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Abstract We prove a mean value inequality for non-negative solutions to L,u = 0 in
any domain Q C R", where L, is the Monge—-Ampere operator linearized at a convex
function ¢, under minimal assumptions on the Monge—-Ampere measure of ¢. An
application to the Harnack inequality for affine maximal hypersurfaces is included.
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Mathematics Subject Classifications (2000) Primary 35J60-35D10 -
Secondary 26B25

1 Introduction

Let u € C*(R") and denote by D?u its Hessian matrix. If det D?u does not vanish, the
Monge-Ampere operator u — det D?u has the expansion

det D*(u + tv) = det D*u + ttrace(det D*u (D*u)~' D*v) + - - - + ¢ det D?v,
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for t € R and v € C?(R"). This expansion allows to define £,,, the linearization of the
Monge—Ampere operator at u, by

L, (v) = trace(A, D*v),

where A, = det D?u (D?u)~". The linearized Monge—Ampeére operator finds appli-
cations in diverse areas of Mathematics and Physics such as fluid mechanics [2],
[10], real analysis [8], and differential geometry [21-23]. The case in which the
linearization is done at a strictly convex function ¢ : R” — R makes £, an elliptic,
possibly degenerate, operator. Moreover, this case provides the measure theoretic
and geometric elements to examine the properties of the solutions to £,(u) = 0.
Indeed, following L. Caffarelli in [4], given a strictly convex, differentiable function
¢:R"—- R, x e R", and r > 0, a section of ¢ centered in x at height r is the open
bounded convex set

Sp(x,r) ={y € R" : 9(y) < 9(x) + (Vo (x), y — x) +r}.
The Monge-Ampeére measure ., associated to ¢ is defined by
dpy, (x) = det D*p(x)dx.
Notice that for the particular choice ¢,(x) := |x|?>/2, we have that
Se, (x,7) = B(x, 2y, xeR",r>0,

(where B(x, r'/?) is the usual Euclidean ball centered at x and radius r'/?), u, reduces
to Lebesgue measure, and £, = A.

The paradigm in the study of properties of solutions u to L,u = 0 is based on
making the sections of ¢ and the Monge-Ampere measure u, play the roles that the
usual Eucliden balls and Lebesgue measure play in the case of the Laplacian opera-
tor. Along these lines, some properties of the sections and Monge—Ampere measure,
that emulate those of ¢, are defined for a general strictly convex differentiable
function ¢.

Definition 1 Following Caffarelli and Gutiérrez in [6, 7] (see also [15, 16]) we say
that p, satisfies the (DP)-doubling property, and write . € (D P), if there exists a
constant C > 1 such that

o (Sy(x, 1) < Cuy(Sy(x,r/2)), xeR'r>0.

We say that pu,, satisfies the (DC)-doubling property if there exist constants By > 1
and 0 < o < 1 such that for all sections S, (x, 7), we have

Rg(Se(x, 7)) = Bopig(aSy(x, 1)), (1.1)

where oS, (x, r) denotes a-dilation of S, (x, r) with respect to its center of mass x*,
that is,

aSy(x,r) ={a(y —x*) +x* 1y € S,(x, 0},

(centers of mass will be always considered with respect to Lebesgue measure).
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Non-negative solutions to the linearized Monge—Ampere equation 253

We say that u, verifies the (j1)-condition, and write p, € (o) OF iy € (oo (R™)),
if given ¢ € (0, 1) there exists § € (0, 1) such that for every section S = §,(x, r) and
every measurable set £ C S,

|E| po(E)
— <{=> <&,
N Ky (S)

(if U c R, for some k € N, then |U| denotes its k-dimensional Lebesgue measure).
Finally, we say that the sections of ¢ verify the engulfing property if there exists a
constant K > 1 such that whenever x € S,(y, r) then

Se(y, 1) C Sy(x, Kr).

In this case we write ¢ € Eng(n, K).

The study of the regularity properties of non-negative solutions to £,z = 0 has
been pioneered by L. Caffarelli and C. Gutiérrez in [7]. Among their results, we first
single out

Theorem 2 (Harnack’s inequality. Theorem 5 in [7]). Suppose n, € (i), then there
exist constants § > 1 > t > 0, depending only on the (1o,) condition and dimension
n, such that if u is any non-negative solution of L,u = 0 in the section S,(z, t) then

sup u <pf inf u.
S, (z,70) Sy (2,70)

In this article we first show that the (DC)-doubling condition is significantly
weaker than the (1) condition in every dimension. Then, we explore some prop-
erties of non-negative solutions u to £,(x) = 0 merely under the (DC)-doubling
assumption. Our main result is the following mean value inequality

Theorem 3 Assume that i, verifies the (DC)-doubling property. There exists a con-
stant By > 0, depending only on By and « in Eq. 1.1 and n, such that for every open
subset @ C R" and all u > 0 in Q satisfying L,(u) = 0 in Q we have

B,

sup U< ——— udp,, 1.2
S, (x,r/8) /’Lw(Sga (.X, I’)) Sy (x,r) Y ( )

for every section S,(x, r) with S,(x,2r) CC Q.

As an application of Theorem 3, in Section 7 we prove Harnack’s inequality for
affine maximal hypersurfaces that verify the (DC)-doubling property.

