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Abstract

Recent advances in the design and construction of large inflatable/rigidizable space structures and potential new applications
of such structures have produced a demand for better analysis and computational tools to deal with the new class of structures.
Understanding stability and damping properties of truss systems composed of these materials is central to the successful operation
of future systems. In this paper, we consider a mathematical model for an assembly of two elastic beams connected to a joint
through legs. The dynamic joint model is composed of two rigid bodies (the joint-legs) with an internal moment. In an ideal design
all struts and joints will have identical material and geometric properties. In this case we previously established exponential stability
of the beam-joint system. However, in order to apply theoretical stability estimates to realistic systems one must deal with the case
where the individual truss components are not identical and still be able to analyze damping. We consider a problem of this type
where one beam is assumed to have a small Kelvin—Voigt damping parameter and the second beam has no damping. In this case,
we prove that the component system is only polynomially damped even if additional rotational damping is assumed in the joint.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Inflatable and rigidizable space structures have been the subject of numerous scientific studies for the past fifty
years and considerable progress has been made in the development of new materials and technologies for the design
and manufacturing of these structures. Several proposed space antenna systems will require large ultra-light trusses
to provide the “backbone” of the structure. In recent years, there has been renewed interest in inflatable/rigidizable
space structures [6] because of the efficiency they offer in packaging during boost-to-orbit. Ground testing and in-
orbit experiments on sub-scale models have provided limited data for model verification and validation. However,
it has been recognized that practical precision requirements can only be achieved through the development of new
high fidelity mathematical models and corresponding numerical tools. In particular, we need to better understand
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dynamic response characteristics, including inherent damping, of truss structures fabricated with these advanced
material systems. In addition, several proposed designs make use of rigid joints with special attachment “legs” which
lead to the joint-leg-beam system considered in the paper.

It has been proved in [4] that when both beams are subject to Kelvin—Voigt damping, the associated semigroup S(#)
is exponentially stable and analytic. Hence the energy of the system decays exponentially to zero, and the associated
solution operator has smoothing properties. Numerical results are reported in [5].

Since beam damping may be achieved by additional processing and materials, it is of interest to know if treating
only one of the beams is sufficient to ensure energy decay. Thus, our main interest here is to investigate the case in
which only one of the beams is subject to Kelvin—Voigt damping. In this paper, we confirm that the decay rate is of
polynomial type, with or without additional rotational damping in the joint.

Whereas polynomial stability has been investigated extensively in the literature, most of these are case studies.
For example, spectral analysis methods were used in [7,10,12], and energy methods were used in [1,2,11,14,15].
Recently, sufficient conditions in frequency domain for polynomial stability of abstract first order linear evolution
equations were given in [3,8], which added a new semigroup method for polynomial stability.

We will use the following result in [8]:

Theorem 1.1. Let T(t) be a bounded Co-semigroup on a Hilbert space H associated with the linear system
X(t)=AX@). If

iRNo(A) =0 (1.1)
and for some positive constant £
lim | (i — 4)" (1.2)
ﬂi)ngo BT i < 00, .

then for all k € N there exists a finite positive constant cy such that

Int d
17 @@) Xolln < ck e In7)| Xoll pear (1.3)
for all Xo € D(AF).
1
Remark. For k£ = 1 in the above theorem, we see that the solution decays at a rate of (%) ‘ (In t)H'% for all initial

1
7€
states in the domain of 4. This rate is faster than (%) © for any € > 0. In this case we say that 7 (¢) is polynomially

stable with order %. There are examples of specific systems whose decay rate is equal to % Therefore, the polynomial
decay rate obtained by the semigroup method is almost optimal.

2. System equations and semigroup setting

The joint-leg-beam system is shown in Fig. 2.1. The equations of motion of this system, which have been derived
in [4], are:

Zwi(r,s;) 9% 2wl (z, s;) Bwi(r, si)
PiAi 2 + Py Eil; Pye) Yi PSPy =0, (2.1)
1 l 1
%ul(s,s;) 9 dul(t, s;) 02ul (1, s;)
A——" | EiA; ; = 22
P2 as,-[ A T T g 22)

and

mx(t) — md; cos ¢1§1 (t) + mad» cos ¢2§2(t) = F1(t) singp; — N1(t) cos @1 + F>(t) sin gy + Na(t) cos ¢,
(2.3)



1238 J.A. Burns et al. / Mathematical and Computer Modelling 46 (2007) 1236—1246

m3(t) + mid sin 0y (t) + mads sin 26 (t) = Fi (1) cos 1 + N1 (1) singy — Fa(t) cos g2 + Na(2) singa,

