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The inflationary paradigm is extremely successful regarding predictions of temperature anisotropies in the
CMB. However, inflation also makes predictions for a CMB B-mode polarization, which has not been
detected. Moreover, the standard inflationary paradigm is unable to accommodate the evolution from the
initial state, which is assumed to be symmetric, into a nonsymmetric aftermath. In [G. León, A. Majhi,
E.Okon, andD. Sudarsky, Phys.Rev.D96, 101301(R), (2017)],we show that the incorporation of an element
capable of explaining such a transition drastically changes the prediction for the shape and size of the B-mode
spectrum. In particular, employing a realistic objective collapse model in a well-defined semiclassical
context, we find that, while predictions of temperature anisotropies are nor altered (with respect to standard
predictions), the B-mode spectrum gets strongly suppressed—in accordance with observations. Here, we
present an in-depth discussion of that analysis, together with the details of the calculation.
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I. INTRODUCTION

The measurement problem has bothered physicists since
the birth of quantum theory. In short, the problem consists
of the fact that the standard formalism crucially depends on
notions such as measurement or observer (to decide when
to use the unitary evolution and when the collapse
postulate), but such notions are never formally defined
within the theory (i.e., the formalism fails to offer a detailed
and unambiguous prescription identifying the interactions
and objects that should be taken as playing such roles)
[1–3]. One of the few viable approaches to tackle the issue
involves the incorporation of spontaneous wave function
collapses [4–6]1; the idea is to come up with a unified
dynamics that encompasses both the unitary evolution and
the collapse mechanism. In the continuous spontaneous
localization (CSL) approach [5,7], this is done mathemati-
cally by modifying the unitary Schrödinger evolution with
the introduction of specific nonlinear, stochastic terms
designed to drive any initial wave function into one of
the eigenstate of a so-called collapse operator. As a result,
within this scheme, one does not depend on an ad hoc

identification of observers or measurements in order to
apply the formalism, and explicit predictions can be
obtained regarding situations, such as cosmology, where
no observers or measuring apparatuses can be identified
(thus removing the well-known conceptual obstacles for the
application of quantum theory to such a field).2

Since the construction of quantum field theory is based
on standard quantum mechanics, a modification of the
latter, such as the one proposed by CSL, clearly affects the
former. Given that both standard quantum mechanics and
quantum field theory are very well tested, one may wonder
if such a modification can be done without disturbing their
empirical success. Maybe surprisingly, the answer is in the
affirmative [19]. One may also wonder if a modification of
this kind is really necessary. The answer, again, is yes,
especially if one takes quantum theory to be fundamental
and thinks that the notion of observer should arise from
within the theory and not as something external. Of course,
such a point of view is essential for an application of
quantum field theory to a cosmological setting, especially
while studying the early Universe: in such a scenario, one
clearly cannot rely on the notion of an external observer.
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1See [3] for a helpful classification of the set of viable

approaches.

2The problems one faces when attempting to apply standard
quantum mechanics to cosmology motivated the development of
the so-called, consistent histories approach [8–10] (Consistent
histories was independently introduced in [11–15]). Unfortunately,
under closer inspection such a formalism was shown to contain
problems that render it unviable [16–18].
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Therefore, in order to apply quantum field theory to an
inflationary era, an observer-independent quantum dynam-
ics, such as CSL, seems obligatory [20–25].
In order to focus more sharply on the motivation for a

modified framework, let us consider the standard approach
to inflationary cosmology. In such a treatment, the back-
ground spacetime is taken to be a Friedman-Robertson-
Walker (FRW) universe, whose expansion is driven by a
scalar field called the inflaton [26]. The initial state of this
field is assumed to be the homogeneous and isotropic
Bunch-Davies vacuum and the quantum fluctuations of this
state are regarded as seeds for the anisotropic and inho-
mogeneous cosmic structures of the present Universe.
However, this passage from quantum fluctuations to actual
structure is questionable, or at least incomplete. The
problem is that such fluctuations or uncertainties cannot
be taken to represent physical fluctuations, they are only a
measure of the width of the quantum state in question.
To see this, consider the ground state of a one-

dimensional simple harmonic oscillator, which of course
has uncertainty in position. Note, however, that such an
uncertainty does not imply that the ground state is not
symmetric under a reflection x → −x; instead, the uncer-
tainty is a measure of the spread of the results of several
position measurements, performed on an ensemble of
identically prepared systems. Therefore, in order to break
the reflection symmetry of a single harmonic oscillator, an
actual measurement of position has to be performed. In
other words, the quantum fluctuations or uncertainties do
not, by themselves, indicate that some aspect of the
physical system is undergoing random motion, and as
far as a quantum state of the system is taken to describe it
completely, the symmetries of the quantum state must be
taken as also characterizing the system to which such a state
is associated. Similarly, the fluctuations or uncertainties in
the Bunch-Davies vacuum do not, in any way, constitute a
departure from homogeneity or isotropy. Without an actual,
physical change, beyond that imposed by the unitary
dynamics (which clearly does not break such symmetries),
no deviation from the initially symmetric state can occur.
And since, as we discussed above, no measurements can
happen in this setting, clearly there is something missing in
the inflationary account of the emergence of seeds of
cosmic structure. This issue can be taken care of by
employing an objective collapse model, such as CSL. In
that case, the passage from a homogeneous and isotropic
state to an inhomogeneous and anisotropic outcome occurs
via the physical process of wave function collapse, without
the need of an intervention by any observer.
There are, then, enough physical and conceptual moti-

vations, both from the perspective of quantum theory and
that of cosmology, to consider a modified quantum theory
that introduces objective, spontaneous collapses of the
wave function. In this paper we explore the consequences
of adopting such a point of view for the prediction of

primordial gravity waves generated during inflation. We do
so because, while the inflationary paradigm is extremely
successful regarding predictions of temperature anisotro-
pies in the CMB, such paradigm also makes predictions for
an observable CMB B-mode polarization. The problem is
that, to date, such polarization has not been detected,3 and
that fact has been used to rule out some of the simplest
models of inflation [32–34]. In [35,36], it was shown that
the incorporation of a rudimentary objective collapse
mechanism leads to a highly suppressed amplitude of
the B-mode spectrum. Then, in [37], we put such a result
on an even stronger ground by obtaining analogous results
with the adaptation of a realistic objective collapse model
to the situation at hand.
In this manuscript, we present an in-depth discussion of

that analysis, together with the details of the calculation.
For these purposes, the paper is organized as follows. In
Sec. II, we present the general conceptual framework that
underlies our approach, indicating how the objective
collapse of the wave function can be incorporated into
our general understanding of the gravity-quantum interface.
Next, in Sec. III, we present a technical summary of results
within cosmological perturbation theory during inflation
that will be relevant for our work. Afterwards, in Sec. IV,
we describe how the self-induced collapse of the wave
function generates the primordial gravitational waves and
show how such a proposal leads to a strong suppression in
the estimate for the amplitude of the spectrum correspond-
ing to the primordial tensor modes. In order to illustrate the
generality of our results, we do so both using a realistic
CSL collapse mechanism and a simplistic toy model of
collapse. In Sec. V, we discuss in detail how our model
affects the predictions for the usual observables related to
primordial gravity waves. Finally, in Sec. VI, we provide a
brief summary of the results and our conclusions (we also
include an Appendix where the details of the calculations
can be found).

II. OBJECTIVE COLLAPSE IN
A SEMICLASSICAL SETTING

The inflationary account of the emergence of cosmic
structure, via quantum fluctuations, forces us to face head-
on the quantum-gravity interface. In fact, as emphasized in
[38,39], such a situation is the only one that, at this point,
brings together quantum theory, general relativity, and
observations. The situation is rather delicate from both
the conceptual and technical points of view. On the
technical side, we must recognize that, despite heroic
efforts and advances made in the various programs search-
ing for a quantum theory of gravity, we currently do not
have a mature, fully workable theory deserving that name.
Such a state of affairs is evident by our inability to answer

3As is well known, recent hopes of such detection got nullified
by dust polarization [27–31].
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questions such as the following: what would be the
spacetime associated with a large massive body, for
instance a one-ton ball of iron, in a quantum superposition
of two widely separate spatial locations? Ideally, one would
be able to produce some kind of state in a suitable Hilbert
space characterizing the quantum superposition of space-
time metrics. Unfortunately, as far as we know, none of the
quantum gravity programs, as of today, can provide a
satisfactory answer to that situation. On the other hand, at
the conceptual level, one encounters thorny issues, such as
the well-known problem of time afflicting canonical
quantum theories of gravity and the issue of recovering
from the fundamental theory classical spacetime notions
through suitable approximations. Moreover, one probably
has to take a stance regarding the often overlooked
conceptual problems within the foundations of quantum
theory mentioned above.
Most works addressing quantum aspects of inflationary

cosmology simply set aside all these conceptual questions,
which are considered, at best, irrelevant subtleties or, at
worst, annoying distractions. Such an attitude is under-
standable, given the very small amplitude of the quantum
fluctuations (which we might think of as characterized by
the 10−5 amplitude in the CMB temperature fluctuations).
This seems to imply that, irrespective of the precise way in
which the conceptual difficulties are handled, the quantum
aspects of spacetime will only induce very small departures
from the causal structure of the classical background
metric. Further impetus for ignoring conceptual issues
comes from the undeniable phenomenological success of
the whole enterprise regarding scalar perturbations.
Nevertheless, as already discussed in full detail in, e.g.,
[40], the important question of accounting for the transition
from a fully homogeneous state to one containing actual
inhomogeneities has not found a satisfactory answer within
the standard treatment.
In order to deal with the aforementioned issues, we

follow a program based on semiclassical gravity. This is a
framework in which matter fields are fully quantum, but
spacetime is fully classic. This might sound natural at first,
but raises serious questions after some thought. It is worth
noting, though, that this is probably the best we can hope to
do with reasonable rigor, given the fact that, as previously
mentioned, we do not have a complete theory of quantum
gravity. Moreover, we are of course not the first to consider
such an approach, which has a rather long history and
substantial literature behind it [41–45]. There is, however, a
very influential work, [46], which is often taken to rule out
semiclassical gravity all together. The argument, based on
an actual experiment attempting to create a superposition of
two spacetime metrics, holds that semiclassical gravity,
without a collapse of the quantum state, leads to predictions
that are in conflict with observations, but that the intro-
duction of a collapse leads to a violation of the semi-
classical equation Gab ¼ 8πGhT̂abi (because the LHS has

vanishing divergence but the RHS, as a result of the
collapses, would have nonzero divergence). Either way,
the theory is in trouble.
We acknowledge that the argument described above

represents a serious obstacle for the consideration of
semiclassical gravity as a fundamental description of the
situation at hand. Nonetheless, we do not see it as an
impediment for taking semiclassical gravity, supplemented
by a modified quantum dynamics involving spontaneous
collapse of the wave function, as a viable effective descrip-
tion, with restricted but rather wide applicability. The idea
is to regard semiclassical gravity in analogy with hydro-
dynamics. We know that hydrodynamics, as described with
the Navier-Stokes equations (NSE), constitutes a math-
ematically sound theory, which provides a rather robust
description of fluids under a rather wide set of circum-
stances. Yet, we know that the NSE do not provide a
fundamental description of actual fluids. At a deeper level,
there is a molecular or atomic characterization of the
elements that make up the fluid and the forces between
them. As a result, basic concepts of fluid dynamics, such as
velocity, pressure, density or viscosity (not to mention other
complex properties such as vorticity and laminar flow) are
not present at the level of the deeper description; those
properties are clearly emergent notions that are adequate for
the effective description of the system under limited
circumstances. At the same time, due to the fact that the
NSE are recognized as nonfundamental, we are not likely
to react with surprise or disbelief if there are conditions
where the NSE fail or do not even make sense.
Consider, for instance, a wave in the ocean that, when

propagating smoothly, is treated according to the NSE.
When such a wave reaches the beach and breaks down, the
description of the situation requires a treatment that goes
well beyond what the NSE can provide. In fact, it is clear
that, under certain conditions, the very notion of a fixed
fluid volume, with a definite 3-velocity and mean density,
simply ceases to make sense. We are adopting a similar
point of view regarding gravity. That is, the characterization
of spacetime via a smooth pseudo-Riemannian metric
obeying Einstein’s semiclassical equations is taken as
analogous to the description of fluids via the NSE, i.e.,
one views the notion of spacetime as emergent from deeper,
probably not even geometrical (in the Riemannian sense),
quantum gravity degrees of freedom. The semiclassical
equation Gab ¼ 8πGhT̂abi is viewed, thus, as just a good
approximate characterization, valid in certain circumstan-
ces, and therefore, departures from it, both large and small,
should not be taken as surprising. We believe, furthermore,
that the collapses we are introducing correspond, in a sense,
to relatively small violations of Einstein’s equations.
Specifically, just as the NSE can be taken as valid just
before and after the breaking of the wave), so can the
collapse process be incorporated into the semiclassical
treatment, when a judicious gluing process is used to
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maintain the approximate validity. The formalism of that
gluing process is introduced in [24], and in the following
we will describe briefly the main idea.
We propose, then, to take semiclassical gravity, as

described by Einstein semiclassical equations Gab ¼
8πGhT̂abi, together with a quantum dynamics supple-
mented with an objective collapse mechanics, as an
effective description of the interaction between gravity
and matter fields, suitable for a large set situations—
including inflationary cosmology. This position not only
deals with the objections against semiclassical gravity
mentioned before, but allows us to provide a clear reso-
lution to the issue of the transition from the homogeneous
initial state to one containing the actual seeds of cosmic
structure (see [20–24]). Also, our proposal leads to the
derivation of a spectrum of primordial fluctuations com-
patible with the observations in the CMB, [25,47–50]
(applications of this approach to situations involving black
holes have been shown to provide attractive accounts of the
so-called information loss paradox [51–56], and also
different conclusions from the standard approach to the
eternal inflation scenario [57]).
A detailed formalism realizing these general ideas was

introduced in [24] under the name of the semiclassical self-
consistent formalism. The staring point is the notion of a
semiclassical self-consistent configuration (SSC), which is
defined as follows. A set fgabðxÞ; φ̂ðxÞ; π̂ðxÞ;H; jξi ∈ Hg
is a SSC if and only if φ̂ðxÞ, π̂ðxÞ and H correspond a to
quantum field theory for the field φðxÞ, constructed over a
spacetime with metric gabðxÞ, and the state jξi in H is such
that

