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On the existence of global saturation
for spectral regularization methods with
optimal qualification
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Abstract. A family of real functions {g,} defining a spectral regularization method with
optimal qualification is considered. Sufficient condition on the family and on the optimal
qualification guaranteeing the existence of saturation are established. Appropriate char-
acterizations of both the saturation function and the saturation set are found and some
examples are provided.
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1 Introduction

Let X, Y be infinite dimensional Hilbert spaces and 7 : X — Y a bounded linear
operator with non-closed range R (7). It is well known that under these conditions
T, the Moore—Penrose generalized inverse of 7, is unbounded ([2]) and therefore
the linear operator equation

Tx =y (1.1)

is ill-posed. The Moore—Penrose generalized inverse can be used to define the least
squares solutions of (1.1). In fact equation (1.1) has a least squares solution if and
only if y € D(TT) = R(T) ® R(T)* and in that case, xT = TTy is the least
squares solution of minimum norm and the set of all least-squares solutions of
(1.1) is given by xT 4+ N (T'). Since T is unbounded, it follows that xT does not
depend continuously on the data y. Therefore, if instead of the exact data y, a noisy
observation y® is available, y® = T'x 4 8£, where the noise & is assumed to be
bounded, ||£]| < 1, then it is possible that 7T y® does not even exist and if it does,
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it will not necessarily be a good approximation of xT ([13, 14]). This instability
becomes evident when trying to approximate xt by traditional numerical methods
and procedures.

Ill-posed problems must be first regularized if one wants to successfully attack
the task of numerically approximating their solutions. Regularizing an ill-posed
problem such as (1.1) essentially means approximating the operator 7T by a para-
metric family of bounded operators { Ry }, where « is the so-called “regularization
parameter”. If y € D(TY), then the best approximate solution xT of (1.1) can be

written as
ITI7+ ¢
x T :/ —dET*y
0 A

where { £ } is the spectral family associated to the operator T*T (see [2]). This is
mainly why many regularization methods are based on spectral theory and consist
of defining

T2+
Ra = / ga(h) dE;T*
0

where {gy} is a family of functions appropriately chosen such that
1
li A==, Yae(|T|*.
Jim, ga(A) = 5 O, 17117

It is well known, however, that it is not possible to get error estimates nor conver-
gence rates on the whole space X ([1, 15,16, 18]) for approximate solutions of an
inverse ill-posed problem unless some a-priori information about the solution is
available. This information may come, for instance, in terms of a source represen-
tation of the solution ([19]). A special inclusion of available a-priori information
in Tikhonov regularization method was considered by Leonov and Yagola in 1998
(see [8]). All a regularization method can do is to recover the largest possible
amount of information about the solution of the problem, maintaining stability. It
is often said that the art of applying regularization methods consist always in main-
taining an adequate balance between accuracy and stability. Usually accuracy can
be improved with increasing assumptions (or information) on the regularity of the
exact solution. In 1994, however, Neubauer ([11]) showed that certain spectral reg-
ularization methods “saturate”, that is, they become unable to continue extracting
additional information about the exact solution even upon increasing regularity as-
sumptions. Prior to this, in 1984, Groetsch ([3]) had shown some saturation results
for compact operators. The term “saturation” however was introduced for the first
time by Vainikko and Veretennikov in 1986 for general spectral methods and illus-
trated for Tikhonov’s and Lavrentiev’s methods, as well as for different iterative
regularizing algorithms ([17]). Although saturation is strongly related to the best
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order of convergence that a method can achieve independently of the smoothness
assumptions on the exact solution and on the selection of the parameter choice rule,
it constitutes a rather subtle and complex issue in the study of regularization meth-
ods for inverse ill-posed problems and the concept has, for many years, escaped
rigorous formalization in a general context. In 1997, Neubauer ([12]) showed that
this saturation phenomenon occurs for instance in the classical Tikhonov—Phillips
method. Later on, in 2004, Mathé ([9]) proposed a general definition of the concept
of saturation for spectral regularization methods. However, the concept of satura-
tion defined by Mathé is not applicable to general regularization methods and it is
not fully compatible with the concept of saturation emerging from the early works
of Groetsch ([3]) and Neubauer ([11, 12]). In particular, for instance, the defini-
tion of saturation given in [9] does not imply uniqueness and therefore, neither
a best global order of convergence. More recently, in 2011, Herdman, Spies and
Temperini (see [5]) developed a general theory of global saturation for arbitrary
regularization methods. It is also important to mention that in 2008, A. S. Leonov
(see [7]) introduced a general approach for eliminating the saturation of accuracy
in regularization algorithms by taking into account source conditions of general
form.

Related in a dual way to the concept of saturation is the concept of qualification
of a spectral regularization method. The term “qualification” was introduced for
the first time by Vainikko and Veretennikov in 1986 (see [17]) and later generalized
by Mathé and Pereverzev in 2003 ([10]). This concept is strongly related to the
optimal order of convergence of the regularization error, under certain “a-priori”
assumptions on the exact solution. In 2009 Herdman, Spies and Temperini ([4])
further generalized the concept of qualification and introduced three hierarchical
levels of it: weak, strong and optimal qualification. There, it was shown that the
weak qualification generalizes the definition introduced in [10].

In this work, some light on the existence of saturation for spectral regularization
methods with optimal qualification is shed. In particular, sufficient conditions on
the family of real functions {g, } defining the method and on the optimal qualifica-
tion p, which guarantee the existence of saturation, are established. Moreover, in
those cases, appropriate characterizations of both the saturation function and the
saturation set are provided.

2 Preliminaries

In this section we shall recall some basic concepts on global saturation of regular-
ization methods for inverse ill-posed problems theory (for more details see [5]). In
the sequel, 7 : X — Y will be a bounded linear operator with non-closed range
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between two Hilbert spaces X and Y. Without loss of generality we will assume
that the operator T is invertible (in the context of inverse problems it is customary
to work with the Moore—Penrose generalized inverse of T since one seeks least
squares solutions of the problems; therefore the lack of injectivity of T is never a
relevant issue). Also, for simplicity of notation and unless otherwise specified, we
shall assume that all subsets of the Hilbert space X under consideration are not
empty and they do not contain x = 0.

