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Abstract This paper deals with the formulation of an analytical model for the dynamic behavior of anisotropic
plates, with an arbitrarily located internal line hinge with elastic supports and piecewise smooth boundaries
elastically restrained against rotation and translation among other complicating effects. The equations of motion
and its associated boundary and transition conditions are derived using Hamilton’s principle. By introducing
an adequate change of variables, the energies that correspond to the different elastic restraints are handled in a
general framework. The concept of transition conditions and the determination of the analytical expressions are
presented. Analytical examples are worked out to illustrate the range of applications of the developed analytical
model. One of the essential features of this work is to demonstrate how the commonly formal derivations used
in the applications of the calculus of variations can be made rigorous.

1 Introduction

It is well known that the calculus of variations is concerned with the problem of extremizing functionals, a
generalization of the problem of finding extremes of functions of several variables. This discipline has a long
history of interaction with other fields of mathematics and physics, particularly with mechanics. For centuries,
scientists tried to formulate laws of natural sciences as extremal problems called variational principles and
to use the techniques of the calculus of variations as mathematical tools to derive and investigate the motion
and equilibrium in nature. Its applications now embrace a great variety of disciplines, such us optimal control,
economics, quantum mechanics, etc. Engineers and applied mathematicians increasingly used the techniques
of calculus of variations to solve a large number of problems. Nevertheless, in this discipline, the “operator”
8 has been assigned special properties and handled using heuristic procedures. A mechanical “§-method” has
been developed and extensively used, as can be observed in the current engineering literature. Commonly, the
domain of definition of a functional and the space of admissible directions of the variation of this functional
are not clearly stated; thus, most of the analytical manipulations, for instance involving integration by parts,
are confusing and not mathematically precise. The desire to fill this gap gave rise to the writing of this paper.

On the other hand, the calculus of variations has called the attention of several mathematicians, who made
important contributions to its development, and we have reached a stage where many technical details are hardly
available to a non-mathematician. Nevertheless, the concepts needed to its application in solid mechanics can
be easily established. For instance, the notion of variation of a functional is a straightforward generalization of
the definition of the directional derivative of a real-valued function defined on a subset of R”. This definition
is applied in the present paper together with a clear specification of the domain of the action integral, which
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corresponds to a plate with an arbitrarily located internal line hinge, and the space of admissible directions of
the first variation of this functional. Also, a complete rigorous application of Hamilton’s principle is developed
for the derivation of equations of motion and its associated boundary and transition conditions. All the energy
functional terms are expressed by using definite integrals. This approach allows the direct application of the
fundamental lemma of the calculus of variations and provides a better understanding of the mathematical
manipulations in the case of non-smooth boundaries and, particularly when an internal line hinge is present.

Substantial literature has been devoted to the formulation, by means of the calculus of variations of bound-
ary value problems in the statics and dynamics of isotropic plates [1-10]. On the other hand, several books
are devoted to the study of anisotropic plates including the determination of static, buckling and vibrations
characteristics [11-14]. It is not the intention to review the literature consequently; only some of the published
papers related to the present work will be cited. A great number of articles treated the dynamical behavior of
plates with complicating effects [15—19]. Most of the available mathematical theories about plates deal with
smooth boundaries. However, the majority of the plate problems that arise in practice are naturally posed in
domains whose geometry is simple but not smooth. This is the case of quadrilateral and triangular plates. In
[20] and [21], the calculus of variations was used to derive the boundary value problems that describe the static
and dynamic behaviors of anisotropic plates with corner points. Also, there is only a very limited amount for
plates with internal hinges [22,23].

The present paper deals with anisotropic plates with an arbitrarily located internal line hinge with elastic
supports and piecewise smooth boundaries elastically restrained against rotation and translation, among other
complicating effects.

This paper is organized in the following way. In Sects. 2 and 3, a detailed treatment of techniques of the
calculus of variations to obtain the governing differential equations, the boundary conditions and the transitions
conditions is presented. In Sect. 4, the transitions conditions are analyzed. Several plate problems are treated,
by using the derived general mathematical model, in Sect. 5. Finally, Sect. 6 contains the conclusions of this

paper.

2 The variation of the energy functional

Let us consider an anisotropic plate that, in the equilibrium position, covers the two-dimensional domain G,
with piecewise smooth boundary dG elastically restrained against rotation and translation. The plate has an
intermediate line hinge elastically restrained against rotation and translation, as it is shown in Fig. 1.

In order to analyze the transverse displacements of the system under study, we suppose that the vertical
position of the plate at any time ¢ is described by the function w = w(xy, x2, 1), where (x1,x2) € G, G =
G U 3G and that the domain G is divided into two parts G and G (with boundaries 3GV and 4G®,
respectively) by the line ') (see Fig. 1).

%)

Fig. 1 Mechanical system under study
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3

Fig. 2 Domains and boundaries

We assume that each subdomain G consists of a finite number of smooth arcs and therefore possesses
at most a finite number of corners. We consider here the case where different rigidities D,E’l) (x1, x2) and mass

density 0D (x1, x2)hD (x1, x2) of the anisotropic material correspond to the subdomains GY and G@. The
extreme points of the line I'©) divide the boundary curve dG into two arcs given by:

ro =969 —r©, i=1,2 suchthat 9G =TDur®?,

Let us assume that the boundary curve 3G is described by a piecewise smooth path y in R? defined in
the compact interval [0, /], where [ = [(dG) is the length of the path y. Then, y is a continuous function
y : [0, 1] = R?; and the derivative ' is continuous everywhere on [0, /] except possibly at a finite number of
points. The image of [0, /] under y (the graph of y) is the boundary curve dG and will be denoted by im(y).
We also assume that the curves ') and I'® are described, respectively, by the piecewise smooth paths:

y@:[0.00] 5 R O ) = (0. 1) s e [0.00] i =12, (1)

where s denotes the arc length measured from the point P® of the curve I'® (see Fig. 2),1 @ = (T D) is the
length of the path ¥ ) and the following is verified: y " (V) = y@(0), y D (0) = y P (1@).
Then, we have the function

) y D () if s € [0,11],
v )=
y@ (s —1D)ifs e 1D, 1D +1@], (2)
=10 L 1(2)’
where s denotes the arc length measured from the point P! of the curve 3G.
That is, 3G is described by the path y given by (2) and the curves I'") and I'®) are traced out by the paths
y @ and y @ given by (1).