Gab½gðxÞ� ¼ 8πGhξjT̂ab½gðxÞ; φ̂ðxÞ�jξi: ð1Þ

This is a natural general-relativistic version of the
Schrödinger-Newton equation [58], in which one considers
the Schrödinger equation for a particle, subject to a gravi-
tational field generated by considering the wave function of
such a particle as a mass distribution. That is,

i
∂ψ
∂t ¼ −

1

2M
∇2ψ þMΦNψ ð2Þ

and

∇2ΦN ¼ 4πGMjψ j2: ð3Þ

In order to incorporate a collapse mechanism into the
SSC picture, we consider first the simplest case corre-
sponding to a single, instantaneous jump in the state of the
quantum field. Following the GRW prescription, [4], we
supplement the standard smooth unitary evolution with an
objective, spontaneous jump of the quantum state,

jξi → jξpost-collapei: ð4Þ

To describe this modified dynamics, we take the
Hamiltonian part of the evolution and absorb it in the
quantum field operators (as in the standard Heisenberg
picture). The reminder of the evolution law, provided by the
spontaneous collapses, is treated as an interaction (follow-
ing the interaction picture approach).
In more detail, in order to combine the SSC formalism

and the spontaneous collapses, we start with an initial SSC
(which we call SSC1) and we demand the theory to
provide, in a stochastic manner, (i) a spacelike hypersurface
of the spacetime of SSC1, ΣCollapse, on which the collapse of
the quantum state takes place, and (ii) the postcollapse
quantum state. Then, with such information, we construct
a new SSC (which we call SSC2), which describes the
situation after the collapse. Finally, we specify how SSC1
and SSC2 are to be joined in order to generate a “global
spacetime.” Note, however, that the Hilbert spaces of SSC1
and SSC2 do not coincide. Therefore, in order to construct
the postcollapse state of SSC2, we need to first collapse
jξð1Þi, the state of SSC1, into a so-called target state also in
the Hilbert space of SSC1, jχti, and then we use such a
target state to construct the actual postcollapse state of
SSC2, jξð2Þi. The specific proposal for this construction is
the following. First, SSC2 is required to have a hypersur-
face isometric to ΣCollapse. Such a hypersurface is where the
two spacetimes are to be joined. Then, to construct the
postcollapse state of SSC2 out of the target state, we
demand that, on ΣCollapse,

hχtjT̂ð1Þ
ab ½gðxÞ; φ̂ðxÞ�jχti ¼ hξð2ÞjT̂ð2Þ

ab ½gðxÞ; φ̂ðxÞ�jξð2Þi; ð5Þ

where T̂ð1Þ and T̂ð2Þ are the renormalized energy-momentum
tensors of SSC1 and SSC2.
The next step is to construct the full spacetime of SSC2,

from which the QFT over it can be developed. For this, we
note that the spacetimemetric of SSC1 allows us to construct
an induced spatial metric hð1Þab on ΣCollapse, with unit normal
nað1Þ and extrinsic curvatureKabð1Þ. Next, out of this data,we
need to obtain suitable initial conditions for the spacetime

metric of SSC2. That is, we need to find a hð2Þab and Kabð2Þ

satisfying the Hamiltonian and momentum constraints of

SSC2. To do this, we have set hð2Þab ¼ hð1Þab on ΣCollapse and

looked for a suitableKð2Þ
ab that satisfied the constraints. After

the determination of the initial data for the SSC2 metric, we
construct the whole metric by solving the evolution equa-
tions of general relativity, together with the conservation
equation for hξphysð2Þ jT̂bc½gðxÞ; φ̂ðxÞ�jξphysð2Þ ið2Þ. Note that, as

previously indicated, such conservation equation will hold
after the collapse. An explicit example showing the com-
pletion of this process in the inflationary cosmological
context was presented in [24]. There one can see that, in
general, the tasks involved in these constructions are rather
nontrivial.
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The former scheme allows for the construction of a
“spacetime” composed of two four-dimensional regions,
each part of a SSC constructions, joined along a collapse
hypersurface. By construction, Einstein’s semiclassical
equations hold in the interior of the spacetime regions
corresponding to each SSC. However, in the same way that
the NSE are not satisfied during the break of an ocean
wave, they do not hold on the collapse hypersurface. This
formalism might seem rather different than frameworks
previously considered. However, the fact is that, in a hidden
manner, it underlies other approaches. One such example is
the stochastic gravity formalism of [59,60]. In order to
see the connection, consider the following collapse,
jψðtÞi ¼ θðt0 − tÞj0i þ θðt − t0Þjξi, and analyze its gravi-
tational effects. In this case, the Einstein semiclassical
equations can be written as

Gab ¼ 8πGh0jT̂abj0iþ8πGξab; ð6Þ

where ξab≡θðt−t0ÞðhξjT̂abjξi−h0jT̂abj0iÞmight be seen as
corresponding to an individual stochastic step. As a conse-
quence, stochastic gravity might correspond to a continuous
version of a collapse model, such as CSL. In fact, Eq. (6) has
precisely the form of the modified semiclassical gravity
equation considered in [59], where the term ξab is taken to
represent a “stochastic realization” of the quantum uncer-
tainty of the energy-momentum tensor, as characterized
by hξjT̂abðxÞT̂cdðyÞjξi − hξjT̂abðxÞjξihξjT̂cdðyÞjξi. We note
that, in such context, just as in our own scheme, the
fundamental equation cannot be taken to be valid at the “time
of the stochastic jump,” precisely because of the conflict
between the Bianchi identities and the fact that, generically,
∇aξab ≠ 0 (even if at the level of the average over the
ensemble of possible realizations of the stochastic variables
such equation holds). However, the equation might well be
valid both before and after the stochastic jump.
As we have seen, the general application of this forma-

lism is a highly nontrivial task. However, as shown in [24],
the inflationary cosmology case we will be considering in
what follows can be well approximated by maintaining the
characterization of the QFT in a single Hilbert space. This
simplifies the treatment substantially and allows for a direct
extension to theories involving continuous collapse proc-
esses, which can be regarded as a succession of infinitesi-
mal steps of the kind described above. This justifies the use
of CSL theory in this context and validates its success
described in [23] in recovering the (almost) scale free
spectrum of primordial scalar perturbations that matches
the observations of the CMB.
It is important to mention that, as a consequence of the

semiclassical gravity framework we follow, our treatment
of the scalar and tensor perturbations (of the metric and
matter fields during inflation) will be different from the
traditional one. In the standard treatments, one encounters a
scalar perturbation mode which is made of two parts, one

corresponding to a the metric perturbation and one to the
perturbation of the inflaton field. The tensor perturbation,
on the other hand, corresponds only to aspects of the metric
perturbation (and contains no scalar filed perturbation). In
the standard approach, one subjects the scalar and tensor
modes, which involve the inflaton field and metric pertur-
bations, to a quantum treatment, leading to an analogous
treatment for both the scalar and tensor degrees of freedom.
By contrast, in our approach, matter fields (both back-
ground and perturbations) are in principle treated quantum
mechanically (in fact, in [24] it is shown that one can
replace the quantum treatment of the zero mode by the
quantum expectation of the field’s zero mode), while the
metric (both the background and the perturbations) is
always considered in a classical manner. This means that
the part of the scalar mode corresponding to the inflaton
field perturbation is subject to a quantum treatment while,
for the tensor modes, there is no part to be treated quantum
mechanically. The result is that the collapse of the quantum
state of the inflaton field is now the source of both scalar
and tensor metric perturbations. In the first case, the source
term (appearing in the energy-momentum tensor) is linear
both on the zero mode of the inflaton and in the scalar field
perturbation. In the second case, the source terms (in the
energy-momentum tensor) are quadratic in the perturbation
of the scalar field (with additional terms that are quadratic
in the scalar perturbations of the metric itself).

III. SCALAR AND TENSOR PERTURBATIONS
DURING INFLATION

We now provide a brief summary of cosmological
perturbation theory, focusing on results that will be of
interest for our approach. In what follows, we shall use
Greek letters, μ, ν, etc., to denote spacetime indices (they
can take values 0,1,2,3) and Latin letters i, j, k, etc., to
denote spatial indices (they can take values 1,2,3). Also, all
quantities corresponding to a fixed background spacetime
will carry a .̄ We also take c ¼ ℏ ¼ 1; hence, the
dimensions of mass M, length L, and time T are related
asM ¼ 1=L ¼ 1=T. This implies that momentum has units
of 1=L and that the gravitational constant G those of L2.
The simplest model of inflation is described by a single

scalar field ϕ, the inflaton, with standard kinetic energy
term, minimal coupling to gravity and potential V; the
corresponding action is

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16πG
R½g� − gab

2
∇aϕ∇bϕ − VðϕÞ

�
: ð7Þ

The equation of motion for the inflaton is

gμν∇μ∇νϕ − ∂V=∂ϕ ¼ 0; ð8Þ

where∇μ is the covariant derivative compatible with gμν. In
order to perform a perturbative treatment, one splits both
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the metric and the scalar field into backgrounds and
fluctuations. The background spacetime is characterized
by a spatially flat FRW solution and that of the inflaton by
its homogeneous part ϕ0ðηÞ. We write the background
metric as ḡμν ¼ aðηÞημν, where ημν is the Minkowski metric
in standard coordinates and aðηÞ is the scale factor (with η a
conformal time). For the background spacetime and field,
and with the slow-roll regime (described by _ϕ0 ≃
−ða3=3_aÞ∂ϕV), the theory leads to Friedman equations
that read H2 ≃ ð8πG=3Þa2V, where H≡ _a=a (the _ repre-
sents derivative with respect to η). A useful quantity
characterizing the “slowness” of the slow-roll inflationary
regime is the Hubble slow-roll parameter ϵ≡ 1 − _H=H2,
which during inflation is taken as approximately a constant
and ϵ ≪ 1.
Here, we need to point out that the above characteriza-

tion is often considered as referring to the classical aspect
of inflationary cosmology, and distinguished from the
quantum aspect, reserved to deal with the perturbations.
In our approach, based on a semiclassical treatment, the
separation between quantum and classical aspects is in
principle placed at a different point: The spacetime is
always described in classical terms while the inflaton field
is always described in the language of quantum field theory.
Thus, the above characterization must be taken as referring
to a situation where the state of the inflaton field is such that
the modes involving any spacetime dependence are not
excited; i.e., are characterized by the vacuum state, (taken
as usual as the Bunch-Davies vacuum or similar state)
while the zero mode (the mode that is homogeneous) is in a
highly exited state taken to be something like a coherent
state. The details of this construction can be found for
instance in [24].
The other aspect that needs clarification in our approach

is that we are trying to construct an account for the
emergence of primordial perturbations that clearly identi-
fies the mechanism and time sequence of the various stages,
and in particular describes the emergence as a process
occurring in time.4 Thus, in our approach we seek an
account where the early stages of inflation are completely
homogeneous and isotropic, with the spacetime metric
taken to be characterized exactly by the spatially flat FRW
solution sourced by an inflation field which is itself in the
completely homogeneous and isotropic state characterized
in the above paragraph (and described in detail in [24]). The
source of all inhomogeneities and anisotropies is taken to
reside in the spontaneous collapse of the quantum state of
the field. The inhomogeneities and anisotropies are then
transmitted to the spacetime geometry as a result of its
coupling via Einstein’s semiclassical equation to the
expectation value of the energy momentum tensor of the

quantum field, which develops inhomogeneities as a
consequence of the appearance of such features in the
quantum state.
The above point of view then clearly calls for the study

of how the changes in the quantum state of the inflaton field
lead to changes in the spacetime metric. The changes
usually described in terms of the “Newtonian potential” are
the result of the changes in the expectation value of T00 and
these are in turn first order in the small parameter character-
izing the spontaneous collapse and, as shown in [24], are
then successfully accounted for at first order in perturbation
theory. The changes associated with the tensor modes are
tied to changes in the expectation value of Tij and these are
in turn second order in the small parameter characterizing
the spontaneous collapse, and will thus appear only at
second order in perturbation theory.

