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Abstract: Kinetic Monte Carlo simulations are applied to simulate the insertion of lithium ions into 

graphite. The present results show how the kinetics of lithium ion intercalation in graphite rules 

the global process, leading to metastable phases. The relatively slow rate of the events of insertion 

(deinsertion) of lithium ions into (from) graphite is found to yield the intercalation structures 

proposed by Daumas and Hérold. These arrangements can be be considered as frustrated, 

metastable structures, with a higher energy than that of the equilibrium state.  

Keywords: lithium ion battery, kinetic Monte Carlo, Daumas-Hérold model, intercalation, graphite  

 

1. Introduction 

The understanding of the processes that occur in a graphite anode upon lithium ion 

insertion/deinsertion is a key factor to improve the performance of lithium-ion batteries.  
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Although numerous studies have been performed, the mechanisms that govern the kinetics of the 

intercalation process are still not well understood. 

The Daumas-Hérold (DH) model [1] for Graphite intercalation compounds was proposed a long 

time ago and has been widely invoked in the literature to explain different features of 

intercalation phenomena. It assumes that intercalated ions occupy all graphite layers as a periodic 

arrangement of islands (clusters), as illustrated in Figure 1a. This model is often contrasted with 

the so-called Rüdorff-Hoffmann (RH) model [2], where for a given stage the occupation of the 

different layers shows no mismatches. In the original work of DH, the authors suggested that a 

possible reason for such an arrangement in potassium-graphite intercalation compounds was the 

presence of carbon monoxide, which occluded the possibility of potassium to migrate out of 

graphite, to be then reinserted into other graphite empty layers. This limitation would prevent the 

formation of the ordered structures predicted by the classic model. In the DH model, the 

formation of different stages would take place via rearrangements of the intercalant inside the 

lattice, without the need of whole layers being emptied/refilled to yield the different structures 

upon lithium loading/discharging. The question arises, however, what plays the role of carbon 

monoxide in limiting the entrance/exit of lithium inside/outside the graphite layers. 

Numerous articles have been written on lithium intercalation in graphite, using a diversity of 

techniques. We point out some representative cases that applied the DH model for understanding 

experimental features found in lithium-graphite systems. Levi et al. [3, 4] performed fundamental 

electrochemical studies regarding Li-graphite systems and explained differences between 

experimental and simulated voltammetric current peaks in terms of lithium DH islands. Maurin et 

al. [5] found inhomogeneous swelling of multiwall carbon nanotubes upon lithium electrochemical 

intercalation, which was analyzed in terms of the DH model.  Yamaki et al. [6] have observed two-

phase separations like in DH model trough entropy calculations. Heβ and Novák [7] studied the Li 

ion-graphite kinetics with thin-layer electrodes, finding lithium (DH) domains. Sole et al. [8] got 

insight into Li intercalation in graphite performing in-Situ Raman espectroelectrochemical analysis. 

The behavior of the double resonance 2D band led these authors to support the DH model. 

Sethuraman et al. [9] obtained average Raman spectra of graphitic anodes cycling the electrodes 

in different potential windows. The origin of the surface structural disordering in graphite anodes 

upon different cycling conditions was revealed, considering the surface concentration gradient of 

Li in a DH scheme. Guo et al. [10] argued that Li injection kinetics influences the overall dynamics 
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of the system, making lithium to separate into “poor” and “rich” regions, as proposed by the DH 

model. A recent work from Allart et al. [11] proposes a new model to understand the lithium 

intercalation mechanism, assuming the existence of a new intermediate stage based on the DH 

model.  Dimiev et al. [12] researched stage transitions trough optical microscopy and Raman 

spectroscopy, demonstrating the plausibility of the DH structural model. Some theoretical 

approaches from the 80’s focused on the kinetics of the DH model[13–15]. More recently, 

Krishnan et al. [16] have simulated the dynamics of lithium in graphite, giving a first clue around 

the importance of kinetics regarding the DH model.  

