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Abstract

The aim of this work is to describe the thermodynamic properties of an electron gas in graphene
placed in a constant magnetic field. The electron gas is constituted by N Bloch electrons in the
long wavelength approximation. The partition function is analyzed in terms of a perturbation ex-
pansion of the dimensionless constant (veBL)™!. The statistical repulsion/attraction potential
for electrons in graphene is obtained in the respective case in which antisymmetric/symmetric
states in the coordinates are chosen. Thermodynamic functions are computed for different orders
in the perturbation expansion and the different contributions are compared for symmetric and
antisymmetric states, showing remarkable differences between them due to the spin exchange cor-
relation. A detailed analysis of the statistical potential is done, showing that, although electrons
satisfy Fermi statistics, attractive potential at some interparticle distances can be found.

1 Introduction

Graphene is a two-dimensional allotrope of carbon which has become one of the most significant topics
in solid state physics due to the large number of applications ([11,[2],[3], [4], [5]). The carbon atoms
form a honey-comb lattice made of two interpenetrating triangular sublattices, A and B. A special
feature of the graphene band structure is the linear dispersion at the Dirac points which are dictated
by the 7 and 7’ bands that form conical valleys touching at the high symmetry points of the Brillouin
zone [6]. Electrons near these symmetry points behave as massless relativistic Dirac fermions with an
effective Dirac-Weyl Hamiltonian [4]. When a magnetic field is applied perpendicular to the graphene
sheet, a discretization of the energy levels is obtained, the so called Landau levels [7]. These quantized
energy levels still appear also for relativistic electrons, just their dependence on field and quantization
parameter is different. In a conventional non-relativistic electron gas, Landau quantization produces
equidistant energy levels, which is due to the parabolic dispersion law of free electrons. In graphene,
the electrons have relativistic dispersion law, which strongly modifies the Landau quantization of the
energy and the position of the levels. In particular, these levels are not equidistant as occurs in a
conventional non-relativistic electron gas in a magnetic field. This large gap allows one to observe the
quantum Hall effect in graphene, even at room temperature [§].

The thermodynamics properties of graphene and graphene nanoribbons have been studied under
electric and magnetic modulations from the theoretical and experimental viewpoint (see [9], [10], [I1],
[12] and [13]) The presence of the electric and magnetic modulation expands the Landau energy levels
into bands and these bandwidths oscillates with the electric and magnetic fields (Weiss oscillation,
[14]). Also, magnetic oscillation can be present in the zigzag ribbons. At large width, the low
field oscillations for zigzag ribbons is much faster that that of armchair ribbons. In turn, in doped
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gapped graphene the electronic heat capacity shows the Schottky anomaly typical for low temperatures
systems [I5]. Following the line of these previous works, this paper is concerned with the exact
description of the quantum partition function of a collection of N Bloch electrons in graphene, in
the long wavelength approximation, placed in a constant magnetic field. The classical limit and the
lowest quantum corrections are computed. We will define a complete N-body wave function with
the antisymmetrized/symmetrized product of a set of single particle wave functions, which are the
eigenfunctions of Bloch electrons in the long wavelength approximation placed in a magnetic field. In
this sense, the procedure to define the partition function and the quantum corrections will be identical
to the procedure which appears in textbooks (for example [16]), with the difference that the set of
single particle wave functions used in these textbooks are plane waves. Finally, the entropy, internal
energy, specific heat and magnetization can be computed for different orders of the partition function.

For a self-contained lecture of this paper, a brief introduction of the quantum mechanics of graphene
in a constant magnetic field in the long wavelength approximation can be introduced (see [4]). The
Hamiltonian in the two inequivalent corners of the Brillouin zones reads
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where ? =k — ez is the quasiparticle momentum, e is the electron charge, X is the vector potential
which in the Landau gauge reads A = (—By,0,0) and vy = 105m/s is the Fermi velocity (in this
work we will use ¢ = i = 1). The eigenfunctions and eigenvectors for the Hamiltonian of last equation
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and £ = % —Igk, L = v/A where A is the area of the graphene sheet and s = +1 is the conduction
(valence) band index. The coefficient C,, is C,, = —=~— and g = /1/eB is the magnetic length.
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The eigenvalues of the Hamiltonian reads

