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Quantum entanglement features exhibited by the reaction

path of some selected elementary chemical reactions: hydro-

genic abstraction, nucleophilic hydrogenic substitution, three-

atom insertion reaction of silylene into hydrogen, and the

cycloaddition of cyclopentadiene into anhydride maleic are

investigated in this work. The phenomenological behavior of

these reactions is described by two of the fundamental

descriptors of the molecular densities, the atomic charges, and

the electric potentials, to associate the maximum entangled

transition state (METS) to the concurrent processes of the

chemical reactions. It is found that the METS characterizes the

transition state of symmetrical reactions; and for nonsymmetri-

cal ones, it features a new critical point along the intrinsic

reaction path. In addition, benchmark calculations of the rele-

vant quantitative entanglement measures for the critical points

of these reactions are reported. VC 2015 Wiley Periodicals, Inc.

DOI: 10.1002/qua.24926

Introduction

Quantum mechanics constitutes the fundamental backbone

behind the theoretical study of molecular systems and chemical

reactions.[1] The quantum-mechanical approach to chemical

phenomena usually deals with very complex numerical algo-

rithms for the approximate solution of the many-body Schroe-

dinger equation describing a given chemical system. These

methods generate orbital representations of the wavefunctions,

and the concomitant energy properties that, in turn, assist the

qualitative interpretation of chemical phenomena and provide

predictive capability. A complementary framework of theoretical

research has arisen from the application of tools from Shannon’s

classical information theory (IT)[2,3] to the analysis of diverse

aspects of the probability densities associated with quantum

wavefunctions.[4–6] In the contexts of molecular physics and

quantum chemistry, this approach allows to interpret chemical

structures and phenomena through the information content of

the electron densities in conjugated spaces (position and

momentum).[7] Significant advances in the interpretation of ele-

mentary chemical reactions have been achieved by the use of

Shannon entropies to study the localized/delocalized features of

the electron density distributions. This provides a phenomeno-

logical description of the course of elementary chemical reac-

tions that reveals important stages in these processes that are

not easily detected in the energy profile, such as the ones in

which bond forming and bond breaking occur.[8] As well, the

synchronous reaction mechanism of a SN2 type chemical reac-

tion and the nonsynchronous mechanistic behavior of the sim-

plest hydrogenic abstraction reaction were predicted by use of

Shannon entropies analysis.[9] Besides, complexity measures

have also been used to analyze chemical processes.[10]

Notwithstanding that classical IT has been proven to be use-

ful to interpret several aspects of chemical phenomena, to the

best of our knowledge, there are no studies related to quan-

tum IT applied to chemical reactions, that is, to characterize

the quantum correlations that arise in the passage from reac-

tants to products. Quantum entanglement is one of the most

fundamental aspects of the quantum-mechanical description

of nature.[11] Further, entanglement plays a central role in

some proposals for the implementation of quantum informa-

tion technologies. Indeed, some promising schemes for quan-

tum computation rely on the controlled manipulation of

entangled states of quantum dots (clusters) or molecules and,

therefore, are already within the realm of theoretical chemistry.

Furthermore, although the first experiments regarding quan-

tum teleportation have been performed using photons, tele-

portation with the massive particles chemists deal with is also

of great interest.[12] Last, but certainly not least, we should

mention the new field of quantum biology,[13] closely related

to quantum IT, where chemical phenomena obviously play a

crucial role. It is, therefore, clear that important developments

related to quantum information are entering the sphere of
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interest of chemistry.[14,15] Consequently, it is imperative for

both quantum information theorists and theoretical chemists

to concern themselves with the entanglement features exhib-

ited by chemical systems and processes.[16]

The motivations for the exploration of the entanglement

properties of chemical systems are manyfold. Generally speak-

ing, if two particles are in an entangled state, then even if the

particles are physically separated by a large distance, they

behave in some respect as a single entity rather than as two

separate entities. A natural mechanism generating entangle-

ment takes place when a former unit dissociates into simpler

subsystems. This kind of processes is known quite well in

chemistry. The study of entanglement in quantum chemistry

may also shed new light on the real-space partitioning of a

molecule into subsystems, which is still a challenging problem

in theoretical chemistry.[17] So, apart from its basic relevance

for the foundations of physics, entanglement has to play an

important role in chemistry too. Although information entro-

pies have been used for a variety of studies in chemistry,[7]

applications of entanglement measures in chemical systems

are very scarce. Recently, the connection between entangle-

ment and correlation energy has been studied in the context

of a two-electron artificial atom.[18] Studies of the electron cor-

relation and entanglement in the He atom and H2 molecule

have been reported in Refs. [19, 20]. More recently, Benenti

et al.,[21] have used a configuration-interaction variational

method to compute the von Neumann and the linear entropy

for several low-energy singlet and triplet eigenstates of helium.

Lin et al.[22] have studied the spacial quantum entanglement

of helium-like ions by used of two-electron wavefunctions

built by b-spline basis. Also, the entanglement properties of

bound states in various two-electron atomic models of Mosh-

insky, Crandall, and Hooke types were investigated.[23,24] As

well, the amount of entanglement of the ground state and of

the first few excited states of helium was assessed by using

high-quality state-of-the-art wavefunctions.[25] Other interest-

ing results concerning quantum entanglement in atomic and

related systems have been reported in Refs. [26–40]. The quan-

tum entanglement-related aspects of the dissociation process

of homo- and heteronuclear diatomic molecules have been

investigated in Ref. [41]. Conversely, chemical bonding repre-

sents a very important concept to understand chemical com-

pounds.[42] Recently, orbital entanglement has been used to

qualitative understanding of bond-forming and bond-breaking

processes.[43,44] Further, the von Neumann entropy has been

used to locate the quantum critical point in low-dimensional

spin or fermionic models.[45] Other related tools have been

recently used in quantum chemistry to locate transitions in

the potential energy curve of the ionic-covalent avoided cross-

ing in LiF[46] and on pseudo-one-dimensional systems to inves-

tigate metal-insulator-like transition.[47]

It is of great interest in Chemistry to understand molecular

systems as a combination of atoms and molecular fragments.