Kinetic Monte Carlo (kMC) and Grand Canonical Monte Carlo (GCMC) methodologies are used 

here to tackle the present problem. GCMC simulations have been recently applied to lithium-ion 

studies in the literature [17,18]. Thus, both the kinetics and the thermodynamics of the system are 

considered. kMC is based on the idea that, if a system remains in a given state for a relatively long 

time, the system "forgets" how it arrived at that state.   It overlooks the vibrational atomic motion 

allowing the simulation of considerably long times [19,20]. This aspect is particularly relevant for 

the case of the ion-Li / graphite system, where the intercalation phenomenon is a very slow 

process. In fact, voltammetric measurements involve potential sweep rates of around 4 μV / sec 

[3], lasting a typical voltammetric cycle of the order of a day or more. 

 

2. Theoretical model and kinetic Monte Carlo method 

A lattice-gas model was designed to follow the dynamical evolution of the system, where the ions 

were allowed to perform two types of events. First, to represent the existence of a surface, the 

ions could intercalate or deintercalate only at one side of the lattice (see Figure 1b). This 

insertion/deinsertion process reminds the insertion/deinsertion move allowed in Grand Canonical 

Monte Carlo (GCMC) simulations in our previous simulation work [17], but in the latter case, 

particles could enter to (or escape from) any site. The restriction of the creation/destruction move 

to surface sites in kMC bears important consequences for the delay of the equilibration process.  

Ions were allowed to perform first-neighbor diffusion steps within each layer. This motion was 

restricted to the length of the graphite slab 𝐿𝑦  in the case of the Y axes and it was completely free 

along the X axis, where periodic boundary conditions were applied (Figure 1b). The system was 

periodic in the Z direction. No jumps were allowed across the basal plane of graphite (Z direction). 
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This is reasonable, since the activation energy for lithium diffusion across the basal graphite plane 

amounts several eVs [21].  

 

 

Figure 1: a) Dumas-Hérold model for lithium/graphite intercalation compounds. Lithium ions are 

represented in blue and graphite layers in grey. b) Simulation box. Ions are free to move in the X-Y 

plane, but not along the Z axis. The system is periodic in X and Z, but finite in the Y direction. The 

intercalation/deintercalation phenomenon occurs at one side of the lattice (interface). The atomic 

graphite arrangement is represented at the bottom of the figure and omitted in the upper part for 

simplicity.  c) Scheme of the free energy barrier for the insertion/deinsertion process. 

 

The Hamiltonian describing the system is the same as that used in References [17,22] to study the 

Li intercalation entropy and enthalpy and the critical temperature of the phase transition via MC 

simulations: 

𝐻 = ∑ ∑
𝑐𝑖𝑐𝑗𝜖
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where 𝑁 is the total number of lattice sites, 𝑁𝑖𝑝 is the number of neighbor sites in the same 

graphite plane and 𝑁𝑜𝑝 is the number of neighbor sites in different graphite layers. Interactions 

are pairwise.  

The first term is a Lennard-Jones potential and gives the attractive interaction between the Li-ions 

located in the same plane. ci is an occupational term (1 occupied, 0 empty), 𝑟𝑖𝑗 is the distance 

between sites i and j belonging to the same plane and 𝑟𝑚 is the second neighbor distance at which 

the potential reaches its minimum value 𝜖. This term generates the (√3𝑥√3)𝑅30° ordered 

structure, characteristic of stage I and stage II. The second term was proposed by Derosa et al. [23] 

and describes the repulsion between Li-ions placed in different graphite layers. 𝜅 controls the 

repulsive interaction, 𝑟𝑖𝑗 is the distance between sites i and j from different planes, 𝑟𝑏 is the C – C 

distance in graphite and 𝛼 controls the interaction length. 𝛾 is the interaction energy between an 

inserted Li ion and the graphite substrate, and 𝜇 the chemical potential. For Lithium-graphite 

intercalation compounds, the open-circuit voltage (OCV) and 𝜇 are linearly related (μ=−e0OCV). 