En,s = SQ\/H (5)

where ) = \/Qvf /lp. The low energy description is only valid as long as the characteristic energy of
the excitations is not larger than an energy cutoff F,, ;1 < A, where A = vska and ka is a momentum
cutoff. A simple way to choose ka is by the condition imposed by the linear term in the Taylor
expansion of the energy, that is, ka < % where a is the lattice spacing. Another slightly different,
but more exact way, is by choosing ka in such a way to conserve the total number of states in the
Brillouin zone, that is, 7k% = (27)2/Ac, where Ac = 3v/3a%/2 is thea area of the hexagonal lattice
(see [I7]). Then, using eq.(@), £ < A implies that n = na < 3\/51%, then for weak magnetic fields,
the cutoff tends to infinity and for high magnetic fields, the cutoff tends to zero.

IThe factor (1 — dp,0) is introduced to discriminate the wave function with n = 0. In this case, only one sublattice
contributes in both valleys K and K’.



With the eigenfunctions and eigenvalues of an electron in graphene we can apply the machinery
of statistical mechanics by computing the partition function under succesive permutations.

The work will be organized as follows:

In Section 2, the partition function for N Bloch electrons will be introduced and computed using
the results found in Appendix A. A detailed description of the succesive terms of the perturbation
expansion is done up to two permutations. Exact results are found for p = 0 and p = 1 permutations
and for p = 2 an integral equation is obtained

In Section 3, a comparation for the entropy, internal energy, specific heat and magnetization
is shown for p = 0 and p = 1 for antisymmetric and symmetric states in the coordinates. The
differences between these thermodynamic functions in terms of temperature are analyzed, showing
how the exchange correlation introduce unexpected features in the internal energy and entropy of the
quantum system.

In section 4, the conclusions are presented.

In Appendix A, a detailed description of the functions involved in the partition function are
computed.

2 Partition function for N Bloch electrons

The partition function of N Bloch electrons in the long wavelength approximation in graphene sheet
under a constant magnetic field reads
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where Xas.,....an (71, -, 7) is a function of the position of electrons that reads
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where L, (z) is the Laguerre polynomial of order n (see Appendix A). The result found in las equation
are similar of those found in [I8] and [19] for the Green function.

If we change the permutation index P by P’, the function f,, only changes in the sign of the
exponential e?(Fri-P T ), that is, the gauge function is antisymmetric under the interchange of its

coordinates
o(Prj,P'r;) = —o(P'r;, Pr;) (11)

2See Appendix A for the deduction of formulas of this section.



then the sum in the permutation P’ in eq.(d) gives the same contribution as the sum in P with a
minus sign in o, that is

1
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Taking this into account, the function X, ..oy (71,...,7n) can be written in a more useful form as
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In textbooks, a thermodynamics limit is taken (see [16], pag. 202), where the interparticle distance is
much larger than the thermal wavelength. In this case, the temperature does not appear in eq.(I3])
and a thermodynamics limit cannot be taken. Nevertheless, a different approximation can be applied,
where the graphene sheet area is much larger than the area defined by the magnetic length [, that is,
L? >>> 1%, then the interparticle distance |r; — ;| can be larger than g, this is g < |r; —r;| < L.
The sum in P in last equation contains N! terms that can be arranged as a sum with increased number
of permutations, then we can write
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where 7y is a constant with units of area™ which reads
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and p is an index that counts the number of permutations. The factor (—1)P contains the sign of odd
and even permutations. In the case that the antisymmetric state is contained in the spin variables and
not over the coordinates, the factor (—1)P do not appears in eq.([Id]). In particular, the term without
permutation reads
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These two last results and the limit |r; — r;| > I can be used to apply the following approximation
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3These results will be obtained in the next sections.
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Figure 1: Statistical attraction potential (red line for symmetric states in the coordinates) and statisti-
cal repulsion potential (blue line for antisymmetric states in the coordinates) for electrons in graphene.
n; =1 and n; = 1 for continuous line and n; = 2 and n; = 1 for dashed line.

