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a b s t r a c t

Smoothed particle hydrodynamics (SPH) is a relatively young meshless particle method
used in fluid simulation. The method has not yet reached a mature state and still is in
the need of rigorous evaluation tests that contribute to its consolidation as a reliable
numerical method. With this need in mind, the first portion of this article is dedicated
to presenting a new set of validation tests. The tests consist of different types of planar
Taylor–Couette flows which will be equipped with their corresponding Navier–Stokes
equations’ analytical solutions. Analytical solutions have been found for compressible and
weakly-compressible (WC) regimes. The second part of this article is dedicated to using
the obtained solutions as evaluation tests of a WC-SPH variant based on the divergence
form of the Navier–Stokes equations and on the simultaneous use of different kernels.
The proposed variant is compared to other previous WC-SPH variants commonly used in
the literature. Velocities as well as pressure profiles can be compared with the provided
analytical solutions. The performed numerical experiments show that, although all the
testedWC-SPH variants match quite correctly the theoretical velocity profile, the previous
variants present highly noisy pressure profiles or even give erroneous pressure solutions.
Among the evaluated WC-SPH formulations, the proposed variant does a better job in
matching, both, velocity profiles and pressure profiles with much lower levels of noise.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Smoothed particle hydrodynamics (SPH) is ameshless particlemethodwhichwas first invented to simulate astrophysical
phenomena [1,2] and many works have followed [3–8]. More recently, SPH has been successfully applied in the simulation
of solids and fluids. Including simulation of fluid–structure interaction [9–11] and discontinuous fields [12]. In these areas,
SPH competes against other particle methods like the Particle Finite Element Method (PFEM) [13,14]. SPH is also currently
used to add realistic physical behavior to interactive applications like videogames, surgery simulators and virtual reality
environments [15–17]. Detailed reviews of the method and its different applications can be found in [12,18].

In the fluid mechanics context, different SPH variants of the original method have been proposed. The variants differ in
how the boundary conditions are imposed, or in the different smoothing kernels used, or in the different discrete expressions
of the gradient and other differential operators used. Regarding boundary conditions mainly two formulations have been
used to simulatewalls and other boundaries. One typemakes use ofmirrored ghost particles [19–21] and the secondoneuses
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additional particles positioned on thewall, simulating the real solid boundary [22,23]. Special caremust be takenwhen using
the second approach due to the particle deficiency on the boundary [12]. Also combinations of both approaches have been
suggested [12]. Different smoothing kernels have been proposed [24,12,25]. Also different SPH variants have been proposed
for dealing with the gradient, the divergence and the Laplacian operators [12,18,26–28]. Finally, regarding the simulation of
incompressible fluids, two approaches are used nowadays. One approach forces incompressibility in strong form leading
to variants named I-SPH [29–32] while the other approach forces incompressibility weakly by simulating a weakly-
compressible (WC) fluid leading to variants named WC-SPH [33–35]. The I-SPH approach leads to implicit formulations
requiring the solution of a system of equations while WC-SPH leads to fully-explicit formulations not requiring the solution
of any system of equations. This property makes WC-SPH variants easier to implement in parallel computation.

Significant improvements to the original SPH method have been obtained since the method was born, but there is still a
lot to be investigated about the method and its behavior. Like any other numerical method, the mathematical background
must be strengthened and more exhaustive validations must be made in order to consolidate it. Following this need, in
this research focus has been made on verifying and testing a group of WC-SPH variants through a series of numerical
flow simulations. The proposed tests consist of the simulation of planar Taylor–Couette flows (i.e. flows between coaxial
cylinders) like the one depicted in Fig. 1 where A and B are the inner and outer cylinder walls respectively. These flows form
a series of benchmark tests because they can be equipped with the corresponding analytical solutions of the Navier–Stokes
equations. The analytical solution for the incompressible regime is well known and extensively described in fluid textbooks.
For compressible fluids (including weakly-compressible fluids) the solution will be derived and presented in the first part
of the paper. Next the obtained solutions will be used as evaluation tests of a proposed WC-SPH variant. The proposed
formulation is based on the divergence formof theNavier–Stokes equations and on the simultaneous use of different kernels.
Finally, numerical tests are performed so as to compare the new variant with previous WC-SPH variants reported in the
literature.

