the field at maximum stretching t = T/2 = 1.5,
and the final position at time t = T = 3. This test is partic-

ularly difficult due to small scale structures that can not be
resolved, leaving a trailing tail behind the sphere not present
in the initial condition. However the results obtained with
the present algorithm are much better than those reported
with comparable algorithms [23, 24].

4 Applications to Navier-Stokes equations

4.1 Solving momentum equations by BFECC and
semi-Lagrangian time integration

The extension of the application of the method of character-
istics with BFECC described in Sect. 2.1 to the advection
term in the NS equations will be described. The material
derivative is used to approximate the advection term as fol-
lows

D(m)u(x; t)
Dt

= ∂u
∂t

+ u∗ · ∇u = 0, (29)

where u = {u,v,w} are the velocity components on x, y and
z directions. u∗ is an intermediate (predicted) velocity field.

Staggered grids are used to prevent uncoupling of the ve-
locity and pressure fields [2]. This must be taken into ac-
count in the application of the method of characteristics, as
explained in Sect. 2.1, since velocities are now located in
non coincident grids. Considering for instance pure trans-
port of the x-velocity vector alone, the discrete equation is
(

D(m)u(x; t)
Dt

)

i+1/2,j,k

= 0, (30)

then

α(l+1) = �tu∗(x − α(l)/2; t + �t
)
i+1/2,j,k

. (31)

where l is the iteration index in the fixed point algorithm.
The explicit expressions of each component of α are as

follows

α(l+1)
x = �tu∗

i+1/2−α
(l)
x /2,j−α

(l)
y /2,k−α

(l)
z /2

, (32)

α(l+1)
y = �t

(
v∗)c

i+1/2−α
(l)
x /2,j−α

(l)
y /2,k−α

(l)
z /2

, (33)

α(l+1)
z = �t

(
w∗)c

i+1/2−α
(l)
x /2,j−α

(l)
y /2,k−α

(l)
z /2

, (34)

where ( )c stands for co located fields, i.e.

(
v∗)c

i,j+1/2,k
= �t

4

{
v∗
i+1−α

(l)
x /2,j+1/2−α

(l)
y /2,k−α

(l)
z /2

(35)

+ v∗
i−α

(l)
x /2,j+1/2−α

(l)
y /2,k+1−α

(l)
z /2

(36)

+ v∗
i+1−α

(l)
x /2,j−1/2−α

(l)
y /2,k−α

(l)
z /2

(37)

+ v∗
i−α

(l)
x /2,j−1/2−α

(l)
y /2,k−α

(l)
z /2

}
. (38)
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Fig. 8 Lid driven square cavity. Results obtained at Re = 1000 using
a grid of 512 × 512

Finally, after convergence of the fixed point iteration
(α(l) → α),

un+1
i+1/2,j,k = un

i+1/2−αx/2,j−αy/2,k−αz/2. (39)

The same scheme is applied for the transport of the other
velocity components v and w.

4.2 Poisson equation for pressure

The projection step (as described in Sect. 2) is solved us-
ing the Conjugate Gradient (CG) iterative solver with a FFT
preconditioning. A complete analysis in this subject can be
found in [1]. Of course, the number of iterations is a key
point for the performance of the algorithm. The values re-
ported in the numerical simulations have been obtained with
tolerance (O(10−3)) which requires typically 3 iterations.
The FFT is computed with the CUFFT implementation that
is included in CUDA [26].

4.3 Numerical examples

4.3.1 2D lid-driven cavity

This is a classical internal flow test in a square domain of
side length L. The shear velocity u = 1, v = 0 is imposed
at the top, whereas all the other sides are imposed the non-
slip condition (u = v = 0). The numerical results obtained
at Re = 1000 (taking L as characteristic length) are shown
on Fig. 8, compared with the results of Ghia et.al. [27]. The
performance obtained, measured in [secs/Mcells] (i.e. sec-
onds of computation to compute one million cells), is shown
on Table 5. In this case stability is diffusion-controlled (see
Eq. (4)), so the CFL is effectively reduced to CFL < 0.48.
This is not reflected in the rates of the tables because they

Table 5 Lid driven square
cavity at Re = 1000.
Performance measured in
[Mcells/sec] on a NVIDIA
GTX 580

Simple Double

64 × 64 0.62 0.61

128 × 128 2.50 2.22

256 × 256 9.09 7.14

512 × 512 25.00 16.66

are expressed in cells/sec, but it reduces the efficiency of the
code, since the rate of computation is proportional to CFL.

4.3.2 2D flow past circular cylinder

This is a homogeneous stream of unperturbed velocity u∞
impinging on a cylinder of diameter D (see [28–31]). The
length L and height H of the computational domain are re-
lated L = H = 15D. This relation was chosen in order to
minimize the adverse effects of boundary conditions on the
numerical results. The body is represented as a staircase ge-
ometry. Non-slip boundary conditions are imposed on the
solid boundary.

