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An explicit expression for singular integral operators with
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Abstract We study singular integral operators with Hilbert-valued kernels in the
setting of R™ with non-necessarily doubling measures. We obtain an explicit for-
mula for these operators following a similar approach as in [MST]. By using this
formula and a result due to Krein we get a T'1-theorem in this context. Finally,
we develop a theory for antisymmetric kernels and we apply the results to the
Oscillation Operators related to the Riesz Transform.
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1 Introduction

The purpose of this work is to study singular integral operators with kernels taking
values on a Hilbert space, in the setting of measures on euclidean spaces satisfying
a growth condition.

The classical theory of singular integral operators starts with the celebrated
work of Calderén-Zygmund in [CZ]. Since then, many authors have been studying
these operators in different contexts. The necessary and sufficient conditions for
L2-boundedness (T'1 Theorem) were developed by David and Journé in [DJ].
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The Calderén-Zygmund theory for operators with vector-valued kernels is linked
to the names of Benedek, Calderén and Panzone (see [BCP]) and the works in-
cluded in [RFRT] and [RFT]. The versions of T'1 Theorem for operators with
vector-valued kernels have been recently treated in [HW] and [H1]. Also, T'1 The-
orems in the case of non-necessarily doubling measures were considered, using
different approaches and techniques, by Nazarov, Treil and Volberg in [NTV],
Tolsa in [T1], [T2] and [T3], Melnikov and Verdera in [MV], Verdera in [V] and
Hytonen in [H2].

One of our motivations to consider vector-valued singular integral operators is
their applications to the study of the behavior of quadratic functions like

o0

1/2
O(r)f(z) = (Z 7o, () — reiﬂf(x)r?) |

{=1

related to the scalar family of operators {7e}e>0 such that lime—.o 7e f(z) = 7f(z).

These kind of quadratic functions (Oscillation Operators) were earlier con-
sidered in connection with ergodic theory in [B1], [J], [JOR] and [JKRW]. Our
approach allows us to derive L? boundedness results for these operators without
using Fourier transform and Plancherel Theorem.

We start with an operator T defined on scalar-valued Lipschitz functions, with
1 a Radén measure, “formally” associated to a vector-valued kernel k(z,y) in the
following sense:

Tf(@) = [ be.) f0)du(w)

whenever z is not in the support of f.

First, we prove several results by following the approach of Macias, Segovia
and Torrea in [MST], in order to obtain an explicit formula for T'f(z) for p-almost
every x (see Theorem 2.4). This formula is new in the scalar case, in the setting of
non-necessarily doubling measures, and provide us an explicit expression for the
Cauchy integral on Lipschitz graphs.

Secondly, we apply the previous results to get Lipschitz bounds, when T'1 = 0.
As a consequence we obtain T'1-Theorems in the setting of non-necessarily dou-
bling measures with the aid of a result by Krein (see Theorems 2.6 and 2.9). The
application of the Krein’s Theorem to derive L?-boundedness for singular integral
operators appears for the first time in the work of Wittman ([W]). (See also [B2]).

Since Theorem 2.9 is obtained for vector-valued antisymmetric kernels sat-
isfying integral conditions (24) and (25), we are allowed to apply it to obtain
boundedness for the Oscillation operator of the Riesz transforms (see [CJRW1]
and [CJRW?2] for works in this direction). This result is interesting by itself, al-
though it is only considered in the case of the Lebesgue measure.

The paper is organized as follows. In the next section the main results are
listed. In Section 3 we give definitions, notation and technical results. In Sections
4, 5 and 6 we provide the proofs of the main results. Finally in Section 7 we study
the Oscillation operator of the Riesz transform.
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2 Main results

First, we provide the definitions and notation in order to state the main theorems
of this paper. The technical details appear in Section 3.

We consider the setting of n-dimensional Euclidean space R"™ endowed with
the quasidistance

d(z,y) = |z —yl5,, where |al

o = . Mmax |a;|, a = (a1,...,an). (1)
1=1,...,n

The properties of d are shown in (12) and (13). The balls for the metric d with
center z and radius s > 0 will be denoted by Bs(z)

We will consider a Radén measure p defined on R", absolutely continuous with
respect to the Lebesgue measure. We assume in the sequel that u satisfies the next
growth condition: There is a number v, 0 < v < 1, such that for all s > 0 and
z e€R"

p#(Bs(z)) < cos”, (2)

where ¢p > 0 is a constant non-depending on s and z. In what follows we assume
that p({z}) = 0 for every x € R"™ (u is non-athomic).

The classical notation N, Z, R, C will stand for the usual set of numbers, and H
will denote an arbitrary Hilbert space. In addition, we will use several geometrical
constants, for example: a = 1/n, A and p (see Subsections 3.1 to 3.3).

The involved function spaces related to the measure p will be the scalar and
vector valued versions of the Lebesgue spaces LI, the bounded mean oscillation
spaces BMO, (where p > 1) and several classes of Lipschitz spaces, such that Ag
( Lipschitz functions with bounded support), 4] (bounded Lipschitz functions),
etc. The Subsection 3.2 provides all the neccessary definitions.

As we say in the introduction our investigation will be focused on singular
integral operators T associated to a vector valued kernel k(z,y) which satisfy
certain “size” and “smoothness” conditions( see (24) and (25)). Also, we study
the adjoint operator T associated to the kernel k*(x,y) = k(y,z). We refer to
Subsection 3.4 for these and other important definitions.

Hypothesis 2.1. We say that a linear operator T' satisfies the main hypothesis
if the following conditions are fulfilled:

(i) For all 0 <~ < a, the operator T : AJ(R",C) — (AJ(R™,H))" is continuous.
(i1) T is associated to a kernel k(z,y) (with values in H).
(i3) T satisfies the W.B.P. for somen, 0 < n < «a (see Definition 3.10).
(iv) For some 1 < r < oo, both kernels k and k* satisfy condition (24), and condition
(25) with exponent n+ ¢, € > 0,
(v) T satisfies the Meyer Commutation Property (see Definition 8.11).

In the sequel we will put on play a list of vector constants in H, denoted as

BB,B[9]7 EB}B, and Eg?]; (see Definition 3.18), explicitly depending on some fixed
ball B and its associated doubling ball B (see Definition 3.2). In the case of C; 3[g],

the expression also depends on g, a given function of the space BMO,(R™, H).
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Furthermore, for each ball B with center z and functions ¢ € L7°(R",C),
E} € LyP(R™, H), we define

I56(s) = [ (ko) = M=) 6(0) (1~ hip(0) i) 3)

150 @ = [ @) =K @) T @)y - he@) du). @)

Tpola) = [ (K@) = K () (1= he@) o) dutw).  (5)

Definition 2.2. . Given a function ¥ € AJ(R"™, H) supported in a ball B = B (z) we

define
<T1,$> = <Th3,$> + <[BLJ>7

where hg is the cut function defined in subsection 3.3. In a similar way, given a vector
w € H and a function ¢ € AJ(R",C) supported in a ball B = Bs(z) we define

<T*(m),¢> = <T*(hBE’),¢> + <1§‘>(1@’),¢> .