2. Navier–Stokes equations

2.1. Differential forms of the Navier–Stokes equations

Next, the Eulerian and Lagrangian form of the Navier–Stokes equations will be presented. The Eulerian description will
be used to derive the analytical solutions of the flow equations while the Lagrangian description will be used by the SPH
formulations.

2.1.1. Eulerian description
The equation of mass conservation given in Eulerian description is given by

∂ρ

∂t
+ ∇ · (ρv) = 0 (1)

while the momentum equations can be expressed in Divergence Form as

ρ
∂v
∂t

+ ρ(∇v) · v = −∇p + ∇ · τ (2)

or in Laplace Form as

ρ
∂v
∂t

+ ρ∇v · v = −∇p + µ∇
2v +

µ

3
∇(∇ · v). (3)

In the above equations,ρ, v, p and τ, are the density, velocity, pressure and the viscous stress tensor of the fluid, respectively.
As the fluid is Newtonian τ is computed as

τ = µ

∇v + ∇vT 

−
2
3
µ(∇ · v)I (4)

where I is the Identity tensor.

2.1.2. Lagrangian description
Alternatively, the Navier–Stokes equations can be written in a Lagrangian description by replacing local (Eulerian) time-

derivatives ∂
∂t in terms of material (Lagrangian) time-derivatives D

Dt . In the Lagrangian description, the equation of
conservation of mass (Eq. (1)) is given by

Dρ

Dt
+ ρ∇ · v = 0 (5)

and the momentum equations can be expressed in Divergence Form as

ρ
Dv
Dt

= −∇p + ∇ · τ (6)
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Fig. 1. Planar Taylor–Couette flow or annular cavity flow.

or in Laplace Form as:

ρ
Dv
Dt

= −∇p + µ∇
2v + µ

1
3
∇(∇ · v). (7)

2.2. Equation of state

For compressible andweakly-compressible flows, the pressure and density are linked through the equation of state. Here
it will be assumed that the equation of state has the general form used in WC-SPH formulations:

p = κ


ρ

ρ0

γ

− 1


. (8)

In terms of the speed of sound cs, κ is given by

κ =
ρ0c2s
γ

. (9)

Note that the inverse of Eq. (8) is:

ρ = ρ0

 p
κ

+ 1
1/γ

. (10)

3. Analytical solutions of Navier–Stokes equations for steady planar Taylor–Couette flows

3.1. Planar Taylor–Couette flows or annular cavity flows

When the flow is planar (i.e. there is no velocity in the axial direction), the problem can be thought of as a twodimensional
flow in an annular cavity as depicted in Fig. 1. The inner cylinderA and the external cylinderB canhave arbitrary radius, rA and
rB, respectively, and they can rotate independently with different angular velocities,ωA andωB, respectively. The cylindrical
walls can be assumed to be either of the slip type or the non-slip type. As a consequence, different types of steady flows, can
be obtained for different values of the design parameters {rA, rB, ωA, ωB, slip condition}, as shown schematically in Fig. 2.

3.2. General analytical solutions

A general set of analytical solutions for the velocity and pressure can be obtained for steady flows in the annular cavity.
Analytical solutions for the general case of compressible/pseudo-incompressible flows, satisfying the equation of state (8)
commonly used in SPH, will be presented and derived.

To this end, consider the Eulerian description of the compressible Navier–Stokes equations (i.e. Eqs. (1) and (3)). For
steady flows, they reduce to

∇ · (ρv) = ∇ρ · v + ρ∇ · v = 0 (11)

ρ∇v · v = −∇p + µ∇
2v +

µ

3
∇(∇ · v). (12)

Using polar coordinates (r, θ) and assuming a planar flow (vz = 0), the velocity vector can be written as:

v = vrer + vθeθ . (13)
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Fig. 2. Annular cavity steady flows for general design parameters {rA, rB, ωA, ωB} with non-slip walls.

By symmetry, in an steady flow, it can be assumed that any physical field should not depend on θ and the streamlines should
be circular, i.e:

vr = vr(r) = 0; vθ = vθ (r); ρ = ρ(r); p = p(r). (14)

As a consequence ∇ρ · v = 0, so the continuity equation (11) is satisfied identically. Note that for this case also holds
∇ · v =

1
r

∂(rvr )
∂r +

1
r

∂(vθ )

∂θ
= 0.

