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1 Introduction

We start by introducing a family of operators that we are going to deal
with. ,
Let dy(x) = e~1*I"dzx be the Gaussian measure and F € C'(R™) such that

i) fR" F(z)dy(z) =0,
ii) Ve : 0 < € < 1 there exists Ce > 0 such that |F(z)| < Ceelzl® and
IVF(z)| < Ceetlel”.

Let us remark that property ii) provides a function v satisfying the property
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iti) |F(z)| < 4(]z|) for some continuous function ¢ : [0, +00) — [0, 4+00) for
which there exists a 6 > 0 with 1—2/n < § < 1, such that w(t)e*(l"s)t2
is a non-increasing function for all ¢ > 0.

Indeed, for 0 < € < 2/n we set ¥(t) = Cee” and § = 1 — €. In what follows
we denote by ¢ any function satisfying property iii). As we shall see the
smaller the function v is taken the better is the result obtained in Theorem
2. For instance, for F' equals to any Hermite polynomial of degree k we
might take 1(t) ~ 1 + t*.

Remark: The hypothesis on the monotonicity of 1(t)e~1=9%* can be relaxed
by assuming such a monotonicity just for t > N for some positive constant
N. Indeed, if such a function v exists, then by defining

maxo<s<nN w(s) if 0 S t S N
o(t) =
masose X VO yt) if t> N
this turns out to have all the properties described in (iii).
Given a real number m > 0 and F as above, we define
Thmf@)=pw-R Kpm(z,y)f(y) dy
with

1 _ (m—2)/2 _ —|y—rz|?/(1-r?)
_ logr y—rx \ e W
Kp oz, y) = m—1 F d
Fm(#:3) /07“ (1—r2> (m) A=y
—2)/2
ey S Y PR
2 /o t Vit

efu(t)
prypTY dt, (1)

where this last equation was obtained by the change of variables t = 1 — 72,

and
ly —v1—tzf?
u(t) = —

This operator was firstly introduced by W. Urbina in [10] and later taken
up by S. Pérez in [8] where she proved under the hypotheses (i) and (ii)
on F' that it is strong type (p,p), 1 < p < oo and its “local part” is weak
type (1,1). It is a generalization of the Gaussian Riesz transforms. In fact,
when F(z) = H,(x) the n-dimensional Hermite polynomial of degree |c|
and m = |a|, the operator T, is the Gaussian Riesz transform of order
m. It is known that the weak type (1,1) for these operators holds true if
and only if m < 2 (see [6], [1], [2], [4], and [9]).

A rather intricate proof of the weak type (1, 1) for the Gaussian Riesz Trans-
forms of order m = 2 and n > 1 is given in [9]. There is another proof of
this result in [4] but it contains a mistake. An interesting consequence of the
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results in this paper is a different and simpler proof of the above mentioned
weak type inequality.

Our goal in this paper is to answer the question: what are the precise con-
ditions needed on F' and on m to guarantee the weak type (1,1) of the
associated singular integral operator T ;7

We present here results concerning with this question in the two sections
below which will be called the negative result and the positive result.

On section 2, Theorem 1 roughly says that if the function ¥ (¢) controlling
F increases at infinity more than ¢2, then the operator T, fails to be weak
type (1,1).

On section 3, in order to get sufficient conditions on F' for the weak type
(1,1) of Tp ,,, we solve a more general problem. In fact, under the hypotheses
(i) — (iii) on F' we find precise weights w, depending on the function v, in
order to ensure that Tr,, is bounded from L!(wdy) into L1 (dy).

2 The negative result

The following theorem is a generalization of what is already known about
the behaviour on L'(dy) of the higher order Gaussian Riesz transforms.

inf F(2)
Theorem 1 Let £, = {z € R" : min |z]| > t} and () = Qt72, if
1<i<n t
limsup,_,. B(t) = 400, then the operator Tr., is not of weak type (1,1)
with respect to the Gaussian measure.