where Vi, n,(ri,7;) is the statistical repulsion/attraction interparticle potential which reads

1 1
Vni,n]‘ (r’ia r]) = 75 hl(l :l: Zgnl(
where the plus (minus) sign is for symmetric (antisymmetric) states in the coordinates. These two
results give the statistical repulsion/attraction for fermions in graphene in a constant magnetic field
in the limit |r; —r;| > lp. Actually, the interparticle potential will vary with the permutation order
and cannot be disentagled into two-particle potential. In the case of weak magnetic fields, the cutoff

tends to na — oo, then we can take the limit of large quantum numbers of the statistical potential
(see [20], page 1003)

rj = 7ilYgu, (Iri = 51%)) (19)
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which differs from the interparticle statistical potential of eq.(9.57) of [16] for the Coulomb factor. An
interesting result is that for antisymmetric states in the coordinates, the logarithm function diverges
when the argument is zero, which gives the following equation for the minimum distance for the
repulsive potential between electrons in the limit of weak magnetic fields and large quantum numbers

1n§ = —x? (21)

where z = % The solution of last equation is © = /W (2)/2 ~ 0.652 where W (z) is the Lambert
W-function (see [21]), then |r; — r;j| > 1.304(p.

As a final consideration for this section, we can introduce eq.(d) in eq.(6]) and because the argu-
ment inside the integral do not depends on s;, then the summation on this label can be done and the

result reads
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where
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In next sections, the first three terms of last equation will be obtained and general considerations will
be done for the remaining terms.

2.1 p=0 permutation
If we consider no permutation in the coordinates, then the partition function reads

+na +na N
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where we have integrated in d*r; and L? is the area of the graphene sheet. In this case, the function

77(3)7,”7”N (ri,...,rN) reads
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We can separate each sum in n; and because they are equal we obtain
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which is quite similar to the partition function of a magnetic system. From this partition function
we can compute the entropy, the internal energy, the heat capacity and magnetization by using the
Helmholtz free energy F' = —kT'In Zx by the following equations
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In turn, using the Helmholtz free energy we can obtain the pressure of the thermodynamic system by
the following equation P = —g—i, where A = L2. Using the partition function obtained in eq.(28), the
pressure for a gas of Bloch electrons in the classical limit of the partition function reads

N
PA= kT (30)

which is almost identical to state equation for and ideal gas in two dimension.

2.2 One permutation p =1
For one permutation, we have to take into account the function 77(111)”]\, (ri,...,mn) which can be
integrated in the coordinates

N N
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where

Qniny; = /gnl(

The factor L2V=2)2N=2 appears due to the integration of the non-permutted coordinates. The
function @, n; of similar to eq.(8) of [22], which is used as an interaction potential for electrons within
a single Landau level. This potential is determined by the relative strength of the Coulomb interaction
within the n-Landau level and it is used to study the charge excitacions of quantum ferromagnetic
states (see [23] and [24]). In fact, the integral of eq.([3) is the exact interaction potential between N
electrons at different Landau levels.Using the result of eq.(I3]) we can write Qp, ., as

= 7il"gn, (Irs —ri*)dPrid®r; (32)
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writing |r; — ;> = (2 — 2;)% + (y; — y;)? and making the following center of mass coordinate trans-
formation
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where the area L? appears due to the dX;; and dY;; integration. Finally, using polar coordinates
235 = 145 cos0;; and y;; = ;5 sin 6,5, and performing the 0;; integration we obtain
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finally, making the coordinate transformation s = r? / 21% the function W, ; reads
Wap = QW(LZB)Q/e_SLa(s)Lb(S)dS (38)
using the orthogonality of the Laguerre polynomials we obtain
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Replacing this last result in eq.(32) we obtain
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Then the partition function with the correction given by one permutation reads
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By doing some complex algebraic manipulations is possible to obtain a exact description of the con-
tribution of one permutation to the partition function, which reads

206) =200 (1+ T BRG.) (42)

where
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The correction introduced by eq.([ 3] can be used to obtain the thermodynamic functions and to
compare it with the results obtained in last subsection.