The momentum equations reduce to:

ρ∇v · v = −∇p + µ∇
2v. (15)

Writing the Gradient and Laplace operators in polar coordinates and making use of steady-symmetry conditions (14), it can
be shown that the (r, θ) momentum equations (15) reduce to the following differential equations:

−
ρ

r
v2

θ = −
∂p
∂r

(16)

0 =


∂2vθ

∂r2
+

1
r

∂vθ

∂r
−

vθ

r2


. (17)

Integration of the last equation, leads to the general analytical form of the velocity field:

vr = 0; vθ =
a
r

+ br. (18)

Using the equation of state (10) and Eq. (18), the r-momentum equation becomes:

1
r

a
r

+ br
2

=
1

ρ0
 p

κ
+ 1

1/γ ∂p
∂r

. (19)

Assuming γ ≠ 1, integration of both sides of the above equation from the inner-wall radius rA to an arbitrary radius r , leads
to the following general expression for the pressure in the annular cavity:

p = κ


Γ ρ0

κ
Ψ (r) +

pA
κ

+ 1
Γ
 1

Γ

− κ (20)

where

Ψ (r) =
1
2


−a2


1
r2

−
1
r2A


+ 4ab ln(r/rA) + b2


r2 − r2A


(21)

and Γ =
γ−1
γ

. For γ = 1 one gets that:

p = κe


ρ0
κ Ψ (r)+ln


pA
κ +1


− κ. (22)

Note that while Eqs. (20)–(22) define the pressure profile for compressible fluids (and weakly-compressible fluids), the
equivalent pressure profile for an incompressible fluid is simply given by:

p = ρ0Ψ (r) + pA. (23)
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(a) Analytical velocity profile. (b) Analytical pressure profiles.

Fig. 3. Analytical velocity profile and pressure profiles for the case of co-rotating cylinders with ωA = ωB = ω = 2 with different fluid’s compressibility
levels.

The incompressible solution can be obtained by re-integrating the r-momentum equation (16) with a constant density ρ0
(see Ref. [36] for more details).

3.3. Analytical solutions for non-slip walls

With the general solutions at hand, one can get specific solutions by imposing different boundary conditions to the
cylindrical walls. For solid non-slip walls, the following boundary conditions must hold:

vθ (rA) = VA = ωArA; vθ (rB) = VB = ωBrB. (24)

Using Eqs. (24) into Eq. (18), it can be shown that the general solution for non-slip walls is:

vr = 0; vθ =
a
r

+ br (25)

where

a = −
r2B r

2
A

(r2B − r2A )
(ωB − ωA) ; b =

ωBr2B − ωAr2A
(r2B − r2A )

. (26)

Observation 1: Note from Eqs. (25) and (26) that the velocity profile is independent of the compressibility (κ, γ ) of the fluid
and also independent of the fluid viscosity µ. On the other hand, from Eqs. (20), (21) and (26) it follows that the pressure
profile depends on fluid’s compressibility but, like the velocity, it is independent of the fluid’s viscosity.

3.3.1. Co-rotating cylinders
When both cylinders rotate with the same angular velocityωB = ωA = ω, Eqs. (25) and Eqs. (20)–(22) give the following

flow solution:

vr = 0; vθ = ωr (27)

p =


κ


Γ ρ0

κ

ω2

2


r2 − r2A


+

pA
κ

+ 1
Γ
 1

Γ

− κ for γ ≠ 1

κe


ρ0
κ

ω2
2


r2−r2A


+ln


pA
κ +1


− κ for γ = 1.

(28)

Then, in the case of co-rotating cylinders, the tangential flow velocity vθ varies linearlywith r , and the steady flow acquires a
rigid-likemotion, rotating togetherwith thewalls at the same angular velocityω. Fig. 3(a) and (b) showplots of the analytical
velocity and pressure profiles (27) and (28), respectively, for fluids with different levels of compressibility. The different
parameters chosen for the annular cavity are: rA = 1, rB = 2, ωA = ωB = ω = 2. All plotted fluids have a value of γ equal to
1, with compressibility values: cs = 2, cs = 5, cs = 8 (for each fluid κ is computed from Eq. (9)). In Fig. 3(b), for comparison
purposes, the pressure profile corresponding to the incompressible case is also shown. Notably, there is a small pressure
difference between the compressible case with cs = 8 and the incompressible case. This indicates that by augmenting the
speed of sound cs, compressible fluids can behave practically like an incompressible fluid to any degree of accuracy.
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(a) Analytical velocity profile. (b) Analytical pressure profiles.

