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calculations for jellium slabs
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We present a direct comparison of the exchange-only optimized effective potential (x-OEP) method, originating
from density functional theory, with Hartree-Fock (HF) results for jellium slabs of finite width, based on fully
self-consistent calculations. The nonlocal character of the HF exchange potential causes a coupling of the
momentum parallel to the slab surface with the perpendicular component of the orbitals. This results in an
entirely different energy-band structure close to the Fermi surface and in terms of bandwidth, as compared with
the x-OEP energy-band structure. Good agreement between x-OEP and HF calculations for jellium slabs has
been observed for Friedel oscillations of the electron density, surface energies, and dipole barriers, as well as
for electrostatic and averaged exchange potentials. However, marked differences appear between x-OEP and HF
work functions for narrow slabs, which is in contrast to the good agreement of ionization energies reported for
finite systems. On the other hand, we present evidence that both work functions are very similar in the limit of
very wide slabs.
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I. INTRODUCTION

The antisymmetry of fermionic wave functions, which
is a consequence of Pauli’s exclusion principle, determines
to a large extent the properties of electronic systems. At
the basic level of the Hartree-Fock (HF) approximation, the
exclusion principle is rigorously satisfied by the ansatz for a
many-electron wave function via a single Slater determinant
and expresses itself in the HF equation via the nonlocal
exchange term.1 Because of its computational complexity,
various local approximations of exchange contributions have
been suggested for the HF formalism; cf. Ref. 2 and references
therein. The most prominent variant is Slater’s X-α model3

that transfers the exchange from the homogeneous electron
gas by a local approximation to atoms, molecules, and solids.
With the emergence of density functional theory (DFT), these
approximate HF treatments became obsolete, but Slater’s local
exchange remained, with a minor modification regarding the
prefactor (a constant), as the leading-order term in almost
every approximation to the “exact” but unknown Kohn-Sham
exchange-correlation potential; cf. Ref. 4 for further details.
The most disturbing feature of Slater’s local exchange is
the spurious self-interaction energy of electrons due to an
inexact cancellation between the Hartree and approximate
(local) exchange potential.5 Further developments in DFT such
as work by Becke,6,7 within the framework of generalized
gradient corrections,8,9 only partially resolved this problem;
cf. Ref. 10. An alternative scheme, already suggested by
Kohn and Sham,11 takes a nonlocal exchange potential as
a preassigned part of the Kohn-Sham (KS) equation and
leaves only an unknown correlation potential to be determined.
This ansatz became known as the Hartree-Fock-Kohn-Sham
(HFKS) method; cf. Ref. 4 for further details. A mixture of
exact (single-determinant) and local exchange in the energy

functional, with an adjustable mixing parameter, has also
been considered by Becke.12 While these so-called hybrid
functionals perform significantly better than purely local
functionals, they have, however, a conceptual shortcoming
due to the use of a nonlocal exchange potential.13 In order to
stay in the original DFT framework of the KS equation, it is,
however, possible to consider the exact (single-determinant)
exchange energy functional Ex as an implicit functional of
the electron density, but as an explicit functional of the
KS orbitals, and to rigorously derive a corresponding local
exchange potential.14,15 This procedure can be seen in the
more general framework of the optimized effective potential
(OEP) method,16,17 which allows one to incorporate orbital-
dependent exchange-correlation energy functionals into the
DFT formalism. Its simplest variant is the exchange-only
(x-OEP) approximation, where correlation is completely
neglected; one can consider the resulting KS equation as
a local approximation of the HF equation. This has to be
understood in the sense that the x-OEP potential represents
the local exchange potential for which the solutions of the KS
equation give the lowest energy. The x-OEP method requires
the simultaneous solution of the KS equation and an additional
integral equation for the calculation of the local exchange
potential. This rather demanding computational scheme can
be simplified, however, by an accurate approximation of
the integral equation suggested by Krieger et al. (KLI).18