GCMC simulations were run comparatively; with insertion/deletion moves allowed at all lattice 

sites, using the geometry described in Figure 1b.  No significant differences were found with 

respect to the results of Perassi et al. [17]. Elastic interactions were not taken into account, since 

electrostatic forces should prevail in intercalation compounds [16]. 

The rate constants for all processes were calculated following Ref [24,25]. The latter considers 

Butler-Volmer-type rates (2) to obtain the probability of the transition from an initial state I to a 

final state F. These are calculated according to (3):  

Γ = 𝑣0 exp (−
𝐻∗−𝐻𝐼

𝑘𝐵𝑇
)    (2) 

𝐻∗ = Δ∗
𝜆 + 𝛼𝐵𝑉(𝐻𝐼 + 𝐻𝐹)    (3) 

where  Γ is the reaction rate, 𝑣0 is a preexponential factor associated with an effective vibrational 

frequency, 𝑘𝐵 is the Boltzmann constant and T is the temperature. 𝐻𝐼, 𝐻𝐹 and 𝐻∗are the energies 

of the initial, final and the transition state respectively.  𝐻𝐼 and 𝐻𝐹 are calculated from the 

Hamiltonian given in eq. (1), Δ∗
𝜆is the energy barrier for the event 𝜆 when no interaction between 

the particles are considered (Figure 1c), i.e., when 𝐻∗ = Δ∗
𝜆. 𝛼𝐵𝑉 is the transfer coefficient. 

Replacing eq. (3) in eq. (2) and taking 𝛼𝐵𝑉 = 1 2⁄ : 
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Γ = 𝑣0 exp (−
Δ∗

𝜆

𝑘𝐵𝑇
) exp (−

𝐻𝐹−𝐻𝐼

2𝑘𝐵𝑇
)     (4) 

which is the rate equation used. 

The lattice-gas model used here consists in a four layers arrangement with triangular geometry of 

18 x 36, the latter being the number of lateral sites at the X and Y axes. Each lattice site 

corresponds to the center of the C hexagon and the half distance between two graphite layers. For 

all rate constants (Eq. 4), the same pre-exponential factors 𝑣0 = 1𝑥1013 𝑠−1 was used [26,27]. 

The energy barriers for intercalation/deintercalation Δ∗
𝑖/𝑑𝑖and diffusion Δ∗

𝑑  were fitted to yield 

experimental data of exchange current density [28] and diffusion coefficients in the low 

occupation limit [29]. 

 

3. Results and discussion  

The temperature used was 296 K. It is remarkable that when we fitted Δ∗
𝑖/𝑑𝑖  to yield the 

exchange current density measured by Chang et al., [28], the resulting energy barrier was  

Δ∗
𝑖/𝑑𝑖  = 0.655 𝑒𝑉  ,  which is very similar to the values found experimentally  [30–32] and 

through very recent hybrid density functional and implicit solvation theory calculations [33].  A 

diffusional barrier  Δ∗
𝑑 = 0.370 𝑒𝑉  was fitted using diffusion theory [34] and simulations within 

the canonical ensemble, to yield the value of the Li+ diffusion coefficient at low occupations of the 

graphite lattice [29]. 

Figure 2a shows the occupation of the lattice for a kMC simulation of a potentiostatic step to 𝜇 =

−0.095 𝑒𝑉 (electrode potential 0.095 𝑉  vs Li/Li+) starting from two different situations. First, 

from an empty lattice (black), which corresponds to a situation where 𝜇 → −∞. Second, from a 

perfectly filled stage I (red), which corresponds to the limit 𝜇 → +∞ . The choice of the final 

chemical potential corresponds to a value where stage II is formed. In the first case, the Li-ion 

concentration is observed to increase with time, until oscillating around x ≈ 0.5. Steady state is 

reached at about 2 s. In the second case, the concentration decreases from x = 1.0 to x ≈ 0.5 and 

reaches a steady state at a similar time. Figure 2b shows a frame of a typical structure formed in 

both cases, yielding an energy per particle of -0.091 eV.  

