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Free MV ,-algebras

MANUELA BUSANICHE AND ROBERTO CIGNOLI

ABSTRACT. In this note we characterize free algebras in varieties of MV-algebras generated
by a finite chain L, as algebras of continuous functions from the spectrum of the Boolean
skeleton of the free algebra into Ly,.

1. Introduction

MV, -algebras, for n an integer > 2, were introduced in [10] as the algebraic
counterpart of Lukasiewicz n-valued logic. Of course, MVs-algebras coincide with
Boolean algebras.

Since the variety of MV ,-algebras is generated by a semi-primal algebra, it fol-
lows that each MV,,-algebra can be represented by n-valued continuous functions
over the Stone space of its Boolean skeleton [5, 11, 12].

A characterization of the Boolean skeleton of a free MVn-algebra as a free
Boolean algebra over a certain poset was given in [2]. The aim of this paper is
to use this fact to give a description of free MV, -algebras over an arbitrary cardi-
nal in terms of n-valued continuous functions over the Stone space of a free Boolean
algebra over a certain poset. When the number of free generators is finite, our de-
scription coincides with the one given by A. Monteiro in 1969 (see [6, Theorem
8.6.1] and the corresponding Bibliographical Remarks).

The description of free MV ,-algebras given in this paper should be compared
with the one given in [12]. Alternative descriptions are in [9] and [8].

2. Preliminaries

We assume familiarity of the reader with the theory of MV-algebras. We refer
to [6] for all unexplained notions.
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Let n € N. MV, denotes the variety of MV-algebras generated by the n-element
MV-chain L,,. The universe L,, of L,, is the finite set

0 1 n—1
n—1"n-1"Tn-1["

Recall that Ly is a subalgebra of L, iff d is a divisor of n — 1.

As it is well known, the set of idempotent elements of each algebra A € MV,
forms the universe of a subalgebra of A which is a Boolean algebra. This algebra
will be denoted by B(A).

Given an integer n > 1, Div(n) will denote the set of divisors of n, and Div*(n)
the set of proper divisors of n, i.e., Div*(n) = {d € Div(n): d < n}. Both sets
become distributive lattices under the divisibility order.

For each n > 2, an n-valued Boolean space is a pair (X, p), such that X is a
Boolean space and p is a meet-homomorphism from the lattice of divisors of n — 1
into the lattice of closed subsets of X, such that p(n — 1) = X.

If the set L,, is equipped with the discrete topology, and (X, p) is an n-valued
Boolean space, then C, (X, p) denotes the MV ,-algebra formed by the continuous
functions f from X into L, such that f(p(d)) C Lg41 for each d € Div*(n — 1),
with the algebraic operations defined pointwise. Clearly, the correspondence that
assigns to each clopen U its characteristic function defines an isomorphism from
Clop(X) onto B(C, (X, p)).

Since the variety MV,, is generated by the algebra L,, which is a semiprimal
algebra (a discriminator term for L, is 7(z,y,2) = ((c7((x = y) A(y — x)) A2) V
(=0} ((x — y) A (z — z)) Ax), where — denotes Lukasiewicz implication), the next
theorem follows at once from [11, Theorem 6.5] (cf [5, 12]). An elementary direct
proof is given in [7, Theorem 1.5].

Theorem 2.1. For each A € MV,, , there is a Boolean space X(A) and a meet
homomorphism pa from Div(n — 1) into the lattice of closed subsets of X(A),
satisfying pa(n — 1) = X(A), such that A = Cp(X(A),pa). Moreover, X(A) is
isomorphic to the Stone space of the Boolean algebra B(A).

For every n > 2 and for every A € MV,,, we can define the Moisil operators
in A. These operators are one-variable terms o7 (z),...,0_;(z) in the language
(=, —, T) such that for every j =1,...,n—1,

ol A — B(A).
In particular, when evaluated on the algebras L,, we have

1 ifitj>n,
0 ifid+j<n,

(2.1)
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for i = 1,...,n — 1 (see [1], [4] or [13]). The most important property of these
operators is the following one (see [3]).

Theorem 2.2. Let A € MV,,. Then x € B(A) if and only if o?'_(x) = x. Fur-
thermore,

oy _1(x) =min{b € B(A) : z < b} and o7 (x) = max{a € B(A) : a < z}.

Recall that a Boolean algebra B is said to be free over a poset Y if for each
Boolean algebra C and for each non-decreasing function f: Y — C, f can be
uniquely extended to a homomorphism from B into C. We shall denote by
Freeyy, (X) the free algebra in the variety MV,, over a set X of generators. The
next theorem is proved in [2, 2.12].

Theorem 2.3. B(Freeyy, (X)) is the free Boolean algebra over the poset Y :=
{o0"(z):z€e X,i=1,...,n—1}.

The proof of [2, Lemma 3.6] can be easily adapted to give the following.

Lemma 2.4. Consider the poset Y = {o(z) : ¢ € X,i = 1,...,n — 1}. The
correspondence that assigns to each upwards closed subset S C'Y the Boolean filter
Us generated by the set SU{—y : y € Y \ S}, defines a bijection from the set of
upwards closed subsets of Y onto the ultrafilters of B(Freeyy, (X)).