Proof To see that Tp ,, f need not satisfy the weak type (1,1) inequality, we
refer to [4] where it is shown that the higher order Riesz transforms need
not be weak type (1,1) with respect to «y if their order is greater than 2.
There they take y € R™ such that |y| is large and y; > c|y|, i=1,...,n,

and define J = {f% +v: Syl <&<2lylvLly, [v|< 1}. It follows that

3 i —T%q cly -
formeJtherelsac>Osothat%2\/%Zdy\, i=1,...,n,and

therefore

F (51‘_79”) > ely[*B(clyl).

Thus, for x € J

B , 3/4 ,—|ra—y|2/(1-12) ;
N etrouit/a-rh
) 2 e WO |

3/4
> ¢ |y|26(c|y|)// &2 o= ((E=rlyD)?+r2|v]*)/(1=r?) 4.
1/4

\

2 2 2 [P ) )2
> c |y B(clyl)es 1 / e cl&rlu)’ gy
1/4

V

212
> c [yl Blelyl)e .
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Now, if we take f = 5ye|y|2 (by 9, we mean the delta measure at the point
y) we get for x € J

T (8,67) (@) > |ylB(clyl)et”
> ¢ |yl B(cly|)elV/>”,

Let us assume that T, is weak type (1,1) with respect to . Then

v(J) <z € R™ : Tem f(x) > ¢ [y B(cly|)el¥/7}
e—(yl/2)?

Ci
= CLIBE

but y(J) ~ e=(¥/2°|y|=1; therefore 3 is bounded for |y| large, which is a
contradiction with the assumption on .

3 The positive result

Since the weak type (1,1) need not be true, the natural question that arises
is what weights should we put in the domain in order to get a weak type
inequality with respect to the Gaussian measure? For the case of the Gaus-
sian Riesz transforms this can be deduced from the proof of a theorem in
Pérez ’s paper [7], that is, for |a| > 2

Ra s L1+ [y =2)dy) — L'(dy).

Moreover, it can be proved that for every 0 < € < |a| — 2, there exists a
function f € L'((1 + |y|€)dvy) such that R, f ¢ LY (dv), see [2].

It was the above result for the higher order Gaussian Riesz transforms that
led us to study this type of weighted inequalities for this family of singular
integral operators. The method of proof we use is based upon a refinement of
several inequalities used by S. Pérez in [7] and the application of a technique
developed by Garcia-Cuerva et al in [3] which allows us to get rid of the
classical technique called “forbidden regions technique”.

Theorem 2 The operator T, maps continuously L' (wdy) into L'>°(d~)
with w(y) = 1V max <<y n(t) and

@z‘flgm<2
n(s) =
ws(;) f om>2

where a V b = max{a, b}.

As an immediate consequence we get the following
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Corollary 1 if for s large either 1(s) < Cs when 1 < m < 2 or(s) < Cs?
when m > 2, then the operator Tk, is of weak type (1,1) with respect to
the Gaussian measure.

Proof of Theorem 2

In order to prove this theorem for each x € R"™ let us split up R"™ into five
regions

R; =B(z,n(1A1/|z])), usually called the “local region”,

Ry ={y¢ Ry such that z-y < 0},

Rs={y¢ Ry such that z-y> 0 and |y| < |z|},

R, ={y¢ Ry such that z-y > 0 and |z| < |y| < 2|z|},
Rs={y¢ Ry such that z-y > 0 and |y| > 2|z|},

where a A b = min{a, b}.

Now for each ¢ = 1,...,5 we define Tﬁm as the integral operator with
kernel x r, KF,m where xg, is the indicator function of the set R;. Therefore
in order to get the result it will be enough to prove that each TIZ;",m maps

continuously L!(wdy) into L1 (dr).

Observe that for the operator T},m, ususally called the local part, the result
follows from [8] where S. Pérez proved that Ty, is of weak type (1,1) with
respect to the Gaussian measure.

Boundedness of the operator T%}m.

We will prove that for y € Ry we get
K rm(w,y)| < Ce M u(y), (2)
whence it will follow that T%,, maps continuously L' (w dv) into L*(dy).