Chemical processes involve small changes between atoms and

molecular subsystems and it is crucial to understand the

behavior of the classical and quantum-mechanical correlations

involved in such chemical changes. Therefore, it is important

to analyze the course of chemical reactions at the light of the

deeper correlations that arise at the quantum level, that is, by

use of the entanglement of a chemical process. It is in the

course of chemical processes where entanglement acquires a

much deeper sense because of the natural interactions arising

among two (or more) subsystems. It must be realized that

quantum entanglement is not just a fashionable research

topic, it is a fundamental concept of quantum physics that

plays a deep role within all applications of quantum mechan-

ics involving composite systems (e.g., problems directly related

with molecular systems and chemical processes as mentioned

earlier). Although several measures of entanglement have

been used recently to characterize atoms in their ground and

excited states, as it was mentioned above, this kind of studies

have not been undertaken on chemical reactions. The aim of

this work is to investigate some aspects of the relationship

between quantum entanglement and chemical reactions. The

article is organized as follows. In quantum entanglement in

molecular systems section, we provide a brief review of the

main concepts and tools required for the analysis of entangle-

ment in fermionic systems, and of their application to the

study of electronic entanglement in molecules and in chemical

reactions. The main results of this work, and the correspond-

ing discussion, are reported in results and discussion section.

Finally, some conclusions are drawn in conclusions section.

Quantum Entanglement in Molecular Systems

A quantum entanglement

The state vector of a composite system, consisting of two dis-

tinguishable subsystems A and B, is represented by a vector

belonging to the tensor product of the two Hilbert spaces

HA � HB. The general state of this system can be written as a

linear superposition of products of individual states,

WAB5
XM

m

XN

n

cmnxmðAÞwnðBÞ (1)

where fxmðAÞ; m51; . . . ;Mg and fwnðBÞ; n51; . . . ;Ng are the

basis of the subsystems A and B, respectively. This state can

always be decomposed in the Schmidt diagonal form,

WAB5
Xr

l

klvlðAÞ/lðBÞ (2)

where r5minðM;NÞ and vlðAÞ and /lðBÞ are orthonormal bases

for A and B, respectively. Note that in this form, the correla-

tions between the two subsystems are completely revealed. If

A is found in the state vpðAÞ, for example, then the state of B

is in the /pðBÞ state. Also note that if r 5 1 the subsystems are

not entangled while if r> 1 they are entangled.

A basic property of entangled pure states of bipartite quan-

tum systems is that it is not possible to assign a pure state to

each subsystem individually. Each subsystem is in a mixed

state, described by the corresponding marginal density matrix,

qA;B5TrB;AðjWABihWABjÞ. The amount of entanglement present
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in the pure state jWABi is then given by the degree of mixed-

ness exhibited by these marginal density matrices. Accordingly,

the most fundamental measure of entanglement for pure

states is given by the von Neumann entropy of the marginal

density matrices,

E½jWABi�5SðqA;BÞ52TrðqA;BlnqA;BÞ: (3)

Another quantitative indicator of entanglement, that is often

used in practical applications is given by the linear entropy of

the marginal density matrices,

EL½jWABi�5SLðqA;BÞ512Trðq2
A;BÞ: (4)

Entanglement in fermionic systems

Let us consider now a system consisting of N identical fer-

mions having a single-particle Hilbert space of dimension D,

with N � D. A pure state jWi of such a system is separable

(nonentangled) if it has Slater rank equal to one. In other

words, the state is nonentangled if it can be represented as a

single Slater determinant detfj1i; j2i; :::jNig in an appropriate

single particle orthonormal basis jii; i51; :::D. A pure state of

the N-fermionic system that cannot be expressed in the above

way is endowed with a finite amount of entanglement. This

means that correlations between the N fermions that are due

solely to the antisymmetric character of the fermionic states

do not contribute to the state’s entanglement.[48–51] Therefore,

the amount of entanglement exhibited by an N-fermion state

corresponds, basically, to the quantum correlations that the

state has on top of the minimum ones necessary to satisfy the

antisymmetric constraint of the fermionic wave function. These

considerations lead naturally to the formulation of quantitative

indicators of the amount of entanglement exhibited by pure

states of N identical fermions. These entanglement indicators

are based on appropriate entropic measures evaluated on the

single particle reduced density matrix qr5Tr2;...;NðjWihWjÞ (see

Ref. [49] and references therein). One of these entanglement

measures is based on the von Neumann entropy. The von

Neumann entropy S½qr�52Trðqr lnqrÞ of the first-order reduced

statistical operator qr obeys

S½qr� � lnN; (5)

with equality verified if and only if the N-fermion pure state

has Slater rank one. Then, it is reasonable to regard the

difference

nVN½jWi�5S½qr�2lnN (6)

as a quantitative indicator (measure) of the amount of entan-

glement exhibited by a pure state jWi of a system of N identi-

cal fermions. As already mentioned, this is a non-negative

quantity that vanishes if and only if the state jWi is nonen-

tangled. The term—lnN appearing in (6) takes into account

the fact that even in the separable case (represented by a Sla-

ter determinant) the entropy of the first-order reduced density

matrix does not vanish and is equal to lnN.

In the particular case of N 5 2, the entanglement measure

can be related to the Schmidt decomposition of pure states of

two identical fermions. In fact, the Schmidt decomposition

admits a natural generalization to systems of two identical par-

ticles, supporting the physical meaningfulness of entangle-

ment measures based on entropies evaluated on qr. In the

case of pure states of two identical fermions, it is always possi-

ble to find an orthonormal basis fjii; i51; 2; . . .g of the

single-particle Hilbert space, such that the two-particle pure

state jWi can be written as

jWi5
X

i

ffiffiffiffi
ai

2

r
ðj2i21ij2ii2j2iij2i21iÞ; (7)

with 0 � ai � 1 and

X
i

ai51: (8)

If the single-particle Hilbert space has a finite dimension D,

we assume that D is even and that the sum on the index i

appearing in the Schmidt decomposition goes from i 5 1 to

i5D=2. In terms of the Schmidt basis fjiig and the Schmidt

coefficients faig, the single particle reduced density matrix

reads,

qr 5
X

i

ai

2
ðj2i21ih2i21j1j2iih2ijÞ: (9)