A. First-order perturbations

Here, we present a brief review of first order perturbation
theory applied to inflation. We will focus only on results
that will be useful for our approach (for a detailed analysis
see [61]). We are interested in studying the metric pertur-
bations δgμν and find it convenient to work in a specific
gauge, the longitudinal one. Also, we shall focus on the
scalar and tensor perturbations only. Hence, the nonzero
components of the perturbed metric are given by

g00 ¼ −a2ð1þ 2ΦÞ;
gij ¼ a2½ð1 − 2ΨÞδij þ hij� ðwhere hii ¼ 0Þ: ð9Þ

It follows that the nonzero components of the metric
perturbations δgμν ¼ gμν − ḡμν are given by

δg00 ¼ −2Φa2; δgij ¼ a2ð−2Ψδij þ hijÞ; ð10Þ

from which one can also find the nonzero components of
the perturbed inverse metric using δgμν ¼ −ḡμρḡνσδgρσ.
Regarding the inflaton, we consider first order perturba-

tions to the homogeneous component

ϕ ¼ ϕ0ðηÞ þ δϕðxμÞ: ð11Þ

As ∂αϕ0 ¼ _ϕ0δ
0
α, the equation of motion for the field

δϕ is

δϕ̈ − ∂2ðδϕÞ þ 2ð _a=aÞδ _ϕþ a2ð∂2V=∂ϕ2Þδϕ
− ð _Φþ 3 _ΨÞ _ϕ0 − 2Φ½ϕ̈0 þ 2ð _a=aÞ _ϕ0Þ� ¼ 0: ð12Þ

On the other hand, the Einstein equations at first order
in the perturbations δGμν ¼ 8πGδTμν, serve to relate the
metric perturbations with the inhomogeneities (at first
order) of the scalar field. Also, at the linear order, the
different types of perturbations (scalar, vector and tensor)
decouple from each other. Additionally, if no anisotropic

4Afterall, the word “emergence” is taken to indicate that
something that was not present at an early time is present at a
latter time.
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stress is present, Φ ¼ Ψ. From all this, for scalar perturba-
tions we obtain (see [20])

∇2Ψ ¼ 4πG _ϕ0δ _ϕ; ð13Þ

and for the tensor perturbations we get (see [26,61])

ḧij þ 2H _hij −∇2hij ¼ 0: ð14Þ

As discussed above, we take the conditions associated
with early stages of inflation to correspond to a spacetime
exactly described by the spatially flat FRW solution.
Therefore, the initial conditions must be taken as hij ¼
_hij ¼ 0 at early times and, thus, the solution of the equation
above is hij ¼ 0 at all times.
As we already noted, and as we will next see in detail,

things will change when we consider the next order in
perturbation theory.

B. Second-order perturbations

Given that the source of primordial gravitational waves,
within the collapse proposal, is at second order in matter
fields, we need to focus on second-order perturbations of
the metric. The second-order cosmological perturbation
theory has been developed before (see [62] for a detailed
analysis). Choosing the generalized longitudinal gauge, the
components of the perturbed metric up to second order are

g00 ¼ −a2½1þ 2Ψð1Þ þ Ψð2Þ�; g0i ¼ 0;

gij ¼ a2
�
ð1 − 2Ψð1Þ − Ψð2ÞÞδij þ

1

2
hð2Þij

�
; ð15Þ

where Ψð1Þ, Φð1Þ, Ψð2Þ, and Φð2Þ correspond to first- and
second-order scalar perturbations. It is known that, at first
order in the perturbative expansion, the amplitude of the
vector modes decays rapidly during inflation [63,64] and
that, at second order, vector modes can be produced via

nonlinear interaction of scalar (and tensor) modes [65].
Therefore, in the following we do not focus on vector
modes. Note also that we are setting to zero the first-order
tensor modes; that is consistent with our approach, as
described in the previous section, since first-order scalar
perturbations of matter fields do not act as source for the
first-order tensor perturbations. Finally, the inverse metric
is obtained by requiring that gacgcb ¼ δab, up to second
order in the perturbations.
For the sake of completeness, we also present the

equation of motion at second order in the perturbations
of the field using the longitudinal gauge of Eq. (15). That is,
we expand the scalar field up to second order,

ϕ ¼ ϕ0ðηÞ þ δð1ÞϕðxμÞ þ 1

2
δð2ÞϕðxμÞ; ð16Þ

and then perturb the Klein-Gordon equation at second
order. Additionally, to simplify some terms, we use the
zeroth- and first-order equations of motion and the fact that
Ψð1Þ ¼ Φð1Þ. The result is

1

2
δð2Þϕ̈þ _a

a
δð2Þ _ϕ−

1

2
∂i∂iδð2Þϕ−Φð2Þϕ̈0−2

_a
a
Φð2Þ _ϕ0

−
1

2
_Φð2Þ _ϕ0−

3

2
_Ψð2Þ _ϕ0−4Ψð1Þ _Ψð1Þ _ϕ0−4 _Ψð1Þδð1Þ _ϕ

−4Ψð1Þ∂i∂iδð1Þϕ

¼−2Ψð1Þδð1Þϕ
∂2V
∂ϕ2

a2−
1

2
δð2Þϕ

∂2V
∂ϕ2

a2−
1

2
ðδð1ÞϕÞ2∂

3V
∂ϕ3

a2:

ð17Þ

As we mentioned previously, cosmological perturbation
theory at second order has been studied in [62,66,67]. In
particular, the Einstein second-order perturbed equations,
δð2ÞGi

j ¼ 8πGδð2ÞTi
j=2, yield

�
1

2
∂k∂kΦð2Þ þ _a

a
_Φð2Þ þ ä

a
Φð2Þ þ

�
_a
a

�
2

Φð2Þ −
1

2
∂k∂kΨð2Þ þ 2

_a
a
_Ψð2Þ þ Ψ̈ð2Þ − 8

ä
a
ðΨð1ÞÞ2 þ 4

�
_a
a

�
2

ðΨð1ÞÞ2

− 8
_a
a
Ψð1Þ _Ψð1Þ − 3∂kΨð1Þ∂kΨð1Þ − 4Ψð1Þ∂k∂kΨð1Þ − ð _Ψð1ÞÞ2

�
δij

−
1

2
∂i∂jΦð2Þ þ 1

2
∂i∂jΨð2Þ þ 1

2

_a
a
_hið2Þj þ 1

4
ḧið2Þj −

1

4
∂k∂khið2Þj þ ∂iΨð1Þ∂jΨð1Þ þ 2Ψð1Þ∂i∂jΨð1Þ

¼ 8πG

�
1

2
δð2Þ _ϕ _ϕ0 −

1

2
δð2Þϕ

∂V
∂ϕ a2 þ 1

2
ðδð1Þ _ϕÞ2 − 1

2
∂kδ

ð1Þϕ∂kδð1Þϕþ 2ðΨð1ÞÞ2 _ϕ0
2 −

1

2
ðδð1ÞϕÞ2 ∂

2V
∂ϕ2

a2 − 2Ψð1Þδð1Þ _ϕ _ϕ0

�
δij

þ 8πG
2

ð∂iδð1Þϕ∂jδ
ð1ÞϕÞ: ð18Þ
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Equations (13), (14), and (18) will be most useful for us
in what follows.

IV. THE TENSOR POWER SPECTRUM WITHIN
THE OBJECTIVE COLLAPSE FRAMEWORK

Equation (14) shows how, at first order, tensor pertur-
bations of the metric do not have a matter field source.
Therefore, the semiclassical gravity approach implies that

hð1Þij ¼ 0, i.e., that there are no primordial gravitational
waves at first order. As a consequence, we need to
considered second order cosmological perturbation theory.
Eq. (18) describes the relation between metric perturbations
and perturbations associated with the inflaton, at first and
second orders. Given that we are interested in waves

characterized by hð2Þij , which corresponds to a symmetric,
transverse and traceless tensor, we can construct a projec-
tion tensor Pij

lm that extracts the transverse, traceless part
of any tensor (see [66,67] and Appendix D). Applying the
projection tensor Pij

lm on both sides of Eq. (18) eliminates
the contribution from the diagonal terms and from the
objects Ψð2Þ and Φð2Þ. Therefore, the equation of motion

corresponding to hð2Þij is given by

ð−∂2
0 þ ∂2Þhð2Þij ðx⃗; ηÞ −

2_a
a

_hð2Þij ðx⃗; ηÞ ¼ STTij ðx⃗; ηÞ; ð19Þ

where STTij ðx⃗; ηÞ is the transverse and traceless part of

Sijðx⃗; ηÞ ¼ 2½4Ψð1Þðx⃗; ηÞ∂i∂jΨð1Þðx⃗; ηÞ
þ 2ð∂iΨð1Þðx⃗; ηÞÞð∂jΨð1Þðx⃗; ηÞÞ
− 8πGf∂iδ

ð1Þϕðx⃗; ηÞgf∂jδ
ð1Þϕðx⃗; ηÞg�: ð20Þ

From Eq. (19), we observe that the source of the second-

order tensor perturbations hð2Þij is given in terms of products
of first-order scalar perturbations, associated to both the
metric and the inflaton. From this point on, we will omit the
index ð1Þ from first-order scalar perturbations and, as our
object of interest is the second-order tensor perturbation
(given that the first order vanishes), we will also omit the

index ð2Þ from hð2Þij .
Considering the problem in a fiduciary box of side L, and

passing to a description in terms of a Fourier decomposi-
tion, Eq. (19) becomes,

ð∂2
0 þ q2Þhijðq⃗; ηÞ þ

2_a
a

_hijðq⃗; ηÞ ¼ S̃TTij ðq⃗; ηÞ; ð21Þ

where S̃TTij ðq⃗; ηÞ is the transverse and traceless part of

S̃ijðq⃗;ηÞ¼
1

L3

X
p⃗

½f8pipjþ4ðq⃗− p⃗ÞipjgΨðq⃗− p⃗;ηÞΨðp⃗;ηÞ

−16πGðq⃗− p⃗Þipjδϕðq⃗− p⃗Þδϕðp⃗Þ�: ð22Þ

Now, without loss of generality, we choose q⃗ ¼ qẑ, i.e.,
q1 ¼ q2 ¼ 0; q3 ¼ q and consider the component i ¼ 1,
j ¼ 2 of the equation. Thus, we have

ð∂2
0 þ q2Þh12ðq⃗; ηÞ þ

2_a
a

_h12ðq⃗; ηÞ

¼ 1

L3

X
p⃗

½4p1p2Ψðq⃗ − p⃗; ηÞΨðp⃗; ηÞ

þ 16πGp1p2δϕðq⃗ − p⃗Þδϕðp⃗Þ�: ð23Þ

We recall that the scalar metric perturbation at first order
is related to the inhomogeneous field δϕ as given by
Eq. (13). If we redefine the field as y ¼ aδϕ, and the
corresponding conjugate momentum π ¼ _y − y _a=a, then
Eq. (13), in discrete Fourier space, becomes

Ψðq⃗; ηÞ ¼ −
4πG _ϕ0ðηÞ

aðηÞ
hπ̂ðq⃗; ηÞi

q2
: ð24Þ

Using the former expression and the rescaled field y, and
turning to the semiclassical version, in view of incorpo-
rating the collapse dynamics, Eq. (23) becomes,

� ∂2

∂η2 þ q2 −
2

η

∂
∂η

�
h12ðq⃗; ηÞ

¼ 16πG
a2L3

X
p⃗

p1p2

�
ð4πG _ϕ2

0Þ
hπ̂ðq⃗ − p⃗Þi
jq⃗ − p⃗j2

hπ̂ðp⃗Þi
p2

þ hŷðq⃗ − p⃗Þihŷðp⃗Þi
�
; ð25Þ

where we have replaced ∂0 by ∂=∂η and used _a=a ¼ −1=η.
Dropping the indices 1,2, and using a ¼ −1=Hη, we write
the solution of the above differential equation as

hðq⃗; ηÞ ¼ −ihþðq⃗; ηÞ
Z

η

−T

h−ðq⃗; η0ÞSðq⃗; η0Þ
H2η02

dη0

þ ih−ðq⃗; ηÞ
Z

η

−T

hþðq⃗; η0ÞSðq⃗; η0Þ
H2η02

dη0

− c1hþðq⃗; ηÞ þ c2h−ðq⃗; ηÞ; ð26Þ

where

h�ðq⃗; ηÞ ¼ −
Hffiffiffiffiffiffi
2q

p
�
η� i

q

�
e�iqη ð27Þ
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and

Sðq⃗; ηÞ ¼ 16πGH2η2

L3

X
p⃗

p1p2

×

�
4πG _ϕ2

0ðηÞ
hπ̂ðq⃗ − p⃗; ηÞi

jq⃗ − p⃗j2
hπ̂ðp⃗; ηÞi

p2

þ hŷðq⃗ − p⃗; ηÞihŷðp⃗; ηÞi
�
: ð28Þ

Since at the beginning of inflation, η ¼ −T, we must have
hðq⃗;−TÞ ¼ 0, the solution reduces to

hðq⃗; ηÞ ¼ −ihþðq⃗; ηÞ
Z

η

−T

h−ðq⃗; η0ÞSðq⃗; η0Þ
H2η02

dη0

þ ih−ðq⃗; ηÞ
Z

η

−T

hþðq⃗; η0ÞSðq⃗; η0Þ
H2η02

dη0: ð29Þ

Note that hðx⃗; ηÞ is dimensionless, which implies its
Fourier transform hðq⃗; ηÞ has dimension L3 in the units
we are using. Equation (29) is the main result we will be
using below to compute the tensor spectrum within our
scheme. We can see that primordial gravitational waves are
sourced by quantum expectation values of matter fields at
second order in the perturbations. These quantum expect-
ation values are zero for the initial Bunch-Davies vacuum.
It is only after it undergoes a spontaneous collapse that it
acquires a nonzero value. Only at such point the produced
matter and curvature perturbations give rise to primordial
gravitational waves.
In what follows we show in detail how the standard

prediction for the tensor power spectrum is modified within
the context of a semiclassical treatment, augmented with
the spontaneous collapse hypothesis. First we employ
a CSL model [5,7,68] where a modification of the
Schrödinger equation leads naturally to the eventual col-
lapse of the inflaton wave function [23,69]. We then
compare the results of the CSL model with those obtained
with a simpler collapse model, which we call the
Newtonian collapse scheme [47,48,50,70], which is based
on a phenomenological parametrization of the post-
collapse state.5 Our motivation for this comparison is to
explore the robustness of the results. Before discussing
each of these models separately, though, we need to explain
how the averages required to calculate the power spectrum
are to be understood and computed.