Let M C X. We shall say that a function ¥ : X x R — R belongs to the class
Fr if there exists a = a(y) > 0 such that ¥ is defined in M x (0, a), with values
in (0, 00) and it satisfies the following conditions:

(1) limg_ o+ ¥(x,8) =0forallx € M,
(ii) 4 is continuous and non-decreasing as a function of § in (0, a) for each fixed
xeM.

One may think of 3 as the collection of all possible §-“orders of convergence”
on the set M.

Definition 2.1. Let {Ry }4e(0,a0) b€ @ family of regularization operators for the
problem 7T'x = y. The “total error of { Ry }¢e(0,a) at X € X for a noise level 6 is
defined as

&% (x,8) = inf sup  ||Ray® — x|,

{R } a€(0,00) y‘SGB (Tx) *

where Bs(Tx) ={y €Y : |Tx —y| <§}.

Note that 8 o R} is the error in the sense of the largest possible discrepancy that
can be obtalned for an observation of y within noise level §, with an appropriate
choice of the regularization parameter «.

Definition 2.2. Let M C X and ¥, ¥ € 7. We say that “y precedes ¥ on M”,
and we denote it with Y

V=9,
if there exist a constant 7 > 0 and a function p : M — (0, c0) such that ¥ (x,8) <
p(x) ¥ (x,6) forall x € M and for every 6 € (0, 7).

Definition 2.3. Let {Ry }¢e(0,q0) b€ a family of regularization operators for the
problem Tx = y, M C X and ¢ € F37. We say that ¥ is an “upper bound of
convergence for the total error of { Ry Joe(0,a0) 0N M if

Eolia} =¥
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With Ups (8?;50‘}) we shall denote the set of all functions ¥ € s that are upper
bounds of convergence for the total error of { Ry }¢e(0,a0) On M.

The following two definitions formalize certain comparisons of bounds of con-
vergence on different sets of X, which will be needed later to introduce the concept

of global saturation.

Definition 2.4. Let M, M C X,y € Fy and § € 5.
(i) We say that “iy on M precedes \ﬁ on M”, and we denote it with
MM .
v 2 v,
if there exist a constant d > 0 and a function k : M X M — (0, 00) such
that ¥ (x,8) < k(x,X) ¢ (x,§) forevery x e M, X € M and § € (0,d).

(ii) We say that “y on M is equivalent to ¥ on M, and we denote it with

MM -
. vox Y,
MM

MM . ~
ify < Yandy = ¥
Definition 2.5. Let M C X and ¥ € Fjs. We say that “y is invariant over M” if
M,.M

voR Y.

Next we recall the concept of global saturation introduced in [5].

Definition 2.6. Let Mg C X and s € Uy, (88;0(}). It is said that ¥ is a “global
saturation function of {Ry} over Mg” if Y g satisfies the following three condi-
tions:

€%y (*.8)

Vs >V

(S1) Forevery x* € X, x* # 0, x € Mg, limsupg_, o+
(S2) g is invariant over Mg.

(S3) There is no upper bound of convergence for the total error of { Ry} that is a
proper extension of ¥ (in the variable x) and satisfies (Sl) and (S2), that is,
there exist no M 2 Mg and Vel M(@ ot ) such that v/ satisfies (S1) and
(S82) with Mg replaced by M and Vs replaced by w

The function ¥ and the set Mg are referred to as the saturation function and
the saturation set, respectively.

This conception of global saturation essentially establishes that in no point
x* € X, x* # 0, can exist an upper bound of convergence for the total error of
the regularization method that is “strictly better” than the saturation function g
at any point of the saturation set M.
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Let {E)}1er be the spectral family associated to the linear selfadjoint opera-
tor T*T and {gq }e(0.0) @ parametric family of functions gq : [0, T[*] — R,
a € (0, ap), and consider the following standing hypotheses:

(H1) For every a € (0, ag) the function g is piecewise continuous on [0, || T'||?].

(H2) There exists a constant C > 0 (independent of &) such that |[Agy(1)| < C
for every A € [0, || T ||?].

(H3) Forevery A € (0, ||T||?], there exists lim,_, o+ ga(1) = %

If {ga }ae(0,a0) satisfies hypotheses (H1)—(H3), then (see [2, Theorem 4.1]) the
collection of operators { Ry }oe(0,a0)> Where

171>+
0

is a family of regularization operators for T, In this case we say that { Ry Yae(0,a0)
is a “family of spectral regularization operators” (FSRO) for Tx = y and that
{8a}ae(0,a0) 15 @ “‘spectral regularization method” (SRM).

The following definitions will be needed both to recall the concept of qualifica-
tion as introduced in [4], as well as in the rest of the article.

Denote with ( the set of all non-decreasing functions p : RT — R™ such that
lim,_, o+ p(a) = 0 and with § the set of all continuous functions s : Rg — Rg’
satisfying s(0) = 0 and such that s(1) > 0 for every A > 0. Note that if s € &
is non-decreasing, then s is an index function in the sense of Mathé—Pereverzev

((10D.

Definition 2.7. Let p, p € (. We say that “p precedes p at the origin” and we de-
note it with p < p if there exist positive constants ¢ and ¢ such that p(«) < ¢ p(«)
for every a € (0, €).

Definition 2.8. Let p, p € @. We say that “p and p are equivalent at the origin”
and we denote it with p ~ p if they precede each other at the origin, that is, if
there exist constants ¢ > 0, ¢1,¢2, 0 < ¢] < ¢z < 00, such that c; p(o) < p(a) <
¢z p(a) for every a € (0, ¢).