It is well known [24,25] that if f : im(B8) — R is a continuous function defined on the image I" of a
piecewise smooth path g : [c, d] — R?, the curvilinear integral of f along I is given by:

d
/ f(x1,x2)ds = / (foB) () |B )] dr, 3)
T c

1/2
where (f o B) (r) = f (B (r)) and the norm ||,3’(r) || is given by (,3’%(}’) + ﬂ/%(r)) . In the case of a real
continuous function f defined on the image of the path y (given by (2)), i.e. the boundary curve 9€2, the
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definition (3) when s is taken as the parameter r leads to:

I I
/f(X1,X2)dS =/(fOV)(S) [y’ ()| ds =/(f0)/) (s)ds “4)
3G 0 0
and
/f(X1,X2)dS = / f(X1,X2)dS+/ f(x1,x2) ds. )
3G ) r@

The additive property (5) will prove valuable when defining functions and functionals over 9€2, since they can
be established independently for I'") and I'® by using Eq. (1). Thus, we assume that the rotational rigidities

of the elastic restrains along the boundary are given by the functions: kfi) cim(y®W) - R, i =1,2and

kﬁc) v m(y(c)) — R, where y(C) is the path that describes the line '© In the same manner, the translational
rigidities are given by the functions

KD im(y D)y >R, i=1,2 and £ :im(y©) - R.
At time ¢, the kinetic energy of the plate is given by

< ow)>
E == DpO(—) dx, 6
k) =32 / p o) & 6)
=lgo
where x = (x1,x2), dx = dxidxo, w = w (x, 1), pVrD = (pOrD) (x).
On the other hand, at time 7, the total potential energy due to the elastic deformation of the plate deformed

by aload of density ¢ = g (x, ) acting on G, the deformation of the elastic restraints on the boundary dG and
the elastic restraints at the intermediate line ') is given by

1 2 @) 8211) g (i)azw 82w @) 82w ?
E == D — DY) —— + DY | —
b () 2; / i\ o2 ) TPz eg TP\
— g
2

3w (i) 02w (i) 0% w o (2w '
+4 D} — + D5 — |+ 4D —2¢Ww | dx
0x10x2 ( 16 8x12 26 52 66 0x10x2 4w

2

2
+ /kf” () w? (x,1)ds + /k(i) (x)( 8}”. (x,t)) ds
" an®

r r

1 . 1 dw 1
(c) 2 ©)
— |k ds+ - [ k — | ds, 7
+y [ HO et )S+2/r(x)|:8x1i| s )
re r©
where w = w (x,1), D,E? = D,S) (x) and dw/dn") is the directional derivative of w with respect to the
outward normal unit vector () to the curve I'”). The outward unit normal vector 7 to the boundary G is
given by
7 (D) i ()]

- | at(x) if x eIV,

nx) = lﬁ<2> (x) if x e T®, ®)
where 7®) (x) = (nY) @), n? (x)) i=12and

a9 (o)

v =1 (170787 0)) = cose (1008 )).

o =18 (1704 0) = sina (7). 7" 6). ©9.1,2)
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where o denotes the angle made by the outward normal #() to ') with the positive x; in the point
(yl(l) (s), yz(’)(s)) as it is shown in Fig. 2. We assume that « is a continuous function of s except possibly at a
finite number of corners. The symbol [0w/dx1], used in (7), denotes the difference
ow
(€. x, 1) = o—| (¢, x2,1). (10)

[8w] 0w
dxi] 9xile e

Since w is a continuous function, the lateral derivatives in (10) are defined as

dw . w (xg, x2,1) —w(c,x2,1)
—_— (¢, x2,t) = lim )
Xy <c
w . w (x1, x2,1) —w(c, X2, 1)
— (c,x2,t) = lim .
X1 |4 x| —>c x1—c
Xp >c
Finally, we have
D i ~ (D)
qg'"’ (x,t) ifx e GY,
) = : 7
q(x0 {q(z) (x,1) ifx e GP.
It can be observed that the strain energy due to the rotational restraint of the internal line hinge in (7) is
computed by
1 ad a ?
w w
> / Dol —| @xn——| (c.x.n)ds,
2 01 |4 dxi -

re

which implies that the distributed springs are connected at points of G'!) and at points of G®.