Fig. 4. Analytical velocity profile and pressure profiles for the case of a fixed inner cylinder ωA = 0 and a rotating external cylinder ωB = 2 with different
fluid’s compressibility levels.

3.3.2. Rotating outer cylinder, fixed inner cylinder
If cylinder A is kept fixed (ωA = 0) while B rotates, the tangential velocity is given by

vθ = −
ωBr2B r

2
A

(r2B − r2A )
1
r

+
ωBr2B

(r2B − r2A )
r. (29)

Note that in this case, the flow not longer moves in a rigid-like motion with the velocity profile not longer being linear.
Fig. 4(a) and (b) show plots of the analytical velocity and pressure profiles, respectively, associated to the three compressible
fluids defined previously (γ = 1, with cs = 2, cs = 5 and cs = 8). The chosen values of the annular cavity parameters
are: rA = 1, rB = 2, ωA = 0, ωB = 2. In Fig. 4(b), for comparison purposes, the pressure profile corresponding to
the incompressible case is also shown. Note again the small difference between the compressible and the incompressible
pressure solutions as cs is increased.

Next, in Section 4, the key concepts of the SPH method will be presented. In Section 5, our proposed WC-SPH variant
together with other WCSPH variants previously mentioned in the literature will be introduced. Finally, in Section 6, the
numerical solutions obtained with theseWC-SPH variants will be compared against the analytical solutions obtained in this
section.

4. SPH key concepts

4.1. Smoothing kernel and function approximation

SPH is a particlemethod based on the integral approximation ⟨f (r)⟩ around a point r in space of an arbitrary field function
f (r ′) in terms of the convolution of the function values with a smoothing kernel functionW :

⟨f (r)⟩ =


V
f (r ′)W (r − r ′, h)dV ′. (30)

The integral approximation ⟨fi⟩ of f at each particle i is computed numerically by adding the elemental contributions of the
surrounding j-particles located inside the support domain |ri − rj| ≤ h of the kernel function.

⟨fi⟩ = ⟨f (ri)⟩ =

n
j=1

mj

ρj
fjWij (31)

where in the equation abovemj, ρj and fj are the mass, density and values of f in each neighbor particle j, respectively. Also,
Wij denotesW (ri − rj, h).

4.2. Gradient approximations

Similarly (see [12]), the gradient ∇f of a function f at particle i can be approximated by the following expression:

⟨∇fi⟩ = ⟨∇f (ri)⟩ =


j

mj
fj
ρj

∇iWij (32)
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(a) Cubic spline. (b) Spiky.

Fig. 5. SPH Kernels used in the verification.

where in the above expression ∇i denotes the gradient taken with respect to the coordinates of particle i. In SPH, other
particle approximations can be derived for computing gradients [12,37]:

⟨∇fi⟩ =


j

mj
fj − fi

ρj
∇iWij (33)

⟨∇fi⟩ =


j

mj
fj − fi

ρi
∇iWij (34)

⟨∇fi⟩ =


j

mj
fj + fi

ρj
∇iWij (35)

⟨∇fi⟩ = ρi


j

mj


fi
ρ2
i

+
fj
ρ2
j


∇iWij. (36)

Muller et al. [15] has also proposed:

⟨∇fi⟩ =


j

mj
fj + fi
2ρj

∇iWij. (37)

4.3. Kernel functions

There exist several possible kernel functions. Here, only two of themost commonly used kernel functions are considered.
The first one is the cubic spline [38,5] which is given by the following expression:

W (r, h) = Kd

(2 − q)3 − 4(1 − q)3, for 0 6 q 6 1
(2 − q)3, for 1 6 q 6 2
0, for 2 < q

(38)

where q is defined as 2r
h and where r is the Euclidean distance r = |r|. In 2-dimensional space, the normalization constant

is equal to Kd =
10

7πh2
. The other selected kernel is the Spiky Kernel [25] which is given by

W (r, h) = Kd


(2 − q)3 for 0 6 q 6 2
0, for 2 < q. (39)

In 2-dimensional space the normalization constant is equal to Kd =
5

4πh2
. In Fig. 5 both kernels can be seen.