Clearly “~” is an equivalence relation and it introduces in @ a partial ordering.
Analogous definitions and notation will be used for 5,5 € §.
Definition 2.9. Let {gq }¢e(0,a0) b€ an SRM, 74 (A) =1 —Agy(A), p € O, 5 € §.
(i) We say that (s, p) is a “weak source-order pair for {g,}” if it satisfies
$(A) [ra(A)]

=0(l) fora— 0", VA>0. .1)
p(@)
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(i) We say that (s, p) is a “strong source-order pair for {g,}” if it is a weak
source-order pair and there is no A > 0 for which “O(1)” in (2.1) can be
replaced by “o(1)”, that is, if (s, p) is a weak source-order pair for {g,} and

i $(A) |ra(A)]
imsup ——————

>0 VA>0. (2.2)
a—0t ,0(0[)

(iii) We say that (p, §) is an “order-source pair for {gy}” if there exist a constant
y > 0 and a function  : (0, 9) — R™ with limy_, o+ () = 0 such that

SO lra ()] _
—
p(@)
In the context of the previous definitions we refer to the function p as the “order
of convergence” and to s as the “source function”.

We are now ready to define the concept of qualification in its three different
levels as it was introduced in [4].

VA e [h(a),+00). (2.3)

Definition 2.10. Let {gy} be an SRM.

(i) We say that p is “weak qualification of {gq}” if there exists a function s such
that (s, p) is a weak source-order pair for {gy}.

(i) We say that p is “strong qualification of {g,}” if there exists a function s
such that (s, p) is a strong source-order pair for {gq }.

(iii) We say that p is “optimal qualification of {gq}” if there exists a function s
such that (s, p) is a strong source-order pair for {g4} and (p, s) is an order-
source pair for {gy}.

Note that since condition (2.3) implies condition (2.2), in the definition of opti-
mal qualification above the requirement that (s, p) be strong source-order pair can
be replaced by the one that (s, p) be a weak source-order pair.

Now given the SRM {gq} and p € O, we define

for A > 0. 2.4)

e pla)
A) =1 f
$p(A) = liminf 2=

Note that 5,(0) = 0 and if s, is continuous, s, € &.
The next theorem provides necessary and sufficient condition, in terms of s,
for an order of convergence p € @ to be optimal qualification.

Theorem 2.11 ([4]). Let {ga} be an SRM and p € O such that s, € 8. Then p is
optimal qualification of {gq} if and only if s, verifies (2.3) and

0 <s5p(A) < +o00 forevery A > 0. (2.5)
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The next theorem shows the uniqueness of the source function.

Theorem 2.12 ([4]). If p is optimal qualification of {gq}, then there exists only
one function s (in the sense of the equivalence classes induced by Definition 2.8)
such that (s, p) is a strong source-order pair and (p, s) is an order-source pair for
{ga}. Moreover if s, € 8, then s, is such a unique function.

The following converse result, where regularity properties of the exact solution
are derived in terms of the rate of convergence of the regularization error, will be
needed later. This result states that if the regularization error has order of conver-
gence p(«) and (p, s) is an order-source pair, then the exact solution belongs to
the source set given by the range of the operator s(T*T).

Theorem 2.13 ([4]). Let {gq} be an SRM and Ry = go(T*T)T*. If
I(Ra =TTyl = O(p(e))  for & — 0F
and (p, s) is an order-source pair for {ga ), then TTy € R(s(T*T)).

3 Saturation of spectral regularization methods with
optimal qualification

The purpose of this section is to shed some light on the saturation of SRM with
optimal qualification. More precisely, we will establish sufficient conditions on
the family of functions {g4} and on the optimal qualification p guaranteeing the
existence of saturation. Moreover, for those methods we will provide appropriate
characterizations of both the saturation function and the saturation set. Then, let
{8a}ae(0,a0) be an SRM and consider the following hypothesis:

(H4) There exists k > 0 such that G = ||ga(*)]lco < JL& Va e (0,ap).

Lemma 3.1. Let {ga}ae(0,a0) be an SRM satisfying hypothesis (H4). Further let
Ry = go(T*T)T* and let (s, p) be a weak source-order pair for {ga}ae(0,a0)
where p is continuous. Define X* = R(s(T*T)) \ {0}, O(t) = /1 p(t) fort > 0,
V(x,8) = po®T1(8) forx € XS and § € (0,0(ay)). Then ¥ € Fxs and, more-
over, Y is an upper bound of convergence for the total error of { Ry }ae(0,a0) 01 X°,

that is, ¥ € Uys (8?}%&})

Proof. Since p is continuous and non-decreasing and p(0™) = 0, it follows that
©(t) is continuous and strictly increasing on (0, +00) with @(01) = 0. There-
fore ® ! exists and has the same properties. It then follows that v is continuous
and non-decreasing as a function of § in (0, ®(ap)) for each fixed x € X*, and
¥ (x,07) = 0forall x € X*. Hence ¥ € Fys.
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On the other hand, since (s, p) is a weak source-order pair for {gq}ae(0,a0)-
there exist positive constants ¢ and & such that s(1) |rq (1)| < co(a) for every
a € (0,&), A € (0,]T||?]. Moreover, from hypothesis (H2) and the fact that p
is non-decreasing it follows that the previous inequality holds (perhaps with a
different positive constant ¢) for every « € (0, o), that is,

s [raM)| < epl@) VY € (0,00), VA€ (0T 3.1)
Now, for every p > 0 we define the source sets
XPP ={xe X :x=s(T*T) ||l < p}.