The far field velocity u∞ = (u∞,0) is fixed on the inlet,
top and bottom boundaries with u∞ = 1. At the downstream
boundary a Neumann-type boundary condition for the ve-
locity is specified that corresponds to zero viscous stress
vector [32]. The kinematic viscosity is adjusted in order to
reach a predefined Reynolds number (ReD).

The most important physical quantities are the drag and
lift forces Fx,y , and the vortex shedding frequency f . The
corresponding nondimensional quantities are the drag and
lift coefficients, and the Strouhal number,

Cd,l = Fx,y

1
2ρu∞2D

, St = f D

u∞
. (40)

To compute drag and lift a momentum balance over a con-
trol surface enclosing a square region containing the cylin-
der is used [33]. Since the control surface is close to the
body, the error from not considering the inertia terms in the
fluid inside the control surface can be neglected. The vortex
shedding frequency is computed by counting the number of
periods (crossing by zero) in lift history.

The results obtained at ReD = 1000 are shown on Ta-
ble 6, and the performance obtained is shown on Table 7.

In this case, the stability of the scheme is controlled by
advection, not diffusion, so a CFL up to 5 can be used.
A time history of the coefficients is shown on Fig. 9.

4.3.3 3D lid-driven cavity

This is the natural extension of the 2D lid driven square
cavity example in Sect. 4.3.1 to 3D. Non-slip condition
u = v = w = 0 is imposed at all the walls, except at the top,
where u = 1, v = w = 0. The numerical results obtained at



Cluster Comput (2014) 17:243–254 251

Table 6 Flow past cylinder at ReD = 1000

Cd Cl St

2D Present formulation 1.56 1.3 0.211

PFEM-2 [31] 1.639 1.63 0.2475

FEM [30] 1.48 1.36 0.21

3D Experimental 1.00 [28] 0.21 [29]

Present formulation 1.021 0.533 0.183

PFEM-2 [31] 1.16 0.2 to 0.3 0.185

OpenFOAM [31] 1.22 0.5 0.195

Table 7 Flow past cylinder at ReD = 1000. Performance measured in
[Mcells/sec] on a NVIDIA GTX 580

Simple Double

2D 256 × 128 5.0 4.5

512 × 256 16.7 11.1

1024 × 512 33.3 20.0

3D 64 × 256 × 256 20.0 7.7

Fig. 9 Results obtained at Re = 1000 using a grid of 1024 × 512

Re = 1000 are shown on Fig. 10, and the performance ob-
tained is shown on Table 8.

The performance of the code for performing a real time
computation, that is computing the simulation of the phys-
ical process at the same as the physical system evolves
(see [1]) will be analyzed. From Table 8, the perfor-
mance obtained for the 1283 ≈ 2 [Mcells] mesh is about
20 [Mcells/sec], so that 10 time steps per second of comput-
ing time can be performed. As the time step for this case is
�t = 0.01 [s] it can be seen that 0.1 [s] of simulation can be
performed in 1 [s] of computation. In this case also, for the
finest meshes the stability constraint is diffusion-controlled,
i.e. the critical time step is given by (4).

Fig. 10 Results obtained at Re = 1000 using a grid of 128×128×128

Table 8 Cubic cavity. Computing rates for the whole NS solver (one
step) in [Mcell/sec] obtained with the BFECC and QUICK algorithms
on a NVIDIA GTX 580. 3 Poisson iterations were used

Simple [Mcell/sec] [Mcell/sec]

Cells QUICK BFECC

64 × 64 × 64 29.09 12.38

128 × 128 × 128 75.74 18.00

192 × 192 × 192 78.32 17.81

Double [Mcell/sec] [Mcell/sec]

Cells QUICK BFECC

64 × 64 × 64 15.9 5.23

128 × 128 × 128 28.6 7.29

192 × 192 × 192 30.3 7.52

4.3.4 3D flow past circular cylinder

The cylinder case has been also run in the 3D case, with
periodic boundary conditions along the cylinder axis direc-
tion. Performance results obtained at ReD = 1000 are shown
on Table 6 and time history of the coefficients is shown on
Fig. 11. The performance obtained is shown on Table 7. In
this case stability is advection-controlled and �t = 0.023
was used. The mesh has 7.1 Mcells and 0.23 [s] of simula-
tion can be performed in 1 [s] of computation.

4.4 Performance analysis

The performance obtained by the present algorithm for ad-
vancing one time step in the NS solver (the four stages as
described in Sect. 2) in the case of the 3D cubic cavity is
shown on Table 8. As a reference, this performance is com-
pared with a previous implementation of the solver using
QUICK [1]. Details of the two solvers follows
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Fig. 11 Results obtained at ReD = 1000 using a grid of 96 ×
384 × 192

– QUICK: this version of the momentum advection uses
a high performance algorithm that makes use of shared
memory, but has the drawback of a tight CFL condi-
tion, namely CFL < 0.58 for the advection operator. For
the NS solver the condition is even somewhat tighter,
CFL < 0.5 (see [3]).