Definition 2.3. Let us assume that B1,Ba are Banach spaces. Given 0 < v < «, we
say that T is a bounded Lipschitz operator of order v if T satisfies

1Tl A+ ) < ClF LAY (e B1) (6)
and

17l e i ) < C 53U L ) (7)

for any function f € Ag(R",IBSl) supported in a ball with radius sg.

If E is a set with positive py-measure and f is a p-integrable function over E,

we write
),
mp = —— [ fdu.
wE) Jg

We are in position to state the main theorems.

Theorem 2.4. Let T be an operator satisfying Hypothesis 2.1 and T1 = g with g €
BMO,(R", H).

(i) If ¢ € Ag(R",(C) then, for every ball B containing the support of ¢ and for
pu-almost every x € R™, we have

Té(x) = (9(x) = m 4 59)6(x) + Cp plolé(z) — Ipl(z)d(x) (8)

+ /[¢(y) — ¢(@)]k(z, y)hp(y) duly),

where

sup [Cp 5lgl].. < Cq, 9)
Baball| B.B |H J
with Cy only depending on ||9HBMO,,(]R",H)-

(i) In addition, if T1 = Oy, then T is a bounded-Lipschitz operator of order n for
any 0 <n < a with By = C and B2 = H.
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Remark. We observe that the Meyer Commutation Property is not assumed
in the setting of spaces of homogeneous type, because it is true in such context.
Further, in [MST, Prop. 2.29] it is possible to obtain a reciprocal of Theorem
2.4(ii).

Theorem 2.5. Let T be an operator satisfying Hypothesis 2.1. In addition, assume

that, for fized W1, ..., wy € H, we have T*(1w;) = =, with fz € BMO,(R™,C),

i=1,...,N. If J(m) = Zf\]:l Vi (z)W,, where ; € AJ(R™,C), then for every ball B
—

containing the support of v and p-almost every x € R", we have
T*(4)(@) = Fp[¥](@) + €55, ¥ (@) — (Jp1(2), ¥ () (10)
+ [ @) (), T ) = T @) udu),

where

FalP)@) = Y [, @) = maypfa Ji(@) = ((fa, (@) = m g g F,)s L)
i=1

Suppose that T*(1w;) = 0 for i =1,...,N. In this case we have }'B[E)](:c) =0
in (10). Also, if Ay = span{W1,..., W}, then T* is a bounded-Lipschitz operator
of order n for all 0 < n < a with B1 = Ay and Ba = C.

Moreover, the constant C appearing in (6) and (7) is independent of the vectors
— —
Wily..., WHN-

From the above result, the Krein’s Theorem (see Section 5) plays a key role in
order to get Li boundedness of T and T*.

Theorem 2.6. Let T be an operator satisfying Hypothesis 2.1 with H a separable
Hilbert space. In addition, let us suppose that T1 = Oy and, for all vector e_j) in the
canonical base of H, T*(1e;) = 0. Then T and T™ can be extended to linear operators
T: Lp(R",C) — LZ(R",H) and T* : L;,(R",H) — L (R",C) respectively, in such
manner that

— —
< * < )
IT¢l L2 ey < Clidllzzmncy and T ¥z mn,cy) < ClY Lz ®em)
Corollary 2.7. Underii)ze same Hypotﬁgsis as Theorem 2.6, the operator T* satisfies
equation (10) with Fg[¢] =0, for all ¢ € AJ(R™, H).
The next results deal with antisymmetric kernels. The proofs are in Section 6.

Theorem 2.8. If T is a linear operator associated to an antisymmetric kernel k
satisfying (24) and (25), then T satisfies Hypothesis 2.1.
In addition, if T1 = g € BMO,(R™,H), then Theorem 2.4 is fulfilled. Also, for

any J S Ag(R"7H) with B a ball containing the support of E) and p-almost every
T € B, we have

T 9 () = —((9(x) —m,39), ¥ (@) g + (g —mup3(9) 15 ¥ (x))  (11)
—(Cpp ¥ (@) + (I51(), ¥ (2))
- [ (be.9). (B 0) = ¥ @) (a) dulw).

In particular, if T1 = Oy, then T*(1W) = 0 for all W € H; also T* is a bounded-
Lipschitz operator of order n for all 0 < n < a with By = H and Ba =C. .
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Again, the Krein’s Theorem leads us to proof L? boundedness by knowing the
Lipschitz boundedness of the operators T and T*.

Theorem 2.9. Let T be as in Theorem 2.8. If T1 = Oy, then T and T™ are bounded
linear operators from L7 (R™,C) to L7 (R™ H).

Remark. The last two results have no restriction on the Hilbert space H.

3 Technical details and previous results

3.1 Non-necessarily doubling measures on the Euclidean Space

The function d defined in (1) satisfies
d(z,z) < cn(d(z,y) + d(y, 2)), (we denote ¢, = 2" 1), (12)

and
ld(z,y) — d(2’,y)| < ns' " %d(z,z")?, (we denote a = 1/n). (13)

for every z,z’,y € R", whenever d(z,y) < s and d(2’,y) < s.

Also, any constant A greater than c, works on (12). We fix the value of A in
all the paper.

The ball centered in z € R" and radius s > 0 is the set Bs(z) = {y|d(z,y) <
s}. We denote aB the ball concentric with B and radius a times the radius of
B. Also, for 2 € R"” and 0 < Ry < Rz we define the annulus E(z,R1, R2) =
Br,(2)\ Br, (2).

If m,, is the Lebesgue measure on R”, we have mn(Bs(z)) = 2"s.

Given a ball B and numbers a > 1,b > 0, we say that B is (a, b)-doubling if
the following relation holds

u(aB) < bu(B).

Lemma 3.1. Let z be a point in supp(u) and o be a positive number. If b > a” then
there exists an (a,b)-doubling ball B centered in z with radius(B) > o.

The proof is easy. See for example [T1].
If we consider a family of concentrinc balls { By, (z0)},cr, with infimum radius
s > 0, their intersection satisfies the inclusions

Bs(-'L’O) C m Bn (xO) C {Z/ : d(any) < '9}'
el

This kind of intersection may be an “open” or a “closed” ball.

Definition 3.2. We say that a set B is a doubling ball if there are xo € R" and
s > 0, such that B salisfies the inclusions

Bs(zo) € B C {y: d(wo,y) < s}
and also B fulfills the condition

u(aB) < bu(B), (14)
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with
a= 8A4p, and b = 2a,

where p > 1 is a constant appearing in (17).

Consequently, we will say that B has radius s and is centered in xg.