Then for each x € X there exists px > 1 such that x € X%Px, On the other
hand, since © is continuous and strictly increasing in (0, «tp), there exists a unique
dx € (0,00) such that x € X%Px and O(ay) = If—x. Therefore,

SE%a}(x,S) = inf sup  ||Re % — x| (3.2)
@€(0,20) )5 B (Tx)
< sup [Rg y’ —x]. (3.3)
y3eBs(Tx)

Now, since y8 = T'x + 8¢, ||€]| < 1and x = s(T*T)¢ with ||¢]| < px, it follows
immediately that

IRz, ¥° — x|l < I(ga, (T*T)T*T — I)s(T*T)¢|| + 8llga, (T*T)T*&|
<px sup {s)|rg, W[} +8 sup  {(VA|ga, W)}

A€(0,T11] A€(0,1T11]
34

where the last inequality follows from properties of functions of a selfadjoint
operator (more precisely, for any piecewise continuous function f there holds
ILA(T*T)|| < supy | fR)| and || f(T*T)T*| < supz {~/A | £ ()]}, see [2, p. 45]).
Using (3.1) and hypothesis (H4) in (3.4) it follows that

IRz, ¥* — x|l < px ¢ p(ax) + §——=|T]. (3.5)

k
Vx
. -\ _ /= N s ~ .
Since O(dy) = /@y p(Gx) = oot follows that Ja. = Px p(dx). Hence by vir-

tue of (3.5) one has that "

IRz, y* — x|l < px(c + k|| T|)p(@x)

— pa(c +k||T||)p(®—1(é ))
Px

< px(c +k|T)p(©7"(8)), (3.6)
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where the last inequality follows from the fact that p, > 1 and both p and @~!
are non-decreasing functions. From inequalities (3.3) and (3.6) it follows that for
every § € (0, O(ayp)),

€% 1 (x.8) < pxlc +KIT PO () = px(c +KITI) Y (x.5).

This proves that ¢ € Uys (8?}50[}). o

Definition 3.2 ([6]). Let k be a positive constant and p : (0, k] — (0, +o0) a con-
tinuous non-decreasing function such that lim,_, o+ p(¢) = 0. We say that p is
of “local upper type B” (B > 0) if there exists a positive constant d such that
p(t) < dsBp(st) forevery s € (0,1], 7 € (0,k].

Theorem 3.3 (Saturation for FSRO with optimal qualification). Let {gq }ae(0,a0)
be an SRM satisfying hypothesis (H4) and having optimal qualification p. Further
letrg(A) = 1—2Aga(A), Ry = go(T*T)T* and suppose that s, € 8 (where s,
is as defined in (2.4)). Assume further that the following hypotheses hold:

(a) The function p is of local upper type B, for some > 0.

(b) There exist positive constants y1, y2, A*, c1, with A* < ||T||? and ¢y > 1 such

that
(i) 0<rg(d) <1, fora>00=<2A<A%

(i) rq(A) = y1, for 0 < A < h(a) < A*, o € (0, p) where h is as in (2.3)
(note that by virtue of Theorem 2.12 and the fact that s, € 8, there exists
only one function s € § satisfying (2.3), that is, s = sp),

(iii) |re ()| is non-decreasing with respect to « for each A € (0, ||T|?],
(iv) ga(c10) = 2, for 0 < cra < A%,
V) ga(A) > ga(A), for0 <a <A <A < A%

(¢) There exist {A,}52, C o(TT*)andc > 1 suchthat A, | 0and )Lj:lq < c for

everyn € N,
Let O(1) = /1 p(t) fort > 0 and X*» = R(s,(T*T)) \ {0}. Then

U(x,8) =po® (S forx e X% and§ € (0,O(xp))
is saturation function of { R }ae(0,a9) 0N X°°.

To prove this theorem, we will need three previous lemmas. The first one is a
somewhat technical result, the second one deals with the existence of an a priori
parameter choice rule leading to a worst total error having an appropriate order of
convergence, while the third one is a converse result.
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Lemma 3.4. Let {g4}ac(0,00) Pe an SRM, (p,s) an order-source pair for {gq}
and suppose hypothesis (b.ii) of Theorem 3.3 holds. Then for every a € (0, ag) the
operator ro (T*T) is invertible.

Proof. Let {E,} be the spectral family of 7*T. It suffices to show that for every
a € (0,ap), x € X, the function r,, 2(1) is integrable with respect to the measure
d||E;x||?. Leta € (0, ) fixed. Since (p, s) is an order-source pair for {g,}, there
exist a constant y > 0 and a function 4 : (0,ap) — R™ with lim,_, o+ A(a) = 0

such that 1 s
M >y VAcel[h),+o0).
pler)
Therefore
/IITII2 ) 1 1712+ ) )
4| Ex)? < —/ $2() d|| Exx|
h — T2A) Y202 (@) Jh(w)
Is(T*T)x|?
_— (3.7)
y20%(a)

Now, since « € (0, «p), it follows from hypothesis (b.ii) of Theorem 3.3 that
rq(A) = y1 > O forevery A € [0, h(cr)). Then

/”(‘” !  la
d|Eyx|? < +o0. (3.8)
0 rg(A) y?
From (3.7) and (3.8) it follows that fOHT” + r;z(/\) dIIE,lx||2 < +00. Hence
ro(T*T) is invertible. 5

Lemma 3.5. Let {g,} be an SRM, Ry = go(T*T)T*, (p, s) an order-source pair
for {go} and assume that hypotheses (b.ii) and (b.iii) of Theorem 3.3 hold. Let
¢ 1 (0,400) = RY be a continuous, non-decreasing function with the property
that limg_, o+ ¢(8) = 0and x* € X, x* # 0.