Let us call @ = |z|* 4 |y|?, and b = 2z - y, then a > n/2 and

a v1i-1t
u(t) = ;—|$|2—f

b.

Since b < 0,
= = [af? < u(b). (3)

By applying property iii), after the change of variables s = % — a, taking

into account that < C, we obtain that for 1 <m < 2

4
—logv1—1t

K <of vz, ([0 ) D
K (@, y)| < /0(14) 1/)< t|f|)tn/z+11_tt

C o S (m=2)/2 2
< n/2-1( _° —(s+lyl?)
- a"/2/0 (s +a) (s—|—a> €
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0 (\/s + IyP) ds

<Cgu4mewmw/m sta\"* s N
o a 0 a sta

=31y g

o +a n/2—1 s (m—2)/2
< Ce v w(\yI)/ s —6s
=~ at/? o a s+a ¢ ds,

—logv1—1 <
t — )

and for m > 2, since (1 —t)

1 a e—(a/t=|z[*)

Kenla)| < © [0 (\f4 - ble) St
<4£,/”@+@w%%%wMW¢@@¢TF)%
- qn/2 o Yy

n/2-1
< Ce-t-o Y{D) /°° (”“) 3+l g
0

a a

) o n/2—1
< Ce vl w(\yI)/ (s—i—a) e %%ds.
0

a

Thus (2) will follow once we prove that for 1 < m < 2

) n/2—1 (m—2)/2
[ () eazesn,
0

while for m > 2
0o n/2—1
/ (S : a) e %ds < C, (5)
0

n
since a > 3 In order to prove inequality (5), we divide the integral into two

terms, fol + [;°. For the first one we use that *t% ~ C, and for the second
one we use that *£¢ < 3s and we are through with (5). For (4) we again
split the integral into two terms as before and call them I and II. Then

1
I~ Ca(2—m)/2/ S(m—2)/2€—53d8 < Ca1/2
0

since 1 < m < 2 and

II < C/ Sn/271(1 + E)(Qfm)/Qefést
1 S

< Ca2-m)/2 /OO /21 b5 g
1

< Cal/?.

With this last estimate we are done with the study of T 12«“,m-



Title Suppressed Due to Excessive Length 7

For the remaining regions we need to prove that if -y > 0 the following
estimate for the kernel

e +y\"?, 20allyl 1
o—y) ‘EErppe D ©

(K (.9)| < Ce™"n( /i) (

holds, where

Pl el
e

Also as it was shown in [5], ug = u(to) with
_ g Va2t |z —yl
a+vVaZ—0 |r+y|
Let us prove (6). By using (1) and property iii), we get
1 ey o w () .
1 oy e w () .
Since x - y > 0 we have the following estimates due to S. Pérez

1,1/2 1
[ et [ue 0 < oo ZEY
0o V91—t 2 Jo t? |z —y|

<2|x||y|u1/2+1> 9)

[ + [y2

to

and
efl/’u,o

1
dt
1/2 —vu(t)
u’*(t)e <C

/0 ( ) t3/2\/1 —¢t — t(l)/2
hold for ¥ > 0 and n > 1, see [7, Lemma 2 on page 41, inequality (1) on
page 53|, and [9, Lemma 2.3];
and for n > 1

(10)

n—2)/2
o~ (=2 /mu(t) = (n=2)/2 < Go=((n=2)/m)ug <W>( ! (11)
|z =y
also holds, see [5].
Now the proof of (6) will be split into two cases:
Case n = 1.
For 1 < m < 2, using (iii) and (10) with v = § > 0, we obtain

1
|KF,m(xay)| < Cw(\/%) ef(lfé)uo / u1/2(t)675u(t) dt
0

4/ UQ t3/2\/1—t
1-6 e
< Cn(v/ug)e '~ )uotlﬁ
0
_ |z + y| 1/2
< Ce " n(/ug ( .
Vel =y
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For m > 2 we apply property iii) to inequality (8) and get the following
estimate