Typically, HF and x-OEP ground-state energies are very
close; however, they are not the same.19–21 The reason is
simple:20,22 in both cases, a variational optimization of the
same exchange energy functional is performed. In the HF
method, the optimization is performed with respect to the
orbitals, while in the x-OEP method, the optimization is
performed with respect to the exchange potential, which is
requested to be local. Since in the x-OEP method an extra
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constraint is then fulfilled, the variational ground-state HF
energy is always lower than the one resulting from the
x-OEP constrained optimization. As we show below, this
important distinction between HF and x-OEP ground-state
energies is strictly satisfied in our self-consistent calculations
for metallic jellium slabs. Comparative numerical studies of
HF and x-OEP calculations for atoms, molecules, and solids
have been reported in the literature and have demonstrated
good agreement for a large variety of properties.16,22,23 Here,
we want to include in this list our metallic jellium slab system,
and explore whether a careful, thorough numerical study of
such a paradigmatic system may reveal those quantities, if
any, which differ significantly between HF and x-OEP.

For the case of extended (periodic) systems, a serious
shortcoming of the HF electronic band structure has been
already proved.24 On rather general grounds, it was found
that the HF density of states (DOS) of real metallic systems
beyond the homogeneous electron gas displays an improper
singularity at the Fermi energy. This leads to a vanishing of
the DOS at the Fermi surface, regardless of the Fermi-surface
shape. The result applies to extended (periodic) systems in
three dimensions (3D), 2D, and 1D. As we will show below,
it also applies to our slab metallic system, which is finite
(nonperiodic) in the slab coordinate, but is infinite in the
perpendicular (in-plane) directions.

In our previous work, we separately studied jellium slabs
within the x-OEP25,26 and HF27 approximations. Now, we
present a detailed HF versus x-OEP study for jellium slabs,
which represents an important benchmark problem in DFT.
Such a comparison is of particular interest with regard to the
marked differences in the energy-band structure of jellium
slabs for these approximations (cf. Ref. 27), which originate
from the different character of the HF and x-OEP exchange
potentials. The most striking feature is the fact that HF energy
bands are perpendicular to the Fermi surface, resulting in a
vanishing of the density of states at the Fermi energy. Now, we
want to investigate how these differences in the band structure
actually affect observable slab quantities, such as the electron
density, surface energy, dipole barrier, and work function. In
particular, we compare individual contributions to the surface
energy and study a localized exchange potential for HF that
represents a major exchange contribution.

We consider a neutral spin unpolarized jellium slab of finite
width L along the z direction, with two large parallel surfaces
on the x-y plane, each of area S. At a final stage, the limit
S → ∞ has to be taken. If not otherwise mentioned, atomic
units are used throughout our paper.28 A positive background
charge density of the slab,

ρ+(z) =
{

ρ0, |z| � L/2,

0, |z| > L/2,
(1.1)

guarantees charge neutrality.29 Due to translational symmetry
in the directions parallel to the surfaces, the HF normalized
orbitals are of the form

ψHF
n,k‖(r‖,z) = eik‖·r‖

√
S

ξHF
n,k‖(z), with

∫ ∞

−∞
dzξHF

n,k‖ (z)∗ξHF
n′,k‖(z) = δn,n′ , (1.2)

where the perpendicular component ξHF
n,k‖ (z) of the orbitals

depends on the parallel momentum k‖ because of the nonlocal
character of the exchange potential, and n is a slab discrete
level (SDL) quantum number, which is a consequence of the
finite slab size along the z direction and its associated energy
quantization. In the limit S → ∞, the slab becomes fully
isotropic with respect to the parallel directions and therefore
ξHF
n,k‖(z) depends only on the scalar momentum k‖.27 This kind

of coupling is absent in effective one-particle formulations
with purely local potentials, such as DFT, where only a local
exchange-correlation potential appears in the Kohn-Sham
(KS) equations. Thus, for x-OEP normalized orbitals, the
ansatz can be further simplified according to

ψOEP
n,k‖ (r‖,z) = eik‖·r‖

√
S

ξOEP
n (z), with

∫ ∞

−∞
dzξOEP

n (z)∗ξOEP
n′ (z) = δn,n′ , (1.3)

allowing a complete decoupling of the wave function along
the x-y plane and the z direction.