Remark 4 Given a bounded open subset @ ¢ R” and ¢ € C>(R") with D*¢p > 0, the
matrix D?¢ will always be strictly elliptic in €2, with constants depending on the
maximum and minimum eigenvalues of D’ over . Elliptic regularity then implies
that solutions to L,u = 0 in € will enjoy properties such as Harnack inequalities,
Holder continuity, L?-estimates, etc. However, the strength of theorems such as
Theorem 2 and Theorem 3 resides in the fact that the constants involved are
independent of Q and, moreover, they depend on D?¢ only through its determinant.
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Throughout this article, the equation L£,u = 0 can be interpreted to be satisfied
in the classical sense. However, all our estimates will depend only upon dimension
and the doubling constant in Eq. 1.1; in particular, they are independent of any
smoothness assumption on the solutions.

2 Real Analysis Associated to the Monge—-Ampere Equation

The relevance of the (DC)-doubling condition in the regularity theory for the
Monge-Ampere equation was first demonstrated by the celebrated C!*-regularity
theorem for solutions to Monge-Ampere equations due to L. Caffarelli [4]. Since
then, this doubling condition has been intensively studied and related to other
measure theoretic and geometric properties, see, for instance, [4-7, 12, 13, 15], and
[16]. In fact, the following equivalences (see Theorem 8 in [12] and Theorem 4 in
[13]) hold true

Theorem 5 Let ¢ : R" — R be a differentiable strictly convex function. Then the
following are equivalent

(i) the measure p, satisfies the (DC)-doubling property,
(ii) the Monge-Ampére measure L, satisfies

cr' <8, (x, )|y (Sy(x, 1) < Cr",

for all sections S, (x, r) and some positive constants c, C;
(iii) the sections of ¢ satisfy the engulfing property.

The statements are quantitative in the sense that the constants involved in each property
depend only on each other and not on ¢

The (DC)-doubling property provides a measure theoretic and geometric struc-
ture rich enough to do real analysis. Indeed, if we set

Po(x,y) :=inf{r >0:ye S,(x,r),x e S,(y,n}, xyeR",

and if p,, verifies Eq. 1.1, then p, becomes a quasi-distance on R” (with quasi-triangle
constant depending only on By, ¢, and n) whose balls are topologically equivalent to
the sections of ¢. That is, there exist positive constants 0 < §; < 1 < §,, depending
only on By and « in Eq. 1.1, such that

Syp(x,81r) C By, (x,7) C Sy(x, 82r), x€ R" r >0, (2.3)

where B, (x,r) ={y € R" : p,(x, y) < r}. This result was proved by H. Aimar, L.
Forzani, and R. Toledano in [1] under the assumption of several geometric conditions
on the sections of ¢, which, later on, turned out to be equivalent to the (DC)-doubling
condition, (see Theorem 8 in [12]). Conversely, if Eq. 2.3 holds for some quasi-
distance p instead of p,, then its quasi-triangle inequality implies that the sections
of ¢ verify the engulfing property. Hence, the (DC)-doubling condition for pu,, is
equivalent to the existence of a quasi-distance in R” whose balls are topologically
equivalent to the sections of ¢.

The (DC)-doubling property implies the (DP)-doubling property, with C =
C(a, By, n) (however, the converse is not true, see [15], p. 51). Thus, in the pres-
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Non-negative solutions to the linearized Monge—Ampere equation 255

ence of the (DC)-doubling property, the triple (R, u,, p,) becomes a space of
homogeneous type. Note that the mean value inequality in Theorem 3 is related
to (R", uy, py). For more on the real analysis related to ¢, see the fundamental
work [6].

3 The (DC)-Doubling Condition vs. the (1~) Condition

Given a strictly convex, differentiable function ¢ : R — R, every open interval in the
real line can be realized as a section of ¢ (just by the mean value theorem). Hence, the
(DC)-doubling property becomes the usual doubling property for the measure ¢”.
Similarly, the condition (i) becomes the A, condition for Muckenhoupt weights.
It is therefore clear that, at least in dimension 1, the (DC) doubling condition is
considerably weaker than the (11,) condition (the gap being exactly the one between
doubling measures and Muchenhoupt weights). The following lemma will be useful
to produce examples for the (DC) and () conditions when n > 1.

Lemma 6 Fix m € N. For each j=1, ..., m consider a strictly convex, differentiable
function ¢ : R — R. Setn = Z'/”:l njand define ¢ : R" — R as the tensor sum of the
@;’s. That is,

m
px) = Zgoj(xj), X=(x1,%,....xy) R, x;eRY, j=1,...,m.
j=1
Then,

Sp(e. 1) €[] S, (xjo 1) C Sy, ma), (3.4)

j=1

forall x = (x1,x2, ..., %) € R"and t > 0. In particular,

(i) ifo; € Eng(n;, K;) then ¢ € Eng(n, mK), where
K=max{K;:j=1,...,m}.

Conversely, if ¢ € Eng(n, K'), for some K'>1, then ¢;<c Engn; K'),
j=1,...,m

(i) ifpj:=det D’p; € (uoo(R™)), j=1,...,m, then ju, € (Loo(R™)). Conversely, if
Uy € (oo (RM)), then 1} € (Leo(R™M)), j=1,...,m.

