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Weighted a priori estimates with powers of the
distance function for elliptic equations.

Marisa Toschi

Abstract. Let u be a weak solution of (−∆)mu = f with Dirichlet boundary conditions
in a smooth bounded domain Ω ⊂ Rn. In this paper we obtain some estimates for the
Green function associate to this problem. Moreover, under appropiate conditions on p, we
prove some weighted Sobolev a priori estimates for the solution u, where the weight is
a power of the distance function. This result extends a previous one joint R. Durán and
M. Sanmartino (Indiana Univ. Math. J, 57(7):3463-3478, 2008 and Anal. Theory Appl.
26(4):339-349, 2010).
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1 Introduction

We will use the standard notation for Sobolev spaces and for derivatives, namely, if
α is a multi-index, α = (α1, α2, . . . , αn) ∈ Zn+ we denote |α| =

∑n
j=1 αj , D

α =
∂α1
x1
...∂αnxn and

W k,p(Ω) = {v ∈ Lp(Ω) : Dαv ∈ Lp(Ω) ∀ |α| ≤ k}.

For u ∈W k,p(Ω), its norm is given by

‖u‖Wk,p(Ω) =
∑
|α|≤k

‖Dαu‖Lp(Ω) .

We consider the homogeneous problem{
(−∆)mu = f inΩ(
∂
∂ν

)j
u = 0 on ∂Ω, 0 ≤ j ≤ m− 1,

(1.1)

where ∂
∂ν is the normal derivative.
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For u solution of (1.1) on a smooth bounded domain Ω was proved in [2] for
m = 1 and [3] for m ≥ 1 that there exists a constant C > 0 such that

‖u‖
W 2m,p
dγ

(Ω)
≤ C ‖f‖Lp

dγ
(Ω), (1.2)

where d(x) := d(x, ∂Ω) is the distance from x to de boundary of Ω and γ such
that dγ belongs to the Muckenhoupt class Ap, i.e. −1 < γ < p − 1. Since this
kind of weights has a particular importance, it is natural to ask whether analogous
estimates can be proved for differents values of p.

The goal of this paper is to arrive to some estimates for the Green function
associate to the problem (1.1) and, consequently for the solution of this problem.
More precisely we obtain that

‖u‖
W 2m−1,p
dγ

(Ω)
≤ C ‖f‖Lp

dγ
(Ω),

for max
{

1, γ

m+ 1
q∗

}
< p <∞ and, if |α| = 2m

‖Dαu‖Lp
dγ

(Ω) ≤ C‖f‖Lp
dγ−p

(Ω),

for γ > m− 1 and max
{

1, γ

m+ 1
q∗

}
< p <∞, where q∗ = q

q−1 and 1
p = 1

q −
1
n .

2 Definitions and main results

The theory developed by Muckenhoupt in [6] provides necessary and sufficient
conditions on a weight ω in order to obtain weighted estimates for the usual Hardy-
Littlewood maximal funtion of f

Mf(x) = sup
1
|B|

∫
B
|f(y)|dy,

where the supremum is taken over the family of balls B containing x. These
functions ω are known as Muckenhoupt class Ap and they are defined for 1 <
p <∞ as the set of all non-negative locally integrable function ω for which there
exists a constant C such that the inequality(

1
|Q|

∫
Q
ω(x) dx

)(
1
|Q|

∫
Q
ω(x)

− 1
p−1 dx

)p−1

≤ C

holds for every cube Q ⊂ IRn.
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An other relevant operator in the theory of real and harmonic analysis is the
fractional integral

Itf(x) =

∫
Ω

f(y)

|x− y|n−t
dy,

for 0 < t < n. In [7], the authors give necesary and sufficient condition for
a function ω such that there exists a constant C such that ‖Itf(x)ω(x)‖Lp ≤
C‖f(x)ω(x)‖Lq hold for 1

p = 1
q −

t
n , with 1 < q < n

t . These class of weights is
the Muckenhoupt and Wheeden class Apq and it is defined as the set of all non-
negative locally integrable function ω for which there exists a constant C such that
the inequality (

1
|Q|

∫
Q
ω(x)p

)1/p ( 1
|Q|

∫
Q
ω(x)−q

∗
)1/q∗

≤ C

holds for every cube Q ⊂ IRn, where q∗ = q
q−1 .

Remark 2.1. Observe that ω belongs to the Muckenhoupt and Wheeden class Apq
if and only if ωp belongs to the Muckenhoupt class As, with s = p

q∗ + 1. In the
particular case of ω(x) = d(x)ν , this is equivalent to −1 < νp < s− 1 (see [2]).