2.3 Two permutation p =2

The contribution to the partition function of two permutations is computed. In this case, an interesting
effect appears due to the gauge dependent term o when we take into account two permutations

/7,(121),___,7”\](7"1, ...,TN)d2T1...d2TN = [2(N=3)gN=3, (44)
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(45)
Last equation prevents to consider the statistical potential of eq.([[3) beyond the first order in the
perturbation expansion due to the gauge dependent term o that appears when we consider at least
three particles. Using eq.(@)), the argument of the cosine function reads
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eq. (@) reads
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finally we can introduce polar coordinates
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introducing the coordinates s;; = rﬂ/2lB, Sgi = rk]/QlB, v =0 —0y; and v = 0;; + 0i; and

integrating over this last variable we obtain
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This last integral is not computed in the work because of their complexity@ Taking into account all
the terms of the sum in eq.([@), the two permutation contribution to the partition function reads
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and the partition function with the two permutation contribution reads
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41t will be source of future work to deduce higher order contributions to the partition function of an electron gas in
graphene placed in a constant magnetic field.
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Figure 2: Entropy as a function of the temperature. Without exchange correlation (red line) and with
exchange correlation (blue line). The black line shows entropy without permutation correction.
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In this case, the sum has not been performed because we cannot solve eq.(B0). The gauge dependent
term o inhibit to consider the statistical potential beyond one permutation and then has to be consid-
ered an approximation, not only by the condition |r; — ;| > 5, but also for the correlation between
three or more electrons considered at once.

3 Results and discussion

We can use eq.([@2) to compute thermodynamic functions. The effective long wavelength approxima-
tion of the electron dynamics in graphene in a uniform magnetic field is valid only at low energies,
i.e. for low-lying Landau levels as it was shown in the introduction. The properties of higher Landau
levels can be described within the tight-binding model by introducing the Peierls substitution (see [25]
and [26]). In particular, we can consider an intense magnetic field in such a way that the cutoff na is
na ~ 1000. This implies that B ~ ﬁ ~ 1007 which are magnetic fields that can be obtained
in laboratory. In particular, we will consider only two particles, N = 2, in this way, the correction to
the partition function of eq.([@2]) gives the total partition function of the system.

Using the definition of the thermodynamic functions of eq.(29) we can obtain the entropy, the
internal energy, the specific heat and magnetization for a quantum system composed of two Bloch
electrons in a high magnetic field for symmetric and antisymmetric states in the coordinates. In
figure 21 Bl [ and [l it is shown the results obtained with the partition function Z2(O) (8) (black line
in figures) and the partition function Zél)(ﬂ) with the one permutation correction (red dashed line
for antisymmetric states and blue dashed line for symmetric states in figures). In all the cases, the
thermodynamic functions are plotted against temperature in the range from 0 to 1000 K.
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Figure 3: Internal energy as a function of the temperature. Without exchange correlation (red line) and
with exchange correlation (blue line). The black line shows entropy without permutation correction.
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Figure 4: Capacity heat as a function of the temperature. Without exchange correlation (red line) and
with exchange correlation (blue line). The black line shows entropy without permutation correction.
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Figure 5: Magnetic susceptibility as a function of temperature.Without exchange correlation (red
line) and with exchange correlation (blue line). The black line shows entropy without permutation
correction.