Proof By definition of the sections of ¢, we have that y € S, (x, ?) if and only if

oY) <)+ Vo), y —x) +1,

which means 37, (¢(y)) = @;(x)) = (Va,;(x)). yj — x})) < . Since convexity im-
plies that each of the summands is non-negative, we have

Pi(y) —@i(x) = (Vi0ixp, yj—x;) <t, j=1,....,m. (3.5)

That is, y; € Sy, (xj, 1), j=1,...,m. This proves the first inclusion. The second
inclusion follows by using that y; € S,.(x;, 1) if and only if Eq. 3.5 and by adding
together the inequalities in Eq. 3.5 for j=1,...,m. In order to prove (i), assume
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thatp; € Eng(n;, K)).If y € S,(x, 1), thenby Eq.3.4,y; € S,,(x;,0), j=1,...,m,and
by the engulfing property, x; € S, (y;, Kjt) C Sy,(yj, Kt), j=1,..., m. Therefore,
by Eq. 3.4, x € S,(y, mK¢t). Thus, ¢ € Eng(n, mK). Conversely, if ¢ € Eng(n, K'),
fix je{l,...,m} and for each x; e R" set X;:=(0,...,x;,...,0), so that y; e
Sy, (x;j, 1) if and only if y; € S, (X}, 1). Therefore, x; € S, (n;, K') and, consequently,
@j€ Eng(n;, K'), j=1,...,m. In order to prove (ii), we recall that (as indicated in
[7], p. 465) 11y € oo (R™) if and only if there exist constants 1 < C, r < co such that
for all the sections § = S, (x, 1) the following reverse Holder inequality holds true,

1/r 1
Qﬂ/wmdﬁ sqﬁﬁwm@. (3.6)

If uje (oo (R™)), p; satisfies Eq. 3.6 with some constants 1 < Cj,r; < oo. Set r =
minf{r;: j=1,...,m} > land C=[]L, C;/r > 1. By Lemma 5.2 in [7], for any k €
N, k-dimensional Lebesgue measure is doubling with respect to the parameter ¢ of the
sections of every strictly convex, differentiable function ¥ defined on R¥. Moreover,

1Sy (x, )] < 2818y, (x,2/2), xeRK t>0. (3.7)

Given a section S, (x, ), we now use Eqs. 3.4 and 3.7 to write

1/r

1/r
1 1
| uydy) = wily ) d
Q&uw|%w>y y) |&um|st1’” g

IA

m 1/r
wi(yp dy;
1:[ <|S¢,(x], t/ml Js, e e y,)

C 1/r
<T] (nl wiyp" dy]->

=1 IS%(x], D Sp;(xju0)

3

C 7 Cum (v)d

< iy dy;
1Sy, (x5, D] Sy, (e1ut) P
cc(TTcmm] < [ moray
) 1Se ol s T '

To prove the converse in (ii), suppose that u, € (1 (R")) satisfies Eq. 3.6 with
constants | < C,r < oo. By Egs. 3.4,3.6,and 3.7 there exists a constant C*, depending
only on C, r, m, and n such that

n (st s, o 10 dvy)
15,01 I8,y I 4V

1=<J]

0
j=1 18,0501 fs«,],(x,-,t) wi(ypdy;

<C, (3.8)

since each factor in Eq. 3.8 is greater than or equal to one, it follows that y; verifies
a reverse Holder inequality with constants 1 < C*,r < oo. O
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Non-negative solutions to the linearized Monge—Ampere equation 257

Examples of doubling measures which are singular with respect to Lebesgue
measure, as well as examples of continuous (and even Lipschitz continuous) doubling
weights which are not in A, can be constructed on the real line (see, for instance,
[20, p. 40], [9, Examples 5.2 and 5.3], and [24, Theorem 4]). Integrating such measures
twice produces convex functions defined on the real line whose sections satisfy
the engulfing property. By Theorem 5 and Lemma 6, tensor sums of these one-
dimensional convex functions provide higher dimensional examples of strictly convex
functions whose Monge—-Ampere measures verify the (DC)-doubling condition, but
not the (/4s) condition.

4 The Normalization Technique

Let T :R" — R” be an invertible affine transformation and, for ¢ as above, define
V¥ (y) = o(T~'y). Hence, T(Sy(x,7) =Sy (Tx,r) and T(aSy(x,r)) =aT(S,(x,71)).
Thus, py verifies the (DC)-doubling property (Eq. 1.1) with the same constants By
and « as ¢ does. Moreover, if v is defined as v(y) = u(7~'y), then Lou=00nS,(x,r)
if and only if L, v = 0 on Sy (Tx, r). In particular, quantities such as
1
inf u, sup u, and ——— udp,,
Sy (x.r) S, (x,r) 1227 (Sw (X, r)) S, (x,r) Y
are preserved under the affine transformations that take ¢ into ¥ and u into v. See
[7], Section 1, for more details. For the following lemma and other basic results on
the Monge—-Ampeére equation, the reader is referred to [15].