The magnitudes of electronic properties typically show
a damped oscillatory behavior with periodicity λF /2 with
respect to the effective width L + δ of a jellium slab.25,27

Here λF := 2π/kF denotes the Fermi wavelength of the bulk29

and δ represents a shift parameter that takes into account
the leakage of electron density at the jellium surface. For a
detailed discussion of the underlying mechanism, we refer
to Refs. 30 and 31. We have adjusted the parameter δ for
HF calculations at bulk densities rs = 2, 4, and 6, such that
integer values of 2(L + δ)/λF correspond to critical values
where an unoccupied band touches the Fermi surface.27 For
rs = 2, 4, and 6, the parameter δ assumes values of 0.327,
−1.244, and −2.947 a0, respectively. Both the HF and x-OEP
results presented below were performed under self-consistent
conditions. This means that when inserting either HF or x-OEP
orbitals in expressions for physical properties, such as the
electron density, the electrostatic and exchange potentials, the
work function, and the dipole barrier, in all cases the orbitals
were the output of associated self-consistent calculations. For
details about how these numerical calculations were actually
performed, see Ref. 25 (x-OEP) and Ref. 27 (HF).

As an example of these self-consistent calculations, in Fig. 1
we display the band structure of a jellium slab with rs = 2
(left) and rs = 6 (right), in the three different approximations
discussed in this work: x-LDA (local density approximation)
(upper panel), HF (middle panel), and x-OEP (lower panel).
By x-LDA we mean that in the KS equations the actual
exchange potential is approximated at this point by the
exchange potential of a uniform electron gas with the local
density, i.e., V LDA

x (z) = −[3ρx−LDA(z)/π ]1/3. For x-LDA and
x-OEP, εn,k‖ = εn + k2

‖/2, with εn being the KS eigenvalues
that are the output of the self-consistent x-LDA calculation
(upper panel), or a self-consistent x-OEP calculation (lower
panel). For the HF case, no such decoupling exists for the
self-consistent eigenvalues, and εn,k‖ = εn(k‖) + k2

‖/2. There
are two interesting features to be noticed from this figure,
more clearly displayed in the low-density case (rs = 6). First
is the large slope of the occupied HF eigenvalues every time
they cross the HF Fermi energy εHF

F . This is a well-known
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FIG. 1. Self-consistent band structure of a jellium slab with rs =
2 (left), rs = 6 (right), and width 2(L + δ)/λF = 8.5. Upper panel, x-
LDA; middle panel, HF; lower panel, x-OEP. Full lines correspond to
the dispersion curves εn,k‖ in each approximation. Horizontal dashed
lines correspond to Fermi energies. The zero of energies is at the
vacuum level; kF and εF are defined in terms of the background
jellium density ρ0 (Ref. 29). k

(m)
F and q

(m)
F are defined in the text.

property of the homogeneous three-dimensional electron gas
in the HF approximation,32 which, as discussed above, has
been found valid also under much more general conditions.24

As a consequence, and again as in the electron gas and metallic
extended systems, the slab DOS is very small when evaluated
at εHF

F .33 On the other hand, both x-LDA and x-OEP band
structures show no anomalous features at the Fermi level. The
second point worth addressing is the very large bandwidth of
the HF band structure, as compared with the bandwidth of the
x-LDA and x-OEP calculations. By estimating the bandwidth
as the difference εm,k‖=0 − ε1,k‖=0, with m (1) corresponding
to the highest (lowest) occupied SDL, the HF bandwidth for
the case rs = 6 is about a factor of four greater than the x-LDA
and x-OEP bandwidths. The number of occupied SDLs is the
same in the three cases, which means that the average energy
spacing between SDLs is again about a factor of four greater
in the HF band structure. Physically, this anomalous, large HF
bandwidth is a consequence of the fact that the HF DOS is very
small at the Fermi level, and, by continuity, also small around
it; in other words, the HF band structure is such that it needs a
larger window of available states in order to accommodate the
same number of electrons in the slab, as compared with the
other two local approximations to the exchange. Remarkably,
as we will see below, this completely different band structure of
nonlocal and local treatments of the exchange does not emerge
at all in most of the physical slab properties considered here.34