) Ifétht }(x ,8) = 0(¢(8)) for § — 07, then there exists an a-priori param-
eter chozce rule & (8) such that

sup  [[Ra)y® — x*| = o(p(8)) for § — 0T
y‘gEBg(Tx*)

(L) Part (1) remains true with o(p(8)) replaced by O(¢(6)), that is, if
iRy (X7 8) = O(p(8)) for § - 07,

then there exists an a priori parameter choice rule &(8) such that

sup  [[Ra@s)y® — x*| = O(p(8)) for § —07.
y3eBs(Tx*)
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Proof. Let ¢ and x* € X be as in the hypotheses and suppose that
?;5 }(x .8) = o(p(8)) for § — 0%,

Then by the definition of &%

{(Ray’
i infye(0.0) SUP 3 < 5; ey | Rey® — x|l
1im
§—>0+ ®(3)
sup, s gy | Ray® — x*||
= lim inf —22SB@xDT 7@ —0. (39
§—>0+ ae(0,a0) ®(3)

For the sake of simplicity we define
SUp s g7y | Ray® — x|
9(8)

so that with this notation (3.9) can be written simply as limg_, o+ ¢(6) = 0 and the
objective is to prove the existence of an a priori parameter choice rule @(§) such
that limg_, g+ f(c(8),8) = 0. It can be easily proved that if for certain §o > O,
8““ }(x ,80) =0, then TT = 0. Hence ¢(8) > 0 for every 8 € (0, +00). Also,

(8) is continuous for § € (0, +00) since both 8?}%&}()6 ,8) and ¢(8) are continu-
ous. Next, for n € N we define

fla,d) = and ¢(8) = %gf )f(a,r?),

1
Snisup{d>0:q(8)§—\7’8€(0,d)}.
n

Clearly, 8, | 0 and since ¢ is continuous for every n € N and every é € (0, §,],
q(3) = infye(0,a0) f(@, 8) < % Then, there exists an o, = 5 (6,) € (0, otp) such
that foralln € N

Flon.8) < % VY 8 € (0,8,]. (3.10)

Since {a,} C (0, ag) is a bounded sequence, there exist «* € [0, o] and a subse-
quence {&, } C {a,} such that limg_, 4o 0tn, = ™. We now define @(8) = oy,
for 8 € (Bnyyy»0ncl, k =1,2,...,and @(8) = @(8p,) for § > 8y, Then

lim+d(8) =a* 3.11)

5§—0

and

2
0 <limsup f(&(5),5) < lim sup[ sup f(oznk,(?)] <limsup — =0,
§—o0+ k—+00"-8€(0,8,,;] k—>-+oo Ik

where the last inequality follows from (3.10).
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Hence,
lim f(&(6),6) = 0. 3.12)
§—0t

It remains to be shown that @(§) is an admissible parameter choice rule, for
which it suffices to prove that limg_, o+ &(§) = 0, i.e. that a* = 0. If * > 0, it
follows from (3.11) that there exists §o > 0 such that &(§) > % forall § € (0, §p).
Hypothesis (b.iii) of Theorem 3.3 then implies that for every § € (0, 89),

ra@) (M) = Irax (M) forall A € (0, I711%].

Therefore for every § € (0, §p),
* *12 ”T”2+ 2 * 112
Iray (TP = [ ry @) d1Ea”]

T2+
> / 12, (0) d]| Exx*|?
0 2
= |[rox (T*T)x*||%. (3.13)
2

Now, for all § € (0, 8p),

sup ||R&(8)y8 = ||R&(5)Tx* —x*
y8eBs(Tx*)

= (I — ga@)(T*T)T*T) x™||
= llra@) (T"T)x™ || = lIrax (T*T)x™,

where the last inequality follows from (3.13). Dividing through by ¢(§), taking
limit for § — 0T, and using the definition of f(c, §) and (3.12) we conclude that

lrex (T*T)x™| = 0.
2

Now since % < ap, (p,s) is an order-source pair for {gy} and hypothesis (b.ii)
of Theorem 3.3 holds, it follows from Lemma 3.4 that ro* (T*T) is invertible.
Therefore x* = 0, contradicting the hypothesis that x* # 2O Hence, o* must be
equal to zero, as wanted.

We proceed now to prove the second part of the lemma. Suppose that there exists
x* € X, x* # 0 such that EE%Q}(X*’(S) = O(¢(8)) as § — 0. Then there exist
positive constants k and d such that infy¢(g,o0) f (@, 8) < k for every 6 € (0,d),
where f(«,d) is as previously defined. Let {§, }nen C (0, d) be such that §, | 0
and o, = ay(8,) € (0, ap) such that

flan.8) <k +8,, V86e(0,d), VneN.

Without loss of generality we assume that the sequence {&,} converges (since
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if that is not the case, we can take a subsequence which does). Now, like in
the previously case, by defining @(§) = «y, for 6 € (§,+41,0,], n = 1,2,..., and
a(8) = a(dy) for 6 > &1, since 8, | O it follows that f(&(68),8) < k + §; for ev-
ery 6 € (0,d) and therefore

sup  [[Ras)y’ —x*| = O(p(8)) as § — 0*.
y8eBs(Tx*)

Following the same steps as in the proof of part (I) we obtain that

lim @(8) =0,
§—0+ ()

i.e. @(§) is an admissible parameter choice rule. This concludes the proof of the
lemma. o

Lemma 3.6. Let {go } o e(0,a0) b€ an SRM, 1o (A) = 1—=Aga (L), Ry = ga(T*T)T™,
(p, 8) an order-source pair for {ga}, O(t) = /t p(t) for t > 0, and suppose that:
(a) The function p is of local upper type B, for some B > 0.

(b) There exist positive constants y1, y2, A*, c1, with A* < ||T||? and ¢y > 1 such
that

() 0<rqA) <1, fora>00<i<A%
(i) rg(A) = y1, for 0 < A < h(a) < A*, o € (0, ag) where h is as in (2.3),
(iii) |re(A)| is non-decreasing with respect to « for each A € (0, ||T||?],
(V) galc10) = 22 for0 < cjoe < A%,
V) ga(X) > ga(A), for0 <o <A <A <A™,
A

(c) There exist {An}or, C o(TT*)andc > 1suchthat A, | 0and y
everyn € N,

n_ o<
- < c for

If for some x € X we have that

sup inf ||Rey® — x| = O(p(©71(8))) when § >0,  (3.14)
yoeBy(Tx) *<(020)

thenx € R(s(T*T)). In particular, if p is optimal qualification of {ga } and s, € 8,
then x € R(sp(T*T)).