5. WC-SPH formulations

5.1. Particle approximations of density

InWC-SPH, the fluid density in the particles can be determined by applying the fundamental SPH particle approximation
given in Eq. (31) to the density itself:

ρi =


j

mjWij. (40)
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Other WC-SPH formulations compute the density by time-integration of the discrete equation that results from application
of the SPH particle approximation to the equation of conservation of mass (5). For example using the particle approximation
(33) for computing the divergence term, one gets:

Dρi

Dt
= −ρi


j

mj
vj − vi

ρj
· ∇iWij. (41)

Other similar expressions can be found in Table 4.1 of Ref. [12].

5.2. Particle approximations of momentum equations

In SPH, the fluid velocities in the particles are determined by time-integration of the discrete accelerations that result
from application of an SPH particle approximation to the equations of conservation of momentum defined in Eq. (6):

Dvi
Dt

=
1
ρi

⟨∇pi⟩ +
1
ρi

⟨∇ · τ i⟩. (42)

We can write the above equation in compact form as:

mi
Dvi
Dt

= F press
i + F visc

i + F av
i (43)

where:

F press
i =

mi

ρi
⟨∇pi⟩ (44)

and

F visc
i =

mi

ρi
⟨∇ · τ i⟩ (45)

and where in (43) an additional artificial-viscosity stabilizing force F av has been added that will be defined in Section 5.3.
In our proposed variant, F press

i and F visc
i are computed using the symmetric gradient approximation defined in Eq. (35),

that is to say:

F press
i =

mi

ρi
⟨∇pi⟩ =


j

mimj


pj + pi
ρiρj


∇iWij (46)

and

F visc
i =

mi

ρi
⟨∇ · τ i⟩ =


j

mimj


τ j + τ i

ρiρj


· ∇iWij. (47)

We have chosen the symmetric forms (46)–(47) because among the possible variants that can be obtained from Eqs. (32)–
(37), it is the one that seems to give the best results. Other tested possible forms, give either poorer or the same results. It is
worth mentioning that the alternative pressure approximation used in several works [39,15,40] and obtained from Eq. (37),
i.e.:

F press
i =

mi

ρi
⟨∇pi⟩ =


j

mimj


pj + pi
2ρiρj


∇iWij (48)

gives a completely erroneous pressure profile. This will be seen in Section 6. In Table 4.1 of Ref. [12] and in Refs. [28,26,27,3]
other possible formulas that could be tested are presented. In our formulation, the values of the tensor stress τ i at each
particle i are computed by using Eq. (4), once the velocity gradient ∇v is computed using the particle approximation (33):

∇vi = ⟨∇vi⟩ =


j

mj


vj − vi

ρj


∇iWij. (49)

5.3. Artificial viscosity

In SPH it is a standard procedure to add an artificial viscosity term to the velocity SPH momentum equations. Following
the works of Clearly [27] and Monaghan [18], this term has the following general form:

F av
i = −


j

mimjΠij∇iWij (50)
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Fig. 6. Typical distribution of real particles and corresponding ghost particles. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

with Πij given by

Πij = −ν


vij · rij

|rij|2 + η2


(51)

where

ν =
h̄ij

ρ̄ij


αcs − β

h̄ijvij · rij
|rij|2 + η2


(52)

and where vij = vi − vj and rij = ri − rj while the quantities with overbar denote mean values.

5.4. Boundary conditions

The method that we have adopted in order to simulate solid walls is based on the use of ghost particles [41]. These ghost
particles are located outside the boundary domain in the same way ghost charges are located in the images method of elec-
trostatics. So for each real fluid particle ‘‘a’’ located at a short distance da from the solid boundary, a ghosta particle is created
which is located at a distance da inside the wall. Fig. 6 shows the distribution of ghost particles for a typical flow simulation
around the annular cavity, the real particles are represented by the blue circles while the active ghost particles are shown
by the red squares. The same density ρa is assigned to the ghost particle:

ρghost = ρa

while its velocity vghost is set according to the following formula:

vghost = 2uwall − va

where uwall is the local wall velocity and where va is the fluid velocity of particle a. If the wall is fixed uwall = 0.
Once their velocities and densities are set, ghost particles contribute to the balance of momentum equations just like any

other real fluid particle. Neither type of additional repulsive forces need to be added in order to simulate the presence of
solid walls.