Lemma 7 (John’s Lemma) Let @ C R" be a bounded and convex set with non-empty
interior. Consider all the ellipsoids that contain Q and that are centered at the center of
mass of Q. Let E be the ellipsoid of minimum volume. Then, there is a constant o, > 0
depending only on n such that

o, ECQCE.
A convex set  C R” is said to be normalized if its center of mass is 0 and
B(0, a,) C 2 C B(0, 1). Given any bounded convex subset S with non-empty inte-

rior, let Eg be the ellipsoid given by John’s Lemma applied to S; and 7 : R” — R”
be an affine transformation with T (Es) = B(0, 1), we then have

B0, a,) C T(S) C B, 1).
We call T(S) the normalization of S (through T). From now on, we fix the notation
Lyu:= trace((D?p) "' Du),
so that
L,u = det D*¢ L ,u.

Lemma 8 Ifuis asolutionto Lyu = fin S,(x,r)and u =0o0n dS,(x,r) then

1/n
sup |u|scn|s¢,(x,r>|“"</s Ifl”du(,]) .
o (X,1)

Sy (x,r)
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258 L. Forzani, D. Maldonado

Proof Let T be an affine transformation that normalizes S,(x, r). Define v(y) =
u(T='y) and ¥ (y) = o(T'y). Thus, Lyv(y) = L,u(T'y) for y € Sy(Tx,r) and
B(0, o) € Sy (Tx,r) C B(0,1). Now, by Aleksandrov’s maximum principle (see
[14], p. 222), we have

sup |v] < cpdiam(Sy (Tx, I Lyv/d*) || s, (x>
Sy (Tx,r)

where
d*(y) = (det(D*y) ' ()" = (det(D*@) (T~ " y)(det THH) /"

and ¢, is a dimensional constant. We now use that S, (T'x, r) is normalized to produce
a dimensional constant ¢, such that

diam(Sy (Tx, 1)) < &[Sy (Tx, r)|"/"™.
Since | Sy (Tx,r)| = |det T||S,(x, r)]|, it follows that

sup || < ¢uGyl det T1""|S, (x, IV ILyv/d*) | s, (Tx)- (4.9)
Sy (Tx,r)

The lemma follows just by changing variables y — T~'y back in Eq. 4.9. The
constant C, turns out to be ¢,¢,, depending only on the dimension 7. O

5 A Weak Reverse Holder Inequality for Non-negative Solutions

For ¢ € C*(Q), it can be checked (by plain differentiation) that the operator £,
enjoys the following null-Lagrangian property

L,v = trace(A, D*v) = div(A, V).

Hence, if v is a solution to £,v = 0in 2, integrating by parts we get

/ U()’)wa(}')duw()’) =0, (510)
Q
for all w € C}(2). In this section we prove

Theorem 9 Assume that i, verifies the (DC)-doubling property. There exists a con-
stant B, > 0, depending only on By and « in Eq. 1.1 and n, such that for every open
subset @ C R" and all v > 0 in Q satisfying L,(v) = 0 in Q we have

n—1

1 n " B>
_ vi-T du <— vdu,, 5.11
<M(p (Szp (x,1) S, (x,r) <ﬂ> ﬂtp(Sgo (x,2r)) S, (x,2r) Y ( )

for every section S, (x, r) with S,(x,2r) CC Q.

Proof Without loss of generality we can assume that ¢(0) = 0 and V¢(0) = 0, since
subtracting a hyperplane from ¢ does not change the operator L, or the measure /.
In particular, we can assume that ¢ > 0.
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Non-negative solutions to the linearized Monge—Ampere equation 259

n

To begin with, let us consider first the section S, (0, r). We can bound the L,’,’j —
norm of v over S, (0, r) by estimating

sup i/s . v(Y) f() duy(y): f € A}, (5.12)
»(0,r)

where

A={feCZ(S0.n): f=0,1fl

e

S, 0. = 1}.

This approach to proving reverse Holder inequalities for non-negative solutions
to elliptic operators can be traced back, at least, to the work of E. Fabes and W.
Stroock on uniformly elliptic equations in [11]. We will see how Theorem 5 allows to
implement this technique in the current degenerate case.

Given f € A, we extend it as zero outside of S, (0, r) and consider the C? function
Z,(y) satisfying

L(p(Zr) = f in S(p(ov 2r),
Z,=0 on 9S5,(0, 2r).
(Recall that we have fixed the notation £, = det D*¢L,). A simple calculation yields
Ly(Qr—9)Z)) = Qr— )Ly Z, +2(VQ2r — ), (D’9)"'VZ,) = Zn.  (5.13)

For y € S,(0,r) we have 2r — ¢(y) > r, and by Aleksandrov’s maximum principle,
Z, <01in S,(0, 2r). Thus,

/ () F ) dpig ()
S,(0,r)

1
<1 / V()@ — () Ly Z (M djiy ()
rJs,o,r

1
_! / V()2 — 9O Ly Zr(9)dpiy ()
T Js,0,2r)

1
_! / V() Ly (2r — ) Z) () dpty ()
T Js,0,2r)

1
! / V) Zr () Ly @ — ) () ditg (¥)
r Js,©,2r

2
_2 / VOV — ). (D?0) " (DY Z, (1)) diiy ()
r Js,©,2r

=L+ 5L+,

where we used Eq. 5.13. If we set w = (2r — ¢) Z,, we have w =0 and Vw =0 on
9S,(0,2r). Thus, w (extended as 0 outside S, (0, 2r)) can be taken as a test function
in Eq. 5.10. Consequently, I; = 0. Now, by Lemma 8, for every y € S, (0, 2r) we have