As it can be seen in figure 2] the entropy of the quantum system without interaction between
Bloch electrons is larger than the entropy of the same system in an anstisymmetric state and lower
than the entropy of the same system in a symmetric state in the coordinates. At higher temperatures,
both entropies match, which implies that disorder erase the exchange correlation between electrons.
At low temperatures, the difference between entropies between antisymmetric states and symmetric
states can be understood due to the simple fact that there are more symmetric available states than
antisymmetric. The lowest energy value is —2),/na, which cannot support an antisymmetric state
because it is zero but it does support a symmetric state. As we move through the possible energy
levels of the composite system, more symmetric than antisymmetric states are available. In fact,
there are (2na + 1)(2na + 2)/2 symmetric states and (2na + 1)na antisymmetric states available
in the spectrum. In turn, the internal energy (see figure [B]) for antisymmetric states is larger than
the internal energy of the same system in a symmetric state. This is related to energy of the lowest
antisymmetric state available which is £ = —Q(\/na + vna + I)E The specific heat (see figure M)
of both statististics has a limit behavior as T — oo, which correspond to entropy saturation due
to the upper bound in the energy levels. But the specific heat of antisymmetric states has a peak,
the Schottky anomaly, which is related to the larger separation between consecutive energy values
available (see [27]). In [I5], the specific heat is computed with doped graphene in a magnetic field.
In this case, the specific heat shows a Schottky anomaly, but this is related to the band gap between
conduction and valence band introduced by the impurities (see [28]).

The magnetization (see Figure[Bl) shows a typical behavior of a magnetic system, but in this case,
the degrees of freedom that make the role of spins are the conduction and valence bands. From the
figure, the magnetic susceptibility is negative and correspond to the ferromagnetic phase of graphene
in a magnetic field.

Finally, using the Helmholtz free energy, we can obtain the pressure of the thermodynamic system

5We are not taking into account the Coulomb interaction, which can modify the internal energy. It would be
interesting to study the relative contribution between Coulomb interaction and exchange correlation to the internal
energy.
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Figure 6: Pressure as a function of temperature. The black line shows entropy without permutation
correction.
by the following equation P = 6 A, where A = L2. The general result reads

N 2 Fl(kT,Q N)
24 A2 4 AR (& QN)

P=kT (60)

kT

Using this last result for N = 3, since with two particles, the correction do not depend on L2, the
quantum pressure can be plotted against temperature as it is shown in figure

As we can see in figure [6] the pressure tends to zero as T — 0. A quantum degeneracy pressure
would be expected, but the degeneracy of fermions in graphene in a constant magnetic field introduce
an statistical potential that allows fermions to behave as attractive particles at low temperature.

Due to the unusual thermal properties of electrons in graphene found in last section when the
exchange correlation term is considered in the partition function, where an attractive statistical poten-
tial can be obtained, it would be interesting to study the interaction between graphene-semiconductor
junction in the depletion region to see if there is any particular behavior of the Schottky barrier.
Theoretical and experimental works has been done in this line of work (see [29], [30], [3I] and [32]).

4 General considerations

We can infer a general result for the succesive terms of the perturbation expansion of the partition
function that depends on the factor A = ITB . The partition function can be written in a general form

as
+na +na

=) > An oy (N B, QLN 2N Z 27PAPC ( (61)

n1=0 ny=0

A factor L2(N=P)2N=P comes from the g, function integration that contains no permutation in its
arguments. A L2l2p factor comes from the change of variable s = r?/2(%, where L? is due to the
center of mass varlable integration. The coefficients Cp,(IN) contains the results given by the integral
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of the g, functions with the permuted arguments and for the first three coefficients we have obtained

Co(N)=1, Ci(N) =273 > 3> 6n,timy—k (1= 6,0)'(1 = 6n,0)" (62)

N N N 1 1 1
02(N) = 27rz Z Z Z Z ZTnifr,njfs,nkft(l - 5ni,0)r(1 - 5nj,0)5(1 - 5nk,0)t

i=1 j=141 k=541 r=0 s=0 t=0

where Ty, —r.n;—sn,—¢ is defined in eq.(56). The factor nn LN in eq.(I) contains the constant A=V
which is common for all the terms.

The gauge dependent term o prevent us to understand the statistical potential beyond one per-
mutation. In turn, we cannot apply a cluster expansion, where we separate particles that are close
together from another cluster because the cosine function in eq.(I3)) contains the skew product between
position vectors. The unique possible way in which the argument of the cosine function is zero is only
when the particles are aligned, but this is a very specific configuration of particles in graphene sheet.
In the case of two permutations, the vanishing of the cosine function is translated to the vanishing of
the Bessel function Jy, where the argument is 7,7y, /61%.