We see then that the eigenvectors of the reduced density

matrix qr are precisely the members of the Schmidt basis,

and that the eigenvalues of qr are ki5
ai

2 ; i51; 2; . . ., each

eigenvalue being twofold degenerate. Consequently, the nor-

malization (8) of the Schmidt coefficients is consistent with

the fact that the reduced matrix qr is normalized to unity. In

terms of this fermionic Schmidt decomposition, the amount

of entanglement exhibited by the pure state jWi [as given by

(6)] is

nvN5S½qr�2ln 252
X

i

ailn ai (10)

where qr5Tr2ðjWihWjÞ is the first-order reduced density matrix

obtained by tracing the global, two-particle density matrix q5

jWihWj over one of the two particles. The quantitative entan-

glement indicator nvN has been applied to several problems,

particularly in connection with two and three-fermion

systems.[23,50,51]

An alternative indicator of entanglement for pure states of

N identical fermions is based on the linear entropy of the sin-

gle particle reduced density matrix,

SL½qr�512Trðq2
r Þ: (11)

The corresponding entanglement measure is given by,
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nL½jWi�5N SL½qr�2
N21

N

� �� �
(12)

As happens with the previously discussed measure based

on the von Neumann entropy, the entanglement indicator (12)

is also a non-negative quantity that vanishes if and only if the

state jWi has Slater rank 1 and is, therefore, separable. The

constant term appearing within the square brackets in (12)

takes into consideration that even for separable (pure) states

the linear entropy of the first-order reduced density matrix is

not zero and is, instead, equal to N21
N

. The overall multiplicative

factor N normalizes the entanglement measure to the range [1].

In the special case of systems of two identical fermions

(N 5 2), this quantity can be related to the Schmidt

decomposition,

nLðjWiÞ5 12
X

i

a2
i 5 122Trðq2

r Þ; (13)

This entanglement measure (12) has been applied to several

problems, particularly in connection with two-fermion sys-

tems[23] and also to helium in its ground state and some

selected singlet and triplet excited states.[25]

Electronic entanglement in molecules

In this section, we review briefly some quantitative entangle-

ment indicators that are appropriate for studying the elec-

tronic entanglement associated with molecules and chemical

processes. Let jWi stand for the N-electron quantum state

corresponding to a chemical system. As explained before, to

evaluate the amount of entanglement exhibited by the state

jWi one needs the first-order reduced density matrix qr

obtaining by tracing the global density matrix jWihWj over

the degrees of freedom of N 2 1 electrons. In the context of

quantum chemistry, the first-order reduced density matrix is

usually normalized to the total number of electrons N, and

its eigenfunctions are called natural spin orbitals, after

L€owdin.[52] The associated eigenvalues are the natural spin

occupation numbers nc
i ; fnc

i ; i51; :::;Mg, with M standing for

the number of orbitals and c for the a or b spin majority

channels. Note that one deals here with an effective 2M-

dimensional single-particle Hilbert space. One has 0 � nc
i � 1

and
X

i;c

nc
i 5N. Natural spin orbitals are obtained by perform-

ing symmetric (orthogonal) transformations on the density

matrix so as to obtain its diagonal form characterized by a

spectral decomposition representing the symmetry point

group of the molecule, unless an atomic partitioning scheme

is used.[52]

When computing the amount of entanglement associated

with the state of the N electrons it is convenient to normalize

the first-order reduced density matrix qr to 1. In that case, the

eigenvalues of qr are kc
i 5nc

i =N. Taking this normalization into

account, the von Neumann entropy 2Trðqr lnqrÞ of the elec-

tronic single particle reduced density matrix of a molecular sys-

tem can be expressed in terms of the natural spin occupation

numbers, by recourse to L€owdin’s spectral decomposition, as

S½qr�52
XM

i51

Xb

c5a

nc
i

N
ln

nc
i

N
; (14)

where M stands for the dimension of the basis set.

It is worth noticing that closed shell molecular and atomic

systems are commonly represented through a M 3 M double

occupied density matrix qðDOÞ
r with eigenvalues kðDOÞ

i , where

kðDOÞ
i =25na

i =N5nb
i =N and

XM

i

kðDOÞ
i 51. Therefore, it is readily

seen from (6) that nvN can be expressed in an equivalent man-

ner, in terms of qðDOÞ
r as

nvN½jWi�5S½qðDOÞ
r �2ln

N

2
; (15)

where

S½qðDOÞ
r �52

XM

i51

kðDOÞ
i lnkðDOÞ

i (16)

is the von Neumann entropy of the double occupied density

matrix qðDOÞ
r . Moreover, these measures, Eqs. (9) and (10), were

recently applied to diatomic molecules in their dissociation

process.[41]

Similarly to what happens with the von Neumann entropy

of qr, for a closed shell molecule the linear entropy of the first-

order reduced density matrix qr can be written in terms of the

double occupied density matrix qðDOÞ
r , as

SL½qr�512
1

2
Tr qðDOÞ

r

� �2
� �

512
1

2

XM

i51

ðkðDOÞ
i Þ2; (17)

The entanglement measure (12) is then given by

nL½jWi�512
N

2

XM

i5i

ðkðDOÞ
i Þ2

 !
: (18)

Note that Eqs. (15–18) are only valid for closed shell sys-

tems, that is, na
i 5nb

i . For open shell systems, one has to use

the standard definitions above for each spin channel.

Results and Discussion

The aim of this work is to characterize several elementary

chemical reactions from the point of view of quantum infor-

mation through the entropies and the entanglement measures

above described [Eqs. (15-18)]. To calculate these quantities,

we have used state-of-the-art wavefunctions from ab initio

electron structure methods at the post-Hartree–Fock level of

theory. In an elementary chemical reaction, some intermediate

states might be distinguished. According to the transition state

(TS) theory,[53] a chemical reaction (A1B! C1D) is described

by reactants (R 5 A and B) transforming into products (P 5 C

and D) by surmounting a potential barrier characterized by

the TS. On mathematical grounds, the TS represents a first-

order saddle point connecting two minima in a topological

sense, and physically it represents a maximum in the potential

energy surface (PES) within the space of all possible nuclear
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configurations corresponding to the energetically easiest pas-

sage from reactants to products constrained to the Born–

Oppenheimer approximation.