Remark: The definition of aB is similar to which we have in the case that B is an
“open” ball.

Remark. In particular, since 0 < v < 1 and a > 1, we have b > 2a”. By using
Lemma 3.1 it is not hard to see the following useful property

Proposition 3.3. Given a ball B with radius s > 0 and center in the support of u,
there is a doubling ball containing B and concentric with B, having minimal radius.

In the sequel we will denote by B the doubling ball associated to B given by
Proposition 3.3.

The following Proposition states that there exist doubling balls of radius as
small as we want, centered in every relevant point.

Proposition 3.4. For p-almost every point x € supp(u) and any §o > 0, there exists
a doubling ball B centered in x with radius 6 < dgp.

See [T1] for a proof.

Lemma 3.5. (Differentiation). Let ¢ be a (scalar or vector-valued) function that is
locally p-integrable. Then, for u-almost every point x € R™ there ewists a sequence of
doubling balls Bj = Bs, (x) such that s; — 0 and

. 1
Jg&mgﬁéf@mmwzwu)

Proof. It can be derived by standard arguments. O

3.2 Vector-valued measures and spaces of functions

For definitions and general theory of Bochner-measure, see for example [DUJ.

Let (X, 1) be some o-finite measure space. Take two Banach spaces A, B, with
norms ||, and [-|g, respectively. It is known that if f is a B-valued p-measurable
function then f is Bochner-u-integrable if and only if the scalar-valued function
|f|p is p-integrable, in the usual sense.

We will often use the next Theorem without explicit mention.

Theorem 3.6. Let £ be a bounded linear functional over the Banach space A. If F' is
an A-valued Bochner-p-integrable function, then the following equality holds

([ F@dut@)) = [ 6P @) duta).
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We shall understand that H is a Hilbert space. For H-valued functions, we
consider the spaces of functions Lf,(R™, H), L;°(R", H) and BMO,(R", H), endowed
with the following norms, respectively

» 1/p
Pl = ([ @) ", 1<p<o0, (15)
HfHLff(]R",H) := ess sup,{|f(z)|y : = € R"}, (16)
1913010, 2 = 50 (o)™ [ la(a) = mpgldn(o). (17)

where mpg = pu(B)™? Jp gdp and p > 1 is fixed in the paper.

We denote by A7 (R™,H) the space of H-valued functions E) such that the next
quantity is finite

— —
T F@-T0,
ATEED z,y€supp(p),T#y d(z, y) .

Also, we define

AV(BH) = {¢ € A"(R",H) :supp(¢) C B}  with B a ball, (18)

AJR™H) = U A7(B,H), B ranging on all balls of R", (19)

B
AR B0 = (¥ € AFEE) s [ Fdu=0a), (20)
A)(R"H) = A7(R", H) N L (R", H) 1)

and

(Ag(R",H))/ the space of all continuous linear functions on AJ(R",H).  (22)

It is easy to prove that if E) belongs to the space A7(B,H), for some ball B
with radius s, then the following inequality holds

— —
191l e ey < Cll9 4+ (B,m)s”- (23)

In AJ(R™,H) we define the topology which is the inductive limit of the spaces
AY(B,H). Also, it is not hard to see that the space AJ(R"™,H) is dense in LI, (R", H)
for each p, 1 < p < o0.

Notation. We will use the symbol (-, -)g for the inner product in H and the sym-

bol <F7 G’> for the distributional action. In particular, if G is an H-valued locally
sumable function and F' has compact support, we write <F, G> =/ (F(x), G(x))H dpu.
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3.3 Auxiliary functions

We set certain auxiliary scalar-valued functions needed in the paper. We start with
an infinitely differentiable function h : Rt — RY satisfying h(t) = 1if 0 <t < 1,
h(t) =01if t > A and 0 < h(t) <1 for all ¢ > 0. For each ball B with center z and
radius s > 0, we build functions hg, h', lg, as follows

o) = (452 ) i) = (U2 ) and 190) = )

Remark. We note that [l (y)du(y) = 1.
Proposition 3.7. Given a ball B = Bs(z), we have
||hB||A’Y(R"7C)7 thBHAw(R”,C) <Cs7 ||lBHm(1Rn,c) < CM(BS(Z))71377~
Definition 3.8. In order to get a more compact notation, we define:

=24, 2 =542 3:=743 * =841 P :=214° &= 3245

3.4 Singular Integral Operators

Definition 3.9. Let 1 < r < oo and ' = r/(r — 1). We say that a function k :
(R™ x R™\ A) — H satisfies a L"-size condition, if for any R > 0 the following
condition holds

r 1r —v/r
| k(@ y) s du(y)| < CRTT (24)
E(z,R,AR)
We say that k satisfies a L" -smoothness condition, if there exists n, 0 < n < a,

such that

[/E(y RAR) |k(y,z) — k(z, z)|g du(x)] 1/r S— (%)"’ .

whenever Ad(y, z) < R.
Remark. We denote A = {(z,y) : x = y}.

Consider a linear continuous operator 7' : AJ(R",C) — (AJ(R™,H))’ for some
v, 0 < v < a, associated to a kernel k : (R" x R™ \ A) — H in the sense that for
any function ¢ € AJ(R",C) and = ¢ supp(¢),

76(2) = [ kw,y)oly) du). (26)

holds. The adjoint operator T* of T is defined as the linear operator from AJ (R", H)
to (AJ(R",C))’, by means of

(T*$,6) = (T, ¢), (¥ € AY(R",H),¢ € 4J(R",C)). (27)

This operator has the associated kernel k*(z,y) = k(y, z), in the sense that for any
— —
function ¢ € AJ(R",H) and any point = ¢ supp())

() = [ (@), VW) o) (28)
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Definition 3.10. (W.B.P.) We say that T has the Weak Boundedness Property,
or T is weakly bounded, of order v, 0 < v < «, if for each ¢ € AJ(R™,C) and

E) € AJ(R™, H) such that ¢, ? have their supports contained in B = Bs(zo), we have

(T, 9| < CM(PB)||¢||m(Rn,<C)||$Hm(w,H)327'

Definition 3.11. We say that T satisfies the Meyer Commutation Property if, for all
’ — ’
¢,0 € AY (R™,C), ¢ € AY (R™,H) with v > =, the following equality holds

(T(69), D) = (T, Do) + / / () — 0(@)] (6() k(2 9), B (2)) gdis(z)dpy)-

Remark. If T satisfies the Meyer Commutation Property, then T does it and
we have

(T*(D9),8) = (T* 0, ) + / / [o(y) — o(@)] (¥ (9), k* (2, 9)) yé(@) du(y)du(e).

The proof is easily derived after applying the Meyer Commutation Property of T’
and the change of variables (z,y) — (y,z).

3.5 Previous Lemmas

The proof of several results of the present subsection follow the same lines as their
analogues in Section 2 of [MST]. The differences are a consequence of the non-
necessarily doubling context and the presence of vector-valued functions. Hence,
we only develop those details that are actually different.