Proof. Without loss of generality we may assume that o < g and x # O (this
is so because hypotheses (a) and (c) are independent of ¢ and if (b) holds for
a € (0, ap), then it holds for « € (0, &) for every &y < ag with the same con-
stants, while if x = 0, the result of the lemma is trivial).
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Leta € o(TT*) be such that 0 < ¢1 & < g (hypothesis (c) guarantees the ex-
istence of such &), and define

al/2 ~1/2

— - . o %
§=68(a@) = —IRaTx —x|| = ——|ra(T"T)x|.
V2 Y2

Then, clearly the equation

_ (y2 3)2
h o

|RoTx — x||? (3.15)

in the unknown « has ¢ = « as a solution. Moreover, since
) 1712+ ) )
[RaTx=xlP = [ 2y dlEax]
0

and x # 0, hypotheses (b.ii), (b.iii) imply that the function u () = a|| Ry Tx—x||?
is strictly increasing for o in (0, o). Hence, o = @ = 1(8) (where 1(8) = u~1(8))
is the unique solution of (3.15). Note that if @ — 07, then § — 01. Moreover, by
hypothesis (b.iii) and Lemma 3.4, it follows immediately by Fatou’s lemma that
§ — 0T onlyif@ — 07.
Now, for § > 0 define
78 = Tx —8Gyz, (3.16)

where Gg = F;, ¢ — F5 with {F)} being the spectral family associated to 7'T*
and
. JIGaTx|| 71T, if GgTx # 0,
T arbitrary with ||Ggz|| = 1, in other case.
Note that since @ € o (T T™*) and ¢; > 1 it follows that G is not the null operator
and therefore the definition makes sense. Note also that ||7® — T'x|| = §, which
implies that y° € Bg(T'x).
Now, by using (3.16) and the fact that go(T*T)T* = T*go(T T™) it follows
that for every « € (0, op) and 6 > O,

(RaTx — x, Ry (3% — Tx)) = (go(T*T)T*Tx — X, —go(T*T)T* §Ggz)
8(ga(T*T)T*Tx — x,—T*go(TT*)Gg2)
§(Tga(T*T)T*Tx — Tx,—ga(TT*)Ggz)
§
§

(TT*go(TT*) = DTx, —ga(T T*)Gaz)
(—ra(TT*)Tx,—go(TT*)Ggz)

1717+
= 5/ ra(M)ga(A)d (F)Tx,Ggz). (3.17)
0



780 G. L. Mazzieri, R. D. Spies and K. G. Temperini

Now by hypothesis (b.i) and since c;@ < A* one has that both g (1) and rg (1)
are nonnegative for all A € [0, c;&]. Also, from the definitions of G4 and z it fol-
lows immediately that the function m(Ad) = (F)Tx, Ggz) for A € [0, c1&] is real
and non-decreasing and therefore

/610! Fa(A)ga(A) d(F)Tx,Ggz) > 0. (3.18)
0

On the other hand, since m(1) = (Tx, F) Ggz), FyGg = Gg for every A > c1q@,
it follows that m(A) is constant for A > c;& and therefore

1712+
/ i ro(M)ga(AM) d{F)Tx,Ggz) = 0. (3.19)
cla

From (3.18) and (3.19) we conclude that

17112+
/ ra(\)ga(h) d (FTx, Gaz) = 0,
0

which, by virtue of (3.17), implies that
(ReTx — x, Ro(3® — Tx)) > 0. (3.20)

Hence, for every @ € (0,0p), 5 > 0O and & € o(TT*) such that c;a < A* we
obtain the following estimate:

IR 7 — x[|? = [[RaTx — x||* + || Ra(7° — Tx)|1?
+ 2(ReTx — x, Ry (3% — Tx))
= |RaTx — x|* + 8| ga(T*T)T* Gaz|?
+ 2(RoTx — x, Ry(3° = Tx))  (by (3.16))
> |RaTx — x||> + 8| T*ga(TT*)Gaz|*  (by (3.20))

1
= [|RaTx — x[* + 8|(T T*)2 go (T T*)Ggz||?

T2+
= ||RaTx—x||2+52/0 Ag2(N) d||FyGaz|?

o
AgZ(M)d|FGazl?.  (3:21)

C1
> |RoaTx — x||* + 82/_

o

We now consider two different cases for o € (0, ).
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Case I: @ < @. Since c;@ < A* and ¢; > 1, it follows from hypothesis (b.v) that
ga(A) > ga(c1@) > go(A*) forevery A € [@,cy ]. (3.22)

On the other hand, from hypothesis (b.i) it follows that ro (A*) < 1, which implies
that A* go(A*) > 0 and therefore go(A*) > 0. It then follows from (3.22) that
g2(A) > g2(cy @) for every A € [@, ¢y @). Then,

cla cla
/_ A g2 d|| FrGaz P = & g2(c1 &) / d||FGaz|l?
o [0

=aga(c1@) (I Fe,aGaz | — | FaGazll?)
=@ g2(c1 @)||Gzz|?
=agl(c @), (3.23)

where the second to last equality follows from the definition of G4 and the spectral
property F3 Fy = Fin{a,u}-

At the same time, the hypotheses (b.i) and (b.iii) imply that g4 (A) is non-in-
creasing as a function of « for each fixed A € [0,A*]. Since < @ and c; @ < A%,
we then have that

galc1@) = galc1 @), (3.24)
and from hypothesis (b.iv) we also have that

galcra) > 2o (3.25)
o
From (3.24) and (3.25) we conclude that

2
g1 @) > (%) . (3.26)

Substituting (3.26) into (3.23), we obtain

cra J/2
/_ A2 d|| FaGazll? = 2,
o

o

which, by virtue of (3.21) implies that if @ < &, then | Ry 7% — x||? > (yz 8)?
Case II: @ > @. In this case, it follows from hypothesis (b.iii) that r2 (1) > S rz()L)
for every A € (0, || T||%]. Then,

7%+
|RaTx — x|]? = [0 20 d| Epx]?