3. Main result

Using the information in Theorem 2.1 and Theorem 2.3, we shall give a charac-
terization of the free algebras in MV,, as algebras of continuous functions.

Given X and the poset YV = {o"(z) : z € X,i = 1,...,n — 1}, each chain
K} (z) =o0}(z) < - <op_q(z) for 1 <j<n-—1and x € X will be called an
z-chain of Y. Clearly, KI'(z) N K}'(y) = () whenever x # y, 1 <4,j <n —1, and

Y= U K{(z). (3.2)
zeX
Let R, _1 be the set of upwards closed subsets of Y. Notice that a subset S of Y
belongs to R, 1 if and only if it is a union of xz-chains. Let
Chy ={K}(x)|j=1,...,n—1}U{0}.
For each d € Div*(n — 1) we define the set
C
Hj ={C € Ch, | T#f 7 € Lank,
where #C denotes the cardinal of the set C.
For each d € Div*(n—1), we define Rq C R,,_1 such that S € Ryiff S = (J,.x Cs
for Cp € Hj. Then we have the following:
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Theorem 3.1. Freeyy, (X) is isomorphic to the algebra of continuous functions
f from the Stone space of the free Boolean algebra over the poset Y = {o?(z) : x €
X,i=1,...,n— 1} into L, such that for each d € Div*(n — 1) and each S € Ry,
f(Us) € Lay1.

Proof. From Theorem 2.1 and Theorem 2.3 we can assert that Freeyy, (X) is
isomorphic to the algebra of continuous functions from the Stone space of the free
Boolean algebra over the poset Y = {o*(z) :z € X,i=1,...,n— 1} into L,, such
that f(p(d)) C Ly for each d € Div*(n — 1), where p is the corresponding meet
homomorphism. Then we only need to prove the following claim.

Claim For each d € Div*(n — 1), Ug € p(d) iff S € Ry.

Proof of the claim. If Us € p(d), from the proof of [7, Theorem 1.5], we know
that

Us = x"'({1}) N B(Freeyy, (X))

for some homomorphism x: Freeyy, (X) — Lgy1. Fixz € X and let x(z) = L5 €
Lgi1. Thus

ol (z) € Siff x(o'(z)) =1iff o7'(x(x)) =1,
and from equation (2.1) this happens iff i +j > n. This implies that the z-chain C,

which is included in S has cardinality j. Since ﬁ € Lq4+1 we obtain that C, € Hj.
Hence if Ug € p(d), then S € Ry.
Now let S € Rg and = € X. If we denote by C, the only z-chain included in 5,

our hypothesis asserts that #C: ¢ Lgiq. Let

n—1

. Jo if o7 (x) € S,
I max{i € {1,...,n—1}: o7"(z) € S} otherwise.

Clearly #C, = n— j, — 1. We define y: Freeyy, (X) — L, by x(z) = %, for

each z € X. Since X is a set of generators of Freeyy,, (X), x(Freemv, (X)) € Lgy.
We also have

Us = x '({1}) N B(Freeyy, (X)).
Therefore Ug € p(d). O

Taking into account Lemma 2.4, we obtain that for each z € X, the function
Z: Spec(B(Freeymy, (X))) — Ly, given by Theorem 2.1 is defined as follows, for each
upwards closed subset S of Y

1 if o7 (z) € Us,

tUs)=qn—j,—1 . (3.3)
1 otherwise.
n —
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4. Free MV ,-algebras over a finite set of generators

We shall consider now the algebra Freeyy, (X) where X is a finite set of cardi-
nality r € N. According with Theorem 2.3 the Stone space of B(Freeyy, (X)) is a
discrete space with n” elements (i.e, the cardinality of R,,_1). For each S € R,,_1
let

rs ={d:S € Rqgand S ¢ R; for any j € Div*(d)}.
Following Theorem 3.1, to every f € Freeyy, (X) we can assign an element T €
[Iscr, , Lrs+1 such that g = f(Us). It is not hard to check that the assignment
is an injective homomorphism. On the other hand, if we consider an element
7 € [[ser, , Lrs+1 and define f(Us) = x5 for each Us € Spec B(Freeyy, (X)), it
is obvious that f is continuous and that f(Ug) € L4y1 for each S € R;. Therefore
the algebra Freeyy,, (X) is isomorphic to the direct product [[gcp | Lrg+1-

Therefore we can conclude the following:

Theorem 4.1.

Freey, (X) = I[I Lyt
deDiv(n—1)

where for each d € Div(n—1), aq is the cardinality of the set (Ra\ Uyepiv=(a) Ltk)-

Example 4.2. Let p be a prime number. Consider Freeyy,,, (X) where X is
a finite set of cardinality r. Then R, has p" elements while R; has 2" elements.
According to Theorem 4.1 we have

X)~LP % xL?.

FreeMV p+1

p+1(

Notice that our description coincides with the one given in [6, Theorem 8.6.1].
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