2.4)
1501 (t) = Mo(t) + My (1) + LiN1 (t) + myd) [£(1) cos @1 — (1) sin 1], (2.5)
I56:(t) = =M (t) + Ma(t) 4+ laN2(1) — mady [X(t) cos g2 + (1) sin ], (2.6)

where wi(t, Si), ul (z, s;) are the transversal and longitudinal displacements of the beam, 0 < s; < L;,t > 0,i =
1, 2; x(t), y(¢) are the planar, Cartesian displacements of the pivot joint; 6; (¢) is the perturbation of the angle between
leg i and the positive x axis, and the “dots” represent derivatives with respect to z. The physical parameters in the
above equations are given by

e L;, A;, I;, E;, p;i: length, cross-section area, area moment of inertia, Young’s modulus and mass density of beam
i,i=1,2(with L;, A;, I;, E;, p; > 0).

o li,m;, I é, d;: length, mass, mass moment of inertia about center of mass and distance from pivot to center of mass
of joint-legi,i =1, 2.

. IiQ = I} +m;d? > 0: mass moment of inertia of joint-leg i about pivot, i = 1, 2.

Wi, Vi, b, k: nonnegative constants representing the Kelvin—Voigt damping parameters in the axial motions, in the
transverse bending, viscous joint damping, and joint stiffness parameters, respectively.

e m,: mass of the pivot.

Furthermore, m = my + my + m, > 0 is the total mass of the joint-leg system, while the angles ¢; describe the
equilibrium orientation of beam i (see Fig. 2.1). Finally,

92w! 93 w!
M) = Eiliw(l, L;)+ Vim(f, L),

1

ad 92w! 3w
N: (1) = E. I . t, L), 2.7
l()_ 9 ( 11 as? +y’8si28t>( 1)

P = = (Eai + 02 @, L)
i Yy iAju Mi a7 , Lij

Si

represent the bending moment, shear force and axial force at the end s; = L; of beam 7, and

Mo(t) =k (62(1) — 61(1)) + b (62(t) — 61 (1)) (2.8)

is the internal torque exerted on joint-leg 1 by joint-leg 2.
Geometric compatibility between the joint-leg and the s; = L; end of each beam requires that, for beam 1 — leg 1:

x(t) — 1161 (1) cos o1 + w' (¢, L1) cos @y +u' (s, L1)sing; =0
y(t) + 1161 (t) sin g — wl(t, L1)sing; + ul(t, Li)cos¢g; =0 2.9)
01(1) + wi(t, L) =0,

while, for beam 2 — leg 2:

x(t) + 1r62(t) cos ¢ — wz(t, Ly) cos ¢y + uz(t, Ly)singy; =0
y(2) + 262(1) sin gy — w?(t, La) sin s — u?(t, Ly) cos g = 0 (2.10)
02(t) + wi(t, L) = 0.

These conditions require that the Cartesian position of each beam’s tip and the corresponding leg’s tip remain the
same, and that the end slope of each beam remains equal to that of the corresponding leg.
At the end s; = 0 of each beam, we have clamped boundary conditions:

u'(t,0) = w'(,0) = Z—uﬂ(t, 0) = 0. (2.11)
Si
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Fig. 2.1. Joint beam system.

We denote by H” (0, L) the usual Sobolev space of functions in L2%(0, L) with derivatives up to order n in L%, L).
With H; (0, L) and H (0, L) we denote the spaces of functions in H" (0, L) that vanish, together with all derivatives
up to the order n — 1, at the left end and at both ends, respectively.

Define the Hilbert space

H, = HZ(0, L1) x HZ(0, Ly) x H} (0, L) x H}(0, L2)

with the inner product
2
Z [E;I;(D*w;, D*®;) + E; A; (Du;, Dii;)]

where 7 = (w1, wo, uy, u2)Y, 7 = (Wi, W, 41, 1), D" = % and (-, -) denotes the usual L?-inner product.
We also define
V. = L%(0, L1) x L*(0, Ly) x L*(0, L1) x L*(0, Ly)

with the inner product

2
(2.2, _Zp,A [wi, D) + (ui, 7)1 -

Furthermore, define
Hy = [ker(C)]* = range(CT) c R®
with the inner product

(€ 8y, =ET(C™MTIO)E = (£, (C"™MT1O)TE)Re
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where the matrices M and C are given by:

. mli P . [(—midicosgr madacos g
M= (PT diag(]é, Ié))’ P= < midysing;  madysingy )’ 2.12)

0 —cosgp; 0 cosgy singp sin ¢;
. |0 singr O singy cosgr —cosg;
€= 1 121 0 0 0 0 ’ 2.13)
0 0 1 12 0 0
and (CTM~'C)T denotes the Moore—Penrose generalized inverse of the matrix CTM ~!C. An immediate calculation
using properties of the Moore—Penrose generalized inverse shows that if £ € H;, & = CT¢,¢ € R?, then
IEN3,, =¢"M¢.
J

We denote with z(r) = (wl(t,-), w2, ), u' @, ), u?@, NT, n@t) = @x@), y@),01(t), 00T, v(t) = 2(r) =
(yl(t, -, yz(t, 4, vl(t, 9, vz(t, -))T, Z(t) = n@) = (p@), q@), 11 (1), rz(t))T, and define two “boundary projection
operators” P and P from V, to RS by

dom(PP) = H?(0, L1) x H*(0, Ly) x H'(0, L) x H'(0, Ly),
dom(P£) = H*(0, L1) x H*(0, L2) x H*(0, L) x H*(0, Ly),
Pl (w', w?, ul, uz)T = (—Dw'(Ly), w(L1), —Dw*(Ly), w*(La), —u' (L), —MZ(L2))T ,
PE (w!, w? u' u?)" = (D*w'(Ly), D’w' (Ly), D*w*(Ly), D3w*(Ly). Du' (Ly), Du?(Ly))"
Then, the geometric compatibility conditions (2.9) and (2.10) can be written in the form
PPz(t) = CTo(0), 2.14)

whereas the dynamic compatibility conditions (2.7), written in terms of the boundary projection operator PZB defined
above, take the form

EPE (z(t) + $12(1)) = F(1) (2.15)

where £ = diag(E( 1, E111, E2l2, Exlh, E1Ay, E1A) and §1 = dlag(Elll E212 El:}h E2A ) and F(t) =
(M (), Ni(t), Ma(t), N2 (1), Fi(t), Fa(t)'.

By defining £(r) = %Ple(z‘) it follows by (2.14) that £(¢) = Ple(t) = CT¢ (1) and, using (2.15) and (2.8) with
k = 0, the joint-leg system (2.3)—(2.6) can be written in the form

En)+CcTM'B(cc cer) = CTMTICEPE (z(t) + Siv(0)) (2.16)

0 0 0 0
.o 0o o o
where B=1, o , ]

0 0 —b b
We also define on H, the operator A; by

dom(Ay) = H? N H*(0, L1) x H} N H*(0, Ly) x H} N H*(0, L1) x H} N H*(0, L),

El Esl E E
Alidiag<11D4 22p4 _Zlp2 21)2>

p1A1 " ;A P1 %)

Note that dom(.A;) is contained in both dom(PlB ) and dom(PZB ), so both projections are well defined on dom(.A4;).

Let X(#) = (z(t), v(1), E(t))T. Then the joint-leg-beam system (2.1)—(2.6) can be written as an abstract first order
evolution equation on the Hilbert space

H=H,xV,xHy
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in the form
v(1)
X(t)=AX(t) = —A1(z(t) + S1v(1)) 2.17)
—CcTM~'Bcchy 'ce(r) + C"MTICEPE (z(t) + S1v(1))
with
Z
dom(A) =X =|v| eH|veH,z+Sivedom(A), PPo=¢¢. (2.18)
3

It was proved in [4] that the operator 4 is dissipative and it generates a Cp-semigroup of contractions S(¢) which is
exponentially stable if w1, o, y1, y2 > 0[9,13].

3. Polynomial stability for b > 0

With damping in only one beam we have i1, y1 > 0 and w2, y» = 0. We first consider the case of b > 0, i.e., there
is rotational damping in the joint.