The standard definition of the tensor power spectrum Ph
is given by

Efhðq⃗1; ηÞhðq⃗2; ηÞ�g ¼ 2π2Phðq1; ηÞδðq⃗1 − q⃗2Þ; ð30Þ

with Ef·g denoting an average over possible realizations of
hðq⃗; ηÞ. In the traditional inflationary paradigm, one makes
the (unwarranted) identification h0jĥðq⃗1; ηÞĥðq⃗2; ηÞ†j0i ¼
Efhðq⃗1; ηÞhðq⃗2; ηÞ�g. However, within our scheme, the
object hðq⃗; ηÞ acquires a stochastic character inherited from
the collapse of the quantum state of the matter fields.
Therefore, within our approach, the average in Eq. (30), is
computed over possible realizations of the stochastic
function involved. The quantity Efhðq⃗1; ηÞhðq⃗2; ηÞ�g is
also needed in order to obtain the expression for observable
quantities, such as the Cl’s for the B-modes of the
polarization of the CMB. We can always relate the
aforementioned average with the most likely value of
the observables in exactly the same way as was done in
[23]. Therefore, once the value of (30) is obtained, physical
observables are straightforwardly computed.
Hence, our next task is to compute Efhðq⃗1; ηÞhðq⃗2; ηÞ�g.

Here, we consider that even though actual measurements of
B-modes in the CMB are associated with the power
spectrum at the time of decoupling, we evaluate the tensor
spectrum at the end of the inflationary era, i.e., when
η → 0−. We believe this is warranted because, it is very
hard to conceive of a physical process during the radiation
epoch that could amplify the power spectrum in a sub-
stantial manner. In the limit η → 0−, from Eq. (29) (using
trigonometrical properties and the definition of Bessel
function of order 3=2) we obtain

Efhðq⃗1; 0−Þhðq⃗2; 0−Þ�g

¼ π

2

1

q21

Z
0−

−T
dη1

Z
0−

−T
dη2

J3=2ðq1η1Þffiffiffiffiffiffiffiffiffi
q1η1

p J3=2ðq1η2Þffiffiffiffiffiffiffiffiffi
q1η2

p

× EfSðq⃗1; η1ÞS�ðq⃗2; η2Þg: ð31Þ

As can be seen from Eq. (31), the information regarding
the collapse process is contained in the object
EfSðq⃗1; η1ÞS�ðq⃗2; η2Þg, so let us focus on that quantity.
In order to make the source Sðq⃗; ηÞ more tractable, we
define the vector κ⃗ ≡ q⃗ − p⃗, which implies κ ≡ jq⃗ − p⃗j.
Also, using the slow-roll approximation and the definition
of the reduced Planck’s mass M2

P ≡ 1=ð8πGÞ, we have
4πG _ϕ2

0 ¼ ϵ
η2
, where ϵ is the slow-roll parameter. Therefore,

the source term Sðq⃗; ηÞ, Eq. (28), can be rewritten in terms
of the slow-roll parameter ϵ which is very small. As a
consequence, at this point, it is convenient to neglect all the
terms proportional to the slow-roll parameter in the source
term. Thus, the ensemble average of the source terms is
approximately given by

5A similar analysis, with a very particular choice of the
model’s parameters, was done in [35]; see also [71,72] for a
treatment of the primordial tensor modes, using the collapse
proposal, within the traditional framework of quantizing both the
metric and the matter fields during inflation and in a bouncing
cosmological model respectively.
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EfSðq⃗1; η1ÞS�ðq⃗2; η2Þg

≃
4H4

M4
PL

6

X
p⃗;p⃗0

p1p2p0
1p

0
2½η21η22Efhŷðκ⃗1; η1Þihŷðp⃗; η1Þi

× hŷðκ⃗2; η2Þi�hŷðp⃗0; η2Þi�g�: ð32Þ

The rest of the calculations are straightforward. Use the
CSL inflationary model or the Newtonian collapse scheme
to compute the average in Eq. (32), then use the resulting
average to obtain the tensor power spectrum from Eq. (31).

A. The tensor power spectrum in the
CSL inflationary model

In this subsection, we will employ the CSL inflationary
model first developed in [23] (observational tests for such
a model were recently explored in [50]). Generically the
(noncosmological) CSL model is based on a modification
of the Schrödinger equation that induces a collapse of the
wave function unto one of the eigenstates of a, so-called,
collapse operator. The collapse process is induced by the
interaction of the system with a background noise ΩðtÞ,
which is a continuous stochastic process of the Wiener
kind. Note that the noise ΩðtÞ is characterized only through
its statistical properties (so it is not a parameter of the
theory). The rate of collapse is controlled by the CSL
parameter λ (see [7,68] for a thorough review).
In order to apply the CSL model to the inflationary

setting, we will follow the approach first introduced in [23].
That work relies on a version of the CSL model in which its
nonlinear aspects are shifted to the probability law. That is,
the evolution law is linear just as the Schrödinger equation,
but then, the law of probability for the realization of a
specific random function, becomes dependent of the state
that results from such evolution. Specifically, the theory can
be characterized in terms of two equations. The first is a
modified Schrödinger equation, whose solution is

jψ ; ti ¼ T e−
R

t

0
dt0½iĤþ 1

4λ½wðt0Þ−2λÂ�2�jψ ; 0i: ð33Þ

T is the time-ordering operator, wðtÞ is a random classical
function of time of white noise type. The probability for
this wðtÞ is given by the second equation, the probability
rule

PDwðtÞ≡ hψ ; tjψ ; ti
Yt
ti¼0

dwðtiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πλ=dt

p : ð34Þ

In the case of multiple identical particles in three
dimensions, the CSL theory would contain one stochastic
function for each independent degree of freedom, but only
one parameter λ. In the case of several species of particles,
the theory would naturally involve a parameter λi for each
particle species (one might postulate for them to be
equal, but that is not necessary). In fact, there is strong

phenomenological preference for a λi that depends on the
particle’s mass mi (see [5,6]).
Given that the CSL model modifies the Schrödinger

equation, it is convenient to describe the quantum theory of
the inflaton in the Schrödinger picture, where the relevant
objects are the wave function and the Hamiltonian. The
Hamiltonian characterizing the inhomogeneous sector of
the inflaton is H ¼ ð1=2Þ R d3qðHR

q⃗ þHI
q⃗Þ with

HR;I
q⃗ ¼ πR;Iq⃗ π�R;Iq⃗ þ q2yR;Iq⃗ y�R;Iq⃗

−
_a
a
ðyR;Iq⃗ π�R;Iq⃗ þ y�R;Iq⃗ πR;Iq⃗ Þ; ð35Þ

where yq⃗ ¼ aδϕq⃗ and πq⃗ ≡ y0q⃗ −Hyq⃗. The indexes R,I
denote the real and imaginary parts of yq⃗ and πq⃗. We now
promote yq⃗ and πq⃗ to quantum operators by imposing
canonical commutations relations ½ŷR;Iq⃗ ; π̂R;Iq⃗ � ¼ iδðq⃗ − q⃗0Þ.
The CSL inflationary model is based on the assumption that
the objective collapse mechanism acts on each mode of the
field independently. Therefore, generalizing Eq. (33), the
evolution of the state vector corresponding to the state of
the field is

jΦR;I
q⃗ ; ηi

¼ T exp

�
−
Z

η

−T
dη0

�
iĤR;I

q⃗ þ 1

4λq
ðΩðq⃗; η0Þ − 2λ2qπ̂

R;I
q⃗ Þ2

��

× jΦR;I
q⃗ ; τi; ð36Þ

where T is the time-ordering operator and −T denotes the
conformal time at the beginning of inflation.
Since we are applying the CSL collapse dynamics to

each mode of the field, it is natural to introduce a stochastic
function for each independent degree of freedom. That is,Ω
should depend on q⃗. Consequently, Ωq is a stochastic field,
which might be regarded as a Fourier transform on a
stochastic spacetime field Ωðx; tÞ (see a more detailed
discussion in [23]). The statistical properties of the field Ωq

are given in Eq. (A4) (whereωβ with β ¼ R; I correspond to
the real and imaginary parts of the stochastic function Ωq,
and thus are naturally dependent on q).
In [23], the possibility for an effective dependence of the

parameter λ on q was uncovered. As shown there, such
possibility must be viewed as resulting from the specific
form the collapse operator has, as expressed in terms of
field variables. In the case at hand, as discussed in that
work, it must be taken to be a suitable derivative of the
momentum conjugate to the inflaton field. When passing to
the Fourier decomposition, the choice for the collapse
operator translates into what seems as a dependence of λ on
q. The choice of the momentum operator π̂R;Iq⃗ as the
collapse operator is obtained by taking derivatives of
π̂R;Iq⃗ , which is motivated by the fact that the metric

LEÓN, MAJHI, OKON, and SUDARSKY PHYS. REV. D 98, 023512 (2018)

023512-10



perturbationΨ is directly related to the expectation value of
the momentum operator [see Eq. (24)]. For more details we
ask the reader to consult [23].
Given that π̂R;Iq⃗ has been chosen as the collapse operator,

it is easier to work with a wave function in the momentum
representation. In Fourier space, the wave function
can be factorized into mode components Φ½π� ¼
Πq⃗ΦR

q⃗ ½πRq⃗ � ×ΦI
q⃗½πIq⃗�. We consider the wave function of

each mode of the field to be a Gaussian during the whole
evolution; specifically,

ΦR;Iðη; πR;Iq⃗ Þ ¼ exp½−AqðηÞðπR;Iq⃗ Þ2 þ BR;I
q ðηÞπR;Iq⃗ þCR;I

q ðηÞ�:
ð37Þ

The set of equations describing the system are thus the
dynamical equations for the objects AqðηÞ, BR;I

q ðηÞ, and
CR;I
q ðηÞ. These equations are found by inserting the wave

function depicted in Eq. (37) into the CSL evolution
equation (36). The initial conditions are set by the initial
state of the field, i.e., the Bunch-Davies vacuum. That is,
the initial conditions are Aqð−TÞ ¼ 1=2q, BR;I

q ð−TÞ ¼ 0,
and CR;I

q ð−TÞ ¼ 0. Given that we are mainly interested in
the expectation value hŷðq⃗; ηÞi, only the solution AqðηÞ will
be of importance. The evolution equation of AqðηÞ is

_AqðηÞ ¼
i
2
þ λq −

2

η
AqðηÞ − 2ik2AqðηÞ2; ð38Þ

whose solution with the initial condition is

AqðηÞ¼
i

2q2η

þ αq
2iq2

�ð1− iqTÞcosαqðηþTÞþαqT sinαqðηþTÞ
ð1− iqTÞsinαqðηþTÞ−αqT sinαqðηþTÞ

�

ð39Þ
with

αq ≡ q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2iλq

q
: ð40Þ

Hence, the quantity AqðηÞ depends on the CSL parameter
λq (through αq).
Using the wave function (37), which follows the evo-

lution equation (36), the quantum expectation value of the
field ŷðq⃗; ηÞ can be calculated in terms of the noise function

hŷðq⃗;ηÞi¼ iL3=2

23=2q2ðAqðηÞþA�
qðηÞÞ

Z
η

−T
dη0Ωðq⃗;η0ÞFqðη;η0Þ;

ð41Þ
with

Fqðη; η0Þ≡
��

−i
η
þ α�q

�
e−iαqðη−η0Þ −

�
i
η
þ αq

�
eiα

�
qðη−η0Þ

�
:

ð42Þ

The function Fqðη; η0Þ depends on the CSL parameter λq
because of the αq. Note that from Eq. (39), and taking into

account that jηj ≪ T, we have that ðRe½AqðηÞ�Þ2 ≃ 1þ
ffiffiffiffiffiffiffiffiffi
1þ4λ2q

p
8q2 ,

which is independent of η. We can further split the noise
function Ωðq⃗; ηÞ in its “real” and “imaginary parts”
Ωðq⃗; ηÞ ¼ wRðq⃗; ηÞ þ iwIðq⃗; ηÞ (formally, they correspond
to the symmetric and antisymmetric part of the noise
Ωðx⃗; ηÞ). Given the expectation value in Eq. (41), we can
calculate the average from Eq. (32):

EfSðq⃗1; η1Sðq⃗2; η2Þ�g

¼ H4

28M4
PL

6

X
p⃗;p⃗0

p1p2p0
1p

0
2

L6

Re½Aκ1 �Re½Aκ2 �Re½Ap�Re½Ap0 �

×
1

κ21κ
2
2p

2p02

Z
η1

−T
dη0

Z
η1

−T
dη00

Z
η2

−T
dη000

Z
η2

−T
dη0000

× EfΩðκ⃗1; η0ÞΩðp⃗; η00ÞΩðκ⃗2; η000Þ�Ωðp⃗0; η0000Þ�g
× ½η21η22Fκ1ðη1; η0ÞFpðη1; η00ÞFκ2ðη2; η000Þ�Fp0 ðη2; η0000Þ��:

ð43Þ

In Appendix A, we present the details of the calculations of
the averageEfSðq⃗1; η1Sðq⃗2; η2Þ�g. The resulting expression
yields

EfSðq⃗1; η1Sðq⃗2; η2Þ�g

¼ H4

27M4
P

X
p⃗

p2
1p

2
2ðδq⃗1;q⃗2 þ δq⃗1;−q⃗2Þ

p4κ41ðRe½Ap�Þ2ðRe½Aκ1 �Þ2

× η21η
2
2IFFðp; η1; η2ÞIFFðκ1; η1; η2Þ; ð44Þ

where we have defined

IFFðk; η1; η2Þ≡
Z

η1

−T
dη0

Z
η2

−T
dη00Kðk; k; η0; η00Þ

× Fkðη1; η0ÞF�
kðη2; η00Þ; ð45Þ

and the function Kðk; k; η0; η00Þ is defined in Eq. (A5). The
explicit solution of the integral IFF is a very cumbersome
procedure; therefore, the interested reader can consult the
specific details in Appendix A [see Eqs. (A11)–(A27)]. In
the ensuing expressions, we will just leave indicated the
integral IFF, which depends on the CSL parameter λq
because of the Fqðη; η0Þ function.
Finally, we can plug in Eq. (44), which is our final

expression for EfSðq⃗1; η1Sðq⃗2; η2Þ�g, into Eq. (31).
Note that the resulting expression for the average
EfSðq⃗1; η1Sðq⃗2; η2Þ�g establishes that Fourier modes such
that q1 ≡ jq⃗1j ≠ jq⃗2j≡ q2 are uncorrelated (because of
δq⃗1;q⃗2 , δq⃗1;−q⃗2). As a result, we can make the replacement
q2 → q1 in Eq. (31). Thus, switching from discrete p⃗ to the
continuum, we arrive at
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Efhðq⃗1; 0−Þhðq⃗2; 0−Þ�g ¼ H4

q312
8M4

P
½δðq⃗1 − q⃗2Þ þ δðq⃗1 þ q⃗2Þ�q1

Z
d3p

p2
1p

2
2

p4κ41ðRe½Ap�Þ2ðRe½Aκ1 �Þ2

×
Z

0

−T
dη1

Z
0

−T
dη2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1η1q1η2

p π

2
J3=2ðq1η1ÞJ3=2ðq1η2Þη21η22IFFðp; η1; η2ÞIFFðκ1; η1; η2Þ: ð46Þ

Next we extract the precise expression for the tensor power spectrum from Eq. (46). By making the change of variables
κ1 ≡ uq1, p≡ vq1, x1 ≡ q1η1, and x2 ≡ q1η2, Eq. (46) can be recast as

Efhðq⃗1; 0−Þhðq⃗2; 0−Þ�g ¼
π2H4λ2q1
q125M4

P
½δðq⃗1 − q⃗2Þ þ δðq⃗1 þ q⃗2Þ�

Z
∞

0

dv
Z j1þvj

j1−vj
du

½4v2 − ðu2 − v2 − 1Þ2�2
uv½uþ ðu2 þ 4λ2q1Þ1=2�½vþ ðv2 þ 4λ2q1Þ1=2�

×
Z

0

−q1T
dx1

Z
0

−q1T
dx2

1ffiffiffiffiffiffiffiffiffi
x1x2

p J3=2ðx1ÞJ3=2ðx2Þ
x21x

2
2uv

q4116λ
2
q

× IFFðvq1; x1=q1; x2=q1ÞIFFðuq1;x1=q1; x2=q1Þ: ð47Þ

Finally, from (47), we can extract the power spectrum associated to the tensor modes

Phðq1Þ ¼
π2H4λ2q1
q125M4

P

Z
∞

0

dv
Z j1þvj

j1−vj
du

½4v2 − ðu2 − v2 − 1Þ2�2
uv½uþ ðu2 þ 4λ2q1Þ1=2�½vþ ðv2 þ 4λ2q1Þ1=2�

×
Z

0

−q1T
dx1

Z
0

−q1T
dx2

1ffiffiffiffiffiffiffiffiffi
x1x2

p J3=2ðx1ÞJ3=2ðx2Þ
x21x

2
2uv

q4116λ
2
q
IFFðvq1; x1=q1; x2=q1ÞIFFðuq1; x1=q1; x2=q1Þ: ð48Þ

In Appendix B, we sketch our estimation of all the
integrals involved in Eq. (48). The result is

Phðq1Þ ≃
10−3πH4λ2q1

q31M
4
P

q41T
4 v5m; ð49Þ

where we have introduced a UV cutoff vm ≡ pUV=q1. The
UV cutoff vm comes from the indefinite integral in Eq. (48),
otherwise wewould have a divergent result. Wewill discuss
this aspect at the end of the section.
In Ref. [23], the scalar power spectrum was deduced

within the CSL inflationary model. The explicit expression
for the dimensionless scalar spectrum is

PsðqÞ ≃
H2λqqT

ϵM2
P

: ð50Þ

Therefore, if λq is independent of q the resulting scalar
spectrum would fail to be scale invariant, which is well
known to be required for observational viability of the
theory. In fact, scale invariance of the spectrum can only be
achieved by including an the explicit dependence on q of
λq, of the form

λq ¼
λ0
q
; ð51Þ

with λ0 the CSL universal collapse parameter. As shown in
[23], such dependence is both natural on dimensional
grounds and can be achieved naturally by taking the
collapse operator to be a suitable spatial derivative of
the momentum conjugate to the filed. However, as we will
see, such q dependence of λq will result in a spectrum for
tensor perturbations, Eq. (49), which will not be scale
invariant. In the next section, we will discuss some of the
observational consequence of that result.

B. The tensor power spectrum in the Newtonian
collapse scheme

With the purpose of analyzing the generality and robust-
ness of the predictions for the tensor power spectrum within
the self-induced collapse hypothesis, we present calcula-
tions for the tensor power spectrum based on what we call
the Newtonian collapse scheme approach. The description
of the collapse process in such an approach is essentially a
very simple toy model, originally introduced in [20]. In this
toy model, we assume that each mode k⃗ undergoes a single
collapse, which occurs at the conformal time ηck. Moreover,
the characterization of the post-collapse state is given by
the expectation values and the quantum uncertainties
corresponding to the field and its conjugated momentum
at the time ηck.
In more detail, the expectation value of the field ŷðk⃗; ηÞ is

generically taken to be given by (see [73])
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hŷðk⃗;ηÞi¼
�
cosðkη−zÞ

k

�
1

kη
−
1

z

�
þ sinðkη−zÞ

k

�
1

kηz
þ1

��

× hπ̂ðk⃗;ηckÞi

þ
�
cosðkη−zÞ− ðkη−zÞ

kη

�
hŷðk⃗;ηckÞi; ð52Þ

where z≡ kηck. In order for the scalar power spectrum to be
consistent with the observational data, in [20,48–50] is
found that the time of collapse has to be of the form
ηck ∝ 1=k, which implies that z is independent of k. We also
assume that the collapse affects only the conjugated
momentum variable. Splitting into real and imaginary
parts, the collapse can be characterized by

hŷR;I
k⃗
ðηc

k⃗
Þi¼ 0; hπ̂R;I

k⃗
ðηckÞi¼ xR;I

k⃗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔπ̂R;I

k⃗
ðηckÞÞ20

q
; ð53Þ

where xðR;IÞ
k⃗

represents a random Gaussian variable nor-

malized and centered at zero. The quantum uncertainty of
the vacuum state, associated to the conjugated momentum
at the time of collapse, is ðΔπ̂R;I

k⃗
ðηckÞÞ20 ¼ L3k=4.

Using Eqs. (52) and (53), we can rewrite the expectation
value of the field variable as

hŷðk⃗; ηÞi ¼ NðyÞðk⃗; ηÞL
3=2

2
Xk⃗; ð54Þ

where

NðyÞðk⃗; ηÞ

≡
�
cosðkη− zÞ

�
1

kη
−
1

z

�
þ sinðkη− zÞ

�
1

kηz
þ 1

��
1ffiffiffi
k

p

ð55Þ

and Xk⃗ ≡ xR
k⃗
þ ixI

k⃗
. With Eq. (54) at hand, we can proceed

to determine the ensemble average of Eq. (32):

Efhŷðκ⃗1; η1Þihŷðp⃗; η1Þihŷðκ⃗2; η2Þi�hŷðp⃗0; η2Þi�g

¼ L6

24
NðyÞðκ⃗1; η1ÞNðyÞðp⃗; η1ÞNðyÞðκ⃗2; η2ÞNðyÞðp⃗0; η2Þ

× EfXκ⃗1Xp⃗X�
κ⃗2
X�
p⃗0 g: ð56Þ

As we have assumed that the random variables Xk⃗ are
Gaussian-distributed, we can write

EfXκ⃗1Xp⃗X�
κ⃗2
X�
p⃗0 g ¼ EfXκ⃗1Xp⃗g × EfX�

κ⃗2
X�
p⃗0g

þ EfXκ⃗1X
�
p⃗0g × EfX�

κ⃗2
Xp⃗g

þ EfXκ⃗1X
�
κ⃗2
g × EfXp⃗X�

p⃗0g: ð57Þ

Moreover, EfXk⃗X
�
k⃗0
g¼2δ

k⃗;k⃗0 and EfXk⃗Xk⃗0g¼EfX�
k⃗
X�
k⃗0
g¼

2δ
k⃗;−k⃗0 , so the ensemble average is given by

EfXκ⃗1Xp⃗X�
κ⃗2
X�
p⃗0 g ¼ 2½δκ⃗1;−p⃗δκ⃗2;−p⃗0 þδκ⃗1;κ⃗2δp⃗;p⃗0 þδκ⃗1;p⃗0δκ⃗2;p⃗�:

ð58Þ

Substituting Eqs. (56) and (58) in Eq. (32), and perform-
ing the sum over p⃗0, and passing to the continuum limit
(L → ∞), we find

EfSðq⃗1; η1ÞS�ðq⃗2; η2Þg

≃
4H4

M4
P

δðq⃗1 − q⃗2Þ
22

Z
d3pp2

1p
2
2η

2
1η

2
2N

ðyÞðjq⃗1 − p⃗j; η1Þ

× NðyÞðp; η1ÞNðyÞðjq⃗1 − p⃗j; η2ÞNðyÞðp; η2Þ; ð59Þ

where we have also used the definition κ⃗1 ≡ q⃗1 − p⃗.
Our next task is to use Eq. (31), together with Eq. (59), to

estimate the amplitude of the tensor power spectrum. As in
the case of the CSL inflationary approach, we choose to
evaluate the spectrum at the end of the inflationary regime,
i.e., η → 0−. Consequently, Eq. (31) is explicitly given by

Efhðq1;0−Þhðq2;0−Þg¼
H4

M4
Pq

6
1

π

2
δðq⃗1− q⃗2Þ

Z
d3pp2

1p
2
2I

2
NN;

ð60Þ

where

INN ≡
Z

0−

ηcq1

dη1ðq1η1Þ3=2J3=2ðq1η1ÞNðyÞðjq⃗1 − p⃗j; η1Þ

× NðyÞðp; η1Þ: ð61Þ

It is important to note that the integral INN begins at ηcq1 .
Physically, this means that the expectation value of the field
variable acts as source for the tensor modes only after the
time of collapse ηcq1 . Additionally, it is convenient to
perform a change of variable x ¼ q1η1. This implies that
the lower limit of integration is changed to q1ηcq1 . However,
since ηcq1 ∝ 1=q1, the lower limit of integration is simply z,
with z independent of q1.
In order to provide an estimate for INN, we can neglect

the oscillatory factors in the functions NðyÞ, hence

NðyÞðk; ηÞ ≃ Ak

q1η
þ Bk; ð62Þ

where

Ak ≡ 1

k3=2

�
1þ 1

z

�
; Bk ≡ 1

k1=2

�
1 −

1

z

�
: ð63Þ
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Furthermore, if we assume that the time of collapse occurs
during the early stages of the inflationary era, i.e., jzj ≫ 1,
then

INN ≃
1

q1p1=2jq⃗1 − p⃗j1=2
ffiffiffi
2

π

r
z sin z: ð64Þ

Using Eqs. (60) and (64), we can give an estimate for the
tensor power spectrum within the Newtonian collapse
scheme,

Phðq1ÞNewt ≃
H4

M4
Pq

8
1

z2sin2z
Z

d3p
p2
1p

2
2

pjq⃗1 − p⃗j : ð65Þ

The next step is to perform the integral over p in the
former expression. We can change variables once more as
κ1 ¼ uq1 and p ¼ vq1 to obtain

Phðq1ÞNewt≃
H4

M4
Pq

8
1

z2sin2z
πq51
64

Z
vm

0

dv

×
Z j1þvj

j1−vj
du½4v2− ðu2−v2−1Þ2�2:

¼ H4

M4
Pq

8
1

z2sin2z
πq51
64

×

�
1216

525
þ 256

1575
ð−16þ5vm−10v3mþ21v5mÞ

�
:

ð66Þ

Returning to the original variable vm ¼ pUV=q1, where
pUV is the UV scale cutoff, and ignoring numerical factors,
the estimated amplitude for the tensor power spectrum is
finally

Phðq1ÞNewt ≃
H4

M4
Pq

8
1

z2sin2zp5
UV: ð67Þ

We can compare this expression with the corresponding
one obtained in the CSL case, Eq. (49). Ignoring numerical
factors and using the fact that the CSL parameter must be of
the form λq1 ¼ λ0=q1 (due to the requirement that the scalar
spectrum must be scale invariant), the estimated amplitude
of the tensor power spectrum, using the CSL model, is

Phðq1ÞCSL ≃
H4

M4
Pq

6
1

λ20T
4p5

UV: ð68Þ

As we can see, both expressions share the same structure, in
particular they exhibit the same dependence on the pUV
cutoff, and a similar increase in power at large angles (low
values of q1). Equations (67) and (68) are the main results
of this section.