6. Evaluation of WC-SPH variants using Taylor–Couette flows

In this section, fourWC-SPH variants are tested and compared against the pressure–velocity analytical solutions derived
and presented in Section 3. All the tested variants determine the density from Eq. (40) (and then the pressure from Eq. (8))
and the viscous forces from Eq. (47). The first three variants use Eq. (46) to compute the pressure forces, while the fourth is
based on the pressure equation (48). The three variants that use Eq. (46) differ in the type of Kernel used. In two of them,
the classical approach of using one unique Kernel is used, variant 1 uses the Cubic Spline Kernel while variant 2 uses the
Spiky Kernel. The third variant, is the one that we propose and uses a combination of both Kernels. The Spiky Kernel is used
to compute the pressure force while the Cubic Spline Kernel is used for the remaining terms, including the computation of
density.

In Table 1 the four tested variants are summarized.
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Table 1
Summary of tested SPH variants.

Variant Density ∇vi Pressure force Viscous force Artif.visc. force

1 Eq. (40) Eq. (49) Eq. (46) Eq. (47) Eq. (50)
Cubic Cubic Cubic Cubic Cubic

2 Eq. (40) Eq. (49) Eq. (46) Eq. (47) Eq. (50)
Spiky Spiky Spiky Spiky Spiky

3 Eq. (40) Eq. (49) Eq. (46) Eq. (47) Eq. (50)
Cubic Cubic Spiky Cubic Cubic

4 Eq. (40) Eq. (49) Eq. (48) Eq. (47) Eq. (50)
Spiky Spiky Spiky Spiky Spiky

Note: The use of combined kernels is not new, the idea has been proposed byMuller et al. [15,
39] and has been used by others [40,24]. However, those formulations are based on SPH
Laplace formulations (7) while our formulation is based on the Divergence formulation (6).
Using a divergence formulation has two advantages. First, it is more general so it can be
used also for non-Newtonian fluids and hyperelastic solids, and second, it leads to objective
formulations when natural boundary conditions are applied (see [42]).

(a) Variant 1. (b) Variant 2.

(c) Variant 3. (d) Variant 4.

Fig. 7. Numerical velocity profiles obtained for the 4 SPH variants defined in Table 1 for the case of co-rotating cylinders, i.e. ωA = ωB = 2.

6.1. Co-rotating cylinders

Here the numerical results of the simulation corresponding to the case of co-rotating cylinders described in Section 3.3.1
are presented. SI units are used for the values of all physical quantities. For the present tests the radius of the cylinders
were chosen as rA = 1 and rB = 2. The viscosity was µ = 100, and the fluid was chosen to be a lightly compressible
one (cs = 5, γ = 1) with a water-like density ρ0 = 1000. The angular rotation of both cylinders was chosen to be
ωA = ωB = ω = 2. The boundary conditions were simulated using ghost particles like the ones shown in Fig. 6. The tests
were run using N = 7000 particles, each one having amass ofmi = 1.6. For variants 2–4, a kernel support of h = 0.112was
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(a) Variant 1. (b) Variant 2.

(c) Variant 3. (d) Variant 4.

Fig. 8. Numerical pressure profiles obtained for the 4 SPH variants defined in Table 1 for the case of co-rotating cylinders, i.e. ωA = ωB = 2.

chosen corresponding to an average number of n = 27 neighbor particles. For variant 1, which uses the Cubic Spline Kernel
to compute pressure forces, a smaller kernel support of h = 0.08 was chosen. Using a smaller kernel support was necessary
in order to avoid the clustering problem that occurs when a kernel function with a vanishing gradient near the origin is
used. This effect is well known and has been previously reported [25]. As a consequence, for variant 1, the average number
of neighbor particles was n = 15. The obtained instantaneous numerical velocity profiles are shown in Fig. 7(a)–(d). The
results showan excellent agreement between the SPH simulations and the analytical solution. Note the linear velocity profile
indicating a rigid-likemotion. The instantaneous numerical pressure profile formed by the particles is shown in Fig. 8(a)–(d).
The results show that the three first variantsmatch verywell the theoretical pressure profile. However, as shown in Fig. 8(d),
variant 4 completely fails in matching the pressure. This indicates that the SPH formulas given in Eqs. (37) and (48) (and
used in Refs. [39,15,40]) lead to severely distorted results and are incorrect. On the other hand, a look at Figs. 7(c) and 8(c)
shows that our proposed variant (variant 3) is the one that produces cleaner and smoother velocity and pressure profiles.