In this subsection we will suppose that T satisfies Hypothesis 2.1.

The following two Lemmas, using size and smoothness conditions of the kernels,
are basic.

Lemma 3.12. Suppose that k and k* satisfy condition (24).
If 0 < n < a, then for all s > 0 and x € R"

[ ) ldn(y) < C5". (29)
B (x)

/ K(z, ) gdnly) < C. (30
E(x,A=2(A—1)s,2A25)

Replacing k(z,y) by k*(z,y) the same inequalities are still valid.

Proof. For (29) proceed as in Lemma 2.7 of [MST], using (2) and (24). For (30)
use Holder inequality, (2) and (24), to get

| (2, ) i)
E(z,A=2(A—1)s,2A25s)
. 1/7" !
<co(f o kewkde)  (eBa @) <.
E(x,A=25,2A2s)
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Lemma 3.13. Suppose that k and k* satisfy condition (25). Given a ball B = Bs(z),
if ©1,%2 € Bag(z) then

d(x1, 2

| [kar0) = K21 = hpaut)|, < o[H2] <o o)

S

In addition, if k satisfies (25) with exponent n+ €, € > 0, we have

/ d(x2,y)"|k(21,y) — k(z2,y)lgduly) < Cd(w1,22)". (32)
Ad(x1,x2)<d(z1,y)

Analogous estimates are true for k™ (z,y).

Proof. To obtain (31), we can proceed as in Lemma 2.13 of [MST].
For (32), applying Holder inequality and using (25) and (2) we have

/ d(x2,9)"k(1,y) — k(2,y) lgdu(y)
Ad(z1,x2)<d(z1,y)

[e’e] 1
<> [/ v _ k(z1,y) — k(wz,y)lﬁdu(y)] "
=0 E(z,,ATAd(z1,22),AT T Ad(z1,22))

1
7

[/ ‘ d(z2,y)"" du(y)} ’
E(z1,A7 Ad(z1,22),AI L Ad(x1,22))

oo

<O (A d(wy,w2)) T (ATUTDYIE (A d (2, 2))
=0

< Cd(ml,xg)".

O

The next Lemma enables to extend the definition of T" and T to bounded
Lipschitz functions.

Lemma 3.14. Suppose that k and k™ satisfy condition (25) and let B be a ball in R™.
If ¢ € LiP(R™,C) and E) € L (R™,H) then Igp(x), Ig)a)(x) and Jpé(z) are well
defined for p-almost every x € clB_.)

Further, if € AJ (R",C) and ¢ € A} (R",H),0 <~ < a, then Ig¢ € (A7 (B,H))’,
159 € (A(B,C)), Jpé € (4(B,H))" and

‘/(IB¢($)7$(1'))HdM($)‘ < Cﬂ(clB)HﬁbHLEO(R",C)”E)”Lf(Rn,Hy

with estimates completely analogous for Ig) and Jg.

Proof. Apply Cauchy-Schwartz inequality to write
| [ (186(). 9 (@) du(a)| < [ 11860l 9 @) (),

and proceed as in [MST, Lemma 2.14]. Do the same for Il(;) and Jp. O
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Definition 3.15. Given a ball B, we define Tp : A (R",C) — ({A7(B,H)}o)’ and
T](;) : A (R™,H) — ({A7(B,C)}o)" as follows

Tpo = T(¢hp) + Ipd, ¢ € A)(R",C),
T8 = T (G hp) + 199, ¥ € A (R™,H).

Lemma 3.16. For each pair of balls By = Br,(21) C B2 = By, (22), for all ¢ €
—
AY(R™) and all ¢ € {AY(B1,H)}o, the following equality holds

(To,6,%) = (Tp,0,¥).
In similar way, for all ¢ € {AV(B1,C)}o and all E) € A)(R™, H) we have
(T5)0,0) = (T5) 0. 0).
Proof. Proceeding as in [MST, Lemma 2.16], we can obtain that
~T(@(h, — ) (21) = [ K1 )0(0) (b, () ~ i, () ()

and

~I,0(e1) = [ (z229) = k(e1,0)) (1 = b () 6(0) dily).
So, since [ 9 du = O, we have
(Tp,d, 0) — (T, 6, 6) = (T, 6, ) — (T(dhp,), ¥) — (Ip, ¢, )
= [ (] (6a) = 1,0 ) 1 = i, (o), F@)) o)
— (I, ¢, %) =0.

The proof that <T31 V,9) <TB2 ¥, ¢) is very similar, using in this case I
in place of Ig and the identities

T (9 h, ~ ) (o1) = [ (K (1.0). 5 0) g (0, 0) — b, () i)
and
15T = [ (K Gaeo) = K ) (1 b (), 5 0) iu(v)
O

It is clear that (Tp¢, $> = (T4, E>>, whenever supp(¢) C B, and <Tl(3*)$7¢> =

<T*$,¢>, if supp(?) C B. So, the preceding Lemma enables to introduce the
following extensions of T and T*.

Definition 3.17. For every ¢ € A} (R",C) we define
— — — —
(T, ¢) = (Tpd, ¥), for all ¢ € {Ag(R",H)}o and supp(%) C B.
—
In the same way, for every ¢ € A} (R",H) we define

(T, 6) = (TS, ¢)  for all ¢ € {AY(R™,C)}o and supp(¢) C B.
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Definition 3.18. For a ball B and each function g € BMO,(R",H), by using the
Riesz Representation Theorem, we define the vector EB B[g] € H as

—

(EB’B[Q], w)H = <ThB +Ipl—(g—m,p5(9)) 15 E)> for all W € H.

On the other hand, for each function f in BMO,(R™,C), a fized vector w € H, and
a ball B, we define the number Cg)B [f, W] by

Uf;‘,)B[ﬂ W] = (T*(hp @) + 15 (AT) = (f —m 4 5() 15)-

The quantity E(E:)B [f, W] cannot be a vector of H since is not linear in w.

.o n n(x)
In a similar way, we also define the vectors CB,B and EB,B by

(Cpp @)y = (Thp + 151,15 W) for all @ € H
and
€ W) = (T"(hpW) + 15 (W), 1) for all W € H

The next Lemma follows easily in the context of doubling measures, however
it is not straightforward in the case of non-necessarily doubling measures.

Lemma 3.19. Given a ball B and w € H we get
‘<ThB,l,§w>‘ < Oy, ’<T*(h3 E))JBAM < Wy
with constant C not depending on B and W.

Proof. Without loss of generality we suppose that |w|y = 1. Let B = Bs(z) and
denote § the radius of B. Also, we denote B = By 42,(2).

In the following we assume that any ball is centered in z and we recall that:

The function hp is 1 on B, null on B 44,, and supported on Bag.