1Z,(y)] < CalSy(0, 20" (5.14)
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260 L. Forzani, D. Maldonado

Therefore,

L) sf YD), 7 DIL2r = 9)()] dpty(9)
S,02r) T

nCyv(y) n
sf M) 6 (0,207 dpy (3)
S,(0,2r) r

o nGC / () diy (y)
_ontCe . ,
T (g (Sp (0, 201 Js, 0.20) Yttty

where we used Theorem 5, part (ii), so that
1o (54(0,20))]S,(0, 2n)] < (C)",

for some C = C(BO, a, n). In order to find a bound for I3, we proceed as follows.
Since (D?¢) > 0, for any & > 0 we get

(VQ2r—@), (D*9)"'VZ,)| < (VQ2r — ), (D*)'VQ2r —p))'/?
x((VZ,, (D*¢)"'VZ)'?

1S,(0, r)|'/"
2er
er
+2|S¢(0, r)|/n

1S,(0, r)|'/"
- der
er
+4|S¢(0, r)|/n

UV @r—9), (D*9)"'V(2r —¢)))

(VZ,, (D*¢)"'VZ,))

(Ly(2r — ¢)* = 22r — ) L, (2r — ¢))

(L,Z} —2Z,L,Z,).

Next, we use Z ,2 and (2r — ¢)? (both extended as 0 outside S,(0, 2r)) as test functions
in Eq. 5.10, inequality 5.14, and (ii) in Theorem 5 to estimate

< |8, (0, 2r)] /"

I3
5] er?

/ @r — )l L, 2r — )] dpsy
5,(0.20)

€
+7/ 0| Z, Ly Z,| du
1S,(0, 207 [, 0.2r) ¢ ¢

18,0, 2r)[ /"
< O [ L, pldig oG [ wiLZild,
&r S,(0,2r) S,(0,2r)

2n18,(0, 2r)|V/"

:—/ vdu +eCy vfdu,
er 8,(0,2r) 8,(0,2r)

2nC /
< ——— vdu, +eC / vfdu
ey (Sy(0, 2PN Js 0,25 Y " 5,(0.2r) Y

2nC

- vdyu, +eC of du,.
el (S, (0, 2r))1/n /SV,(O,Zr) ¢ " Js, 0 Y
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Non-negative solutions to the linearized Monge—Ampere equation 261

Hence,

(nC,,C—F %)
rdny = oo |
fsm S iy 1(Sy(0,2r)" Js, 0,00

Choosing ¢ < 1/C,, depending only on #, yields

f i < nC,C + € I / J
v < ’ vdp,.
(0.0 ’ 1—eCy 1o (S0, 217 Js 0.2r) a

Therefore, the supremum in Eq. 5.12 can be bounded by

Ud//Lw—I—SC,,/ vfdu.
S,(0,r)

(nC,Ce + 2nC) / d
vdu,,
e(1 = eCp) 1ty (S, (0, 20NV [, 0.21) Y

and

n—1

1 . B B,
- v dp, | < 2 vy, 5.15
(M«z(sw ©,1) Js, 0.0 w) He(S4(0,2r) Js,0.20) Y (513)

follows with

B, . MG +2)C
2T e(1—eCy)

Now, fix x € R" and consider a general section S, (x, r). Define

YY) =9 —y) — o) + (Ve), y).

Then py verifies the (DC)-doubling property with the same constants as u, does
(uniformly in x), also Vi/(0) = 0, ¥ (0) = 0 and

Sy (0,7r) =x— S,(x,7).

Thus, py (Sy(0,7)) = e (S,(x, 7)) and if we apply Eq. 5.15 to £, on the open set
x — Q, we obtain the general case just by changing variables x — y > y. O

6 A Mean-Value Inequality for Non-negative Solutions

A classical result due to F.W. Gehring asserts that weak reverse Holder inequalities
(based on the usual Euclidean balls and Lebesgue measure) enjoy a self-improving
property. Such self-improving behavior of the weak reverse Holder inequality 5.11
(that is, the existence of g > n/(n — 1) such that Eq. 5.11 holds with ¢ instead of
n/(n — 1), with a different constant, but depending on the same parameters) can
also be achieved in the context of (R", u,, p,). Indeed, the underlying structure
of space of homogeneous type allows to adapt the higher integrability techniques
with doubling measures developed by J. Kinnunen in [17]. However, we will take a
different path to actually obtain inequality 1.2, which represents the extreme case
q = oo. In order to do that, we next describe equivalent forms of Eq. 5.11.
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262 L. Forzani, D. Maldonado

Definition 10 For a section S, (x, t) and a non-negative function w define

1

aver(w, Sy (x, 1) 1= —————=
¢ W (Sp(x, D) Js, e

w(y)dpe(y),
and, for a Borel set E Cc R”,
w(kE) = / w(y)dp, (y).
E

For R > 0, set
E(R, S,(x, 1), w) :={y € Sy(x,1) : w(y) = R aver(w, S,(x, 21))}.