It is convenient from now on to introduce a change of variables in order to deal with the points that corre-
spond to the curves I'D and '@ Let us consider the new variables (y;, y») where y; is a distance measured
from the boundary and along the normal to dG and y; is the arc length measured from the point P(D of
the boundary dG (see Fig. 2). More specifically, given a point (x1, x2), the new variable y; is obtained by
determining first the shortest normal to G through (x, x2) and then the intersection of this normal with 0G.
The distance from (x1, x2) to dG along the normal determines the new variable y. It must be noted that y; > 0
if (x1,x2) ¢ G and y; < 0if (x1, x2) € G. Itis assumed that through each point (x, x2) there be a uniquely
determined shortest normal to dG. We can, without loss of generality, impose this condition since the new
variables y1, y» will be used only in the evaluation of functions on dG, thus for y; = 0. Since the boundary
curve dG is described by the path given by (2), let us consider the following functions:

g0 20 5 R0 R, widA>RACRK, 0 (20)ca, i=12
where
Q¥ = {()’1’)’2)’ yi € [a(i)’ oo)’ 2 € [O’lm]}, a” <0 (11)

and
g? u® o [0 @) - (i)
O, y2) = (1, x2) > z=u [gl 1 2), 8" O1s yz)] =u" (y1,y2),

Oy e, i=1,2,

where i = u® o g\¥) denotes the composition of u® and g”). Throughout this paper, this notation will be
used for different composite functions. The function u is given by:

u (x) if x e GD,

ux) = [u<2> (x) if x e G?.
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We have the occasion below to employ u replaced by w, the function which is defined only on G, is also
dependent on the variable ¢ and describes the vertical position of the plate. The components of functions
g®are defined by:
(&) _ @O (@) (@)
g .y2) =y () +yicosa ( (y2). 7> (yz))

& 1, y2) =1 () + yisina (yf’) o), " (yz)) , (12.1,2)

Oy eQ?, i=1,2,

where « is the angle defined in (9.1, 2). These expressions can now be rewritten as
¢ oy =P o0+ 0. L e ij=1.2 (13)

D) _ 4@ o)
J

where n i
The points of the curves I'D and I'® are determined from (13) as:

5= 0. =y ). welod®], xer® ij=12 (14)

These functions also give natural parametric representations for the first two curvilinear integrals of the func-
tional (7). Thus, from Egs. (4) and (14), it follows that

10)

/kfi) (x)wz(x,t)dsz/<k’(i) (l)) ©. m((wc’gm) (O’yz’t))zdyz

o 0
o)

= / kD (0, y2) 2 (0, y2, 1)dya (15)
0

/ "Nx)(a = (x, z))

r®

and

1

. . Jw 2
= / (k7 05?) @, y2>((8 = 0 (”) o, yz,t)) dya. (16)
0

InEq. (15), the expression (w o g(i)) (0, y2, t) denotes the composition given by w ( 2 O, y2), g(’) ©, y2), t)

and similarly for ( aff’) o g(‘)) (0, y2, t) in Eq. (16). By the formula of derivation of composite functions, we
have
~ 2 (@)
ow ow g
8y1 Z 3Xj 8y1

j=1
where x; = gk) 1, y2),k=1,2and (y1, y2) € Q® i =1, 2. From (13), it follows that

ag(l)

8— Gy =iy (). ij=1.2 (17)
Y1
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and

~ 2
Jw ow (i i
j=t "

Oy eQ?, i=1,2. (18)

It must be noted that in (18) the condition (y;, y2) € Q® clearly indicates which restriction of w corre-
sponds. In particular, we have

2
Jw ; i ~(i .
=> = (o7 0388 .32 )i ), i =12 (19)

nel0a®] 5= 9%

ow
o (01 Y2, t)
a1

The directional derivative involved in (16) is commonly determined by

2
8w Bw ~(i)
—= (X, 0) = —(x t) s’ (y2)
an® xer® ; dx xer® ’
2 ow
=> o (6" 0 g 0y )i o) =12 (20)
J

1

~.
Il

From Egs. (19) and (20), we have

ow (l) ow .

=5 08”) 020 = 25 0,320 Ci=12 @1
dn 12e[010]

By substituting (21) into (16), we obtain
0]

0) l 20 dw ?

kD () q()(x o) a5 = [E 0. 3y, @200 ) dne (22)
ro 0

A simple parametric representation of the last two terms of functional (7) can be obtained by using
(©) (©)
79w = (n" .0 () = x), xelabl, 23)

where a = yz(l)(l(l)), b= yz(l)(O) (see Fig. 2). Thus, we have

b
/ K oy w? (x, 1) ds = / k' (c, x2) w? (¢, x2, t)dx, (24)
I‘(c) a
/ 3 3 ?
/ K (x)[ } ds = / K9 o) 2| (exn ) — | (cxa ) ) da. (29
© 0x1 x4 dx1 |-y
I a

Hamilton’s principle requires that between times #y and ¢1, at which the positions of the mechanical system
are known, it should execute a motion that makes stationary the functional F(w) = ,Q (Ex — Ep)dt, on
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the space of admissible functions. In consequence, from (6) and (7), it follows that the action integral to be
considered is given by

1< ow)’ 22w\
Flw) — O () _ po (2
w) 2/ Z / P ot M\ ax?

2
2D(,‘) 8211) 8211) D(i) 82w 4 3211) D(,‘) 3211) + D(l') 8211)
12 Bx% 8x22 2 8x22 dx10x2 16 8x12 26 8x§

10)

' Pw \’ - ~i .
—ap (-22) 20w Jax - / £9 0, y2) 2 (0, y2, )dy2
0x10x2
0

16)
- AW 2
- /kr(’) 0, y2) (8_y1 O, yzyt)) dy, | — R ¢ dt, (26)
0
where

b
R= / K (c. x2) w? (¢, %2, Hdx2

a

b 2
0 0
+ / K (e, xz)(—w (2. 1) — a—“’ (c, x2, r)) dxs.

R RICe *(—)

a

The condition of stationary functional for (26) requires that
SF (w;v) =0, Vv e Dg, 27

where § F (w; v) is the first variation of F at w in the direction v and D, is the space of admissible directions
at w for the domain D of this functional.