5 Conclusion

In this paper we have studied the thermodynamics properties of non-interacting Bloch electrons in
graphene in a constant magnetic field computing the internal energy, specific heat, entropy and mag-
netic susceptibility at zero and one order of the constant [p/L in the perturbation expansion of the
partition function and we have sketch the term that contributes to second order. We have shown
that at first order, the partition function can be written as a system of N Bloch electrons with a
attractive statistical potential for certain values of the interparticle distance. Thermodynamic func-
tions has been computed and compared between no permutation and one permutation contribution
for antisymmetric and symmetric states. Due to the larger microstates available for symmetric states,
entropy increase its value with respect to same quantum system without one permutation correction.
Internal energy is lower for antisymmetric states showing the effect of exchange correlation and the
specific heat present a Schottky anomaly due to the large gaps between energy levels available for an-
tisymmetric states. Graphene in a magnetic field present a magnetic behavior, although no spin-orbit
interaction has been taken into account. The conducion and valence band acts as spin in graphene
and couples to the magnetic field with v/ B dependence.
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7 Appendix

Suppose that our system consist of N non-interacting Bloch electrons in graphene in the long wave-
length approximation, placed in a constant magnetic field perpendicular to the graphene sheet. The
eigenfunctions of the Hamiltonian are those of eq.([2)) where the energies are those of eq.(H).

The partition function of the system reads

Zn(B) = Tr(e PH) = /<r1, TN ’eiﬁH’ 1, TN) &ry. . dP*ry (63)
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The eigenfunctions contain three indices, the quantum harmonic oscillator index n = 0,1,2, ..., 14,
the conduction and valence band s = 41 and the wave vector k in the x direction. With these
eigenfunctions we can define an identity operator for a quantum system

+1 +na

I=>" Z/dkm n, s, k| (64)

s=—1 n=0
We can introduce the identity for each quantum system in the partition function, then

+1  +na +na

Z DD > exn( BZ (65)

s1=—1 sy=—1n1=0 ny=0

/dkl“'de(I)Zq,...,aN (Tl, ey TN)(I)QI,___,O‘N (7“1, ...,TN)d2r1.._d27“N

where o; = {n;, s, k;} are the index collection for the Bloch electrons in graphene and
1
q)al ----- OtN(Tlv'-wTN) = ﬁ;CSPP{?/)m(ﬁ)--J/JaN(TN)} (66)

where dp is +1 or —1 according as the permutation P of the single-particle wave functions v, (7;)
defined on eq.(@) is even or odd, that is §p = (—1)!”}, where [P] denotes the order of the permutation
The factor (N!)~'/2 is introduced to secure the normalization of the total wave function. Introducing

eq.(G0) in eq.(G3) we have

+1  +na +na

Z Z Z Z exp(— Z nwsj)x/)(a1 _____ aN(Tl,...,TN)d27’1...d2TN (67)

s§1=— sn=—1n1=0 ny=0

Xai,..., aN(Tlv"'7TN> ]\1” /dkl deZZ(SP(SP/ a1(Pr1>"/)a1(P Tl) 7/’ZN(P7"N)1/1aN(P/TN)]

P P
(68)
Taking outside the sum in P and P’ in last equation

Xot,an (T1y ey TN) = N ZZ&pép/Hfa] (Prj, P'r;) (69)

P P
where
s (PryoPrp) = [ byt (Pry)e, (P'ry) (10)
is a function of the coordinates and can be evaluated by replacing eq.(2) into last equation
fo.(Pr;, P'r;) = M dk. ki (P'zj—Pzj) T . ¢
o (Pry Pry) =50 [ o) PENRy i (PE)  (71)

where ©(,; s, x,)(§;) is defined on eq.(3). Introducing eq.(3]) on eq.(7I) we obtain

1
. ! o -
fos (Prs P'ry) = sy x (72)

/dkjeikj(P/Iszj)(QSfffDZj—l,kj (P&j)bn;—1,; (P'E5) (L = 6nj.0) + 205, 4, (PEG) by ks (P'E5))