6.2. Rotating outer cylinder and fixed inner cylinder

The SPH simulations corresponding to the case described in Section 3.3.2 are presented. The same geometrical, fluid
properties and SPHmodels of the previous subsection are chosen, but, this time the cylinders will not co-rotate, instead, the
outer cylinder will be rotating with an angular velocity ωB = 2 while the inner cylinder is kept fixed ωA = 0. The obtained
instantaneous numerical velocity profiles for the four SPH variants are shown in Fig. 9(a)–(d). The results also show an
excellent agreement between the computed SPH velocities and the corresponding analytical solution. Note that in this case,
the fluid does not acquire a rigid-like motion and the velocity profile is no longer linear. The corresponding instantaneous
numerical pressure profiles formed by the particles are shown in Fig. 10(a)–(d). Like in the case of co-rotating cylinders,
variant 4 gives the wrong results, proving again that approximations (37) and (48) are incorrect and should be avoided. On
the other hand, in Fig. 10(a) and (b) it is shown that the classical variants 1 and 2 (in which only one type of Kernel is used in
the whole SPH formulation) give particle’s pressures that on average follow the analytical pressure profile. Variant 2 seems
to be better than variant 1, since it gives a less noisy pressure profile and it does not suffer from particle clustering. Finally,
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(a) Variant 1. (b) Variant 2.

(c) Variant 3. (d) Variant 4.

Fig. 9. Numerical velocity profiles obtained for the 4WC-SPH variants defined in Table 1 for the case of a rotating outer cylinder ωB = 2 and a fixed inner
cylinder ωA = 0.

as shown in Fig. 10(c), our proposed variant gives superior results over the other variants. The numerical pressure in the
particles follows quite exactly and smoothly the theoretical pressure profile. Furthermore, like variant 2, our variant does
not suffer from particle clustering.

6.3. Discussion

In all the tested variants acceptable results have been obtained for the velocity profile but not for the pressure. The pres-
sure profile generated by variant 4 was incorrect due to the use of Eq. (48). This equation was proposed in [15] but not
derived mathematically. It introduces a smoothing effect in the computation by employing an artificial factor of 2, aver-
aging the pressure of each particle pair. This factor has no physical origin, and while it could contribute to the stability of
the method, the accuracy suffers considerably. On the contrary, the Eq. (46) can be derived mathematically, and does not
introduce non-physical constants, which is the reason the authors consider the variant 4 is only suitable for physical based
animations, but not for engineering problems.

If only variants 1–3 are considered, it can be seen that variant 3 performs better. It uses the Spline kernel for the density
and the Spiky for the pressure. Although it might seem more reasonable to use the same kernel for all the fields, it is not
mandatory in SPH as long as the kernels satisfy the conditions given in [12]. The observed experimental advantages of using
different kernels can be explained by examining the fields approximated. The density is very noisy inWC-SPH, so it is better
to use a Gaussian-like kernel as the spline because it has good smoothing properties which reduce density and pressure
oscillations. For the pressure force, the kernel gradients must be observed. As it can be seen in Fig. 11 the Spline gradient
tends to 0 as it approaches the origin, this leads to a pressure force that vanishes or is too small when the particles are very
near, contrary to the expected physical behavior. This does not happen with the Spiky kernel that has a peak at its origin
generating strong repulsive forces. The Spiky is also very similar to a delta function, this shape has a smaller smoothing
effect than the Spline letting the particles move more freely and preserves the local pressure differences better.
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(a) Variant 1. (b) Variant 2.

(c) Variant 3. (d) Variant 4.

Fig. 10. Numerical pressure profiles obtained for the 4 WC-SPH variants defined in Table 1 for the case of a rotating outer cylinder ωB = 2 and a fixed
inner cylinder ωA = 0.

(a) Cubic spline. (b) Spiky.

Fig. 11. SPH kernels gradients.

7. Conclusions

In the first portion of this article, analytical solutions of the Navier–Stokes equations have been derived for the case of
planar Taylor–Couette flows. The analytical solutions provide pressure–velocity profiles for both compressible and weakly-
compressible fluids governed by the same equations of state that are commonly used in WC-SPH. In the second part of
the paper, the obtained theoretical solutions have been employed to evaluate a WC-SPH variant based on the divergence
form of the Navier–Stokes equations and on the simultaneous use of two different kernels. As shown in the numerical tests,
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the proposed variant gives better, smoother solutions than other traditional variants. This is particularly noticeable in the
pressure solutions. Finally, itmust be pointed out that the derived analytical solutions can be used as a set of flow benchmark
tests to validate numerical formulations either of the SPH type or of any other type.
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