The function h’é is 1 on Bg, null in BY;, and then supported on Bi1;.

The function hp: is 1 on Besg null on BS, 46, and supported on Bss. Hence
the function 1 — kg1 is null on Bg .

15¢ case: Suppose that ¢s < 5. We write

<ThB,ZBE’> - <ThB,hBllB E’> T <ThB, (1—hp)ly E’> = J1 + Jo.
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Observe that B, C B, and pB C aB. Also hp and hpily are both supported
on Beg and hpg: h% = hp:. Now, using the Weak Boundedness Property, Proposi-

tion 3.7, the assumption |w|y = 1 and the doubling condition of B, we get

2
|J1| < N(chﬁs)CS ’YHhB||A’Y(R"7C)HhBllB”A—y(Rn,(c)

1
< Cu(pB3)s” ——||hp ks
< Cu(pBs)s thH B! B”A“f(]Rn,(C)
A 1
< Cp(aB)s” ———|hpll g~ @n c
#(B) e

< CbsY (4A%s)™7 < Cb.

Since hp and (1 — hp1 )l have disjoint supports, we have

= // (k(e.v), @), b ) (1 = b (@) () dpa()dp(y)-

Then, applying Holder inequality, condition (24) and the fact that ¢*s < §, we
have

< | ) ) hs )3 = b () ) do) )

1
7,/ / |k(z, y) |y du(x)du(y)
th, ¢*B JE(y,c*s,cl3)

u(clé)% > . - %
B /C4B {mZ_O/E(y,c‘lsAm,c‘lsAm‘H) |k (2, )| dp( )] du(y)
W B 4=, p(c*B)\ "

M MBI < ca( ' ) <c

IA

IN

m> m’

274 case. We now analyze the opposite situation, having s < § < ¢%s.

Since the functions hg and h'é have their supports contained in ¢*B, applying
the Weak Boundedness Property of T', Proposition 3.7, the doubling condition of
B and the fact that s ~ 3, we obtain

1 \ o
Thp, h'sw)| < C———pu(aB)§*7s7 7877 < bC.
b u(B)

1
Thp,lzW)| = ——
(Tt )] = o

The proof that [(T*(hpW),l5)| < C|W|y is very similar. O
Lemma 3.20. Given g € BMO,(R",H) and a ball B, we get
Cp 5ol < Cy and ‘EB,B"H <C, (33)

where Cg only depends on ||9HBMO,)(R",H) and C' does not depend on g and B. Further,
for f € BMO,(R™,C), W € H and a ball B, we get

0 sl g < Clwly +Cp 05 ] <, (34)

where C'y depends on ||fHBMO,,(R",<C)) but not on w or B.
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Proof. By Lemma 3.14, inequality (23), Proposition 3.7, the chain of inclusions
¢! B c ¢! B C aB and the fact that B is doubling, we have

Ipl(2)l B(w)dﬁ‘( < ON(C B)§’YHZB||A7 R”,C Wy < Clwly.
( )

Analogously | [ ( I(*) (1) (2), 15 (2)) g ()| < C|W .
Let g € BMO,(R", H). Since 0 S l5(z) < 1/u(B), pAB C aB, and using the
fact that B is doubling, we get

1
(9-mapo.ls w>!<—/ 19(2) = m 5 59 dia(2)| T g

_ N9l paro, @ m | @l
u(B)

< Cbllgll o, mn | s

In similar way, we can prove that if f € BMO,(R",C), then

‘<(f B mABf)7lB>‘ < CllflBao, @ c)-

From these estimates, Lemma 3.19 and the Riesz Representation Theorem, the
proof of the Lemma is finished. O

Lemma 3.21. IfT1 = g € BMO,(R"™,H), for any ball B and E) € AV (B,H), we
have

(Ths, T) = [ (666) = m,45(0). T @) (o)
+ (€ 5la), [ P @) au(@))y ~ [ (11(0). T @) eu(e),

where supp ’UBB[g]’H < Cy.

Remark. If H = C and B is (a,b)-doubling (that is, B = B), we recovered
Lemma 2.18 of [MST].

Proof. Proceeding as in the proof of Lemma 2.18 of [MST], adding +l4 J E) and
+(my 59, [ E)d,u)H, we clearly have

(Thy +151.5) = [ (9(e) =m0, % @)gin(e) + Cp,plol, [ D)y

where C5 z[g] is the vector defined in 3.18. In view of Lemma 3.19 we get that

supp ‘EB,BM‘H < Cy, as we desired. O

Lemma 3.22. If w € H and T*(1W) = f € BMO,(R",C) then for any ball B and
¢ € A7(B,C), we have

(1 (s @).0) = (1) = mp(Méla)dn(z) + By 11T [ o(@)dnta)
- [15 0D @é@da(z),

where sUpp }C;)B[ﬂ w]| < Clwly + Cy.



16 Viola, P. S., Viviani B. E.

Proof. We write (T*(hpW) + Ig) (1), ¢) in similar way as in the preceding Lemma.
Then we use (34). O
The next two Corollaries follow easily from Lemmas 3.21 and 3.22.
Corollary 3.23. The function g € L (R", H) if and only if‘<ThB, E)ﬂ < CHJHL}L(B,H)
for all E) € AV(B,H), where C is a constant not depending on B.
Corollary 3.24. IfT*(1W) = 0 for some W € H, then |(T*(hpw), ¢)| < C|W|HH¢HL}L(B)
for all ¢ € A7(B,C), where C neither depends on W nor B.
Given a ball B, for ¢ € A7(B,C) and z € B, we define

T09(2) = (9(2) = m15)0(0) + B 5l0100) ~ Ip1@)o0)  (39)
+ [ 60) = @k k() duto).

Consider a pair of balls By = By, (z1) C B2 = Br,(z2). Then we can prove the
equality
TB2¢(z) = TP ¢(2), for p-almost = € Bj.
—
w

This can be done by writing (C5, 5 [9] - Cp, 5 [9], W)y, using Definition 3.18 and

H7
proceeding as in [MST, Lemma 2.21].
Given a ball B, for ¢ € A”(B,C), W € H and z € B, we define

Sgu(@) = (f(@) = m g (@) + 5L 1 W) - 157 (1W) (@)v(@)  (36)
+ [ = v@I K (0.9). ) g (0)duv).

Again, we have that S’g,lw(x) = ngw(a:) for all x € By, with By C Bs. is well
defined. ~
The discusion above enables to define T'¢ as the function

To(x) =TP¢(x)  for ¢ € AJ(R™,C),

where B is a ball containing the support of ¢ and = € B.
In the same way, we can define S as the function

Szv(z) = Spi() (z € B),

where B is a ball containing the support of 1.

4 Proofs of main results: Lipschitz bounds and explicit formulas.

Lemma 4.1. Let T be a linear operator satisfying Hypothesis 2.1. Given x1,z2 € R™
consider the balls B1 = Bg(q,, (1) and B = Bs(z1) such that x1,72 € B with
Ad(z1,72) < s.