7|1 ) ) 5
>/0 r2() | Exx|? = |RaTx — x|,

which, together with (3.21) imply that || Re 7% — x||2 > || RgTx — x|2.
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Summarizing the results of cases I and II, we obtain that for every « € (0, «rp),
§>0,& €o(TT*) with c1a < g and )78 as in (3.16), there holds

(r28)* fOo<a<a
|Ray® =2z & Losees
IReTx — x||?, if@d <o <ag

§ 2
> min{||R&Tx 2, 29 } (3.27)
Then
8 8 2 1/2
min{||R5,Tx — x|, VL} = (min{”R&Tx —x||2, @})
Ja a
< inf )||Ray'5 — x| (by 327))

ae(0,a0

< sup inf [Rey® —x|| (as3° € Bs(Tx))
»2€B; (Tx) * (00

= 0(p(®~1(8))) for § — 0T (by hypothesis),

and since @ = 1(8) solves equation (3.15), the previous inequality implies that

8 . _
IR, G Tx — x| = sz = 0(p(®71(8))) for § —» 07, (3.28)

o

and therefore

J 0(%) for § — 0F. (3.29)

pO716)
Now, since for every § > 0 one has § = @(@~1(§)), it follows from the definition
of ® that § = /O~1(8) p(®~1(8)). Then, from (3.29) we obtain that

VO1(6) = 0(%) for § — 0.

From this and (3.28) we then deduce that
IR, Tx — x|l = O(p(n(8))) for § — 07, (3.30)

where B
§=p@), aeco(TT*), cra<a.

Now let L = max{A; : A; < ‘z—?} Then, since A, | 0, for any o € (0, L] there
exists a unique n = n(«) € N such that 1,41 < o < A, (note that n(«x) — oo if
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and only if @ — 0%). Then for « € (0, L] and n = n(a) so defined we have that

17117+
IRy Tx — x| :/0 r2() d|| Ezx|?

71>+
<[ R IEIP by rypothesis i)

= IRy, Tx — x|
= 0(p*(An)) (by virtue of (3.30), with § = u(A,)). (3.31)

Also, from hypothesis (c) we have that A, < ¢ A, 41 for all n € N, and since p is
non-decreasing and positive (since p € ), it follows that

0*(An) < p*(c Anyq) forall n e N, (3.32)

Now since ¢ > 1 and by hypothesis (a) p is of local upper type 8, there exists a
positive constant d such that

1
plcAnt+1) <d cﬂp (— ckn_H) =d cﬂp(k,ﬂ_l) forall n € N. (3.33)
¢

Hence
p()tn(a)) = p(C)tn(oz)—H) (by (3.32))
<dcPp(hn@y+1)  (by (3.33))
< dcﬂ,o(oz) (since Ap(q)41 <@ and p € O). (3.34)

From (3.31) and (3.34) it follows that |[RyTx — x| = O(p()) for a — 0.
Since TTT is the projection on N (T)L = X (since T is invertible), we have that
x=TTTx =TTy Then |(Ry — TT)y|| = O(p()) for &« — 0. Finally, The-
orem 2.13 implies that 7Ty = x € K(s(T*T)). This concludes the proof of the
lemma. |

Remark 3.7. Note that since

tot

sup inf Ry — x|| < €% ,(x.9),
yo€By(T) *€(020)

hypothesis (3.14) of the preceding lemma holds if 8?}5&}()6, §) = 0(p(®71(8)))
for§ — 0t.

Having stated and proved the previous three lemmas, we are now ready to prove
Theorem 3.3.
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Proof of Theorem 3.3. As in Lemma 3.6, without loss of generality we may as-
sume that o9 < ﬁ—* We will show that ¥ (x,8) = po ®~1(§) for x € X% and
d € (0,O(ag)) is saturation function of { Ry }ye(0,a0) 0N X** (see Definition 2.6).

First we note that since {gy} satisfies (H4) and p is continuous (o being of local
upper type), by virtue of Lemma 3.1 one has that ¥ € Uxso (& E%a}). Next we will
show that v satisfies the (S1) condition for saturation on X2, Suppose that it is
not true, i.e. that there exist x* € X, x* # 0 and x € X*» such that

€l ") _

lim sup =0.
§—0+ w('xv 8)
Then Bi‘ﬁa}(x*, 8) = o(¥(x,8)) as § — 0T and from Lemma 3.5 (I) it follows
that there exists an a priori parameter choice rule @(8) such that
sup ||R&(5)y8 —x*| = o(¥(x,8)) for § - 0F. (3.35)
y8eBs(Tx*)

On the other hand, from hypothesis (c) it follows that there exists @ € (T T*)
such that 0 < c1& < ag and (@) < ||T||?. Now define
o ~1/2 /2
§=8(@) = ——|RaTx™ —x™| = lra(T*T)x™|
V2 V2

and for § > 0,
78 = Tx* —8Ggz, (3.36)
as in (3.16). Following the same steps as in the proof of Lemma 3.6 we obtain

as in (3.27) that for every o € (0,ap), § > 0, & € o(TT*) with ;& < g and
h(@) < ||T ||, and 7 as in (3.36), there holds

- (3.37)

|Rai® —x*|2 > min{llR&TX* —xR,

(v28)* }

Then for § > 0 such that &(§) € (0, ayp),

8 852 \"?
min{||R5,Tx* —x*, )/2__} = (min{”R&Tx* —x*|%, @})
Va a

IA

inf )||Ray‘5 —x*| (by (3.37))

ae(0,a0
I Rg(s)7° — x*| (as @(8) € (0, )

sup  [|Ra)y® — x*| (as 7% € Bs(Tx*))
y8eBs(Tx*)

= 0(p(®~1(8))) for § - 0T (by (3.35)),

IA

IA
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and since @ = 7(8) solves equation (3.15) with x = x*, the previous inequality
implies that