To provide with a physical explanation of the behavior of

the quantum information-theoretical measures along the

course of each of the reaction paths, in particular at their min-

ima and maxima, we have used two fundamental physical

descriptors of the molecular densities, the atomic charges as

obtained from the molecular electrostatic potential (MEP) and

the atomic electric potentials associated with the basins of the

MEP (see below). Both properties are good descriptors of the

phenomenological behavior of the course of chemical reac-

tions, that is, a higher/lower electric potential (negative) is

associated to a lower/higher capacity to gain negative electron

charge. Interestingly, bonding situations occur when the differ-

ence between the atomic electric potentials of two or more

species, either atoms or molecular fragments, become maxi-

mum at a specific intrinsic reaction path (IRC) region.[54]

The MEP represents the molecular potential energy of a test

charge (proton) at a particular location near a molecule, say at

nucleus A. Then, the atomic electrostatic potential, VA, is defined as

VA5
X
B 6¼A

ZB

jRB2RAj
2

ð
qðr0Þdr0

jr2r0j (19)

where qðrÞ is the molecular electron density and ZA is the

nuclear charge on atom A, located at RA. Hence, a negative

electrostatic potential corresponds to the attraction of the pro-

ton by the spatial region of electron molecular density that

arises from lone pairs, pi-bonds, and so forth. Positive electro-

static potential corresponds to repulsion of the proton by the

atomic nuclei in regions where low electron density exists and

the nuclear charge is not completely screened. A charge fitting

procedure is used to extract atomic charges from molecular

wavefunctions, the MEP is mapped to the electron density

that is obtained by use of ab initio methods. The nonbonded

atomic electric potentials (2i) along with the fitted atomic

charges (qi) will be used throughout this study according to

the CHELPG method.[55] Atomic units are used throughout.

Hydrogenic abstraction reaction

The reaction H•1H2 ! H21H• is the simplest radical abstraction

reaction involving a free radical (atomic hydrogen) as a reactive

intermediate. This kind of reaction involves at least two steps. In

the first step before the TS, a new radical (atomic hydrogen in

this case) is created by homolysis, and in the second one after

the TS, the new radical recombines with another radical species.

Our calculations for this reaction were performed in two dif-

ferent steps. First, all the relevant chemical structures for the

reaction path from R to P were obtained at the UMP2/6–311G

level of theory,[8] according to the IRC method[56] and the TS

theory[53] within the Born–Oppenheimer approximation. Sec-

ond, all the physical and the quantum information-theoretic

quantities for all the chemical structures of the chemical path

at the CISD/6-31111G** level of theory. The IRC produced 72

points evenly distributed in the chemical path. As a result, we

have plotted in Figure 1a the typical energy profile, for this

Figure 1. Phenomenological behavior for a) the energy (red) at the TS and for the entanglement measures (linear in blue, and von Neumann in green) at

the METS according to b) the atomic charges (qi) and c) atomic electric potentials (2i) for the hydrogenic abstraction reaction intermediates:

HðtrianglesÞ � � �H2;H � � �HðsquaresÞ � � �H; and H2 � � �HðcirclesÞ.

FULL PAPERWWW.Q-CHEM.ORG

International Journal of Quantum Chemistry 2015, 115, 1417–1430 1421

http://q-chem.org/
http://onlinelibrary.wiley.com/


reaction, along with the entanglement measures so as to asso-

ciate the TS and the maximum entangled transition state

(METS) to the concurrent process of equalization of the

charges.

From Figure 1a, it is observed that the entanglement meas-

ures for the von Neumann entropy [Eq. (15)] and the linear

entropy [Eq. (18)] is very similar to that of the energy revealing

that the chemical species R and P possess the lowest values

for both entropies as compared with the TS, which is in agree-

ment with the chemical intuition, that is, as the reaction pro-

gresses from the R, both species A and B combine in a

maximum mixed state which corresponds to the TS (maximum

energy barrier in Fig. 1a). This is in complete agreement with

the significance of a METS. Of course as the reaction path

approaches the initial and final states, R and P, the entangle-

ment measures tend to the separable states.

Physically, we can associate the chemical process according

to the change of the atomic charges (qi; see Fig. 1b): as the

reaction progresses from R to P the charge of the central

hydrogenic species (squares) gets more negative at the

expense of the entering (triangles) and the leaving ones

(circles), which become more positive. This transferring of

charge ends at Rx ’ 22:0 where the bond cleavage energy

region is reached (BCER, see Ref. [54]) and the entanglement

does not show any critical point change at this region other

than its monotonic increasing behavior. Beyond this region,

the opposite is observed; that is, the entering and the leaving

hydrogenic species become more negative at the expense of

the central one. This transfer of charge ends at Rx ’ 20:5,

where the bond rupture starts between the leaving and the

central atomic species (see Ref. [54]). Note that according to

Figure 1a, the energy and the entanglement measures show

an inflection point signaling this process at each side of the

TS. Then, the TS is reached at the METS), (see Fig. 1a), where

local extrema for the atomic charges are observed: a minimum

for the central hydrogen and maxima for the leaving and the

entering species, see Figure 1b. Note that at this point, a spin

coupling process between the atomic species has occurred. It

is worth adding that according to the chemical prescription,

the TS would have an equal probability of forming the reac-

tants or of forming the products of an elementary reaction.

This is in complete agreement to what a METS represents, pro-

viding in this manner a simple interpretation of a chemical

process from the quantum information perspective.

Furthermore, the atomic electric potentials depicted in Fig-

ure 1c support the aforementioned phenomena in that as the

reaction progresses from the R to the TS the entering hydro-

genic species (triangles) holds a maximum capacity of acquir-

ing electronic charge (tendency for spin coupling) whereas the

central and the leaving ones behave in an opposite way, char-

acterizing the beginning of the reaction through this driving

force. The tendency diminishes as the reactants approach the

TS where the electric potential of all atomic species equalize

and hence the METS is reached, see Figure 1a. Note that the

inflection points for the 2i of the entering and the leaving

species coincide with the minima of the atomic charges

wherein the bond breaking process start occurring, see Ref.

[54]. Note also that according to Figure 1a, the energy and the

entanglement measures show an inflection point at Rx ’ 20:5

where the equalization of the atomic potentials among the

central atom and the leaving and entering species occur at

each side of the TS.

To the end of analyzing the critical points of the energy pro-

file and that of the entanglement measures, we have depicted

the first derivative of these quantities in Figure 2 where it is

apparent that an inflection point for these energetic and

quantum information-theoretical measures is found at around

Rx ’ 20:5.

In Table 1, we have reported the values for all the chemi-

cally significant intermediates (R, P, and TS) that are readily

apparent from the entropies and the entanglement measures

[Eqs. (15)-18)] at the CISD/6-31111G** level of theory.