At this point, it is worth discussing the significance and
implications of the aforementioned cutoff at pUV, which
appears in Eqs. (67) and (68). The matter field under
consideration is a simple scalar field with a potential and is
thus fully renormalizable (as long as the potential is a
polynomial of degree 4 or less). In fact, when the potential,
as in the present specific case, is quadratic, we have, a free
theory and thus, in principle, we are even free of the need to
consider renormalization at all, except of course for the fact
that composite operators such as the energy-momentum
tensor needs to be renormalized anyway (something that in
this situation of high symmetry can be achieved essentially
via a suitable normal ordering prescription). As a result of
all this, the cutoff pUV is not related to an ordinary
renormalization issue; instead, the reason for the need to
impose it has to do with the fact that the scheme we have
considered involves the collapsing, and thus, the excitation,
in principle, of all modes of the quantum field, including
arbitrarily high UV modes.
Such modes correspond to very high values of q≡ jq⃗j

and thus one might think they have nothing to do with
observable quantities. The problem, however, is that, in the
second-order calculation, when considering the effect for a
given q⃗, the contributions comes from two modes p⃗ and
q⃗ − p⃗ [see Eq. (28)] and that involves modes with arbi-
trarily high values of jp⃗j and jq⃗ − p⃗j (i.e., two very large
vectors that add up to a small vector). That is the source of
the divergence reflected in the pUV cutoff, as is the fact that
the modification of the state of the quantum field on
arbitrary high wave number modes plays a role in the
relevant quantity for low wave number modes.
In order to avoid a catastrophic result we are forced to

assume that, either the collapse dynamics does not affect
arbitrarily high UV modes, or that something dilutes their
effect. As we will discuss in more detail in the next section,
we will consider the second option as a viable resolution of
the issue in the present context. On the other hand, it is clear
(from within the general point of view underlying this
work) that modes with relatively small values of jq⃗j must
undergo a collapse so as to seed the scalar metric
perturbations corresponding to the primordial curvature
perturbations which we do observe, and those must clearly
contribute to the process under consideration. We, none-
theless, acknowledge the fact that the issue is clearly
deserving of further study, and note that it might in fact
provide further clues regarding the characteristics of a
viable fundamental collapse theory (i.e., it might, for
instance, restrict the candidates of collapse generating
operators of a general fundamental theory of spontaneous
collpase), an exploration which we hope to undertake in
future works.6

6We believe this problem is related to something similar that
was uncovered, and briefly discussed, in Sec. X B 1 of [23].
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V. ESTIMATES OF THE B-MODE
POLARIZATION SPECTRUM

Ourmain results are shown in Eqs. (67) and (68). It will be
convenient to work with the dimensionless power spectrum
defined as PhðqÞ≡ q3PhðqÞ; therefore, Eqs. (67) and (68)
become

Phðq1ÞCSL ≃
H4

M4
Pq

3
1

λ20T
4p5

UV; ð69Þ

Phðq1ÞNewt ≃
H4

M4
Pq

5
1

z2 sin2 zp5
UV: ð70Þ

On the other hand, in previous works, the (dimensionless)
scalar power spectrum was obtained within the CSL infla-
tionary approach [23] and the Newtonian collapse scheme
[20]. The resulting expressions are

Psðq1ÞCSL ≃
H2λ0T
M2

Pϵ
; ð71Þ

Psðq1ÞNewt ≃
H2

M2
Pϵ

�
cos z −

sin z
z

�
2

: ð72Þ

Note that the scalar spectra are scale invariant. Noting that for
theNewtonian schemewe assumed that the collapse occurs at
thevery early stages of the inflationary epoch, i.e., jzj ≫ 1, by
combining Eqs. (71), (72), (69), and (70), we obtain

Phðq1ÞCSL ≃ ϵ2
T2p5

UV

q31
ðPCSL

s Þ2; ð73Þ

Phðq1ÞNewt ≃ ϵ2z2
p5
UV

q51
ðPNewt

s Þ2; ð74Þ

where we used the order of magnitude estimate
sin2 z ≃ cos2 z.
Now let us recall that the standard expression for the

tensor power spectrum is usually given in terms of the so-
called tensor-to-scalar ratio, r≡ Ph=Ps. In the traditional
inflationary paradigm, one obtains r ≃ ϵ; consequently,

Pstd
h ≃ ϵPstd

s : ð75Þ

Therefore, in contrast to the linear relation in both the slow-
roll parameter and the scalar spectrum obtained within the
standard scheme, Eq. (75), the prediction for Ph, within
both collapse approaches considered is quadratic in ϵ and in
Ps, Eqs. (73), (74). Another important feature of the
resulting tensor power spectra of Eqs. (73), (74) is that
the dependence on the UV cutoff is exactly the same, i.e.,
they both scale as p5

UV. All this leads us to conclude that our
predictions are rather robust results of objective collapse
models, as applied to the inflationary universe within a
semiclassical approximation.

A. The magnitude of the B-mode
polarization spectrum

In order to estimate the magnitude of our tensor power
spectra we will make the following considerations. We will
evaluate them at the pivot scale q� ¼ 0.05 Mpc−1 used by
the Planck Collaboration to measure the amplitude of
the scalar spectrum, where it is found that Ps ≃ 10−9. In
addition, we observe that the obtained results depend on the
physical cutoff pUV. If we are interested in the value of the
spectrum at the end of inflation, then wewould assume pUV
to be given by the last scale that exits the horizon during
inflation. Nevertheless, given that we are interested in the
tensor modes that might be observed in the CMB, we have
to take into account the fact that primordial gravitational
waves evolve through the plasma era, where they would be
affected by plasma damping effects. As a result, it is
reasonable to use as the effective value of the cutoff the
scale of the diffusion or Silk damping, [74]. Assuming the
two-fluid approximation of Seljak [75], the Silk damping
scale is given by pUV ¼ 0.078 Mpc−1.
In the case of the CSL inflationary approach, we need to

specify the value of −T, i.e., the conformal time of the
beginning of inflation. Assuming 60 e-folds for the
duration of inflation and an energy scale of approximately
10−4MP leads to T ¼ 104 Mpc. Inserting all the numerical
values into Eq. (73) we obtain

Phðq�ÞCSL ≃ 10−12ϵ2: ð76Þ

In order to estimate the magnitude of the spectrumwithin
the Newtonian collapse scheme, we need to assume a
particular time of collapse ηck (recall that the time of
collapse must be such that ηck ¼ z=k). In [50], several
values of z where tested using data from the CMB. Taking
into account that Eq. (74) was obtained for jzj ≫ 1, we can
take jzj ¼ 103, which, according to [50], is a value
consistent with the data. Consequently, inserting all the
aforementioned numerical values into Eq. (74) yields

Phðq�ÞNewt ≃ 10−13ϵ2: ð77Þ

Clearly, these two approaches lead to rather similar, small
estimates for the amplitude of the tensor power spectrum.

B. The shape of the B-mode polarization spectrum

For the sake of completeness, we also analyze the shape
of our predicted B-mode polarization spectrum and com-
pare it with the standard prediction. We begin by specifying
the inflationary parameters. The predicted tensor spectra
are shown in Eqs. (73) and (74). Therefore, in both models,
we can parametrize the spectrum as

PhðqÞ ¼ Atqnt : ð78Þ
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In the CSL model, the tensor amplitude and the tensor
spectral index are given respectively by

ACSL
t ¼ T2p5

UVϵ
2ðPCSL

s Þ2; nCSLt ¼ −3: ð79Þ
On the other hand, in the Newtonian collapse scheme, the
corresponding amplitude and spectral index are

ANewt
t ¼ z2p5

UVϵ
2ðPNewt

s Þ2; nNewtt ¼ −5: ð80Þ

Hence, we have two different predictions for the quantities
At and nt. Moreover, it is worthwhile to recall the standard
prediction for the same observables:

Astd
t ¼ ϵPstd

s ; nstdt ¼ −2ϵ: ð81Þ

The B-mode polarization spectrum is related to the
primordial tensor power spectrum in a very similar manner
as in the case of the temperature angular spectrum, i.e.,

CBB
l ¼ ð4πÞ2

Z
dq
q
PhðqÞΔ2

BBlðqÞ; ð82Þ

where ΔBBlðqÞ is the transfer function for the B-modes.
These functions are obtained by integrating the resulting
Boltzmann equations associated to the polarization of the
CMB. In order to perform our analysis, we use a modi-
fication of the publicly available CAMB code, [76]. The
cosmological parameters of our fiducial flat ΛCDM model
considered are: baryon density in units of the critical
density Ωbh2 ¼ 0.02225, dark matter density in units of
the critical density Ωcdmh2 ¼ 0.1198, Hubble constant
H0 ¼ 67.27 km s−1Mpc−1 and reionization optical depth
τ ¼ 0.079. Those are the best-fit values presented by the
latest data release by the Planck mission [77].
Concerning the inflationary parameters, we choose the

amplitude of the scalar spectrum to be Ps ≃ 10−9 at the
pivot scale qP ¼ 0.05 Mpc−1. In addition, we set ϵ ¼ 10−2.
We choose this value because, according to the standard
prediction, this is the order of magnitude for ϵ that would
result in r ¼ 0.12, which saturates the highest bound set by
the Planck satellite, [34]. In this way, we can compare the
predictions of our model with the standard treatment using
a value that, in principle, would maximize the signal
associated to the B-modes consistent with the data. On
the other hand, regarding the collapse parameters, we
choose the same values as before, namely, T¼104Mpc,
jzj ¼ 103 and pUV ¼ 0.078 Mpc−1. As a result, we have
the following amplitudes and spectral indexes:

ACSL
t ≃ 10−20; nCSLt ¼ −3; ð83Þ

ANewt
t ≃ 10−22 nNewtt ¼ −5: ð84Þ

Meanwhile, for the standard prediction we have Astd
t ≃

10−11 and nstdt ¼ −0.02.

In Fig. 1 we present three plots of the predicted B-mode
polarization spectrum. The first plot corresponds to the
standard approach. We observe that this plot exhibits an
amplitude and shape of the B-mode spectrum that is the
same as the one shown in Fig. 14 of [78], where a supposed
detection of primordial B-modes was announced (and latter
withdrawn [27–30]). The rest of the plot presents the
predicted CBB

l from the CSL inflationary collapse model
and the Newtonian collapse scheme. It is clear that our
predicted amplitude is very small compared with the
standard one, which was apparently in the detection range
of the BICEP2 experiment, [78]. Note that on the multipole
range 10≲ l≲ 100, where the standard prediction has its
strongest signal, both collapse models indicate strong
suppression of the B-mode spectrum with respect to the
standard prediction. It is important to stress that, in
generating the plots of Fig. 1, we have used the value ϵ ¼
10−2 that, according to standard predictions, corresponds to
the maximum value consistent with the data. It is clear that,
when the point of view we are advocating is adopted, a
much weaker constraint on ϵ is implied by the data. This
smaller value of ϵ will suppress even more our predicted
amplitude since, in our approach, the amplitude goes as ϵ2.
We conclude that the generic prediction regarding

primordial gravity waves within a self-induced collapse
proposal in a semiclassical setting has an amplitude
essentially undetectable by current experiments. It is worth
noting, however, that our analysis indicates a rather
interesting option regarding the search from primordial
gravity waves. Specifically, our results imply that the
search for B-modes has a higher chance of success at
the largest possible angular scales (lowest values of q0s)
shown to the left of Fig 1. In fact, if the estimate of the UV
cutoff PUV is increased by even a factor of 3, and we focus
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FIG. 1. The predicted B-mode polarization spectrum in three
cases: the standard approach, the CSL inflationary collapse
model and the Newtonian collapse scheme. In all cases, we
set ϵ ≃ 10−2. In the standard approach that value for the slow-roll
parameter is consistent with a tensor to scalar ratio r ¼ 0.12.
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on the Newtonian model, the estimates suggest a possibility
of seeing B-modes at, say, l ∼ 10. Of course, we have
nothing to say regarding the technical difficulties that such
a search might involve.