Tx* — x*|| = ij_g = o(p(©1(5))) for § — 0.
(07

Following analogous steps as in the proof of Lemma 3.6, we obtain, as in (3.30),
that

IR, 5

IR, G Tx* = x*| = o(p(n(8))) for § — 0%, (3.38)

where )
=p@), aco(TT*), c&=<ay h@ <|T|>

Now,

* * (12 ”T"2+ 2 * (12
|RaTx* — x*| =/0 200 d|| Exx*|

1712+
z/,,- e dlIExx*|* (since 0 < h(@) < |IT]*)

()
2 2/= ”T"2+ -2 * 112
> V2@ /h o TOLIET (3.39)
o

where the last inequality follows from the fact that (p, 5,) is an order-source pair
for {ge} (with y the constant in (2.3)). Since 1(8) = @ and § — 07 if and only if
@ — 07T, (3.38) and (3.39) imply that

1711+
/ i S;Z()L) d||Exx*|?> =o0(1) for @ — 0%
h(@)

and therefore we get ||s_1(T T)x*|| = 0. Then x* = 0, contradicting the fact
that x* # 0. Hence, Iﬂ(x §) = p(O©~1(8)) satisfies condition (S1) on X*~.

Also, since V¥ is trivially invariant over X*#, ¢ does not depend on x. Thus, it
satisfies condition (S2).

It only remains to be proved that y satisfies (S3) on X*#. Suppose that is not the
case. Then there must exist a set M, X*» & M C X \ {0} and lﬂ € Um (8t })
such that W|Xsp = ¢ and w satisfies (S1) and (S2)on M.Letx* € M \ Xsl’ As
Ve Up (8‘0t ,})» We have that

{x *} ~
8?}5&} < v (3.40)
Also, since V is invariant over M we have that
~ {x*}L XS0 |
<

— s
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and since 1} coincides with ¢ on X*#, it follows that
~ {x*}LX5p
= .
This, together with (3.40) implies that
{x*},X%0

ERyy =

and therefore for every x € X5°, g;lot }(x 8) = O(W(x,8)) as § — 0+, that is,
E 1 (x*.8) = 0(p(©7'(5))) as § > 0T

Lemma 3.5 then implies that there exists an admissible a priori parameter choice
rule @(§) such that

sup  [[Ra@s)y® — x*| = 0(p(©71(8))) as § — 0
y3eBs(Tx*)

and therefore

sup inf ||Rey® —x*|| = O(p(©1(8))) as § — 0.
y3eBs(Txw) <020

Hence, by virtue of Lemma 3.6, x* € R(s,(T*T)) and since x* # 0, we have
that x* € R(s,(T*T)) \ {0} = X which contradicts our original assumption.
This concludes the proof of Theorem 3.3. o

4 Examples

Although the main results of this article are very theoretical in nature, we pro-
vide below two examples of regularization methods with optimal qualification
which do possess saturation. In both cases the saturation function and saturation
set are found. Example 4.1, for the Tikhonov—Phillips case, is introduced mainly
to present a classical method possessing saturation, according to the theory devel-
oped in the previous sections, which is consistent with already well-known results.
On the other hand Example 4.2, although somewhat artificial, is presented with the
objective of showing that Theorem 3.3 is not vacuous, in the sense that there exist
non trivial regularization methods satisfying the hypothesis of the theorem.

Example 4.1. Consider Ry = go(T*T)T* with go(A) = 13 + . The family of
Tikhonov—Phillips regularization operators {Rg}qe(0,a,) has optimal qualifica-
tion p(a) = « (see [4]). It can be easily checked that p is of local upper type 1,
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sp(A) = A € 8 and {ga}ae(0.a0) Satisfies all hypotheses of Theorem 3.3. There-
fore, the function

- 2
¥ (x.8) = p(O©7'(§) =83
defined for x € X = R(T*T) \ {0} and § € (0,0tg) is saturation function of
{ROZ}O{E(O,O{()) on X*¢.

Example 4.2. Given k € R™, fora > 0 let

_A
ef, for0 < A < a,
k ) _Jx
Ug(A) = 4, fora < A < 3a,
e7N/g k

= +#’ for A > 3a,

and
k) = %—ak\/}—u{;u), for A > 0,
o lim, o+ gk(1) = JL& for A = 0.

The family {gu }¢e(0,a0) 15 an SRM ([5]).
Now, defining

A
e Ve for0 < A < «a,
. _[x
U{:@)= e ‘/; foro < A < 3«,
A
e °‘+(%)k, for A > 3a,

we get rk(L) = 1= Agk(A) = o%A3 + vk (L), If p(ar) = ok, then s5,(A) = AK,
then s, € & and s, satisfies (2.5). Also, it can be shown that p and s, verify (2.3)
with y = 1 and h(«) = 3«. From Theorem 2.11 it then follows that p(e) = o is
optimal qualification of {g4}.

On the other hand, for k > 1 and @ > 0, the function g{; (A) is non-increasing.
Thus, hypothesis (b.v) of Theorem 3.3 holds and

k - k(. _ k _L
Gy = 1182 (oo = 8(0) = 75

which implies immediately that also hypothesis (H4) is verified. From now on we
shall assume k > 1.

It can be easily checked that p is of local upper type k and {gq }e(0,a0) Satisfies
all hypotheses of Theorem 3.3. Therefore, the function

¥ (x.8) = p(@71(8)) = §7F+T

1
defined for x € X% = R((T*T)¥)\ {0} and § € (0, alg+ 2) is saturation function
of {Ra }ae(O,(xo) on X°%.
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5 Conclusions

In this article families of real functions {gy} defining a spectral regularization
methods with optimal qualification were considered. Sufficient conditions on the
family and on the optimal qualification guaranteeing the existence of saturation
were found. Appropriate characterizations of both the saturation function and the
saturation set were given and two examples were provided.
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