SN2: hydrogenic identity substitution reaction

The H2
a 1CH4 ! CH41H2

b represents a typical substitution

(SN2) reaction involving only one step in contrast with the pre-

vious reaction (see hydrogenic abstraction reaction subsection)

which involves two-steps. It has been observed that this kind

of reactions proceed by an inversion TS where the entering

Figure 2. First derivative for the energy profile (circles) and the entangle-

ment measures, linear (squares), and von Neumann (triangles) profile for

the hydrogenic abstraction reaction. To guide the eye, colored dots indi-

cate the critical points: energy (red), linear (blue), and von Neumann

(green).

Table 1. Linear and von Neumann entropies and the associated entanglement measures corresponding to R, P, and TS for the hydrogenic abstraction

reaction according to Eqs. (15)–(18).

SL nL SvN nvN

R 7.3001725 E 2 01 1.9005714 E 2 01 7.1163083 E 2 01 3.0617239 E 2 01

P 7.3001725 E 2 01 1.9005714 E 2 01 7.1163083 E 2 01 3.0617239 E 2 01

TS 7.3336193 E 2 01 2.0008312 E 2 01 7.4499549 E 2 01 3.3952705 E 2 01

FULL PAPER WWW.Q-CHEM.ORG

1422 International Journal of Quantum Chemistry 2015, 115, 1417–1430 WWW.CHEMISTRYVIEWS.ORG

http://q-chem.org/
http://chemistryviews.com/
http://chemistryviews.com/
http://chemistryviews.com/


species H2
a displaces the leaving one H2

b from the backside of

the chemical structure in a single concerted reaction step.

The electronic structure calculations for this reaction were

performed in an analogous way to that described in hydro-

genic abstraction reaction subsection. Calculations for the IRC

were performed at the MP2/6-31111G** level of theory,

which generated 93 points evenly distributed along the IRC

path.[8] Then, the CISD/6-31111G** method was used[56] to

calculate all information-theoretic quantities and physical prop-

erties (qi and 2i) for all chemical structures at the IRC path of

the SN2 reaction. The energy profile for this reaction is drawn

in Figure 3a, along with the corresponding entanglement

measures, so as to associate the TS and the METS to the con-

current process of equalization of the charges of the entering

(circles) and the leaving (triangles) hydrogens, hence for this

symmetrical reaction the energy and the entanglement meas-

ures possess the same meaning by signaling the same

process.

Next, we use the atomic charges of the SN2 reaction, which

have been also depicted in Figure 3b, to get an insight of the

chemical course of the reaction on physical grounds and

hence to describe the entanglement features of this chemical

process. As it might be observed from Figure 3b, we can dis-

tinguish three stages of the reaction in the passage from the

R to the TS: (i) from the R region to Rx ’ 22 wherein the

atomic carbon (squares) gains charge to the expense of all the

hydrogenic species, that is, the leaving (circles) and the ones

(triangles) attached to carbon, whereas the entering hydro-

genic species (diamonds) augments its charge smoothly up to

the next stage, (ii) at Rx ’ 21 the entering species gets it

maximum charge (21.0 a.u.) whereas the rest of the hydro-

genic species become more negative and the atomic carbon

looses its charge up to the next stage, and (iii) at Rx ’ 20:5

the atomic carbon reaches a maximum charge deficiency

where the entering and the leaving hydrogenic species equal-

ize and start exchanging charge. It is interesting to mention

that according to a classical information-theoretical analysis

(see Ref. [54]) all this stages have been previously character-

ized by a BCER (at Rx ’ 22), by a bond-breaking (B-B) region

(at Rx ’ 21), and by a charge transfer process (at Rx ’ 20:5).

Therefore, the two critical points observed at Rx ’ 21 and 11

for the entanglement measures and the energy (see Fig. 3a)

are associated to the transferring of charge process. Certainly,

the TS is associated with the METS wherein it is evident that

an equalization of charge occurs.

In Figure 3c, we have outlined the SN2 reaction features

according to the atomic potentials (a.u.). Three stages might

be illustrated: (i) from the R to Rx ’ 22 we might note a dec-

rement for all the atomic 2i although the attached hydrogenic

species (leaving hydrogen represented with circles, and the

ones attached to carbon, triangles) show much larger values

than the ones for the atomic carbon (squares) and the enter-

ing hydrogenic species (circles), hence providing the driving

force of the reaction up to Rx ’ 21, (ii) at this region the leav-

ing atomic species and the hydrogenic ones attached to car-

bon equalize their potential, and (iii) finally at the third stage

the entering hydrogenic species increases its potential whereas

the leaving one shows an opposite behavior up to the TS,

Figure 3. Phenomenological behavior for a) the energy (red) at the TS and for the entanglement measures (linear in blue, and von Neumann in green) at

the METS, according to b) the atomic charges (qi) and c) atomic electric potentials (2i) for the SN2 reaction intermediates:

H-
enterðcirclesÞ � � �CH32Hleave; ½Henter � � �CðsquaresÞ2H3ðtrianglesÞ � � �Hleave�2 , and Henter2CH3 � � �H-

leaveðdiamondsÞ.
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where the potentials get equalized. At this region, the rest of

the atomic species (carbon and the attached hydrogens) show

a maximum local potential. It is worthy to mention that all

these stages have been characterized by classical information-

theoretic measures (see Ref. [54]), that is, the BCER, the bond-

breaking (B-B) region and the TS. Therefore, the entanglement

measures and the energy are associated with the electric

potentials through the same features discussed above, at Rx

’ 21 and 11, that is, the two inflection points are linked to

the B-B process. Besides, from Figure 3c, we also observed

that an equalization of the atomic potentials of leaving hydro-

gen (diamonds) and the ones attached to the carbon atom

(squares) before the TS. Afterward, we similarly observe the

equalization of the electric potentials between the entering

hydrogen (circles) and the attached to carbon hydrogens (tri-

angles). Therefore, the inflection points of the entanglement

measures can be associated to these concurrent process. It is

important to note that both, the TS and the METS occur at

the same region and it is due to the equalization of both,

charges and electric potentials of the entering and the leaving

hydrogens, this process explain the maximum entropy for the

mixed states.

As in the case of the previous reaction, we have found use-

ful to depict the derivatives of these measures along with the

energy in Figure 4, so as to analyze their critical points. Note

that both quantum information-theoretic quantities hold two

inflection points at Rx ’ 21 and 11, that is, changes in the

slopes of the curves are apparent. This has also been observed

from the energy profile (see Fig. 3a).