Given a domain Q@ C R” and p > 1, we say that a weight w satisfies a weak
p-reverse Holder inequality in Q with respect to the structure (R", u,, o,), and write
w e WRH (2, uy, py), if there exists a constant C > 0 such that

1 ’ C
_ w? du <— wdu,, 6.16
(:ugu(sw (x,7) S, (x,r) w) Mo (Szp(x7 2r)) S, (x,2r) Y ( )

for every S, (x, r) with S, (x, 2r) CC Q.

The following lemma is essentially due to S. Buckley in [3] and E. Sawyer in [19].
We omit its proof since it follows as in Lemma 2.1 in [3] (the proof works in the
general context of spaces of homogeneous type)

Lemma 11 Let p > 1 and Q@ C R" a domain. The following conditions on a weight w
are equivalent

(i) we WRH,(Q, iy, py),
(ii) there existe > 1/p’, C > 0 such that for all Borel subsets E C S,(x, 1)
w(E) < C( py(E) )8’
w(Sy (x, 20)) g (Sy(x, 1))
for all sections Sy (x, t) with S, (x, 2t) CC ;
(iii) there exists g > p — 1, C > 0 such that
w(E(R, Sy(x, 1), w)) -
w(S,(x,21)) -
for all sections S, (x, t) with S,(x,2t) CC Qand all R > 1;
(iv) there exist q > p, C > 0 such that
/“LW(E(Rv Stp(x’ t)7 U.))) <
M(p(S(p (x,0) -
for all sections S, (x, t) with S,(x,2t) CC Q and all R > 1.

CR™1,

CR™1,

The statements are quantitative in the sense that the constants involved in each property
depend only on each other and not on w.

We will also make use of the following critical density result for solutions to the
linearized Monge—Ampere equation due to L. Caffarelli and C. Gutiérrez,
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Non-negative solutions to the linearized Monge—Ampere equation 263

Theorem 12 ([7, Theorem 1]) There are constants My > 1 and 0 < ¢y < 1, depending
only on the (DC)-doubling constants of |1, and dimension n, such that for any section
S, (v, H) and any v non-negative solution of L,v = 0 in S,(y, t) such that

inf v<l1
So(y:1/2)

we have that
e({x € Sy(y, 1) 1 v(x) > Mp}) < (1 — o) (Sy(y, 1).

We are now in position to prove a rate of decay for the distribution functions of
non-negative super-solutions in terms of their averages (instead of their infima as in
Theorem 12). Namely,

Proposition 13 There exist constants By > 1 and q > ;"5, depending only on the

(DC)-doubling constants and dimension, such that if v is a non-negative super-solution
to L,(v) =0in Q and if S,(y, 2t) CC Q with

1

_— vdu, <1,
e (Se (v, ) Js,m ¢

then

e ({x € Sp(y,1/2) :v(x) = R}) < B3R 111, (Sy(y,1/2)), R> 1. (6.17)

Proof By Theorem 9 we have v e WRH,(,—1)(R2, Ly, pp). Given R > 1, Lemma 11,
part (iv), allows to write

tg ({x € Sy(y,1/2) 1 v(x) = R})
< iy ({x € Sy(y.1/2) s v(x) = R aver(v, S,(y,n)})
= o (E(R, Sy(y,1/2),v) < B3R 114(Sy(y,1/2).
]
Remark 14 There exists a constant p > 0, depending only on the (DC)-doubling

constants for p, and dimension 7, such that whenever S,(z,1) is a normalized
section, 0 < 51 <52 < 1,and x € S,(z, s1), then

Sy (x, p) C Sy(z,52), (6.18)
for all p < (s, —s1)? (see [5] or Theorem 3.3.10 in [15]). Also, there exist constants

By >0 and d > 0, depending only on the (DC)-doubling constants for p, and
dimension n, such that xo € S,(z, ) implies

1 d
Sy 00, ) = - (é) 10 (S, (2. 1), (6.19)

for all p <t This follows from the doubling condition, see the remark after
Lemma 4.1 in [7].
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264 L. Forzani, D. Maldonado

Our next result plays the role of Lemma 4.1 in [7], where infima, instead of
averages, are treated. For the rest of this section, our techniques will heavily depend
on those in [7] and we provide full details for the reader’s convenience.

Lemma 15 Assume that ., verifies the (DC)-doubling property. Let My > 1 and & >
0 be as in Theorem 12 and let ¢ > n/(n — 1) and B3 > 1 be as in Proposition 13 (where
all of these constants depend only on the (DC)-doubling constants for j,). Let u be a
non-negative solution to L,(u) = 0in Q@ C R". Set

2M,
V= — > 1,
2My—1
and suppose that for some section S,(z,t) C S,(z,2t) CC Q we have

1

_ d 1,
Ko (Se(z,0) Js, 2.0 Hdp ) =

and there exist xo € S,(z,t/4) and j € N verifying

u(xo) > vi-' My, (6.20)
and
B IMo\ 1
11y (S (X0, ) = ?; (” 5 °) 114(S, (2, 1)), (6.21)

for some p < (t/4)P. Then,

sup u < vao.
Sy (x0,0)