A GCMC simulation (equilibrium) was performed at the same chemical potential as before. After 

1x107 MC steps, a RH stage II is formed (Figure 2c). This structure results from the optimization of 
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attractive interactions within the same layer, and repulsive interaction between different layers.  It 

is different from the kMC one reported above, yielding a lower energy per particle of -0.097 eV, 

that is, it is energetically more stable.  It is clearly observed that while the GCMC result yields a 

“pure” or RH stage II structure, with a lower energy per particle, the kMC simulation delivers a 

typical DH structure, where a border between two mismatched stage II structures appears. To 

confirm the fact that the latter is a non-equilibrated structure, the following experiment was 

performed: after a long kMC simulation time, the kMC algorithm was “turned-off”, and a GCMC 

was performed during 1x107 MC steps. The result obtained was the expected one: when the 

GCMC algorithm was turned on, the system evolved from the “broken” stage II (Figure 2b) to the 

equilibrium-GCMC stage II (Figure 2c). These result show that the mismatched DH structure is the 

result of some kinetic hindrance of the system. 

To understand the appearance of defective DH structures, we must think on the way in which the 

system evolves from an initial state to the steady state one. Let us analyze first the case of an 

initially empty lattice that becomes half-filled with Li ions when being subject to the proper 

chemical potential. At diluted concentrations (gas phase), Li ions occupy the network uniformly. 

Then, as the ion concentration increases, in-layer attractive interactions make Li ions to nucleate 

in all layers. Since the energy barrier to escape from the system is relatively large, the exchange of 

ions with the environment through the electrode surface is too slow to allow equilibration 

towards a uniform stage II. Thus, a way to lower the energy with all layers occupied consist in 

building DH structures, which resemble Stage II, but with defects.  So, if we assume that the 

approach to the more stable RH stage II is limited by ion exchange with the solution, increasing the 

adsorption/desorption rate (exchange current) should lead to this structure. To check this, the 

intercalation/deintercalation energy barrier was lowered (Δ∗
𝑖/𝑑𝑖 = 0.380 𝑒𝑉), corresponding to an 

artificially large value of exchange current of (60 A / cm2). The results for the energy of the system 

as a function of the simulated time are shown in Figure 2d.  After 4.2x10-2 s (red line), the system 

goes naturally from the broken DH state (higher in energy) to the typical RH stage II structure 

obtained in the GCMC simulations. 

 

4. Conclusions 
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The present work shows that the structures proposed in the Daumas-Hérold model are due to a 

kinetic limitation, which can be attributed to the slow process of insertion/deletion of lithium at 

the reaction surface. Ions initially present in all slabs, cannot get out and be reinserted again so as 

to accommodate in an alternate way, as required for a perfect stage II structure. 

If equilibration of the system is forced by setting an artificially high exchange current density or by 

switching to a Grand Canonical Monte Carlo scheme, the structures turn to be those of the 

classical (Rüdorff-Hoffmann) model, where perfect stage II structures are formed. Thus, a way to 

suppress the occurrence of DH structures could be to increase the exchange current density in the 

experimental system, by changing for example the nature of the solvent. Alternatively, the use of 

ultra-small graphite flakes would favor ion exchange with the electrolyte, also suppressing the 

occurrence of DH structures. 

 

 

Figure 2: a) Time dependence of Li-ion deintercalation and intercalation. b) stage II formed with 

kMC simulations after 2 s. c) stage II formed with GCMC simulations. Li-ions are represented as 

blue spheres, graphite is the grey layer. d) Energy/atom vs time, obtained by reducing the 

insertion/deinsertion energy barrier  
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Highlights 

 The kinetic origin of the Daumas-Hérold model for Lithium intercalation in graphite is 

elucidated  

 Electrochemical intercalation is considered 

 Grand Canonical Monte Carlo and kinetic Monte Carlo simulations are performed. 

comparatively 

 The kinetics limitations arise due to a slow exchange on the lithium ions with the solution 
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