The definition of the variation of F' at w in the direction v is given as a generalization of the definition of
the directional derivative of a real-valued function defined on a subset of R”, [10]. Consequently, the definition
of the first variation of F' at w in the direction v is given by

(28)

dF
0F (w;v) = — (w + ¢ev)
de e=0

In order to make the mathematical developments required by the application of the techniques of the calculus
of variations, we assume that

pOp ¢ c (GU)) gD (e eC (G“)) . D ec? (G“')) w(x,e) € Clto. 1],

w (e, 1) € C(G), and w (e, 1)lgn € C* (G<">), GO =GcDusGc?, i=1,2,

where the following notation has been used: C* (S) denotes the set of all real functions u : G — R that have
continuous partial derivatives of orders m = 0,1,2,...,k,and C k (S) denotes the set of all u € C* (S) for
which all partial derivatives of order m = 0, 1,2, ..., k, can be extended continuously to the closure S of
S. It must be noted that as a consequence of the presence of the line hinge, the derivative dw/dx; and the
corresponding derivatives of greater order do not necessarily exist in the domain G, so it is necessary to impose
the conditions w (e, )|go) € C* (GV), i =1,2.
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In view of all these observations and since Hamilton’s principle requires that at times 7 and #; the positions
are known, the space D is given by

D = {w;w(x,e) € C2lrg,n], w(e,1) € C(G), w(enlgo € C*(GV), 09)
i=1,2, w(x,fo),w(x, 1) prescribed}.

The only admissible directions v at w € D are those for which w + gv € D for all sufficiently small ¢ and

S F (w; v) exists. In consequence, and in view of (29), v is an admissible direction at w for D if, and only if,
v € D, where

Dy = {v;v(x,9) € Clio, 1,0 (0,1) € C (G), v (o, Dlgor € C* (G), 0
i=12 v, 1) =v(x 1) =0 VxeG}.

Performing the derivative (28) with F given by (26), together with the classical decomposition of symmetric
terms, we have

11 2
oy 0w v 5 02w 8%v A f 92w 8%y 9%w 3%
SF (w; v) = 00222 _pWOZ 2%~ pi —_—t ——
(w: v) to/ Zi:l Gé (p or o WoaxZax? P2\ axZ x| o2 ox?

@) 9w 3%v of Pw v 13%w 3 (ov) 13°w 3 [ dv
P2 252 TP  amam o T 29x7 0 o) T2007 o
Xy 0X5 X10x2 9x7 dxy dxy X2 dxy 9x2 X1

of Pw v 137w 3 fav) 13%w 3 (v of Pw 3 (v
—2Dyg atys s\ s ) s 5 ) )2 Pes o\ 5.
0x10x2 8x22 2 ax% 0x1 \ 0x2 2 8x§ dxy \ 0x1 0x10x2 dx1 \ 0xp

1@

Pw 9 [ v , ~(i s N
— () ) +¢“v Jdx - / k" (0, 32) (0, 2. 1) 5 (0, y2, 1)dy:
0x20x1 dxp \ 0x]
0
1@
ayi a1
0
where
b b 5 5
RV = /kt(c) (c, x2) w(c, x2, ) v (c, x2, t)dxp + / kﬁc) (c, x2) S dxs, (32)
0x1 0x1
a a

with ["—“] =

0x1 ax1

)(C,Xz,t)— adTv] )(c7x2’t)'

(+ (=
Let us consider the first term of (31). Since w (x, o), v (x, ®) € C2[tg, t;], we can integrate by parts with
respect to ¢, and if we apply the conditions imposed in (30), i.e.: v (x, o) = v (x, #1) = 0, Vx € G, we obtain

n

1
//pa)h(i)a_wa_“dxdt: /pu)h(i)a_wv dx.
ar a1 a1

o GG G P
0 (33)

N 3]
. .82w : -82w
(OFAG) — (OFNG)
—//p’h'Wvdxdt_—//,o’hlwvdxdt.

o GG o GO
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To transform the terms of (31) that are multiplied by a coefficient D,S), we employ the well-known Green’s
formula:

/u(x)a—v(x)dx=/u(x)v(x)nj(x)ds—/v(x)a—u(x)dx,
0x; 0x; (34)
G G G

ji=1,2uvecVG),

where n; denotes the j — th component of the outward unit normal to the boundary dG and the curve that
corresponds to the boundary is a piecewise smooth Jordan curve [24]. We have, upon applying (34) twice by
succession and using (33)

2
0x10x2

11 2
§F (w;v) = /
=1

) !

) ) 8211) aZM(l) 82M(l)
—pPhD—— 4 — -+ —2-+2
/ ( PPt % T T T a2

G@

2
+q(i)) vdx + / M{‘z)ds—/ > Nn | vds
Elelt aGH \J=1
o)
- / kD (0, y2) @ (0, y2,1) 7 (0, y2, Hydya

0
10)

/ dy1 ay1

where RV is given by (32) and

2 2 2
(@) @w i dTw i 07w
M =—-\ D;/— + D;; — +2D , 36
| ( 11 axf + Dy, Bxg +2D x19% (36)
; N 92w 502w N 02w
(i) (i) (@) (i)
My =—\Ds;—+ D5 —= +2D , 37
2 ( 25 + Dy, 9:2 12D 8x18x2) (37)
i 5 92w 502w o 02w
(i) (1) (@) (1)
HY, =—\D,/— + D,,— +2D , 38
12 ( 16 Bxf + Do Bxg +=Dso 0x10x) (38)
@) @)
; M oH
N](l) — 1 12 , (39)
ax 0x2
(1) (@)
; M oH
Nz(l) — 2 12 , (40)
dxp 0x1
; i 0V N IV ; v av
(@) (@) (@) (@) (@) (@) @) @)
My = M Py My axznzl + Hy; (_3 )+ 9% 11) (41)