In Table 2, we have reported the values for all the chemi-

cally significant intermediates (R, P, and TS) that are readily

apparent from the entropies and the entanglement measures

[Eqs. (15–18)] at the CISD/6–31111G** level of theory.

Three center insertion reaction of Silylene

The SiH21H2 ! SiH4 represents the silylene insertion reaction

into hydrogen. This reaction occurs in two stages as depicted

in Figure 5: a three-center bond is formed through the electro-

philic attack from the silylene into the H � � �H molecule (before

the TS) followed by a nucleophilic interaction from the H � � �H
to the silylene which produces the TS to finally form the prod-

uct. Accordingly, it is useful to distinguish both entering

hydrogens of H � � �H: in the electrophilic stage as the Helectro,

standing for the hydrogenic species attaching to the Silylene

complex before the TS, and in the nucleophilic stage as the

Hnucleo, standing for the one that attaches into the new Sily-

lene complex after the TS.

The intrinsic reaction path (IRC) for the three center inser-

tion reaction SiH21H2 ! SiH4 was obtained at the MP2/6–

31G(d,p) level of theory which produced and IRC path of 72

points evenly distributed among the reaction path.[57] Then,

the CISD/6–31111G** method was used[56] for determining

all the chemical structures at the IRC and hence all their corre-

sponding quantum information-theoretic quantities and physi-

cal properties (qi and 2i). The energy profile, along with the

entanglement measures are drawn in Figure 6a.

It is observed, from Figure 6a, the resemblance among both

quantum information-theoretic and the energy profile which

shows a small energy barrier in passing from R through P. In

connection with the latter, it is worth noting that METS do not

coincide with that of the energy profile (TS), that is, at Rx 5 0

the critical points of the quantum information-theoretical val-

ues appear slightly shifted in the direction of the products;

moreover, despite the fact that both (TS and METS) are

located in the transition region, the TS is not associated to the

physical situation indicated by the phenomenological behavior

of the reaction according to the evidence provided by the

atomic charges and atomic electric potentials (see Figs. 6b and

6c). This is not surprising as the topological meaning of the TS

as the first order saddle point of the energy profile is not

expected to match necessarily with any physical phenomena,

other than concoursing with the transition vector in the pas-

sage from reactive to products. In contrast, the METS signals

to the region of charge transferring among the silicon atom

and the hydrogenic species, in particular Hnucleo ! Si. We

believe that the latter conforms a very robust argument to

provide with physical significance to the METS as this is what

one would expect from a chemical transition (mixed state),

where some of the physical properties become equalized. In

Figure 4. First derivative for the energy profile (circles) and the entangle-

ment measures, linear (squares), and von Neumann (triangles) profile for

the SN2 reaction. To guide the eye, colored dots indicate the critical points:

energy (red), linear (blue), and von Neumann (green).

Table 2. Linear and von Neumann entropies and the associated entanglement measures corresponding to R, P, and TS for the SN2 reaction according to

Eqs. (15)–(18).

SL nL SvN nvN

R 9.1895718 E 2 01 2.7463488 E 2 02 1.8800486 E 1 00 8.8265752 E 2 02

P 9.1895718 E 2 01 2.7463488 E 2 02 1.8800486 E 1 00 8.8265752 E 2 02

TS 9.1927889 E 2 01 3.1339357 E 2 02 1.8897769 E 1 00 9.8009921 E 2 02
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this sense, it might be of interest from future work to explore

chemical equalization principles at the light of quantum

entanglement.

In relation to this entanglement behavior, a physical expla-

nation is in turn. To this end, we have used the atomic charges

of the atomic species at the path of the three insertion reac-

tion of Silylene into H2, which have been drawn in Figure 6b.

As in the previous reactions, these atomic properties have

proved to be useful to physically describe the chemical trans-

formations at the IRC of the reaction. Accordingly, the atomic

charges for the hydrogen atoms increase positively, while for

the silicon one increases negatively at Rx ’ 21:0. Both show-

ing extrema at Rx ’ 20:4, where the bond-forming

(Si � � �Helectro) and bond-breaking (Helectro � � �Hnucleo) processes

get completed.[56] A complementary analysis is provided by

the atomic electric potentials, depicted in Figure 6c, which

reveals that hydrogenic species increases (negatively) while

the silicon atom decreases (negatively), indicating that at the

onset of Rx ’ 21:0, the bond forming/breaking processes

(above referred) have initiated, up to a critical point where the

atomic potentials for Helectro (triangle down) and Si (square)

hold extrema, at Rx ’ 20:4, where the processes get com-

pleted. Hence, the electric potential difference (maximum to

minimum, for Helectro and Si, respectively) becomes the largest

before the TS. That is, whereas the Si atom shows minimum

capacity to acquire charge, the Helectro atom shows its maxi-

mum capacity (it is called an electrophilic interaction, see

above). Note in Figure 6b that Si atom shows maximum nega-

tive charge and Helectro shows its maximum positive charge at

the chemical path. This electrostatic situation marks the end of

the bond rupture (Helectro $ Hnucleo) and the bond forming

(Si! Helectro) processes before the TS, and these are

Figure 5. Stationary points of the Silylene insertion reaction into H2 along the path: the prereaction complex, the transition state structure (TS) and the

product.

Figure 6. Phenomenological behavior for a) the energy (red) at the TS and for the entanglement measures (linear in blue, and von Neumann in green) at

the METS according to b) the atomic charges (qi) and c) atomic electric potentials (2i) for the insertion reaction of Sililene: SiliconðsquaresÞ, Helectro (trian-

gle down), Hnucleo (diamond), H – H attached to silicon (triangle up).
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responsible for the behavior of the entanglement measures

(see Fig. 6a). Please note that at the onset of Rx ’ 20:4 the

entanglement start increasing once the two initial species,

SiH21H2, approach enough to react and becoming a single

chemical species, called chemical adduct o reactive complex.

Apparently, this situation ends at the TS, however, it is very

interesting to note that physically the largest interaction

between the atomic species occur slightly later, after the TS,

at Rx ’ 0:2, where the charge exchange between the Si and

all the hydrogenic species take place. Therefore, it is apparent

that the largest interactions between the species occur at the

maximum mixing, that is, at the METS, which is reflected by

the quantum measures (see Fig. 6a). Conversely, it is apparent

that the inflection point observed for the entanglement meas-

ures before the METS is mainly due to equalization of charge

at Rx ’ 0 between the Helectro $ Hnucleo).