1
|KF,m(=T,y)‘ S Cw(\{/?)e_(l_é)uo/ U1/2( ) —5u(t) dt (12)
0

up t3/2
Y su() _dt
Now let us proceed to bound / ul/?(t)e0ul )t3/2 First we split
0

Iy = g°+ft2:1+n

I<T2

_ —du(t) 2
S(I% y) - Ix+y|( 2Iﬂs\ly\z (1)/2+1)
|z +y| u/? 1z =yl \|=> + 1yl
where in order to get these bounds we applied inequality (9) with v = ¢ > 0.
As for the estimate of II by using (10) with v =6 > 0 we get

—(SU()

1
_ dt lz|ly] e
II<V1i—t 172 (4)e=0u(®) <C :
- O/to e e R FE PTE ty/?

Now combining these two estimates with (12), inequality (6) follows in this
case too.

Therefore the proof of (6) is complete for the case n = 1.

Case n > 1.

We use (8), (11), property iii) and (9) with v = 2/n — (1 — ) > 0, and we
get for 1 <m < 2

n—2)/2
= -y (2T —(2/n)u(t)
| Kpm(z,y)| < Ce Y(Vu(t) e
0

|z -y
1
——at
21—t
—2)/2
< Ce_((n—Q)/n)uo—(l—5)uoQZ}(\/UO) (|x+y|)(n )/
- VUo |z — ]
1 1/2
ul2(#) —a/m--snutn
V1—t t2
_ 2+ 9\ (_2allyl e
< Ce o B 1 1
= e ”(V“°)(|x—y| PEENTER

and for m > 2

(2 ()T R
|K o (2, )| < Ce™((n=2)/m)uo (|x—y| D u(t))e= @™ (t)??
0
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n—2)/2
< Co—((1=2)/myua—(1—5yuy Y(V/0) (|x+y|)( /

Up |x—y|
1
/u(t>e—<2/n—<1—6>>u(t>ﬂ
0 t2
B e+ \"? [ 2zllyl 1)
< Ce™ 40 U — = u/ "+ 1.
< Oe™nly 0)(|x—y| 2P+ ™

This finishes the proof of (6). Before getting into the study of the remaining
operators let us observe that

ug < Jy[?. (13)
Indeed, after setting g = x — y and h = = + y, we deduce immediately this
inequality from 2|g||h| < |g|* + |h|* .
Boundedness of the operator Tgm.

We may assume that |z| > 1 since otherwise Rs = 0.
We claim that on Rg

\K g (2, )] < C|x|ne|w\267(lw\\zfyl)/2w(y)ef\y\2' (14)
In order to prove this inequality let us consider two cases:

If ug > 1, then from inequality (6)

n/2
Krmag)] < Ce max (o (222)" a2
’ - 1<t<|y| |z — yl

o 1T Y n/ 1/2

< Ce P (Jz = yllz +yl) " “w(y)
< Ce ™z w(y),

since ug < E=IEWL ang |2 — ylja +y| > n.

If ug <1, let us prove that |Kgm(z,y)| < Ce™™0|z|™.

From (8)

1 —u(t) dt
e
Krnle)] < C [ 0(/iul0) s =
and using property iii) we have
1 —du(t) dt

K m , < C —(1—5)u0 / 677'
| F, (.’IJ y)| = ¢(vu0)e 0 /241 \/ﬁ

To end the proof of this inequality we shall see that

Lemou) gy
S = <C 2"
2+l T —¢
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1 1/(2]z|?) 1/2 1
Letussplit/ :/ +/ +/ =1+ II+ III. Observe that
0 0 1 ) Ji

/2]=z|? /2
IIT < C, and

1/2 dt
1/(2fe)?) 1"

1
As for I, taking into account that |v1 —tz —y| > (1 — 2—)|x —y| if
n

1
0<t< W, we have after an appropriate change of variables that
x

C

m < Clz|™.