VI. CONCLUSIONS

In this work, we have obtained the primordial tensor
power spectrum within a semiclassical gravity context
involving self-induced collapses of the inflaton wave
function. We have used two different models for the
self-induced collapse: (i) an adaptation of a CSL-type
model to the inflationary setting and (ii) a toy model based
on a single, spontaneous collapse of the initial quantum
state. Given that, at first order in the perturbations, there are
no sources for the tensor modes, the second order had to be
considered. In both collapse models, the resulting predic-
tion for the amplitude of the primordial tensor modes is
given by Ph ∼ ϵ2ðPsÞ2, i.e., it is quadratic in the scalar
spectrum amplitude and in the slow-roll parameter ϵ.
Consequently, as shown in Fig. 1, the predicted amplitude
of the B-mode polarization spectrum is several orders of
magnitude smaller than the standard prediction, consider-
ing reasonable values for the cosmological and inflationary
parameters. Moreover, our prediction is consistent with the
latest bounds from the BICEP/Planck Collaborations
[30,31]. Our analysis also suggests a search for B-modes
at the largest possible angular scales a potentially rewarding
option (if the technical difficulties of such search can be
overcome).
We conclude that the current failure to detect B-modes in

the CMB does not rule out any inflationary models. It is fair
to say that our specific predictions depend on some
particularities of the inflationary model and the scale used
as the UV cutoff. However, as seen from the fact that the
two very distinct collapse models where considered, the
results are rather generic.
We acknowledge that the strong suppression of the

tensor modes we find here is tied to the reliance on
semiclassical treatment and not simply to the collapse
hypothesis. In fact, one might in principle consider the
issue by quantizing both, the perturbations of the scalar
field and those of the metric, and subjecting both to a
spontaneous collapse dynamics. The results in such a case
will naturally depend on what one assumes regarding the
relationship between the part of the collapse dynamics that
controls matter and metric perturbations. Generically,
though, one should not expect the collapse mechanism
to have the same effect on geometric and matter degrees of
freedom. In fact, it is even reasonable to consider sponta-
neous collapse scenarios in which the geometric variables
do not undergo spontaneous collapse by themselves.
A final important lesson to be drawn from this analysis is

that it displays how, at least in applications to cosmology,
quantum interpretational considerations can lead to dra-
matic modifications regarding observational issues. It thus

contributes to oppose an attitude that regards such ques-
tions as of mere philosophical interest and dismisses their
relevance regarding physical predictions.
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APPENDIX A: CALCULATIONS OF SEC. IV A

In this appendix, we provide a sketch of the computational
steps that led to the results mentioned in Sec. IVA. As we
observe inEq. (43),we are interested in the ensemble average
EfΩðκ⃗1; η0ÞΩðp⃗; η00ÞΩðκ⃗2; η000Þ�Ωðp⃗0; η0000Þ�g. We will sim-
plify the notation by denoting Ω1 ≡Ωðκ⃗1; η0Þ, Ω2≡
Ωðp⃗; η00Þ, Ω3 ≡Ωðκ⃗2; η000Þ, Ω4 ≡Ωðp⃗0; η0000Þ; thus,

EfΩðκ⃗1; η0ÞΩðp⃗; η00ÞΩðκ⃗2; η000Þ�Ωðp⃗0; η0000Þ�g
≡ EfΩ1Ω2Ω�

3Ω�
4g: ðA1Þ

In order to proceed, we use “Wick’s theorem” [26]; the
resulting average is, therefore,

EfΩ1Ω2Ω�
3Ω�

4g ¼ EfΩ1Ω2g · EfΩ�
3Ω�

4g
þ EfΩ1Ω�

3g · EfΩ2Ω�
4g

þ EfΩ1Ω�
4g · EfΩ2Ω�

3g: ðA2Þ

SeparatingΩðk⃗; ηÞ ¼ wRðk⃗; ηÞ þ iwIðk⃗; ηÞ and keeping in
mind that EfwRðk⃗; ηÞwIðk⃗0; η0Þg ¼ 0, i.e., the real and
imaginary parts ofΩ are uncorrelated, we have the following
results: EfΩðk⃗;ηÞΩðk⃗0;η0Þ�g¼2Efwβðk⃗;ηÞwβðk⃗0;η0Þg; β ¼
R, I and EfΩðk⃗; ηÞΩðk⃗0; η0Þg0 ¼ EfΩðk⃗; ηÞ�Ωðk⃗0; η0Þ�g.
Those results imply that

EfΩ1Ω2Ω�
3Ω�

4g ¼ 4½Efwβ1wβ3g · Efwβ2wβ4g
þ Efwβ1wβ4g · Efwβ2wβ3g�: ðA3Þ

Moreover, the resulting expression for the ensemble averages
Efwβiwβjg (with i, j ¼ 1, 2, 3, 4), whichwas found in [23], is
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Efwβðk⃗; ηÞwβ0 ðk⃗0; η0Þg ¼ 1

2
δβ;β0 ½δk⃗;k⃗0 þ δk⃗;−k⃗0 �Kðk; k0; η; η0Þ;

ðA4Þ

where

Kðk; k0; η; η0Þ≡ λk½δðη − η0Þ þMkðη − η0ÞΘðη − η0Þ
þMk0 ðη0 − ηÞΘðη0 − ηÞ þDðk; k0; η; η0Þ�;

ðA5Þ

ΘðxÞ is the Heaviside function, and

Sk ≡ λkk
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4λ2k

qr ðA6Þ

Mkðη − η0Þ≡ 2Sk
k

fSk sin½kðη − η0Þ� þ k cos½kðη − η0Þ�g;
ðA7Þ

Dðk; k0; η; η0Þ≡
Z

η

−T
dη̃1

Z
η0

−T
dη̃2Mkðη − η̃1Þ

×Mk0 ðη0 − η̃2Þδðη̃1 − η̃2Þ: ðA8Þ

In fact, the quantity−Sk corresponds to the imaginary part of
αk ≡ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2iλk

p
, which appears in the expectation value of

the field [see Eq. (41)]. Now, plugging in (A4) into (A3) and
returning all the explicit indexes, we have

EfΩðκ⃗1; η0ÞΩðp⃗; η00ÞΩðκ⃗2; η000Þ�Ωðp⃗0; η0000Þ�g
¼ Kðκ1; κ2; η0; η000ÞKðp; p0; η00; η0000Þ½δκ⃗1;κ⃗2δp⃗;p⃗0 þ δκ⃗1;κ⃗2δp⃗;−p⃗0 þ δκ⃗1;−κ⃗2δp⃗;p⃗0 þ δκ⃗1;−κ⃗2δp⃗;−p⃗0 �
þ Kðκ1; p0; η0; η0000ÞKðp; κ2; η00; η000Þ½δκ⃗1;p⃗0δp⃗;κ⃗2 þ δκ⃗1;p⃗0δp⃗;−κ⃗2 þ δκ⃗1;−p⃗0δp⃗;κ⃗2 þ δκ⃗1;−p⃗0δp⃗;−κ⃗2 �: ðA9Þ

The next task is to substitute Eq. (A9) into Eq. (43) and
perform the sum over p⃗0 andmake use of the δ’s involving the
modes p⃗0. After summing over p⃗0 in Eq. (43), the various
terms involving theδ’s functionwill reduce to fourmain terms
which will involve: δq⃗1;q⃗2 , δp⃗;ðq⃗1þq⃗2Þ=2, δq⃗1;−q⃗2 , δp⃗;ðq⃗1−q⃗2Þ=2.
Next, by performing the sum over p⃗, the terms involving
δp⃗;ðq⃗1þq⃗2Þ=2, δp⃗;ðq⃗1−q⃗2Þ=2 will vanish exactly because the
components (1) and (2) of the two vectors q⃗1 q⃗2 are zero
(one has to actually compute the terms, as it is not entirely
obvious). The only surviving terms are those which involve
δq⃗1;q⃗2 , δq⃗1;−q⃗2 . After a long calculation, Eq. (43) becomes

EfSðq⃗1;η1Sðq⃗2;η2Þ�g

¼ H4

27M4
P

X
p⃗

Z
η1

−T
dη0

Z
η1

−T
dη00

Z
η2

−T
dη000

Z
η2

−T
dη0000

×
p2
1p

2
2ðδq⃗1;q⃗2 þδq⃗1;−q⃗2Þ

p4κ41ðRe½Ap�Þ2ðRe½Aκ1 �Þ2
Kðp;p;η00;η0000ÞKðκ1;κ1;η0;η000Þ

×η21η
2
2Fκ1ðη1;η0ÞFpðη1;η00ÞF�

κ1ðη2;η000ÞF�
pðη2;η0000Þ:

ðA10Þ

That last expression is equivalent to Eq. (44).
In the remaining part of this appendix, we show how to

explicitly obtain the integral defined in Eq. (45),

IFFðk; η1; η2Þ≡
Z

η1

−T
dη0

Z
η2

−T
dη00Kðk; k; η0; η00Þ

× Fkðη1; η0ÞF�
kðη2; η00Þ: ðA11Þ

Actually, the direct calculation of IFF is not a simple task
due, in particular, to the fact that the function Kðk; k; η0; η00Þ
[see definition (A8)], is in itself a nontrivial double integral.
We will circumvent the direct calculation and obtain the
exact value of IFF by following an alternative path.
We start by recalling the expression for the expectation

value hŷðk⃗; ηÞi, [Eq. (41)] is

hŷðk⃗; ηÞi ¼ L3=2

23=2k22Re½Ak�
Z

η

−T
dη0Ωðk⃗; η0ÞFkðη; η0Þ

¼ L3=2

23=2k22Re½Ak�
Z

η

−T
dη0½wSðk⃗; η0Þ þ iwAðk⃗; η0Þ�

× 2ieSkðη0−ηÞ
��

Sk −
1

η

�
cos½Rkðη − η0Þ�

− Rk sin½Rkðη − η0Þ�
�
; ðA12Þ

where in the last line we have used the explicit expression
for Fkðη; η0Þ and separated αk ≡ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2iλk

p
into its real

part Rk and its imaginary part −Sk. Next, the noise
functions wR;Iðk⃗; ηÞ can be expressed in terms of new

noise functions vR;Iðk⃗; ηÞ.

vR;Iðk⃗; ηÞ≡ wR;Iðk⃗; ηÞ − 2λkhπ̂R;Iðk⃗; ηÞi: ðA13Þ

The advantage of the noise vR;I over the wR;I is that its
variance is much easier to handle. In particular, we have
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wβðk⃗; ηÞ ¼ vβðk⃗; ηÞ þ
Z

η

−T
dη̃Mkðη0; η̃Þvβðk⃗; η̃Þ ðA14Þ

with

Efvβðk⃗; η1Þvβ0 ðq⃗; η2Þg ¼ λk
2
½δk⃗;q⃗ þ δk⃗;−q⃗�δβ;β0δðη1 − η2Þ:

ðA15Þ
Substituting (A14) into (A12), and performing one of the
integrals (but exchanging the order of integration, which in
turn changes the limits of integration, i.e.,

R η
−T dη

0 R η0
−T dη̃ ¼R η

−T dη̃
R η
η̃ dη

0), yields

hŷðk⃗; ηÞi ¼ −L3=2

23=2k2ηRe½Ak�
Z

η

−T
dη0Nkðη; η0Þ

× ½vRðk⃗; η0Þ þ ivIðk⃗; η0Þ�; ðA16Þ
where

Nkðη; η0Þ≡ ðSkη − 1Þ cos½kðη − η0Þ�

−
�
Sk
k
þ kη

�
sin½kðη − η0Þ�: ðA17Þ

With (A16) at hand, we can now proceed to calculate

Efhŷðk⃗; η1Þihŷðq⃗; η2Þi�g

¼ L3

23Re½Ak�Re½Aq�k2η1q2η2
×
Z

η1

−T
dη0

Z
η2

−T
dη00Nkðη1; η0ÞNqðη2; η00Þ

× ½EfvRðk⃗; η0ÞvRðq⃗; η00Þg
þ EfvIðk⃗; η0ÞvIðq⃗; η00Þg�: ðA18Þ

Using (A15) in the above expression, we find

Efhŷðk⃗; η1Þihŷðq⃗; η2Þi�g

¼
L3λk½δk⃗;q⃗ þ δk⃗;−q⃗�
23ðRe½Ak�Þ2k4η1η2

Z
η1

−T
dη0

Z
η2

−T
dη00Nkðη1; η0Þ

× Nkðη2; η00Þδðη0 − η00Þ: ðA19Þ

The double integral in that last expression can be
performed using the formula (C8), which leads to

Z
η1

−T
dη0

Z
η2

−T
dη00Nkðη1; η0ÞNkðη2; η00Þδðη0 − η00Þ

¼ vFFðk;TÞ − vFFðk;−η2ÞΘðη1 − η2Þ
− vFFðk;−η1ÞΘðη2 − η1Þ; ðA20Þ

where we have defined the function

vFFðk; zÞ≡
Z

z
dζNkðη1;−ζÞNkðη2;−ζÞ; ðA21Þ

which is explicitly given by

vFFðk; zÞ≡ 1

4k3
½kð2Skðη1η2k2 − 1Þ þ k2ð−ðη1 þ η2ÞÞ þ Sk2ðη1 þ η2ÞÞ cosðkðη1 þ η2 þ 2zÞÞ

þ 2kzðk2 þ Sk2Þððη1η2k2 þ 1Þ cosðkðη1 − η2ÞÞ þ kðη1 − η2Þ sinðkðη1 − η2ÞÞÞ
− ðη1η2k4 þ k2ðη1Skð2 − η2SkÞ þ 2η2Sk − 1Þ þ Sk2Þ sinðkðη1 þ η2 þ 2zÞÞ�: ðA22Þ

As a consequence, (A19) is given by

Efhŷðk⃗; η1Þihŷðq⃗; η2Þi�g

¼
L3λk½δk⃗;q⃗ þ δk⃗;−q⃗�
23ðRe½Ak�Þ2k4η1η2
× ½vFFðk;TÞ − vFFðk;−η2ÞΘðη1 − η2Þ
− vFFðk;−η1ÞΘðη2 − η1Þ�: ðA23Þ

On the other hand, we can once again use the original
expression for the expectation value of the field (41) and find,

Efhŷðk⃗;η1Þihŷðq⃗;η2Þi�g

¼ L3

234Re½Ak�Re½Aq�k2q2
Z

η1

−T
dη0

Z
η2

−T
dη00

×EfΩðk⃗;η0ÞΩðq⃗;η00Þ�gFkðη1;η0ÞFqðη2;η00Þ�: ðA24Þ

Using that

EfΩðk⃗;η0ÞΩðq⃗;η00Þ�g¼ ½δk⃗;q⃗þδk⃗;−q⃗�Kðk;q;η0;η00Þ; ðA25Þ

EXPECTATION OF PRIMORDIAL GRAVITY WAVES … PHYS. REV. D 98, 023512 (2018)

023512-19



(A24) can be rewritten as

Efhŷðk⃗; η1Þihŷðq⃗; η2Þi�g

¼
L3½δk⃗;q⃗ þ δk⃗;−q⃗�
25ðRe½Ak�Þ2k4

Z
η1

−T
dη0

Z
η2

−T
dη00

× Kðk; k; η0; η00ÞFkðη1; η0ÞFqðη2; η00Þ�

¼
L3½δk⃗;q⃗ þ δk⃗;−q⃗�
25ðRe½Ak�Þ2k4

IFFðk; η1; η2Þ ðA26Þ

Comparing (A23) and (A26) we finally find that

IFFðk; η1; η2Þ ¼
4λk
η1η2

½vFFðk;TÞ − vFFðk;−η2ÞΘðη1 − η2Þ

− vFFðk;−η1ÞΘðη2 − η1Þ�; ðA27Þ
with the function vFF defined in Eq. (A22).