In the last stage, when the nucleophilic process is at place

(see above), the opposite phenomenon occurs, that is, as the

Si species looses charge after the TS, the Hnucleo becomes

more negative (see Fig. 6b) and then the bond forming pro-

cess occurs (Hnucleo ! Si), which is in the opposite direction of

that occurring in the electrophilic stage above (Si! Helectro). It

is worth observing that as the Silicon atomic species looses

charge and the atomic potentials of the entering hydrogens

decrease, the entanglement measures (Fig. 6a) are more influ-

enced by the later and decrease monotonically from the METS

to the P until the bond forming Hnucleo ! Si is reached, then

the entanglement measures decrease less rapidly, indicating

also the interacting aspects of the quantum correlation meas-

ures. As in the first stage of the reaction, it is apparent that

the inflection point observed for the entanglement measures

afterward the METS is mainly due to equalization of charge

between the Helectro and the H – H attached to silicon in the

region 0.5 to 11.

As in the case of the previous reactions, we have found use-

ful to plot the derivatives of these measures along with the

energy in Figure 7, so as to analyze the physical origin of the

critical points. Note from the figure that both quantum

information-theoretic quantities hold two inflection points at

Rx ’ 0 and between 0.5 and 11, that is, where changes in the

slopes of the curves are apparent. This is also observed for the

energy profile, where its critical points although, are shifted as

compared with those of the entanglement measures (see Fig.

7). It is interesting to note, as mentioned earlier, that maxima

of the energy (TS) and for the entanglement measures (METS)

are also slightly shifted. As we aforementioned, the physical

meaning of the critical points might be understood through

the phenomenological behavior of the charges.

In Table 3, we have reported the values for all the chemi-

cally significant intermediates (R, P, and TS) along with the

adduct associated to the METS (see above) that are readily

apparent from the entropies and the entanglement measures

[Eqs. (15) and (18)] at the CISD/6–31111G** level of theory.

Diels–Alder cyclopentadiene with maleic anhydride reaction

(exocycloadduct)

The Diels–Alder reaction is an important addition reaction in

organic chemistry. The reaction involves the cycloaddition of a

conjugated diene with an alkene to form a compound con-

taining a six-membered ring. A unique type of stereoselectivity

is observed in Diels–Alder reactions when the diene is cyclic.

In the reaction of maleic anhydride with cyclopentadiene,

which might produce two different cycloadducts: cys-5-norbor-

ene-2-3-endo/exo-dicarboxylic anhydride (see Fig. 8), the endo

isomer is formed experimentally rather than the exo isomer,

which is the one that is thermodynamically favored. It is well-

known that most Diels–Alder reactions between simple reac-

tants lead preferentially to the endo adduct.[58] However, the

reason for such behavior has become the subject of great

debate in recent years.[59] In this study, we will present results

for the exocycloadduct only, information-theoretical arguments

for the endo preference will be discussed elsewhere.[60]

The intrinsic reaction path (IRC) for the exocycloadduct of

the Diels–Alder reaction above referred was obtained at the

B3LYP/6–3111G** level of theory which produced and IRC

path of 46 points evenly distributed among the reaction

Figure 7. First derivative for the energy profile (circles) and the entangle-

ment measures, linear (squares), and von Neumann (triangles) profile for

the three insertion reaction of Silylene into H2. To guide the eye, colored

dots indicate the critical points: energy (red), linear (blue), and von Neu-

mann (green).

Table 3. Linear and von Neumann entropies and the associated entanglement measures corresponding to R, P, and TS for the three insertion reaction of

Silylene into H2 according to Eqs. (15)–(18).

SL nL SvN nvN

R 9.4540252 E 2 01 1.7242577 E 2 02 2.2541642 E 1 00 5.6936841 E 2 02

P 9.4528756 E 2 01 1.5177253 E 2 02 2.2489734 E 1 00 5.1749958 E 2 02

TS 9.4546529 E 2 01 1.8373566 E 2 02 2.2563515 E 1 00 5.9125265 E 2 02

METS(adduct) 9.4546782 E 2 01 1.8417475 E 2 02 2.2563563 E 1 00 5.9128376 E 2 02
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path.[60] Then, the CISD/6–3111G* method was used for deter-

mining all the chemical structure at the IRC and hence all their

corresponding quantum information-theoretic quantities and

physical properties (qi and 2i). The energy profile for this reac-

tion is depicted in Figure 9a, along with both entanglement

measures, linear and von Neumann, for the for the Diels–Alder

addition reaction of cyclopentandiene into maleic anhydride.

Note that both, the TS and the METS, possess maxima at dif-

ferent locations at the path of the IRC. As it was discussed for

the previous reaction, some comments are pertinent: the TS is

not associated to the physical situation indicated by the phe-

nomenological behavior of the reaction according to the evi-

dence provided by the atomic charges and the electric

potentials. In contrast, the METS indicates the maximum elec-

tric potential difference between the molecular species (maleic

and ciclotentadyene). This concurrent process reveals a bond-

ing situation between the molecular complexes revealing a dif-

ferent mechanism for this reaction as compared with the

previous ones discussed above.

Most of Diels–Alder reactions proceed in only one concerted

step involving the simultaneous formation of the two new single

bonds appearing in the product (see Fig. 8). This mechanism is

reflected in the information-theoretical measures for this reaction.

The essential features that might be distinguished from the

entanglement measures comprehend three regions: (i) from

the R up to the TS/METS (note that the maximum entangled

state is slightly shifted toward the P as in the last reaction, see

hydrogenic abstraction reaction subsection), and (ii) from this

critical point up to Rx ’ 25 where the entanglement measures

become constant. These observations can be associated to

physical phenomena through the atomic charges (Fig. 9b) and

atomic electric potentials (Fig. 9c). There is a global process of

charge exchanging between the chemically meaningful molec-

ular species among the different stages, that is, (i) in the first

Figure 8. The Diels–Alder cycloaddition reaction of cyclopentandiene into maleic anhydride. Two cycloadducts are produced: exo (favored thermodynami-

cally) and endo (experimentally observed).