The solution of (1.1) is given by the representation formula

u(x) =

∫
Ω

Gm(x, y) f(y) dy, (2.1)

where Gm(x, y) is the Green function of the operator (−∆)m in Ω.
In what follows we consider that Ω is a bounded domain with ∂Ω ∈ C6m+4 for

n = 2 and ∂Ω ∈ C5m+2 for n > 2 ( the regularity on the boundary is necessary in
order to use the results of the Green function given in [1]).

We will say f � g in Ω × Ω if an only if there exists a constant C such that
f(x, y) � g(x, y) for all x, y ∈ Ω.

The key to estimate the derivatives of the solution of (1.1) is given by the fol-
lowing lemma wich can be relevant itself. Since the proof is very technical it will
be given in Section 3.

Lemma 2.2. Let u be the solution of (1.1) and Gm the Green function associate
to this problem. Then we have for |α| ≤ 2m− 1

|Dα
xGm(x, y)| � d(x)m−|α|−1 d(y)m

|x− y|n−1 ,
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and consequently

|Dαu(x)| � d(x)m−|α|−1 I1(fχΩd
m)(x),

where χΩ denotes the characteristic function of Ω.

We can now state and prove our first result.

Theorem 2.3. Let u be the solution of (1.1) and |α| ≤ 2m− 1. Then we have∫
Ω

|Dα
xu(x)|p d(x)γ dx �

∫
Ω

f(x)pd(x)γ dx, (2.2)

for γ > m− 1 and max
{

1, γ
1
q∗+m

}
< p <∞.

Proof. By the representation formula (2.1), Lemma 2.2 and that d(x)m−|α|−1 ≤
d(x)−m for |α| ≤ 2m− 1, we obtain that∫

Ω

|Dα
xu(x)|p d(x)γ dx �

∫
Ω

I1(fχΩd
m)p(x)d(x)

(−m+ γ
p
)p
dx

�
(∫

Ω

(fdm)q(x)d(x)
(−m+ γ

p
)q
dx

)p/q
=

(∫
Ω

f(x)qd(x)
γq
p dx

)p/q
�
∫

Ω

f(x)pd(x)γ dx,

provided that d(x)−m+ γ
p is in the Muckenhoupt and Wheeden class Apq. But we

can see from Remark 2.1 that it is when −1 < −mp+ γ < p
q∗ or more precisely,

max
{

1, γ

m+ 1
q∗

}
< p < 1 + γ+1

m .

To other hand, we have (2.2) for p > m+ 1 (see [2]). Then, by an interpolation
argument (see for example [8]), (2.2) hold for every p such that

1
p
=

1− η
p1

+
η

p2

with 0 ≤ η ≤ 1, p1 > m + 1 and max
{

1, γ

m+ 1
q∗

}
< p2 < 1 + γ+1

m . Finally we

have (2.2) for max
{

1, γ

m+ 1
q∗

}
< p <∞ as we desire.
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Remark 2.4. Observe that in the proof we used d(x)m−|α|−1 ≤ d(x)−m for |α| ≤
2m − 1. This estimate is weaker than the given in Lemma 2.2. However, if we
used the optimal one, the range of p will be less than the obtained (empty in some
cases).

To obtain some estimates for the derivatives of order 2m we will use a result
given in [5], where the authors proved that∑

|α|≤2m

‖d|α|Dαu‖Lpω(Ω) � ‖u‖Lpω(Ω) + ‖d2mf‖Lpω(Ω), (2.3)

with ω = dβ for any exponent β ∈ IR. Then, taking β = −2mp + γ we have for
|α| = 2m that ∫

Ω

|Dαu|p dγdx �
∫

Ω

|u|p dβdx+

∫
Ω

|f |pdγdx. (2.4)

In order to estimate the first term in (2.4), observe that from Lemma 2.2 we
have

|Gm(x, y)| � d(x)−m−1 d(y)m

|x− y|n−1 .

Then, using the simetry of the Green function we obtain

|Gm(x, y)| � d(y)−m−1 d(x)m

|x− y|n−1 ,

and consequently
|u(x)| � d(x)m I1(fχΩd

m−1)(x).

Finally, on the same way that Theorem 2.3 we can prove the following result.

Theorem 2.5. Let u be the solution of (1.1) and |α| = 2m. Then we have∫
Ω

|Dα
xu(x)|p d(x)γ dx �

∫
Ω

f(x)pd(x)γ−p dx,

for γ > m− 1 and max
{

1, γ

m+ 1
q∗

}
< p <∞.