IfT1 € LP(R",H), then

| [ K1 ha@)@ - s, ()t < © (37)
IfT*(1W) = 0 for some W € H, then

([ ¥ @1, )(1 = i, () di(w). w)y | < Clu (39)

x2)
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Remark. Actually, the inequalities (37) and (38) are true for almost every zi.
However, that is enough for the proof of Theorem 2.4.

Proof. Since z1 ¢ supp(hp(l — hp,)) and By C B, by definition of the associated
kernel of T we get that the integral in (37) is equal to

[T(hp = hp,) (@)l < (IThp(@1)lg + [The, (21)]y).

Since T'1 € L;°(R™,H), by Corollary 3.23 and duality, it follows (37).
For (38) we proceed in analogous way using now Corolary 3.24. O

Proof of Theorem 2.4. By using the Meyer Commutation Property and Lemma
3.21, it can be seen that T'¢ = T'$, and this proves (8).

Now, if T1 = Og, using Lemma 3.13, Lemma 3.12(29) and inequalities (37) and
(33), the proof that T is a bounded-Lipschitz operator follows the same lines of
[MST, Theorem 2.32] O

Proof of Theorem 2.5. We apply the Meyer Commutation Property of T in
order to prove that S = T* (¢ W), with ¢ a scalar-valued function and w € H.
Now, we can easily deduce (10) for a finite linear combination E) =1 wi+ ...+
YN N

The rest of the Theorem again follows the same lines of [MST, Theorem 2.32],
using this time Lemma 3.13, Lemma 3.12(30) and equations (38) and (34). We only

note that the operator Jp is used after writing Ig)(lﬁ(w)) = <JB(1),$(x))H.
Also, in some step of the proof (38) must be used with w = E)(xg) - E)(xl) O

Observation 4.2. Let T be the operator T¢(x) = g(z)d(z). Suppose that g € BMO,(R™, H)
and T satisfies the Weak Boundedness Property of order . Then

lg(z0) |y < C, (39)
for p-almost every xg in the support of .
Proof. Take xo € supp(u) and let {B; = Bs, (z0)}721 be a sequence of doubling

balls such that lim;_, §; = 0. Fix W € H with |@|y = 1. Now, using that [ lg dp =
J
1 and the equalities

/(g(m)yﬁ))HlBj(:v)dﬂ(x) Z/(th(x)g(:c),ﬁ)HlBj(;c)du(x)
= <Théj7léjw>,
we obtain that
(5,9, 7) ] = | [ (15,0, 7)5e 15, (0) o)

<| [ (g9 960). @)y 15, () )

+[(Thg, 15, @)

J

By Weak Boundedness Property and Proposition 3.7, we have

(Thy, 1, @) < C.
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On the other hand, since Bj is a doubling ball and g € BMO,(R",H), we get

‘/(méjg—g(m),ﬁ))HlBj(x)du(w)‘ < ’(méjg—mAng,ﬁ)H’

1
1(Bj) Jap,

[(m4p,9 — 9(2), @)y du(z)

2

< m 4B, }g(x) _mABj9|H d#(l’)

IN

Coligll prro, e 1y

In consequence

‘u(g) (/ g(;c)du(:v),ﬁ’)H’ <Clw|y, forallj=1,2,..., and W € H.
J B,

By Lemma 3.5, inequality (39) follows. O

Corollary 4.3. Let T be a linear operator as in Theorem 2.4. Then the kernel k(z,y)
is 0 if and only if To(x) = B(x)¢(x) for some B € Ly (R™, H).

Proof. If k(x,y) is zero, then using (8) we obtain the desired expression of T with
B(z) = g(z) —m 59 +Cg glg]. By Observation 4.2 it is clear that 8 belongs to
Ly (R™, H). O

5 Proof of main results: Krein’s Theorem and Li-bounds of T.

In the next Lemma we denote by A some Hilbert space and by u an arbitrary
measure on R”.

Lemma 5.1. Assume that T,S are linear operators verifying
T:AQ(R",C)HAz(R",A), S:Ag(R",A)HAz(R",(C)

and
[1@s7@an= [ (3).15@), du

for all f € AJ(R™,C) and g € AJ(R"™,A). Also, suppose that T is a bounded-Lipschitz
operator of order y from AJ(R™,C) to A7 (R",A) and S is a bounded-Lipschitz operator
of order  from AJ(R"™,A) to A7(R",C).

Then, T is bounded from L;,(R™,C) to L7, (R™, A) and S is bounded from Lj,(R™, A)
to LZ(R™,C).

The proof is similar to that contained in [W, Lemma 2.4] and it invokes the
Theorem of Krein ([GK]). In the present situation, a version of the Krein’s Theo-
rem for two different Hilbert spaces must be used.
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Proof of Theorem 2.6 and Corollary 2.7 .

Let Ay = span{e1,...,en} with N € N and consider the projection operator
Py : H — Ay defined by Py(e;) =e; if 1 <i¢ < N and Oy otherwise. Consider the
operators Tx

(Twe, %) = (To, P V).

We clearly have that each Tn satisfy Hypothesis 2.1. On the other hand, since
Tn1 =0y and T3 (1) = 0 for all w € H, the conclusion of Theorems 2.4 and 2.5
are true.

Consequently, we can apply Lemma 5.1 with A = Ay. In particular,

‘<T¢7 E))) < C||¢||Li(1Rn,C)HE)HL‘i(Rn,H)

for all ¢ € Lﬁ(R”,C) and E) IS Lﬁ (R™, Ay ), with C not depending on N.

Since 2 = U¥_, LA (R™, Ay) is dense in LZ(R",H), the bilinear form (T'¢, $>
can be extended to a bounded operator on L7 (R",C) x L7 (R",H). This proves
Theorem 2.6. _

Now we continue with Corollary 2.7. Clearly, given ¢ € AJ(R",H), the se-
quence {E)N(a:)}N with @)N(x) = PNE)(J:), converges to ¥ in L7 (R™, H). Also, it
can be shown that there is a subsequence {J N; }; pointwisely convergent to E)
and such that T*E)Nj (z) — T*J(m) for p-almost every z. Finally, applying (10)
to each element of {E) N; }j and the Theorem of the Dominated Convergence, the
proof is finished. O

6 Proof of main results: Antisymmetric kernels.

In this section we suppose that the operator T is associated to an antisymmetric

kernel k, that is k(z,y) = —k(y,z) for all z,y € R", satisfying (24) and (25).
— —

Further, we assume (T'¢, ¥ ) := limc o (Ted, ¢ ), where

(T, D) = / /d o ()60, B (@) dpi(2)dply)- (40)

We define the following expression that often appears when antisymmetric
kernels are used.