3 The determination of the boundary value problem

According to the condition of stationary functional (27), the variation (35) must vanish for the function w cor-
responding to the actual motion of the plate for all admissible directions v, and in particular for all admissible
v, satisfying on the whole contours G ®) the conditions:

dv(x, 1) _o ven

_ —0, i=1,2.
X1 |ygi) 0x2 |30

(42.1-3)

v(x, Hlygen =0,
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In this case, since the functions v and 9v/dy; verify analog conditions, the curvilinear integrals and the
one-dimensional definite integrals in Eq. (35) vanish, and only the double integrals remain:

a 82M(l) 82M(1) aZH(l) )
SF (w; v) = / 2/( pOp® Z}+ Lo — 2 4o 12 4 O hodx [ dr. (43)

ax? 3x3 dx10x2
G@

Since v is an arbitrary smooth function satisfying conditions (42), we have from the fundamental lemma of
the calculus of variations that the restrictions of the function w to G and to G® must, respectively, satisfy
the following differential equations:

82 ()311) ()Bw () 82w
(D’ +Dl’28 + 2Dy ——

A 16 9x19x2
82 (,)8 w (,)8 w (,) 82w
D Dyy — + 2D ———
+8x22( 12 9x 2 + Dy 9x 2 + 26 9x10x2
32

2 (2002 Ty pw P
0x10x7 16 95 2 26 ox 2 6 9x10x;

92 . .
+p(’)h(’)a—tlf —g" =0, VxeGD, i=1,2 vi>0. (44)

The fourth-order partial differential equations (44) describe the dynamical behavior of the vibrating plate.
If we set ¢ = 0 so that there is no external forces acting on the plate, the equations (44) reduce to the equations
of free vibrations of the anisotropic plate. On the other hand, if we set 32w /81> = 0 and it is assumed that all
variables are independent of time, the equations (44) reduce to the equations that describe the statical behavior
of the mentioned plate when a load of density ¢ = ¢(x) is applied on G. Next, we remove the conditions
(42.1-3), and since the restrictions of w must satisfy (44), the functional (35) reduces to

a1 2 2
8F(w;v)=/ > /M}Q(x,t)ds—/ ZN;")(x,t)n}")(x) v (x, )ds

i=1

10 3G ® ag \J=I1

16}
— / k" (0, y2) W (0, y2, 1) 5 (0, y2, 1)dys

0
1@

/ kD (0, y2)—(0 ym (0 y2, 1)dy2

0
b b
(© (© dv
— | k77 (e, x2) w(c,x2,t)v(c, x2,t)dx2 — | k7 (c, x2) P dxp ¢ dr.  (45)
oxy | [ ox
a a ! !
Since 3G =T UT© we first consider the curvilinear integral
/ M(’) (x, 1) ds, (46)

ro
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where M flz) is given by (41). In the manner of achieving (18), we have

- 2 @)
ov av 0g;

— O,y 1) = — (x1, X2, ) =2 (y1, y2)

ay1 JZ:; 0x; ay1

o 47.1,2)

v 2 dv g
— (i, y2,0) = — (x1, X2, ) =2 (y1, y2)
ay2 jZ::‘ 0x; ay2

where xp = g (y1,y2),k = 1,2 and (y1, y2) € Qi = 1,2. From Egs. (12.1, 2) and the well-known
relations

dy—l(i)m) _ i (), & 2’ ) = (), 48)
dy, 2 dy !
it follows:
ag""
a—y’z D1 y2) = (=D ) F (1. y2) . j=1.2, 49.1,2)
where
dov ; W
F(yl,yz)=1+y1d—y2(yz), a=aoy?, i=12 (50)
From Egs. (17), (47.1, 2), (49.1, 2) and (50), we obtain
99 2 ov
~ (i)
- 5 5t = - 5 5t i 5
. 1, y2, 1) ;axj (x1, x2, )1~ (2)
= ) (51.1,2)
9V ; _
—<y1 2, 1) = F (y1,y2) D_ (1) —(x1 X 05 (v2), i=1,2,
j=1 ’

If we solve the equations (51.1, 2) for dv/dx; and dv/dx,, we get

2 ~
v . v ;
P 5 at - _1 j+] P ’ 3t G ’ ~('l) ’
o1 (x1, X2, 1) 2—1( ) 5y, 1, ¥2, DG j (y1, y2) 1157 (32)
’; (52.1,2)
P =3 9 130G 1.y i D),
— (X1, X2, 1) = — , n
9% 1, X2 pa lay] Y1, Y2 Y1, Y2 Y2

with x; = g (v, y2) , k = 1,2, (1, y2) € Qi = 1,2 and

if j =1,

650139 = | {1, v i) 22 &Y

The expressions of the second partial derivatives of w are obtained differentiating (18) with respect to y; or
y2, and it follows that in abbreviated form:

2
Wy (05 1) = Wy (6,0 A% (12) + Wiy (6, 1) 52 (32)

+ 2wy (0 (i75)) (2), (54)
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and in analogous form, we get wy,y, and Wy, y,. Since (52.1, 2) hold for any differentiable function, we can
obtain wy, and wy, simply replacing v by w, and if we solve the equation (54) and those which correspond to
Wy,y, and Wy, y, for wy,x;, Wx,x, and wy, x,, we obtain:

Wayxy (6, 1) = Wyyy, (0, 1) A2 (12) + sy, (0, 1) G5 (1) 7S (72)

=20y, (.0 G2 ) (A7) () + by, (0,1 G2 (V& 025 (32)

+ iy, (0.0 2630 02 (i75)) 02) = G M Al ()], 69

and in analogous form we get wy,,, and wy,x,. Then, substituting Eq. (55) and those which correspond to
Wy,x, and wy, y, with y; = 0 into (36)—(38), we obtain the expressions of M(’) M( 2 1, y2, 1), M
M( 2 (y1, y2,¢t) and Hl(z) = Hl(2 (y1, 2, t). Further, in an analogous form, we can obtain, on direct although

lengthy analytical procedure, the expressions of N\ = N{” (yy, y2, ) and Nz(') N (n, 32, 1),
According to the adopted parametric representatlon the first term of (46) is given by