Figure 9. Phenomenological behavior for a) the energy (red) at the TS and for the entanglement measures (linear in blue, and von Neumann in green) at

the METS according to the molecular electric potential (below) for the Diels–Alder addition reaction of cyclopentandiene (triangles, left scale) into maleic

anhydride (squares, right scale).
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region (from the Rx ’ 22 to the TS) the transfers charge in

favor of the cyclopentadiene and (ii) the process gets reversed

and the cyclopentadiene (CP) transfers charge to the maleic

anhydride (MA) up to Rx ’ 24 and then charge stabilization is

reached (Fig. 9b). This behavior is reflected by the molecular

electric potentials (depicted at Fig. 9c) which signal two main

stages: (i) reaction starts by the driving force provided by the

molecular electric potentials at the R where the MA holds a

minimum value whereas the CP possesses a maximum, as the

reaction progresses and the molecular species approach to

each other a maximum interaction is reached at the METS,

and hence (ii) a new driving force acts in the opposite direc-

tion from the CP to the MA. This oscillating force ends when

the reactions gets completed at the P. Once again, it is worth

noting, (as it happened in the previous analyzed reaction, see

three center insertion reaction of silylene subsection), that the

maximal interaction of the molecular species, according to

atomic electric potentials (Fig. 9c), occurs at the METS and not

at the TS. It is difficult to associate this behavior to numerical

noise due to the remarkable agreement between the phenom-

enological interaction among species and the METS.

Entropy and entanglement values, Eqs. (15–18), calculated at

the CISD/6–3111G* level of theory have been reported in Table

4 for all the chemically significant intermediates (R, P, and TS)

along with the adduct associated to the METS (see above).

Correlation energy and entanglement

Previous studies have suggested a relation of correlation

energy with the von Neumann entropy. Indeed, Esquivel

et al[61] and Ram�ırez et al.[62] examined the implications of the

Collins conjecture[63] to show numerically that for three-

electron atoms and some selected small molecules, the von

Neumann entropy behaves linearly with the correlation energy

as the quality of the wave function increases. Moreover, Huang

and Kais[64] and Hofer[65] have used entanglement as an alter-

native measure of electron correlation for helium-like systems.

It is known[68,69] that a wave function composed of a single

Slater determinant does not content quantum correlations usa-

ble as a resource for quantum information tasks, implying that

the Hartree–Fock wave function does not represent an

entangled state, whereas the multideterminantal wave func-

tions used in post-HF methods are endowed with entangle-

ment. The later implies that the nonlocal effect linked to

entanglement must be present in any post-HF wave function

independently of its quality.

In this section, we have found useful to analyze the possible

link between the correlation energy and entanglement. This is

represented in Figure 10 for the hydrogenic nucleophilic sub-

stitution (top) and the Diels–Alder addition reaction of cyclo-

pentandiene into maleic anhydride (bottom).

From Figure 10, we have learned that correlation energies

possess a different profile to that of the entanglement meas-

ures. Therefore, it seems that Collin’s conjecture[63] only applies

for the ground state of atomic and molecular systems. For

excited states and for the chemical course of reactions more

studies should be undertaken.

Conclusions

In this work, we have studied the quantum information fea-

tures through the linear and von Neumann entanglement

measures of selected elementary chemical reactions: hydro-

genic abstraction, nucleophilic hydrogenic substitution, three-

atom insertion reaction of silylene into hydrogen, and the

cycloaddition of cyclopentadiene into anhydride maleic. To

associate physical features to the entanglement profiles, we

have performed a phenomenological analysis of the chemical

processes in the passage from reactive to products through

the transition region. This is achieved through the most indica-

tive descriptors of de molecular densities: the atomic charges

and the electric potentials.

The main features of the entanglement measures as the

chemical reaction evolves can be briefly indicated as follows:

at the R/P regions the reactants/products consist of specific

chemical species showing the lowest values of entanglement,

indicating a chemical situation of separable states: reactives

and products. Afterward, entanglemet profiles show inflection

Table 4. Linear and von Neumann entropies and the associated entanglement measures corresponding to R, P, and TS for the Diels–Alder addition reac-

tion of cyclopentandiene into maleic anhydride according to Eqs. (15)–(18).

SL nL SvN nvN

R 9.8848875 E 2 01 1.0033128 E 2 02 3.7960180 E 1 00 3.4818231 E 2 02

P 9.8848840 E 2 01 1.0002857 E 2 02 3.7959699 E 1 00 3.4770512 E 2 02

TS 9.8848930 E 2 01 1.0080132 E 2 02 3.7961549 E 1 00 3.4955439 E 2 02

METS 9.8848932 E 2 01 1.0081073 E 2 02 3.7961628 E 1 00 3.4962501 E 2 02

Figure 10. Correlation energy (in black) and the entanglement measures,

linear (blue), and von Neumann entropies (red) for the SN2 (top) and for

the Diels–Alder (bottom).
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points, reflecting physical situations of charge/potential equal-

ization. At the transition region, TS and METS represent the

same region for symmetrical reactions (hydrogenic abstarction

and nucleophilic substitution), for the nonysymmetrical (three

center insertion and Diels–Alder) the TS only reflects its topo-

logical origin, disregarding of any physical significance. In con-

trast, the METS completely reveals the mixed state nature of

the activated complex that represents the chemical situation

defined by IUPAC (http://goldbook.iupac.org/T06468.html): “the

TS of an elementary reaction is that set of states (each charac-

terized by its own geometry and energy) in which an assembly

of atoms, when randomly placed there, would have an equal

probability of forming the reactants or of forming the prod-

ucts of that elementary reaction.” We have shown in this work

that it is through the quantum-information concept repre-

sented by the METS that such a chemical situation is fully

described. Let us remember that the mathematical definition

of the TS through the first-order saddle point does not neces-

sarily hold any chemical significance. Work is in progress in

our laboratories to characterize other more complex reactions.

The chemical process involves the transformation from

quasi-independent subsystems at the R/P characterized by

smaller and non-zero quantum entropies to reach the maxi-

mum entangled TS characterizing highly correlated subsystems

in a mixed state. Besides, other critical points are observed

from the entanglement profiles at the vicinity of the transition

region, indicating chemical situations of charge or potential

equalization depending on the reaction under study. Most

important, the observations of this paper lead us to associate

the METS to a equiprobable states of maximum chemical reac-

tivity which connects two or more states with lower entangle-

ment through the PESs. Accordingly to the later, the chemical

significance of METS discussed on this work is guaranteed.
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