Remark 2.6. Generalizing the classical imbedding Theorems of Sobolev spaces
to weighted Sobolev spaces (as we have done in [2], Theorem 3.4) we have a
consequence of the main result: Under the hypotheses of Theorem 2.5 with ω =
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dγ , where γ = kβ, k ∈ IN and 0 ≤ β ≤ 1. If 1/p − 1/q ≤ 2m/(n + k) (with
q <∞ when 2mp = n+ k), then

‖u‖Lq
dγ

(Ω) � ‖f‖Lp
dγ−p

(Ω). (2.5)

The principal interest of this estimate is given by the limit case 1/p − 1/q =
2m/(n + k). In fact, it has proved in [1] that for 1/p − 1/q < 2m/(n + k), the
solution u ∈ Lqdγ (Ω) and ‖u‖Lq

dγ
(Ω) � ‖f‖Lp

dγ
(Ω). This result have been extend

in [3] for the limit case and p > m+ 1.
Moreover, if 1/p − 1/q > 2m/(n + k) we have proved in [4] that there exists

f ∈ Lqdγ (Ω) such that u /∈ Lpdγ (Ω), with u solution of problem (1.1).
Finally let us mention that, to our knowledge, it is not known what happens in

general in the limit case and p < m+ 1.
Our results shows that in the limit case 1/p−1/q = 2m/(n+k) with γ > m−1

and max
{

1, γ

m+ 1
q∗

}
< p < ∞ we have some estimate for the solution u in the

weighted space Lpdγ given by (2.5).

3 Proof of Lemma 2.2

Under our assumption on the boundary of the domain, we have the following
known estimates for the Green function Gm(x, y) given in [1].

1. For |α| ≥ m :

(a) if |α| > 2m− n, then

|Dα
xGm(x, y)| � |x− y|2m−n−|α|min

{
1,

d(y)

|x− y|

}m
,

(b) if |α| = 2m− n, then

|Dα
xGm(x, y)| � log

(
2 +

d(y)

|x− y|

)
min

{
1,

d(y)

|x− y|

}m
,

(c) if |α| < 2m− n, then

|Dα
xGm(x, y)| � d(y)2m−n−|α|min

{
1,

d(y)

|x− y|

}n+|α|−m
,

2. For |α| < m:
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(a) if |α| > 2m− n, then

|Dα
xGm(x, y)| � |x− y|2m−n−|α|min

{
1,

d(x)

|x− y|

}m−|α|
min

{
1,

d(y)

|x− y|

}m
,

(b) if |α| = 2m− n, then

|Dα
xGm(x, y)| � log

(
2 +

d(y)

|x− y|

)
min

{
1,

d(y)

|x− y|

}m
min

{
1,

d(x)

|x− y|

}m−|α|
,

(c) if |α| < 2m− n, and moreover

i. |α| ≥ m− 1
2n, then

|Dα
xGm(x, y)| � d(y)2m−n−|α|min

{
1,

d(x)

|x− y|

}m−|α|
min

{
1,

d(y)

|x− y|

}n−m+|α|
,

ii. |α| < m− 1
2n, then

|Dα
xGm(x, y)| � d(y)m−

n
2 d(x)m−

n
2 −|α|min

{
1,
d(x)d(y)

|x− y|2

}n
2

.

We are now in conditions to prove the result.

of Lemma 2.2. For the representation formula (2.1) we have that

|Dα
xu(x)| ≤

∫
Ω

|Dα
xGm(x, y)| f(y) dy

for every multindex α. Then, it is enought to prove that

|Dα
xGm(x, y)| � d(x)m−|α|−1 d(y)m

|x− y|n−1 .

To do that we will analize each case given above.
1. For |α| ≥ m :
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(a) if |α| > 2m− n

|Dα
xGm(x, y)| � |x− y|2m−n−|α|

d(y)m

|x− y|m
χΩ1(y) + |x− y|

2m−n−|α|χΩ2(y)

=: A1 +A2,

where Ω1 = {y ∈ Ω : |x− y| > d(x)
2 } and Ω2 = {y ∈ Ω : |x− y| ≤ d(x)

2 }. Using
that m ≤ |α| ≤ 2m− 1 we have

A1 = |x− y|m−|α|−1 d(y)m

|x− y|n−1 χΩ1(y) � d(x)
m−|α|−1 d(y)m

|s− y|n−1 χΩ1(y)

and, since 1
2d(x) ≤ d(y) ≤

3
2d(x) for y ∈ Ω2

A2 = |x− y|2m−|α|−1 1
|x− y|n−1 χΩ2(y)

� d(x)−m |x− y|2m−|α|−1 d(y)m

|x− y|n−1 χΩ2(y)

� d(x)m−|α|−1 d(y)m

|x− y|n−1 χΩ2(y)

as wanted to proved.
(b) if |α| = 2m− n

|Dα
xGm(x, y)| � log

(
2 +

d(y)

|x− y|

)
d(y)m

|x− y|m
χΩ1(y)

+ log
(

2 +
d(y)

|x− y|

)
χΩ2(y) =: B1 +B2.