APPENDIX B: ESTIMATION OF THE
INTEGRALS OF THE CSL TENSOR

POWER SPECTRUM

In this appendix, we provide an estimate for the integrals
appearing in Eq. (48). Let us start by defining a new
function:

XFFðu; v; x1; x2Þ≡ x21x
2
2uv

q4116λ
2
q
IFFðvq1; x1=q1; x2=q1Þ

× IFFðuq1; x1=q1; x2=q1Þ; ðB1Þ

Using the result obtained in the previous appendix corre-
sponding to IFF (A27), we find that

XFFðu; v; x1; x2Þ ¼ vFFðvq1;TÞvFFðuq1;TÞ þ ½−vFFðvq1;TÞvFFðuq1;−x2=q1Þ
þ vFFðvq1;−x2=q1ÞvFFðuq1;−x2=q1Þ − vFFðuq1;TÞvFFðvq1;−x2=q1Þ�Θðx1 − x2Þ
þ ½−vFFðvq1;TÞvFFðuq1;−x1=q1Þ þ vFFðvq1;−x1=q1ÞvFFðuq1;−x1=q1Þ
− vFFðvq1;−x1=q1ÞvFFðuq1;TÞ�Θðx2 − x1Þ: ðB2Þ

The next task is to substitute the function vFF (A22) in
the above expression. This expression for XFFðu; v; x1; x2Þ
is rather cumbersome, and thus we will make some
approximations. First, we will only retain the leading term
in powers of T. Let us recall that T is in general a very large
number in absolute value, since it represent the conformal
time at the beginning of inflation or the conformal time
where the vacuum was selected. Second, we will bound the
oscillating terms in vFF (i.e., we use that j cos½x�j ≤ 1 and
j sin½x�j ≤ 1). Thus, the approximated expression for XFF is
given by

XFFðu;v;x1;x2Þ≃
½ðq1uÞ2þS2q1u�½ðq1vÞ2þS2q1v�

4q61
½q21T2x21x

2
2

þ x21x
3
2ð2q1Tþ x2ÞΘðx1 − x2Þ

þ x22x
3
1ð2q1Tþ x1ÞΘðx2 − x1Þ�: ðB3Þ

With Eq. (B3) at hand, and with the help of Eq. (C15),
we can evaluate the following integral

Z
0

−q1T
dx1

Z
0

−q1T
dx2J3=2ðx1Þx−1=21 J3=2ðx2Þx−1=22 XFFðu; v; x1; x2Þ

≃
2q41T

4

π

½ðq1uÞ2 þ S2q1u�½ðq1vÞ2 þ S2q1v�
4q61

�
sin2ðq1TÞ þ 2

�
−
1

3
þ cosð2q1TÞ

2

�
þ 2

�
1

8
−
cosð2q1TÞ

4

��

¼ q41T
4

π

½ðq1uÞ2 þ S2q1u�½ðq1vÞ2 þ S2q1v�
24q61

; ðB4Þ

where we have used the identity cosð2xÞ ¼ 1–2 sin2 x.
Recalling that Rk corresponds to the real part of
αk ≡ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2iλk

p
, we have the relation

2ðRq1uÞ2 ¼ uq21
	
uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ 4λ2q1

q 

: ðB5Þ

Using the above result, we can rewrite the factor

½4v2 − ðu2 − v2 − 1Þ2�2
uv½uþ ðu2 þ 4λ2q1Þ1=2�½vþ ðv2 þ 4λ2q1Þ1=2�

¼ ½4v2 − ðu2 − v2 − 1Þ2�2q41
22R2

q1uR
2
q1v

: ðB6Þ
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Equations (B4) and (B6) can now be used to evaluate the main integral (48), i.e.,

Phðq1Þ ¼
π2H4λ2q1
q125M4

P

Z
∞

0

dv
Z j1þvj

j1−vj
du

½4v2 − ðu2 − v2 − 1Þ2�2
uv½uþ ðu2 þ 4λ2q1Þ1=2�½vþ ðv2 þ 4λ2q1Þ1=2�

×
Z

0

−q1T
dx1

Z
0

−q1T
dx2

1ffiffiffiffiffiffiffiffiffi
x1x2

p J3=2ðx1ÞJ3=2ðx2ÞXFFðu; v; x1; x2Þ

≃
π2H4λ2q1
q125M4

P

q41T
4

24q61π

Z
∞

0

dv
Z j1þvj

j1−vj
duq41½4v2 − ðu2 − v2 − 1Þ2�2 ½ðq1uÞ

2 þ S2q1u�½ðq1vÞ2 þ S2q1v�
22R2

q1uR
2
q1v

: ðB7Þ

Making some simplifications in the last equation, and using
the very important relation R2

k − S2k ¼ k2, we have that

Phðq1Þ ≃
πH4λ2q1

3072q31M
4
P
q41T

4

Z
vm

0

dv

×
Z j1þvj

j1−vj
du½4v2 − ðu2 − v2 − 1Þ2�2: ðB8Þ

Note that we have introduced a UV cutoff vm in the
integral given in (B8). With the cutoff, the integral can be
done analytically and the result is

Phðq1Þ ≃
πH4λ2q1

3072q31M
4
P
q41T

4

×

�
1216

325
þ 256

1575
ð−16þ 5vm − 10v3m þ 21v5mÞ

�
:

ðB9Þ

Hence, the tensor power spectrum Ph is proportional to the
fifth power of the UV cutoff, v5m.

APPENDIX C: DOUBLE INTEGRALS
INVOLVING DIRAC’S DELTA AND

HEAVISIDE STEP FUNCTION

Let us begin by evaluating the following integral,

Z
b

a
dxfðxÞΘðx − x0Þ ¼ v1ðbÞΘðb − x0Þ − v1ðaÞΘða − x0Þ

−
Z

b

a
dxv1ðxÞδðx − x0Þ; ðC1Þ

where we have integrated by parts using that d
dxΘðx − x0Þ ¼

δðx − x0Þ and

v1ðxÞ≡
Z

x
dyfðyÞ; ðC2Þ

i.e., denotes the primitive (or antiderivative) of fðxÞ.
Therefore,

Z
b

a
dxfðxÞΘðx−x0Þ¼ v1ðbÞΘðb−x0Þ−v1ðaÞΘða−x0Þ

−v1ðx0ÞΘðx0−aÞΘðb−x0Þ; ðC3Þ

where the last term comes from performing the integral
with the Dirac’s delta, and the product of the Θ functions
ensure that x0 is within the interval ½a; b�. Equation (C3) is
the first main formula we use for evaluating the remaining
integrals.
With Eq. (C3) at hand, we can evaluate the double

integral involving a Dirac’s delta. In particular, in our work,
we are interested in evaluating integrals of the form

Z
a

−T
dx

Z
b

−T
dyfðx; yÞδðx − yÞ: ðC4Þ

Given that the integration limits are well defined, we can
interchange them via Fubini’s theorem and perform first the
integral over the x variable; i.e.,

Z
a

−T
dx

Z
b

−T
dyfðx; yÞδðx − yÞ

¼
Z

b

−T
dyΘðyþ TÞΘða − yÞfðy; yÞ

¼
Z

b

−T
dyfðy; yÞΘða − yÞ

¼
Z

T

−b
dzfð−z;−zÞΘðz − z0Þ; ðC5Þ

where in the first line, the products of the Θ functions
ensure that the y variable is within the interval ½−T; a�; in
the second line we have used that Θðyþ TÞ ¼ 1 because
y ∈ ½−T; b� and −T < b; in the third line we have made
a change of variable y ¼ −z and z0 ¼ −a. Using (C3), we
have

Z
T

−b
dzfð−z;−zÞΘðz − z0Þ

¼ vðTÞΘðT þ aÞ − vð−bÞΘð−bþ aÞ
− vð−aÞΘðT þ aÞΘð−aþ bÞ; ðC6Þ
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where

vðyÞ ¼
Z

y
dzfð−z;−zÞ: ðC7Þ

Furthermore, since −T < a then ΘðT þ aÞ ¼ 1; thus,

Z
a

−T
dx

Z
b

−T
dyfðx; yÞδðx − yÞ

¼ vðTÞ − vð−bÞΘða − bÞ − vð−aÞΘðb − aÞ: ðC8Þ

Equation (C8) is one of the main formulas we use.
Next, another double integral that we employ involves

the Heaviside step function. In particular, we use integrals
of the form

Z
a

−T
dx

Z
b

−T
dyfðx; yÞΘðx − yÞ: ðC9Þ

In order to evaluate the previous integral, we use Fubini’s
theorem and perform first the integral over the x variable
and then use (C3), i.e.,

Z
b

−T
dy

Z
a

−T
dxfðx; yÞΘðx − yÞ

¼
Z

b

−T
dy½vða; yÞΘða − yÞ − vð−T; yÞΘð−T − yÞ

− vðy; yÞΘðyþ TÞΘða − yÞ�

¼
Z

b

−T
dy½vða; yÞ − vðy; yÞ�Θða − yÞ; ðC10Þ

where in the last line we used that T þ y > 0, which
implies Θð−T − yÞ ¼ 0 and ΘðT þ yÞ ¼ 1; we have also
defined

vðx; yÞ ¼
Z

x
dζfðζ; yÞ: ðC11Þ

Next, we perform a change of variable y ¼ −s in the last
integral of (C10), thus

Z
b

−T
dy½vða; yÞ − vðy; yÞ�Θða − yÞ

¼
Z

T

−b
ds½vða;−sÞ − vð−s;−sÞ�Θðs − s0Þ; ðC12Þ

where s0 ¼ −a. Once again, using (C3), we find

Z
T

−b
ds½vða;−sÞ − vð−s;−sÞ�Θðs − s0Þ

¼ wða; TÞΘðT þ aÞ − wða;−bÞΘð−bþ aÞ
− wða;−aÞΘð−aþ bÞΘðT þ aÞ; ðC13Þ

where

wða; zÞ ¼
Z

z
dζ½vða;−ζÞ − vð−ζ;−ζÞ� ðC14Þ

and, since T þ a > 0, we arrive at the final expressionZ
b

−T
dy

Z
a

−T
dxfðx; yÞΘðx − yÞ

¼ wða; TÞ − wða;−bÞΘða − bÞ − wða;−aÞΘðb − aÞ:
ðC15Þ

Equation (C15) is the final main formula we use in
our work.

APPENDIX D: DEFINITION OF THE
PROJECTION TENSOR Pij

lm

In this section, we define the projection tensor Pij
lm. As

we have mentioned, the tensor Pij
lm serves to extract the

transverse and traceless (TT) part of any tensor. We begin
by introducing the basis in which any TT tensor can be
decomposed. That is, if hij is a TT tensor, then its Fourier
transform is

hijðx⃗; ηÞ ¼
Z

d3k⃗

ð2πÞ3=2 e
ik⃗·x⃗½hk⃗ðηÞeijðk⃗Þ þ h̃k⃗ðηÞẽijðk⃗Þ�;

ðD1Þ
where we defined two time-independent polarization
tensors eij and ẽij. The polarization tensors may be
expressed in terms of orthonormal basis vectors ei, ẽj,

and k⃗. Explicitly,

eijðk⃗Þ ¼
1ffiffiffi
2

p ½eiðk⃗Þejðk⃗Þ − ẽiðk⃗Þẽjðk⃗Þ�; ðD2Þ

ẽijðk⃗Þ ¼
1ffiffiffi
2

p ½eiðk⃗Þẽjðk⃗Þ þ ẽiðk⃗Þejðk⃗Þ�: ðD3Þ

In terms of these polarization tensors, the action of the
projection tensor Pij

lm on any tensor Slm is defined as

Pij
lmSlm

≡
Z

d3k⃗

ð2πÞ3=2 e
ik⃗·x⃗½eijðk⃗Þelmðk⃗Þ þ ẽijðk⃗Þẽlmðk⃗Þ�Slmðk⃗Þ;

ðD4Þ

where Slmðk⃗Þ is the Fourier transform of the tensor
Slmðx⃗; ηÞ, i.e.,

Slmðk⃗; ηÞ ¼
Z

d3x⃗

ð2πÞ3=2 e
−ik⃗·x⃗Slmðx⃗; ηÞ: ðD5Þ
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