Definition 6.1. Given h € Az (R™,C) and F, G Lipschitz functions of order 0 < v < «
with compact support, such that F' is scalar valued and G is H-valued, or viceversa, we
denote

S 6= [ (Ko, (@) - F@)AG@), dulv)da(z), (41
MN(BxB)

where M is some pu X p-measurable subset of R™ x R™ and B is either a ball or the
full space R™. If M = R"™ x R"™, the subscript M is dropped, and the same is done for
B =R".
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If h is supported on a ball B, the expression €(h, F,G) is well defined, because
the double integral in (41) is absolutely summable.

Proposition 6.2. Let h be a function in A} (R",C) and suppose that F and G are
Lipschitz functions of order v with compact support such that F' or G is H-valued. Let
B = Bs(zo) be a ball containing the support of F and G.

If M is any p X p-measurable set then the integral defining QEAB4(h7 F,G) is absolutely
summable and, in addition, we have the following inequality

€81 (h, F.O)| < Cllhllz e ) 1 F g G av 1(B)s™ (42)
with constant C' independent of M, B, h, F' and G.
Proof. Applying Lemma 3.12, we clearly have

|€Xr(h, F,G)| < Clbll e o ) 1P L Gl e 1(B)S
Inequality (23) ends the proof. O

We observe that, as a consequence of this Proposition, if M is some symmetric
p-measurable subset of R x R”, using the antisymmetric property of k we easily
have that ¢ (h, F, G) is equal to

% // (k(x, y), (F(y) — F(x))(h(y)G(z) + h(m)G(y)))IHI du(y)du(z).  (43)
MA(BxB)

Proposition 6.3. For every 0 < v < « the operator T', given by (40), is well defined
—
for all functions ¢ € AJ(R™,C) and v € AJ(R™,H). Also, the following equality holds

— 1 — —
(16.5) = 5 [[ (We). 60T (@) = 6)F W) dnl)duly).  (44)
and, in addition, the following Weak Boundedness Property is verified
’<T¢>,$>’ < CN(B)32’Y||¢||AV(R",C)H¢||A'Y(R",H)a (45)

for functions ¢ and E) supported in Bs(zo).
Moreover, for every 0 < v < «, the operator T satisfies the Meyer Commutation
I
Property and is continuous from AJ(R",C) to (AJ(R™,H)) .

Proof. By (24), the double integral (40) is absolutely summable and, in particular,
is well defined.

We need to take Me = {(z,y)|d(z,y) > €} and to note that the support of
qﬁ(y)?(m) - qb(a:)z(y) is contained in B x B. Now, we make the change of variable
(z,y) — (y,z) and apply the antisymmetric property of k to obtain

00 =5 [ (@) 60T @) = 0 F @) nnt). (16)
Using equality (43) with h =1, we get that

(Tep, ¥ = €8 (1,6, 9) — €5 (1,9, 9).
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Hence, noting that the support of d)(y)?(x) - qS(m)J(y) is contained in B x B,
applying Proposition 6.2 and the Theorem of Dominated Convergence, we clearly
have (44) after taking e — 0.

To check the Meyer Commutation Property, let us take h,¢ € AJ(R",C) and
E) € Ag(R",]HI). Let B be a ball containing the support of the three functions.
We have QE(h,go,E)) = GB(h,ap,E)). Now, by (44) and (43) we get <Th<p,z> -
(Th, o) = €(h, 0, ¥).

To prove the continuity, we take into account the topology of the inductive
limit on AJ(R™, H) (see for example [MS]) and we use (45). O

Observation 6.4. We note that in equation (43) and Proposition 6.3, the antisymmet-
ric property and (24) are the unique properties of k that were used, while the property
(25) of k was not used.

Proof of Theorem 2.8. Let ¢ € AJ(R",C) be a function supported in the ball B.
So hp, ¢ and E) are all supported in ¢*B. Writing é(hB,qﬁ,E)) = @‘4B(h3,¢,$)

and €(hp, ¥,¢) = € B(hp, ¥, 0), since hp(-)é(-) = ¢(-) and hp(-) P () = ¥ (),
by equality (41) we get

&(hp. 6, 0) — €(hp, ¥.6) = 2Te, ¥) = 2AT" ¥, 9). (47)
Denote by ZB{%,$} to the following expression
[ (6@) = m,459). T @) o@du(z) — [ (g =456l T (@))o@)dila)
+ [ €0 ¥ @) o(e)du@) - [ (1510, () o))
Now, by using the formula (8) for T'¢ and (47), we have

(T*Y,¢) = (T, ) = ZP{P, ¢} + 2T* ¥, ) + E(hp, ¥, 8). (48)

Therefore we obtain

— — —
(T"9,0) = ~2°{¢, ¢} — €(hp, ¥, 9).
Then, for y-almost every x € B, the formula (11) holds.

Now, suppose that 71 = Og. Let ¢ € AJ(R"™,C) such that supp(¢) C B =
Bs(wo) and [ ¢du = 0. For w € H, we know that

(T"(1%), ¢) = (T*(hp ), 6) + (I (1%), 6).
Using definition of T and (44), we get

(T*(hp ), 8) = (T, hpW ) = ~(Thp, o). (49)
On the other hand, it is easy to check that

I W), ¢) = —(Ip1, $w), (50)

because k is antisymmetric.
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Since ¢w is in AJ(R™,H) and [(¢w)du = Oy, by (49) and (50) we have
<T*(m),¢>> —_ <ThB,¢TJ> - <IBI, ¢E’> = <T1,¢w> =0.

Finally, for the proof that T™ is a bounded-Lipschitz operator, it can be used
the same procedure as Theorem 2.5. O

Proof of Theorem 2.9. Since T'1 = 0, we can apply Theorem 2.8 and then Lemma
5.1 with T=T,S =T" and A = H. This ends the proof. O

7 Oscillation operator

In this section, we fix H = ¢?(C) and m = my, the normalized n-dimensional
Lebesgue measure, with the exponent v in (2) equal to 1. Also, we suppose «(z,y)
is an antisymmetric and scalar-valued kernel associated to some singular integral
operator 7, where 7 is the limit of the family {7c}c>0 defined by

(o) =[] A0 @s@im()an(z)

Next, we define the Oscillation operator T = O(7), by means of

L

(T£.9) = lim > ((rac —7a-)f.9), (51)

{=—L

for all f € AJ(R™,C), g € AJ(R",H), whenever the limit exists.
Observe that T has associated the vector-valued kernel

K(z,y) = {r(@,y)x[ac-1 40y (d(2,9)) }eez.- (52)

We shall study this operator and its L2,-bounds through 7T'1-theorems.

Lemma 7.1. If the kernel k is antisymmetric and satisfies condition (24) then K
satisfies both conditions too.

The proof is easy by (52) and after observing that |K(z,y)|y < |s(z,v)|.