Now inequality (14) follows from the two cases above and taking into ac-
count that since |z + y| > |z| and |z| > |y, e 740 < el#I’ e~ (llle=yD/2e=ul*,
Let us check that T, in this case maps L' (wdy) continuously into L' (dy).

| atasaii@ <o [ [ el g 1) w) do)
R~ ™z > ]yl

<C [ [f(y)l wy) dy(y).
R

Boundedness of the operators Tf:,m and T;i’m

Before taking care of the remaining operators we prove the following remark
which will be used to estimate their kernels.

Remark: If y ¢ B(z,n(1 A ﬁ)% ly| > |z|, and = -y > 0, then ug > 1.

In fact, under these hypotheses on x and y, |z — y||z + y| > |z + yln(1 A
1/lz]) > (1 V |z[)n(1 A 1/|z|) > n. Thus

wo = W12 e —yllz +y
2 2

>n/2

and so the result follows when n > 2. As forn =1, ug = %> — 22 > 1.

Let a(z,y) denote the sine of the angle between = and y. We start by
showing the following estimates for the kernel Kp ,(z,y).
On R4

o e—clel*a®@y) /(= o *+a(@.y)lal)
[Kpm(z,y)| < Cla|e™ { 1A )

(Jy]2 = |22 + a(x, y)|z[2) "D/
w(y)e—lylz_
And on Rj;

|Krm (@, y)] < C(L+ [a])el* emca®@vlal® ()=l (16)
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To prove inequality (15) we start from (6) and observe that 1+ | zﬁlﬂﬂ 3 u(l)/ 2

Cu(l)/2 and n(y/ug) < ini}f ‘n(t) < w(y) since 1 < ,/ug < |y| according to
1<t<|y

(13) and the above remark. In this way we get the bound

IN

- |z +y|" 1/2
Ce"ouw(y) (17)
(l = yllz +yl)n/2 ™"
Now, taking into account that
(lz = yllz +y))* = (ly* = [2*)* + 4|z *[y[o? (2, y), (18)
2| ~ ly|, and |z — yllz + y| ~ [y* = |2* + |a(z, y)[|z]*, we get
oz e =yl = (PP = =)
uo = Iyl — Jaf? + -
9lx|2|y[2a(x,

yl? = [? + [z — yllz + y|
clzl*a?(z, y)
yl? = 2> + a(z, y)|=[?

> Jyl* = lal? +

and also ug < | — y||z + y|. These remarks applied to (17) give (15).
On Rj first we observe that (13) implies that u(l)/ 2 < ly| which implies that
1+ %%/2 < C(1+ |z]). Also iile‘ < C and from the expression of

ug given in (19) together with (18)

cla?ly*o®(x, y)

uo > |y|* — |z* + ,
0 2 W=l e 1+ eyl )

and by taking into account that in this region |z| < i|y|, uo is bounded
below by |y|? — |z|? + c|z|?a?(z,y). Therefore with these estimates on Rs
we get from (6)

K o (2, )| < C(1 + |z])el®’ e @w)lal g () e~ Il*
From (15) and (16) it will be enough to prove that the operators

e—clzl*a® (@) /(lyl* ~|e* +a(z,y)|e|?)

Sof(x) = le"e"”z/m (1 N TE T e BT )f(y)w(y)dv(y)

and

2 2 2

Su() = (L laelt [ e et fguy)an )
R;

map L!'(wdy) into LY*°(dy). Let us point out here that the idea of this

proof was taken from [3, Lemma 4.3].

Without loss of generality we may assume that f > 0. For A\ > 0 let E;

be the level set {x € R™ : S;f(x) > A}, for i = 0, 1. We shall prove
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that v(E;) < %Hf“l,wdn,. Let r9 and 1 be the unique positive roots of the
equations

2 2
ro e’ fllway = A and (1 +7r1)e" || f]|1,wiy = A

Therefore E; N {z € R™ : |z| < r;} = 0. On the other hand, since we are
working on a space of finite measure, it is enough to take A > K| f||1,wd~y
and by choosing K large enough we may assume that both rg and r; are
larger than one. Hence v{z € R" : |z| > 2r;} < Crffze_‘”i2 < <1
Thus we only need to estimate v{z € E; : r; < |z| < 2r;}.