/M(’)( t)—(x Hn\” (x)ds

r®
1@

/ M7 (0, 2. 1) Z( 1/ ”, 0, y2, 07 (y2) | Y (v2)dya, (56)
]
0

where the expression of vy, (x, t) has been obtained from (52.1, 2) and (53), taking into account from (50)
that F (0, y) = 1. Operating in a similar fashion for the rest of the terms from (46), we obtain:

/ MY (x,1)ds

r@
1@

. v o v
= / (PW 0, y2,1) — (0, y2, ) +RD (0, y2,1) — (0, y2,t)) dys, (57)
) ay1 ay2

where

~ s ~ : 2 ~ . 2
PO, y2,0) = M 0,320 (i) 02)) "+ M 0, 32,00 (75 (1)

+208 0,32, 07 (1) i (1), (58)
RV (0, y2,1) = (Mé") O, 32,00 = M 0, y2.0) i 02) 5 (32)
: 2 . 2
A 0.y2.0 ((ﬁi” (02) = (i 02) ) (59)

After integration by parts of the second term of the integrand in (57), we obtain

1@

RY (0, y2,t) — (0, y2, 1) dy>
ay2
0
" R (i)
() oRY .
= RD (0, 2,07 (0, y2,1) | / Y (0, y2,7) (0, y2, £)dy». (60)
0
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On the other hand, it is immediate that the second term in (45), evaluated along I'¥), is given by

2
> NJ(.’) (x, 1) nj’) ) | v (x, 1)ds

ro \Jj=1

10

2
= / Z (Nj(.’) o g(i)) 0, y2,1) (ny) o g(i)) 0, y2) (U o g(i)) 0, y2,t)dy>
2 . .
S NP 032,070 (32) |70, 32, 1) dy. (61)

Now let us consider the curvilinear integrals over I'(). From the parametric representation (23), using
(39)~(40) and iV = (1, 0), we obtain

2 b
[ XM wnn @ ot = [ (W10 w) s, (62)

re© Jj=1 a

where Ni|_y (¢, x2,1) is given by (39) with i = 1 and the derivatives replaced by the corresponding left
lateral derivatives. Similarly, from (41), upon integrating by parts, we have

b
dv
/Mg)ds:/ M1|(_).—‘ (¢, x2,1)
x1{ ()
F(c) a
3XZ

A path that describes the line I'), when it is considered as a part of the boundary dG‘?, is given by

.v) (. x2, z)} Ao+ (Hily ) (e, x2,0[] (63)
-)

r9 = (n" 2. () =(c.b-x), xel0,b-al, (64)

and since 7? = (—1, 0), in the manner of achieving (62)—(63), we have:

2 b—a
/ ZN}z)nf)vds S / (Nl -v) (¢, b — x2, 1) dxa, (65)
re /=1 0
b—a 3
/M{Z)ds= / |:—(M1|(+).—U )(c,b—xz,t)
9x1l(4)
r 0
0H12 _
—i—( .v) (c,b—x3, I)} dxz — (Hi2l4) -v) (¢, b — x2, l)lg “. (66)
9x2 |,
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Then, substitution of (57), (60)—(63) and (65)—(66) into (45) gives
0)
t 2 l 2 0 ) 8§(‘)
§F (w; v) =/ > / =D NP0, 32,07 (y2) - Ty 02D
o =1 o

j=1
— kP (0, y2) W (0, y2, 1) | 7(0, y2, 1)
53) 7(0) dw v
+ P (Os y2at)_kr (07 }72)_(07 y2, t) _(07 )’27t) dy2
ay1 ay1

1@

n (zé@ﬁ) (O,yg,t)‘o +sbar (67)

dv
)U)(C, x27t) +(M1|(—) 3_‘ )(C, x27t):| dxz
) M)
b—a
0H» ov
+ Nilgy + vi(c,b—xo,t)—| M| — (c,b—xp,1) | dxp
(+) +)
) 9x2 |4 x| (4
/b
a

b
c ) 9 3
K (¢, x2) w (¢, x2, 1) v (¢, X2, 1)dxa _/kr(c) (c. x2) [_w] [ v ]de

0x1 a

+ (Hialy ) (e, x2, t)|z — (Hi2ly -v) (e, b — x2, t)’f)_a . (68)

Since we can independently choose v and its derivatives and the interval [#, #1] is arbitrary, the condition of
stationary functional (27) applied to (67) leads, in the manner for achieving Eq. (44), to the following natural
boundary conditions that establish requirements on the bending moments and on the shear forces, respectively:

- ow - .
£D (0, y2) 8—;‘: 032,00 = PO O, 32,00, 32 € [0.19], i =1.2, (69.1,2)

2 ~
i _ Ny G dR®
B0, 0, y2.0) = = > NP (0.32.07 (32) = —— (0.32.1).