Remark 7.2. By Lemma 7.1 and Observation 6.4, the operator O(T) is continuous
from AJ(R™,C) to (AJ(R"™,H))" and satisfies the Weak Boundedness Property and the
Meyer Commutation Property, for all 0 < v < a.

Now we study the Oscillation operators for the Riesz Transforms. The j-th
Riesz Transform (j = 1,--- ,n) for f € AJ(R",C) is defined by

. v —
R f(z) = lim ) 9y
0= d(e.y)>e d(a,y)= "D

f(y) dm(y).

In what follows we only consider j = 1 and we slhall denote R = R;.
Obviously, the kernel (z,y) = (z1 — y1)/d(z,y)» ™) is antisymmetric.
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It is well known that & satisfies the following conditions

|k(z,y)| < Cd(z,y) ", (for all z,y, x # y),
d(z,z')*

Az, y) 7’ (for all z,y, d(z,z") < d(z,y)/A).

|H(m7 y) - K(xlvy)| <C

We now define T and K by (51) and (52), respectively. We will prove that the
kernel K satisfies a L™-smoothness condition, at least for r = 2.

Proposition 7.3. For all R > 0 and for all pair of points x,z' € R™ such that
d(x,x') < R/A, the following it is true

1/2 N /2
(/ | K(z,9) *K(xl»y)ﬁudm(y)) < OR*/?(M) ’
R<d(z,y)<AR R

where A > c¢p,.

Proof. Let z,z’ be a pair of points such that d(z,2") < R/A. Let j € Z be the
integer satisfiying A7~! < R < A7. We calculate

/ K (2,y) — K (2, )| dm(y)
R<d(z,y)<AR

/ 2 2
< (@) = x(@',9)|* Y [xpaer a0y (@@, 9)| dmy)
R<d(z,y)<AR ez
2 2
+ (@ )] Y [xpar—r a0 (@@, 9) = Xaes aey (@A )| dm(y)
R<d(z,y)<AR =
=:J1 + Jo.

For Ji, since R < d(z,y) < AR we get that x[ae-1 4¢)(d(z,y)) = 0 whenever
¢+ j,j+ 1. Now, we can apply the L?-smoothness condition of x and the desired
bound is obtained.

For Jz, we have that |f<¢(x'7y)|2 < CR™2. So, we pay attention to the series.
Let us introduce the following notation:

2
)

Usla,9) = |Xae1,40)(d(, 1)) = Xae-1 a0y (d(2', 1))

1= | Uilay)dm(y).
R<d(z,y)<AI

5= [ Us(z,y)dm(y).
Ai<d(z,y)<AR

Now, we can write

B < CRY (17 +1§7).
LeZ

We first analyze the terms Il(e). Suppose that d(z’,y) < A* < A7~1. We have

d(z,y) < cnd(z’,y) + cnd(z,2') < cn A"+ %R < AT 4 Can(m, ).



24 Viola, P. S., Viviani B. E.

From this we obtain (1 —cp/A)d(z,y) < A1 and then, (1 —cn/A)AT™1 < AL <
A7, which implies

This means that the series above has at most [log4(1 — cn/A) — 1| terms of the
form I %13) not null with £ < j — 1. For these terms we have

0 <d(z,y) — d(:c/,y) < nd(m,x/)aAj(lfa),
therefore
AT < d(z,y) < A+ nd(z,2))* AT < A7 4 Cd(z, 2 )R
and then
I(z) < . U, d
< Ug(z,y) dm(y)
Al <d(z,y)<AI
< Cm(B(z, AT 4 Cd(z, 2 ) R*™) \ B(x, Aj_l))
< Cd(z,z)*R' ™.

On the another hand, we have d(z',y) < cn(d(z,2') +d(x,y)) < en(R/A+AT) <
AJTL This implies that Uy(z,y) = 0 for £ > j + 2. It remains to study the terms
I§j) and Ifj'H).

For Ifj"'l), since A77! < d(z,y) < A7, it is enough to consider A7 < d(2’,y) <
AT In this case we have

0<d(a,y) —d(z,y) < nd(z',2)*AUTVE=Y < 0 g(z, 2/ )* R ™%,
so, we obtain A7 < d(z/,y) < A7 + Cd(z,2')*R'~* and then
[T < m(B(/, A + Cd(x,2)*R =)\ B(z', A7)) < Cd(z,2’)*R* ™,

as desired. .

Now, we focus on I{j). We have A77! < d(z,y) < A7 < AR. The expression
Uj(z,y) is not null only in the case that d(z',y) < ATY or if d(z,y) > A

In the first case we can write

AT S d(@y) = (s y) — d(@,)) + d(z,y),
but since d(z,y) > A1, it happens that d(z',y) — d(z,y) < 0, so
AT 4 [d(a y) — d(z,y)| > d(a,y).

This implies ‘ ‘
AT <d(w,y) < A7 4 nd(@, o) (AR) T (53)

~ Suppose now that we are in the second case, that is d(z',y) > AJ. Since d(z,y) <
Al we get that d(z',y) — d(z,y) > 0. We can write

Cd(z, 2 )R~ + d(z,y) > (d(2,y) — d(z,y)) + d(z,y) > Al

Hence 4 '
Al <d(z',y) < AT + Cd(z,z")* R ™. (54)
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From (53) and (54) the function Uj;(x,y) is not null in the union of the two anulli

1
Aj = BAj—l_;'_Cd(zvz/)aRl—a (l‘) \ BAj—l (.Z'),
A} = Bui i cd@ayami-o(2') \ Bas (2').
Since m is the measure of Lebesgue, we have
m(Ajl-) = Cd(z,z")*R* ™
m(A}) = Cd(z,2")*R"™°.
This give us the desired bounds.
Proceeding in a similar way we can obtain the same bounds as above for the
©
terms I, ", £ € Z.

Summing up, we obtain the desired bound for J2 and the proof is completed.

O

Related to the condition T'1 = Oy we have the following Proposition, whose
proof is easy and it is left to the reader.

Proposition 7.4. If the kernel k satisfies
/ k(z,y)dm(y) =0, allz €R" and any 0 < a < b, (55)
E(xz,a,b)

then T(1) = O(7)(1) = Og.
On view of Lemma 7.1, Remark 7.2, Proposition 7.3 and Proposition 7.4 we

can state the following

Theorem 7.5. The Oscillation operator associated to the j-th Riesz Transform (j =
1,...,n), is bounded from L%, (R"™,C) to LZ,(R" H).

In particular, since the Hilbert transform is just the Riesz transform when the
dimension is n = 1, we have that

Corollary 7.6. The Oscillation operator of the Hilbert-transform can be extended to
a bounded linear operator from LZ,(R™,C) to LZ,(R™, H).

Remark. We note that Theorem 7.5 is still true for any singular integral operator
7 associated to an antisymmetric kernel satisfying the standard conditions and
(55).
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