Theorem 3.1. The semigroup S(t) for the case of b > 0 is polynomially stable with order %

Proof. We will first check condition (1.2) for £ = 2. If condition (1.2) is false, then there exists a sequence
ll)’ll y’l
n 2 2
{,311}?,0:1 C R* with B, — oo, and a sequence {Xn}zil C DA, X, = (””) »in = 1:1' »Un = zrll & =
&n ug v%
Pn

qn .
CTg“n,;,,z |, with

)
1Xal3 = D[ EsAdIDu 1P + B D2 1P + pi A (10§17 + 19312) | + 6T Mg, = 1 (3.1)
i=l1
such that
lim {1, @B — A)Xnll2 = 0. (32)
n—oo

Our goal is to show that (3.2) will yield the contradiction || X, ||+ — 0. For simplicity of notation, we shall hereafter
omit the subscript 7.
By a straightforward calculation, we have

BRe(AX, X)p = =B (1l D' I2 + I D2 I? + blri = ). (33)
Since [Re(AX, X)x| = [Re((i — AX, X)| < 1B — A)X |7, (3.2) and (3.3) lead to

4 1 Lin2.1 4
BzIDv I, B2 D7y, B2|t1 — 2| = 0. 3.4)

The components of (3.2) related to the beam equations are

Bt :iﬂui — vf] — 0 in H} 0, L), (3.5)
Bt :i,Bvi — 8 DX’ + 531)")] 0 in L0, L), (3.6)
Bt :i,Bwi — y"] ~ 0 in H3(0, L), 3.7)
Bt :i,Byi + 8D (w' + 5gy")] 0 inL%0, L), (3.8)
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for i = 1,2. In these equations, (Sj., i =1,2,j =1,...,4, are nonnegative constants depending on the physical
parameters of our system. More precisely, 8’i = %, 83 = ﬁ, 8§ = % and 83 = % Note that with our

assumptions on the damping parameters we have 8% = SZ = 0. Since we are assuming Kelvin—Voigt damping on
beam-1, in the absence of external excitation, its energy will decay to zero, for all initial conditions in the state space.
In fact, from (3.4), (3.5) and (3.7) it follows immediately that

IDu |1, b, 1D w11y | — 0. (3.9)

However, there is no “direct” damping in beam-2. All we have is damping in beam-1 and in the joint, indirectly passed
to beam-2 through the joint dynamics and compatibility conditions. We want to analyze the effect of these damping
sources on beam-2. In order to do that, we will start by applying a multiplier method to the equations for beam-2.
Using (3.5) and (3.7) to replace iBv, and iBy; in (3.6) and (3.8) by —,82u2 and —ﬂ2w2, respectively, then taking
the L2-inner product with s, Du? and s Dw? (here s; is the spatial variable in beam-2), respectively, recalling that
8% = 82 = 0 and integrating by parts, we get

—La|pu®(Lo) > — La87 | Du* (L) * + | pu?||> + 87| Du?||* — 0, (3.10)
—La|pw?(L2)* + 2Re(83[La D3 w?(La) — D*w?(L2)1DW? (L))
— L83 D*w*(La)* + | Bw? | + 383 | D*w?||* — 0. (3.11)

Remark. The above two equations indicate that whether the energy of beam-2 decays to zero is equivalent to whether
the boundary terms decay to zero. In particular, it is necessary that both the extensional force and the bending moment
of beam-2 at the s, = L, end (i.e. > and M3) converge to zero.

It follows from (3.4) and the Trace theorem that
14 J4 4
B2v'(L1), B2y (L1), B2 Dy' (L1) — 0. (3.12)
Hence, by the compatibility conditions (2.9), we obtain
¢ ¢ ¢
B2p,B2q. B2t — 0. (3.13)

. ¢ L
Since B2 |t; — 12| converges to zero (see (3.4)), so does B2 1p. In summary, we have proved that

_R T

— 0. (3.14)

H’B%C‘R‘*: ﬂg T

1) R4

Now using the compatibility condition (2.10), we also get estimates of beam-2 at the s, = L, boundary, namely that
() (4 (4 2
B2v°(L2), p2y“(L2), B2 Dy"(L2) — 0. (3.15)
The component of (3.2) related to the joint dynamics yields

glcT [iﬁ; M B — M*1CF] >0 inR®
and therefore

B [iﬁc +M7'B; - M’ICF] >0 inR* (3.16)
since C is a full-rank matrix. Applying (3.14) to (3.16) leads to

B5~ICF >0 inR*, (.17
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i.e.,
Fising) — Njcos @) + F,sin@y + Nj cos ¢ 0
ﬂ%_l F1cos @) + Nisingy — F> cos ¢y + N sin¢@p 0 (3.18)
My + 41Ny 0 )
My 4+ £, Ny 0

Let us recall the remark following Eq. (3.11). To get (F>, M, No» — 0) from (3.18), we must have F1, M1 — 0 (or
Fi,Ni > 0)and £ > 2.
By the Gagliado—Nirenberg inequality, we obtain the estimate