Taking D1 = {y ∈ Ω : d(y) < 2|x− y|} and D2 = {y ∈ Ω : d(y) ≥ 2|x− y|}
we have log(2 + d(y)

|x−y|) ≤ log(4) for y ∈ D1 and log(2 + d(y)
|x−y|) �

d(y)
|x−y| for

y ∈ D2. Then

B1 �
d(y)m

|x− y|m
χΩ1∩D1(y) +

d(y)m+1

|x− y|m+1 χΩ1∩D2(y)

� d(y)m

|x− y|n−1 |x− y|
n−1−m χΩ1∩D1(y)

+
d(y)m+1

|x− y|n−1 |x− y|
n−2−m χΩ1∩D2(y),
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and, since m ≤ |α| = 2m− n and 2|x− y| ≤ d(y) ≤ 3|x− y| for y ∈ Ω1 ∩D2
we have

B1 � d(x)m−|α|−1 d(y)m

|x− y|n−1 .

To other hand, using that d(y) is equivalent to d(x) for y ∈ Ω2

B2 � χΩ2∩D1(y) +
d(y)

|x− y|
χΩ2∩D2(y) � d(x)

m−|α|−1 d(y)m

|x− y|n−1 .

(c) if |α| < 2m− n

|Dα
xGm(x, y)| � |x− y|m−|α|−1 d(y)m

|x− y|n−1 χΩ1(y) + d(y)2m−n−|α| χΩ2(y)

� d(x)m−|α|−1 d(y)m

|x− y|n−1 .

2. For |α| < m:
(a) if |α| > 2m− n

|Dα
xGm(x, y)| � d(x)m−|α|

d(y)m

|x− y|n
χΩ1(y) + |x− y|

m−n−|α|d(y)m χΩ2(y)

� d(x)m−|α|−1 d(y)m

|x− y|n−1 .

(b) if 2m− n− |α| = 0, the estimate is obtained on the same way of 1.(b)
(c) if |α| < 2m− n
i. |α| ≥ m− 1

2n. Since |α| < m,

|Dα
xGm(x, y)| � d(x)m−|α|

d(y)m

|x− y|n
χΩ1(y)

+ |x− y|m−|α|−1 d(y)m

|x− y|n−1 χΩ2(y)

� d(x)m−|α|−1 d(y)m

|x− y|n−1 .

ii. |α| < m− 1
2n.

|Dα
xGm(x, y)| � d(x)m−|α|

d(y)m

|x− y|n
χΩ1(y) + d(y)m−

n
2 d(x)m−

n
2 −|α| χΩ2(y)

� d(x)m−|α|−1 d(y)m

|x− y|n−1 .



10 M. Toschi

Bibliography

[1] A. Dall’Acqua and G. Sweers, Estimates for Green function and Poisson kernels
of higher-order Dirichlet boundary value problems, in: J. Differential Equations,
205(2):466–487, 2004.

[2] R. G. Durán, M. Sanmartino, and M. Toschi, Weighted a priori estimates for the Pois-
son equation, in: Indiana Univ. Math. J., 57(7):3463–3478, 2008.

[3] Ricardo G. Durán, Marcela Sanmartino, and Marisa Toschi, Weighted a priori esti-
mates for solution of (−∆)mu = f with homogeneous Dirichlet conditions, in: Anal.
Theory Appl., 26(4):339–349 (2010).

[4] Ricardo G. Durán, Marcela Sanmartino, and Marisa Toschi, On the existence of
bounded solutions for a nonlinear elliptic system, in: Ann. Mat. Pura Appl. (4),
191(4):771–782, 2012.

[5] Eleonor Harboure, Oscar Salinas, and Beatriz Viviani, Local maximal function and
weights in a general setting, in: Math. Ann., 358(3-4):609–628, 2014.

[6] B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function, in:
Trans. Amer. Math. Soc., 165:207–226, 1972.

[7] Benjamin Muckenhoupt and Richard Wheeden, Weighted norm inequalities for frac-
tional integrals, in: Trans. Amer. Math. Soc., 192:261–274, 1974.

[8] E. M. Stein, Singular integrals and differentiability properties of functions, in: Prince-
ton Mathematical Series, No. 30. Princeton University Press, Princeton, N.J., 1970.

Received ???.

Author information

Marisa Toschi, Instituto de Matemática Aplicada del Litoral (CONICET-UNL) Colectora
Ruta Nac.168, Paraje El Pozo - 3000 Santa Fe, Argentina.
E-mail: mtoschi@santafe-conicet-gov.ar

mailto:mtoschi@santafe-conicet-gov.ar