= dy2

s € [o,z(”], i=1.2, (70.1,2)

where P and R® are, respectively, given by (58) and (59).
It must be noted from (67) that if the boundary dG is smooth, the continuity conditions

RO (o, 1O, t) 7 (0, 1, t) — R (0,0,1)7(0,0,1),
R (0,0,1)7 (0,0, 1) = R® (o, 1@, z) 7 (0, @) t)

lead to

2 .
. 1@

> RO 032,050,320 =0. (71)

i=1
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The equations (69.1, 2)—(70.1, 2) are the boundary conditions along 0 G. Adopting the adequate values for the

parameters 125” and ]}t(i) all the classical boundary supports (i.e.: clamped, simply supported and free) can be
generated. In view of (69.1, 2)—(70.1, 2) and (71), the variation given by (67) reduces to

n

SF (w: v) = / sd, (72)

To

where § is given by (68). Finally, in the manner of achieving (69.1, 2)—(70.1, 2) and using the property

b—a b
/ f b —x2)dxy =/f(X2)dX2

0

from (72), we obtain:

. Jw
K (¢, x2) ( o

X1

ow
(C, x27t)_ ' (c9x2’t)):_ Mll(f) (Cvx21t)v X2 € [avb]’ (73)
9%l

(+)
© ow ow
kr (Cvxz) a. (Ca XZ,t)_ a. (C7x27t) = - Ml|(+) (C7x25t)7 X3 € [Cl,b], (74)
Xty 9xi -
© Hyp
k[ (Caxz)w(ca x27t) = _N1|(—) (C7x2st)_ (Cvx27 [)
dx2 |
0H
+ Nilp (e, x2, 1) + (c,x2,1),x2 € [a, b], (75)
3x2 |4
and the relations
H12|(—) (Ca b? t) = - H12|(+) (C7 b7 t) ) H12|(—) (C’ a, t) = - H12|(+) (C’ a, t) . (76'1’ 2)

If the boundary 0 G is composed of a finite number of smooth arcs and therefore has at most a finite number
of corner points, the condition (71) is no longer valid. To be definite, let us assume that the curve ') consists
of two smooth arcs D1 and T2 of lengths /(D! and 112 respectively, and that has a corner point of
coordinates (y1, y2) given by (O, 1D 1). Let us suppose that I' (-1 is represented parametrically by the function

y W 1(s), s € [0,1D:1] and T2 by y D-2(5), 5 € [1D1 D], 1D = D1 4112 From Egq. (60) with
i =1 we get

e

~ ov ~
/ RW (0, y2,1) 8—” (0, y2, )dyr = RV (0, 2, ) 5 (0, y2, 1)
Y2
0

(0.1
0
i)

5(1).2 . N S _
+ RV (0, y2,0)0(0, y2,1) 0, y2,) 0 (0, y2, 1)dy», (77)
0

i) oy

where R+ denotes the expression R defined on TM-, Taking into account (69.1, 2)—(70.1, 2) and (73)-
(77), the variation (67) reduces to

n

SF (w;v) = / [(é(l)’lﬁ) 0, y2,1)

fo

+ (1%0)5) 0, y2, 1)

1.1 1

+ (RD25) 0, 32,1

0 (ON

o)
de, 78
0 } t (78)
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and adopting directions ¥ such that # # 0 in the corner point and ¥ = 0 along the curve I'® (where the
function R® 7 is defined), the condition of stationary functional (27) leads to:

ROT (0,10,1) 5 (0,107, ) = &2 (0,11, 1) (0.1011),
and since v is continuous, we obtain
RO (0,1“)", z) — R:2 (0,1““, t). (79)

It must be noted that the condition v # 0 in the corner point is encountered, for instance, when the plate along
the arcs D1 and T2 is free or elastically restrained against translation. In Sect. 5.1, the Eq. (79) is used
to obtain the corner conditions that correspond to an anisotropic rectangular plate.

4 The transition conditions

Since the domain of definition of the problem is G and this is an open set in R, givenby G = GV uG@ ur©
with boundary 3G = 4GV UdG?® —T'© only the Eqs. (69.1, 2)—(70.1, 2) correspond to the boundary con-
ditions. All the points of the line I'(®) are interior points of G, and the equations formulated on ') can be
called transition conditions. Then, (73)—(75) correspond to the transition conditions of the problem. Since
w(e, t) € C (G), there exists continuity of deflection at the points (c, x2), and this generate the transition
condition

w (cf,xz, t) =w (c+,xz, t) =w(c,x2,t), x2€la,b],

where w (c™, x2, 1) denotes the limit from the left and w (¢, x2, ) the limit from the right. If (73) and (74)
are summed and then subtracted, more symmetric equations can be obtained, and the set of all the transitions
conditions of the problem can be expressed as:

w (c_,xz, t) =w (c+, X2, t) =w(c,x2,t), xp€la,b]. (80)

© ow ow
kr (Ca xz) a. (Cv X2, t) - 5. (Ca X2, [)
011 X1l
1
Mll(—‘,—) (Cvx2st)_ M1|(—) (Cax29 t):()a X2 € [avb]7 (82)
X J0H»
K (coxw (e ) = = Nili) (exa) = 5 (c.x2.1)
*2 1)
0H2
+ Nilq (e, x2, 1) + (c,x2,1), x2 €la,b]. (83)
9x2 (4

Different situations can be generated by substituting values and/or limiting values of the restraint parameters
k' and ' in (81) and (83).

It is well known that for a differential equation of order 2m, the boundary conditions containing the function
w and derivatives of w of orders not greater than m — 1 are called stable or geometric, and those containing
derivatives of orders higher than m — 1 are called unstable or natural, [9]. In consequence, if 0 < 125’) 0, y») <
00, 0 < IE,(Z) (0, y2) < oo, the boundary conditions (69)—(70) are all unstable. If this classification is extended
to the transition conditions, we conclude that if 0 < kr(c) (c,x3) < 00,0 < k,(C) (¢, x3) < oo, the conditions
(81) and (83) are unstable. Obviously, the condition (80) is stable and (82) unstable.