61n this case we are considering only a antisymmetric quantum state in the coordinates and a symmetric state in the
spin variables. In the case we consider a symmetric state in the coordinates, the permutation will contains a plus sign.
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and using eq. (@)

/ n1/2 ik; (P'z;—Pax;)
o (Prj, P'rj) = ————— [ djeths (Pwi=Fei)
f J( J J) (2—(57”70)11/ J
2
S% 1 N2 re N2
(W]J_l)]e 2((P£J) “F(P EJ) )Hnj—l,kj (ng)Hnj,lyk]. (Plé-])(l _ 5nj70)+
1 1 2 I N2
ST L((P&;)?+(P'g;) )Hn,,k]. (P&)Hn, ., (P'E5))
g

Completing squares in the exponentials we obtain for the first integral in last equatiorﬁ

f(l)(Pr Plr») _ S?Wfl/er y
o W0 ) = ) L2 (n; — 1))
Pu.: 4
/dkje_(lBkj_lBa)anj—l,kj ( lgj - lBkj)Hnj—l,kj (ly_; - lBkj)

where the supperscript in féi)(Prj, P’r;) indicate the first integral of eq.(3)) and

(Py; + P'yj +i(P'z; — Pxy))* 1

b(Pxj, P'x;, Py;, P'y;) = —5 ((Py;)* + (P'y;)%)

412, 202

and , o
(Py; + P'y; +i(P'z; — Pxj))

a(Pxj, P'zj, Py;, P'y;) =

2%,
By introducing the following coordinate transformation
Py;
eq. () reads
2.0-1/2 b
W (pr. P'r)=— il X
faj ( Tj» Tj) (2 _ 67”70)[113211]-71(”], — 1)!
(P 1pa)2 Ply; Py,
d‘l]e (LBJ 4 iz ) Hn~,1 k(QJ)anl k(i+q‘77i)
I TR g B
A second coordinate transformation can be applied
P .
fzj:iquflga
lp
that change eq.(78) in
s2p—1/2¢b
fE)(Pry, P'ry) = — - x

2~ 6n 0)Lig2mi—1(n; — 1)!
3 J

Pu. 4
/dee_Zﬂz'Hnjil’k’v (ﬁ —lga+ Zj)Hnj,l,kv (y—] +z; — lBa)
J ZB J ZB

Using eq.(7.377%) of page 804 of [20]

/e_zsz(:c + y)Hp(z + 2)de = 207/ 2mlz" " L™ (—2y2)

“For the second integral the same result holds with the nj — 1 — n; replacement.
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where m < n and L7 ™(x) is the associated Laguerre polynomial, eq.([80) reads

52eb Py P/y»
(2= 0,,0)Llg " 1(—2( pa)(—L — lya)) (82)

(1) Pl =
faj (PTJ’PTJ)_ lB lB

Finally, taking into account that the same result is obtained in the second integral in eq.(73]) with the

n; — 1 — n; replacement, eq.(80) reads

eb

. s - @@=
oo (Prs Pr0) = = =5, o™ (%)
Py Py Py Py
(Lo (2072 = 15T = )1 = 6y 0) 4 Lo, (252 1) (T2 1))
B B B B

by doins some algebraic manipulations we can rewrite the argument of the Laguerre polynomials as

Pyj P/ j 1

—2(= % ipa)( l;’ = 1a) = oy [P'r; = Pryf* (84)
B

lp
where Pr; = (Pxj, Py;). In turn, the b function can be written as

1

h= ———
412

(IPr; — P'r|?) +io (85)
where ¢ is the gauge-dependent term which reads

L (P'y; + Py,)(P'z; — Px;)) (36)

o(Prj,P'r;) = 0
B

Using these results, the function fo,(Prj, P'r;) finally reads

1 ’ 2.
Tz |PTJ_P Tf| +io
e B

(Pr;,P'r;) = —
oo (Prs P0) = = =5, Tt

1 9 1 2
Lnj'—l(_Q |PTj - P/Tj| )(1 - 6@,0) + Lnj(_Q |Prj - PlTj' )
205 205

This result will be used in the main sections of this paper.
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