1
D 1 1 2
M) -0, (3.19)

B

which follows from the fact that the first term on the right hand side converges to zero, and the second term is bounded
which can be seen from (3.6). Similarly, we obtain

=2 (4 1 J N
B+ Fil <cllp2Du +v)ll2

32 302 1 )
1B75 Mi| < clp™s [ID*(w' +yHI21D*w" + yHI2,

=<
1
D2(w! + vl 1
ScllﬂgDz(wl—i—yl)HZ(” (w ;—y )||H2) o, (3.20)
and
&5 L6 3,1 I n3,1 1y 2
B8 Nil = clBF D> (w' +y)HIZID (w +y)l
30014 L1 3
D
ScllﬂgDz(wl—kyl)H}t(” (w ;—y )||H1) o, 3.21)

where the convergence to zero in both (3.20) and (3.21) follows from the fact that the first factor tends to zero and the
second is bounded by virtue of (3.8).

Picking ¢ = 6, from (3.19) and (3.21) we get that |, N — 0, but picking £ = 2, from (3.19) and (3.20) we get
that F;, M1 — 0. Hence we choose £ = 2 for a faster rate % Going back to (3.18), we then deduce that

F>, My, N — 0,
and therefore
1021, 15211, 1Dyl | D*w?| — 0. (3.22)

Here we have replaced ||fu?|| and ||Bw?|| by |[v?|| and ||y?|, respectively by virtue of (3.5) and (3.7). Combining
(3.4), (3.14) and (3.22), we reach the contradiction || X |y — 0. Hence, condition (1.2) holds.

Now, if condition (1.1) is false, then there exist 8 € R and a sequence {X,,};2 | C D(A) with || X, ||y = 1 Vn such
that

Jim [[GB — A) Xl = 0. (3.23)

We can repeat the above arguments in exactly the same way (notice that we have intentionally avoided using the
fact that 8 — 00) to once again obtain the contradiction || X |y — 0. Hence, condition (1.1) also holds. The proof is
then completed. W
4. Polynomial stability for b = 0

In this section, we will consider the case of b = 0, i.e., there is no rotational damping in the joint. It turns out that
the polynomial stability still holds, but the solution decays at a slower rate.

Theorem 4.1. The semigroup S(t) for the case of b = 0 is polynomially stable with order ﬁ.
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Fig. 5.1. Comparison of eigenvalues for b = 0, 10, 100.

Proof. We will modify the proof in the last section. The argument up to (3.4) is still valid. But the argument for
B 5 7o — 0 has to be changed. Dividing (3.16) by B %_1, £ > 2 and then multiplying by the matrix M, we obtain

iBTM¢ +iB2 "B —iB>"\CF - 0 inR%, @.1)
Since we already have, see (3.13),

4 ¢ ¢
B2p,B2q, B2t — 0,
(4.1) is further simplified to

mady T cOS @3 0 Fysing; — Nicosg) + F>singy + N cos ¢ 0
i,B% modo Ty sin o n ,3%_1 0 _ ,3%_1 Ficosgp + Nysing; — F> cos ¢y + Np sin @) 0
0 -T2 My + 21Ny 0
Iétz ) M + (o N 0
“4.2)

From the third component of the above equation, we see that B, — 0 is equivalent to 8M1, BN — 0. This requires
that £ = 14 as estimated in (3.20) and (3.21) which are still valid when » = 0. With this choice of £, F| — 0 due to
(3.19), and (4.2) becomes

F> sin ¢y + N> cos ¢ 0
—Fycosgy + Nasingp | — |0 . 4.3)
My 4+ €rN, 0
This proves that
F>, My, N, — 0.

We then finish the proof by repeat the argument from (3.22) to the end of proof of Theorem 3.1. W
5. Numerical results

A finite dimensional approximation scheme of the joint-leg-beam system (2.16) was given in [5]. We compute the
eigenvalues of the approximating system for u» = y» = 0. Fig. 5.1 compares the cases of b = 0, 10, 100. It can seen
that with the rotational damping in the joint, all eigenvalues move to the left more and more as b increases. But the
high frequency ones only move to the left slightly. Fig. 5.2 gives a zoom-in view of these high frequency eigenvalues.
Therefore, the rotational damping in the joint is more effective to vibration of lower frequency modes than the high
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ones. Fig. 5.3 plots the eigenvalues for the case & = 100 with several values of the dimension of approximating
system. We observe a trend that there is a branch whose imaginary part goes to infinity as the real part approaches
zero. Therefore, system (2.16) cannot be exponentially stable when there is no damping in beam-2.
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