The above classification is particularly important when using the Ritz method since we must choose a
sequence of functions v; which constitutes a base in the space of homogeneous stable boundary conditions.
So, in this case, there is no need to subject the functions v; to the natural boundary and transition conditions.
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5 Analytical examples

5.1 Anisotropic plate elastically restrained against rotation

If the anisotropic plate is elastically restrained only against rotation, letting l;,(i) (0, y2) — o0 in (70.1, 2), we
get

B (0, y2.1) = 0.y, € [0, z“)], i=1,2. (84)

The above boundary conditions imply that the restrictions of the function w to GV and to G® vanish along
the corresponding boundary curve. By replacing the expression of P® into (69.1, 2), we get:

. AW 32
kD (0, y2) oy G0 =520 ym)ZA“’ + — (0 ymZB(’)
j=1
2~ 2 ~ ~ 3
@) Bw dOt @)
9y19 JZ‘; 7 dy> ;; !

ow do
~o © yz,t)—(yz)zc() welo®]. i=12 @3
dy2
j=1
where

Aﬁ") _ EY’) (ﬁ§i>) Ag) E(z) (ﬁg))2, Agi) _ E;”ﬁ(()ﬁg),

BY = EV (ﬁg>) , B = EY (fzﬁ"))z, By = —a,

e =2 (B8~ E) a9, cf = £y ((ﬁ?))z _ (;1(20)2)’
EO — (Dﬂ)( gw) + ) (i g)) + 2000 (,>)

£ == (o (i) + 08 (1) + 2070

EV = 2 (DYa) (i <z>) + Dy (i <zz>) 2D <z)).
Thus, the boundary conditions that correspond to this case are given by Egs. (84) and (85).

Now, let us consider a rectangular plate with

= {(x1,x2),x1 € (0,a), x2 € (0,b)},
G = {(x1,x2),x1 € (0,¢),x2 € (0, b))},
G? = {(x1,x2),x1 € (c,a),x2 € (0,b)}.

Then, we have

da ;
B =0, £ =0 (30) - 0f ()

() @) (@) @) (~(@@) (@) ONEI0] @) (~(@@)
E, _Dlz( )_Dzz( ) Ej _2(D16< )+D26( ))

with n(ll) = =+, ~(2’) = 0 for the sides parallel to x, and n( D=0,7 ~(’) = =1 for the sides parallel to xi.
In consequence, from (85) it follows that the boundary condltlon that corresponds to the first side of the
boundary

D = {(x1,b), x1 € [0, e} U{(0, x2), x2 € [0, b1} U {(x1,0), x1 € [0, c]}

is given by:
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~ ow
kﬁl)’l (07 )’2) P (Oa y2, t)

2
= - (0, )’2)7(0 2, 1) — DY (0, o 2 . 20, y2,1)

+2D5 (0, )

" 0,y2,1), m€ [O’lgl)]’ 1=

and analog expressions correspond to the sides I')-2 and I'")-3. Using (51a) (with ¥ replaced by ) and the
expressions of Wy, y,, Wy,y, and Wy, ,, these boundary conditions can be expressed in the original variables.
Employing the same technique, we can obtain the boundary conditions which correspond to G®.

It must be noted that in this case, the boundary is composed of four smooth arcs and has four corner
points. Let us consider in the (x1, x3) variables the corner point (0, ), and the Eq. (79), which is now given
by RM.1 0,b,1) = R(D:2 (0, b, t) and by virtue of Eq. (59), reduces to

1), s
HY' 0,b,0) = HY' (0,b,1).

Then, from (38), this expression gives rise to the following corner condition:

Dy (x) 2 .0+ DY (x) 2 yes r)+2D“)(x> 5 =0
x = (0, b).

In an analog form, we can obtain the remaining corner conditions. The transition conditions are directly given
by Egs. (80)-(83).

5.2 Isotropic circular plate elastically restrained against rotation

Let us consider an isotropic circular plate whose boundary is elastically restrained against rotation. From (14),
we have

Xjlpo) = g;’) 0, y2) =vy; O (v2) = xjo+aij(y2). y2€l0,7al, ij=12,

where x1¢, x20 are the coordinates of the center of the circle. The case of isotropic plate is obtained replacing
the coefficients:

X ) . . . D@
D) = D = DO, DY = up, D) =Y =0, D= 21— .

In this case, we have
) . 2
E, = —D® ((;ng)) o (78) ) 7
) N2 N2
Ey=-D (u (#) + (79) ) ,

E3 — _2D(l) (1 H*) "(l) (l)

Finally, since we have the relations y, = a& and y; = r — a, it follows that da/dy, = a~ !, and from
(69.1, 2)—(70.1, 2), we obtain the boundary conditions expressed in polar coordinates:

w(a,o,t) =0, «ae€l0,?2r],
: Jw o %*w w 9w uwow
() — _p® Ladhed
k' (a, o) P (a,a,t) = —-D" (8r2 (a,o, 1)+ 2952 (a,a, 1)+  or (@, a, t)),

i=1,2,a €[0,2m].
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6 Concluding remarks

This paper presents the formulation of an analytical model for the dynamic behavior of anisotropic plates, with
an arbitrarily located internal line hinge with elastic supports and piecewise smooth boundaries elastically
restrained against rotation and translation. The equations of motion and its associated boundary and transition
conditions were derived using Hamilton’s principle. By introducing an adequate change of variables, the ener-
gies that correspond to the different elastic restraints were handled in a rigorous framework. The concept of
transition conditions was introduced, and the corresponding analytical expressions were derived.

It has also been demonstrated that the presence of corner points, when the boundary is free or elastically
restrained against translation, generates additional conditions at those points. The proposed mathematical
manipulation offers an enhancement and generalization of the approaches that appear in the engineering liter-
ature and fills the gap existing as a consequence of the commonly used formal arguments. Finally, analytical
examples were worked out to illustrate the range of applications of the developed analytical model.
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