Proof After an affine change of variables, we can assume ¢ = 1 and S, (z, 1) normal-
ized (see [7], pp.448-449). As in the proof of Lemma 4.1 in [7], by contradiction we

assume sup u > v/M,.
S, (x0,0)
Since xo € S,(z, 1/4), by Remark 14 (with s; =1/4 and s, = 1/2), we have
Sy (x0, p) C Sy(z,1/2), because p < (1/4)P. For x € S,(xg, p), define

viMy — u(x)
viml(v — DM,
It follows that £,(w) = 0 and w > 0 in S, (xo, p), and

w(x) =

viMy — u(xg) - viMy —vi-' M, _

wlxo) = viclw = DMy — vicl(v = DMy
Consequently,
Swic?fa/z) w=l
and Theorem 12 yields
1 ({x € Sy(x0, p) 1 w(x) > Mo}) < (1 — £0) 14y (Sy (X0, P)). (6.22)
Next, set

Ay ={x e S,(z,1/2) s u(x) > v/ My/2},
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Non-negative solutions to the linearized Monge—Ampere equation 265

and
Ay ={x € Sy(xq, p) : w(x) > M},
to obtain
Sy (x0, p) C A1 U As. (6.23)

Indeed, to prove Eq. 6.23, take x; € S, (xo, p) \ A;. Then, x; € S,(xo, p) and u(x;) <
v/My/2. Thus,

viMy —u(x;) . viMy — % __v
virlw =DMy~ virlv =DM, 21w —-1)

w(x)) = M,.

From inequality 6.22, inclusion 6.23, and Proposition 13,

e (Sy (X0, P)) < e(Ar) + e (Az)

IMa\ 4
= B"& (U 2 0) ,U«p(Sw(Za ])) + (1 - EO)M(p(S<p(xOv /0)),

and then

B viM,
11y (S,y (X0, p)) < — ( 0
&o 2

)_q He(Sy(z, 1)),
contradicting Eq. 6.21. O
Remark 16 Notice that, with the notation of Remark 14 and Lemma 15, if we assume
()= 22 ()"
t £0 2

then, by Eq. 6.19, condition 6.21 in Lemma 15 is verified.

Proof of Theorem 3 Let By > 0,d > 0and p > O be asin Remark 14. Let B3 > 0 and
q > n/(n — 1) be as in Proposition 13, and let M, > 1 and &y > 0 be as in Theorem
12. All these constants depending only on the (DC)-doubling property of . As in
the proof of Theorem 5 in [7], set

2M,

=—>1,
2M, —1

v

and for each j € N, define a decreasing sequence p; (with limit 0) by

- B3 B, 1/d viM, —q/d
Pi= €0 q '

Take S,(z, t) and suppose

1

_ d =1.
Mo (Sp(z,0) Js, 20 He )
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266 L. Forzani, D. Maldonado

Again, after an affine change of variables, we can assume ¢ = 1 and S,(z, 1) normal-
ized. Consider m € N, depending only on the (DC)-property constants, such that

1
I/p
pr <3
j=m 8
In particular, we have p;/ P < 1/8 for all j > m. Our goal is to prove

sup u < v M. (6.24)
Sy(2.1/8)

By contradiction, suppose Eq. 6.24 does not hold. Then, there exists x,, in S,(z, 1/8)
with u(x,,) > v ' M,. Since x,, € S,(z,1/8) C S,(z, 1) and by the definition of p,,
and Remark 16, we get

B Mo\ ¢
po (S Com o)) 2 2 (” ; 0) 1o (S, (2. 1)).

By Proposition 13, it follows that

sup u > v"M,.
Sy (X 0m)

Hence, there exists X,,4+1 € Sy (X, pm) such that u(x,,+1) > v M,. In addition, by
Eq. 6.18, with s; = 1/8 and s, = p'/? + 1/8, we obtain

Sp X, pm) C Sp(z, pp/? + 1/8) C Sy(z, 1/4).

Hence, ;11 € S,(z, onl? +1/8) C Sy(z,1/4). Also,

B3 ( l)m—H MO

—-q
M(p(qu(me,Pm))Zg > ) He(Sy(z, 1)),

again by the choice of p,, and Remark 16. By Proposition 13, we must have

sup  u > v M.
Szp(xm+ls)0m+l)

Notice that, by Eq. 6.18, with s; = 1/8 + pj, and s, = 1/8 + ph, + p |, it follows that
Sy X1, Phiy) C Sp(z, 1/8 4 pb + pho ) C Sy(z. 1/4).
Iterations of this argument provide a sequence {x,}72,, such that
u(xj) = v Mo,
and

Xj € Sy(z. 1/8+ pilP + -+ pih) € S, (2. 1/4).
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Non-negative solutions to the linearized Monge—Ampere equation 267

which implies

sup u = oo,
Sp(z,1/4)

contradicting the continuity of the solution u (see Remark 4). Therefore, Eq. 6.24
holds true and Theorem 3 follows. O

7 An Application to Affine Maximal Hypersurfaces

Let Q@ C R” be a domain and ¢ € C*(2). We follow [21] and say that ¢ is affine
maximal in Q if ¢ satisfies the following affine maximal surface equation

»Czp(w) = Oa
e 7.25
{ w = (det D?p) 2 (7.25)
in Q. Estimates for the solutions to Eq. 7.25 of the form
A <detD*p(x) <A, xeQ, (7.26)

for some positive numbers A and A, play a significant role in the recent work of N.
Trudinger and X.-J. Wang on the Bernstein and Plateau problems [21-23]. In their
estimates, however, the constants A and A depend heavily on the solutions (and, in
particular, on their modulus of convexity) and on the domain €, see, for instance,
[21], p. 407. In their approach, the fact that the normalization of solutions changes
their modulus of convexity (that is, the eccentricity of the resulting sections) prevents
from obtaining uniform constants A and A in Eq. 7.26.