– BFECC: the solution of the momentum equations us-
ing the BFECC algorithm described in this article. The
CUDA implementation uses global memory. Note that
while the great advantage of this implementation is that
allows for CFL > 1, the cost of tracking the trajectories is
proportional to the CFL number, and in addition this has
the drawback that restricts the possibility of optimization,
due to the spreading in memory accesses. Nevertheless, it
will be shown that this algorithm is faster than the QUICK
version.

The CUDA kernel proposed is memory bound due to
many small accesses from global memory. This results in
poor performance achievement but with the advantage of
being unconditional stable, in other words, the time step
can be chosen without any additional constraints. Even if
semi-Lagrangian integration allows CFL > 1, another sta-
bility limit can be reached, namely the stability of the dif-
fusion step (viscosity term). If this step is solved explicitly
then the Fourier number (4) is restricted to Fo < Focrit. In
terms of CFL this restriction can be rewritten as

CFL < FocritReh, (41)

where Reh is the cell size based Reynolds number. Nor-
mally, in many fluid mechanics computations of practical
interest the global Re number is very high, and a mesh as
fine as possible so as to have a Reh = O(1) would be desir-
able. However that would be computationally too expensive

and usually Reh > 1. But on the other hand Reh can not be
too large, otherwise the small scale features of the flow are
lost.

This restriction is overcome by solving the diffusion
equation implicitly with a high performance FFT-based pure
transient diffusion equations solver. With this modification
the NS solver would be unconditionally stable, except for
nonlinear instabilities.

Regarding the performance results shown in Table 8, it
can be seen that the computing rate of QUICK is at most
4× faster than that of BFECC. So BFECC is more effi-
cient than QUICK whenever used with CFL > 2, being the
critical CFL for QUICK 0.5. The CFL used in our simula-
tions is typically CFL ≈ 5, provided that the stability is not
diffusion-controlled, see equation (4) and, thus, at this CFL
the BFECC version runs 2.5 times faster than the QUICK
version.

As a reference, the QUICK algorithm was implemented
in CPU using the GNU g++ compiler (optimization flags
-O3 -funroll-loops), obtaining a rate of 3.5 Mcell/sec
on an Intel i7-3820@3.47 GHz (Sandy Bridge microarchi-
tecture) for large 3D meshes (above 1 Mcell), i.e. 8.6 times
slower with respect to the GPU(QUICK) version. Note that
this speedup obtained on the GPU is close to the 8x speedup
factor obtained for the FFT [1]. This is normal, because
for the QUICK implementation a large part of the comput-
ing time is spent in the Poisson step. The BFECC(GPU)
is only 2.15 times faster than the QUICK(CPU) version in
Mcells/sec, but taking into account that the CFL is 10 times
larger, the overall speedup is 21.5, i.e. BFECC(GPU) is 21.5
times faster than QUICK(CPU) in computing one second of
the same physical process.

Note that the computing rate highly increases with mesh
size in the 2D case, both for the lid driven square cavity (see
Table 5) and the cylinder flow (see Table 7), whereas it is al-
most constant or increases slightly in 3D cases. The reason
for this is that 2D meshes have much fewer cells; in some
cases the finest 2D cell has as much cells as the coarsest 3D
one. (For instance the 5122 and 643 meshes have the same
number of cells.) Note that the same behaviour is observed
for the GPU(QUICK) version and the CUFFT implementa-
tion itself [1].

A version of BFECC using shared memory is cur-
rently under development by performing the advection at
CFL > 1 with repeated applications of advection substeps
at CFL < 1. This split in smaller CFL numbers needs higher
interpolation schemes, otherwise the dissipation is higher.
So, on one hand, more efficient (in terms of Mcell/sec due
to the GPGPU capabilities) algorithms may be developed
but, on the other hand, high resolution interpolation schemes
need to be introduced [17].
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5 Conclusions

A GPGPU implementation of the BFECC algorithm with
Nvidia’s CUDA platform was tested against two classi-
cal benchmarks: Zalesak’s disk and LeVeque’s deformation
field, in two and three dimensions. The proposed algorithm
is more efficient than the explicit version using QUICK.
Currently the performance is limited by the poor pattern ac-
cess of the global memory, and also BFECC requires three
access per time step as compared with QUICK with requires
only one, but this is compensated by the higher CFL num-
bers that can be achieved. Numerical results are presented
for the full Navier-Stokes solver, having a better perfor-
mance than the QUICK version for CFL > 2.
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