Let E! = {2/ € S"~! : 3p € [r;,2r;] with p2’ € E;} and for 2/ € E! let
pi(z’) be the smallest such p. Then S;f(p;(z')x’) = A by the continuity of
S; f(x). This implies that for ¢ =0

ClePo(@)? / 1 e=eroo’ @)/ (v’ —ri+a(a’ w)rd) Fy)w(y)dy(y) >

e x 'rn A\ Yw(y)dy(y 2 7
® Jiyizro (2 =12 + a(a’, y)r2) =72

(20)

1,wdy-

and for i =1 since r; > 1
Cep1(3;/)2r1/ e—ca2(x/7y)rff(y)w(y)d,y(y) >\ (21>
ly|>r1

Clearly

2r;

Yz e E;:r <|z| <2r;} < / da(x')/ ( )e_pzp"_ldp
E! pi(x’

<C | e 2q0(s).
E!

Combining this estimate with (20), we get

v{x € Ey:1o < |z] <219} < %/ e 2do(2')(Io + 11y);  (22)
E/

0
with
e—croa’ (@) /(Jyl° —rf+a(e’ y)rf)

Iy = d
’ /{IyIZm otz yyrzzey (Y12 =18 +a(w’,y)?“%)‘"‘”/zf(y)ww) ")

and

I = / F(y)w(y)dy(v);
ol /,y)r2<c}

and for 7 =1

C
HrxeFEr: rm <l|z|]<2rm} < X/E/ v rdo(2) (I + IT) (23)
1
with
2 ’ 2
= / e T F(y)w(y)dy (y)
{ly|=zr1, a(z’,y)r1>c}
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and
I = / F@)w(y)dy(y).
{a(z’,y)r1<c}

It is immediate to verify that
0" Satraprice d0(@) < Cand P [0 <y do(@) <C(24)

which give, after changing the order of integration in (22) and (23), the
desired estimates for the terms involving 11y and 11 respectively.
Now let us prove that for |y| > 7o

e—craa? (@’ y)/(|yl—rd+al’ w)rd)
To

2n—2 /
do(z') < C 25
/W,wgzc} W —r T (@)@ (25)

and for |y| > 7
r{“/ o=@ @ 4o < O (26)
{a(z’,y)r1>c}

Remark: We observe that for n = 1 the sets {a(2’, y)r3 > ¢} and {a(2',y)r1 >
c} are empty.

For any fixed y € R™ with n > 1, we choose coordinates on S"~! in such a

way that the north pole is on the direction of y. Then the left hand side of

(25) can be written as

sn—2
_ A2 2.2 2 S1n 0

T,(Q)n 2/ e CTo sin 0/(|y|” —rg+sin 0ry) do

{sin Or2>c}

(o2 =3 +sinf )02

The boundedness of this integral when restricted to the angles 6 such that
sinf > 1/2 follows easily by using that |t\"‘1e_6t2 < C. For the remaining
integral we introduce the factor cosf in the integral, make the change of
variables a = sin 6, and get

7“3”72/ e—cra‘a2/(\y\2—r§+ar§) at? ado .
{argc) (ly[? = 75 + arg) =372 [y|2 — 1§ + arg
(27)
Performing the change of variables
PR
ly|> —rg + arg
and observing that
_ 2P-2Eta  ada . ado

du=r

ZT
yE—rtarg WE-rgrar  CyE-r3+arg

we see that the expression (27) is bounded by fooo e~ tu(=3)/2dy, < C, since
n > 2.
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To prove (26), a similar argument as the one above may be applied. In order
to take care of the integral restricted to the angles 6 for which sinf > 1/2

we use again |1f|”_1e_0t2 < C, and for the remaining integral the same
argument applies in order to make the change of variables o = sinf and
therefore we get

o0
_ 202 o 2
ry 1/ e MYt 2da§C/ e U 2du < C,
{ar1>c} 0

since again n > 2. Having proved (25) and (26), by changing the order of
integration in (22) and (23) we get also the desired estimate for the terms
involving Iy and I respectively and at the same time we end the proof of
Theorem 2.
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