On the other hand, as we mentioned in Section 4, the normalization of solutions
does not change their doubling constants in Eq. 1.1. Since the normalization tech-
nique has proven to be exceedingly useful in the development of the Monge—Ampere
regularity theory, the use of the normalization-invariant condition 1.1 relaxes any
hypothesis on uniform moduli of convexity. Along these lines, the following result
allows to obtain uniform bounds A and A for entire solutions verifying the doubling
condition 1.1.

Theorem 17 Let ¢ € C*(R") be a strictly convex solution to the Eq. 7.25 in a domain
Q. If u, = det D¢ satisfies the doubling condition 1.1, then there exist constants Bs >
1 and 0 < o < 1, depending only on the doubling constants in Eq. 1.1 and dimension,
such that

sup det D’¢p < Bs inf )det D%y, (7.27)

Sy (x,01) Sy (x,07

for all sections S(x,r) with S(x,2r) CC Q. In particular, if ¢ satisfies Eq. 7.25 in all
of R", then there exist positive constants A and A, depending only on the doubling
constants in Eq. 1.1 and dimension, such that

Adet D%p(y) < det D*p(x) < Adet D*p(y), x,yeR" (7.28)
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268 L. Forzani, D. Maldonado

Proof By Theorem 3 applied to the (non-negative) solution w = (det D2p)~ i in
Eq. 7.25 and using Jensen’s inequality, we obtain
_ntl B, _mel
Sup /'L n+2 S /'L n+2M
S,/ | 1o (Se e, 1) Js,em ' © Y
B, L

)
Mw(S(p(xa r)) S, (x,r)

_ BilS,(x.n) ! "
< Mo
lj'(ﬂ(S(D(xs r)) |S¢(x, 18] S, (x,r)

|S¢<x,r>|)31é
=B LG A ,
! <u¢>(5¢(x, r))

for every section S, (x, r) with S, (x, 2r) CC Q. Hence,

Ho(Sp(x, 1)) _ i

. 7.29
1S, 0]~ s, (7.29)

On the other hand, the Legendre transform ¢* defined for y € Q* := Vg(Q) by

¢ (y) = Sug((x, y) =)

turns out to be strictly convex and C* in Q* (Theorem 26.5 in [18]). By Theorem 12
in [13] we have that u,- = det D*¢* verifies the doubling condition 1.1 with constants
depending only on the ones for u,, (recall that, by Theorem 5, the doubling condition
1.1 and the engulfing property are equivalent). Moreover, as in [21], p. 407, ¢*
satisfies the following equation

{£¢»«(w*) =0,

w* = (det D2¢*) "2 (7.30)

in ©* Now, by Theorem 3 applied to the function ¢* and the solution w* =
(det D%¢*)~ 72 we obtain
< Bi s (7.31)
sup st < ——mmm—— W e .
S /8 R (S (1) Jspoiury & 07
for all sections S,-(y, r) with Sy-(y, 2r) CC Q*, where the constant B} depends only

on the doubling constants for .- (and hence on those of w,) and dimension .
Reasoning as before, Eq. 7.31 implies

I’Lﬁﬂ* (Siﬂx (y’ r)) < s\n+2 .
—_ B nf .. 7.32
1Sp- (v, )|~ (B1) S/ 1Y (7.32)

Finally, we will relate inequalities 7.29 and 7.32 by using the change of variables y =
Ve(x). By Theorem 12 and Corollary 13 in [13], Vg : R” — R” is a homeomorphism
with inverse Vg* and there exists a number K, depending only on the doubling
constants for u, in Eq. 1.1 and dimension 7, such that

Vo(Sy(x,t/K)) C Sp-(Ve(x), 1) C Vo(S,(x, K1), xeR" t>0. (7.33)
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(The exact dependence of K on the doubling constants can be found in Section 7 of
[13]). The inclusions in Eq. 7.33 imply, by taking Lebesgue measure, that

My (Sy(x, t/K)) = |Vo(S,(x, t/K))| < [Sp(Vo(x), D)
< IVe(Sy(x, KN)| = pe(Sy(x, Kt)), xeR"t>0.

Similarly,

1Sy (x, 1/ K)| < g (Sp (V(x), 1)

Vo™ (Sp (Vo (x), D) < |Sy (x, KD,

for all x € R” and ¢ > 0. Also,

1
inf .= inf det D%*¢* inf _—
S8 T s, ) Y= st (det D2<p(Vgo*(z))>

-1 ~1
sup det D%¢ < sup  det D*p .
Vo*(Sy= (y.r/8)) Sy (y.r/(8K))

Consequently, Eq. 7.27 follows (with o = 1/(8K)) by the doubling properties of 1,
and p,+, and Eq. 3.7. Clearly, Eq. 7.28 follows from Eq. 7.27 in the case Q = R" with

A=21""=Bs. o
Acknowledgement The authors would like to thank the anonimous referee for his/her helpful
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