II. HF AND x-OEP ELECTRONIC STRUCTURE OF
JELLIUM SLABS: COMPARISON OF LOCAL

PROPERTIES

In this section, we compare HF and x-OEP local quantities
related to the electronic structure of jellium slabs such as the

electron densities, the electrostatic potentials, as well as the
corresponding exchange potentials. Given the nonlocality of
the HF exchange potential, we have used an averaged HF
exchange potential due to Slater that can be considered as its
natural localization.

A. Electron density, Friedel oscillations,
and the electrostatic potential

The HF number-electron density in the limit S → ∞
becomes

ρHF(z) = 1

π

m∑
n=1

∫
k‖�k

(n)
F

k‖dk‖|ξHF
n,k‖(z)|2, (2.1)

where k
(n)
F denotes the Fermi momentum in the parallel

directions associated with the discrete quantum number n (see
Fig. 1). The integration of ρHF(z) over the z coordinate yields
the charge-neutrality condition

m∑
n=1

[
k

(n)
F

]2 = 2πρ0L, (2.2)

which in turn defines the HF Fermi energy εHF
F (L,rs), and

through it, k
(n)
F . The dependence of εHF

F (L,rs) on L and rs

comes from Eq. (2.2), since ρ0 ∝ r−3
s . For x-OEP, and due to

the decoupling between k‖ and n [see Eq. (1.3)], the integral
over k‖ in Eq. (2.1) can be calculated explicitly as

ρx−OEP(z) = 1

2π

m∑
n=1

[
q

(n)
F

]2∣∣ξOEP
n (z)

∣∣2
. (2.3)

Here, q(n)
F =

√
2(εOEP

F − εn), with εOEP
F (L,rs) being the x-OEP

Fermi energy, and εn being the KS x-OEP eigenvalues.25

The integration of ρx−OEP(z) along z yields the same charge-
neutrality condition of Eq. (2.2), but with k

(n)
F replaced by q

(n)
F .

In both cases, the sum over index n runs only over occupied
slab energy levels (1 � n � m). The x-LDA slab density
ρx−LDA(z) is given by the same expression (2.3), but evaluated
with the self-consistent x-LDA orbitals, KS eigenvalues, and
Fermi energy.35

Figure 2 shows the perpendicular density profile for bulk
densities rs = 2 and rs = 6 obtained from HF, x-OEP, and
x-LDA calculations for slab widths L given by 2(L + δ)/λF =
8.5. For the self-consistent HF calculations, this value is
roughly in the middle between two critical slab widths where
a formerly unoccupied band crossed the Fermi surface. It can
be seen that the Friedel oscillations near the metal-vacuum
interface have considerably smaller amplitude for x-LDA than
for HF and x-OEP. Actually, the Friedel oscillations for HF
and x-OEP are quite similar. The close similarity between
the HF and x-OEP densities have been already discussed
in Refs. 20(a) and 23, within the context of calculations of
the electronic structure of finite (atomic) systems. A closer
inspection shows that the HF oscillations are slightly stronger
and decay less rapidly inside the slab than for x-OEP. Plotted
in the normalized units ρ0 and λF , it is clear that the relative
amplitude of the Friedel oscillations in the electronic density
increases with decreasing density.36 As exchange effects also
become larger (in a relative sense) by decreasing the density,
one should conclude that the exchange enhances the amplitude
(and range) of the oscillations.
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FIG. 2. (Color online) x-OEP (full line), HF (dotted line), and x-LDA (dashed line) density profiles of a jellium slab of width 2(L + δ)/λF =
8.5, for bulk densities rs = 2 (left) and rs = 6 (right). The slab center is at z = 0. In all cases, the density has been normalized with the “bulk”
density ρ0. The inset shows an enhanced view of the jellium interface.

The differences in the electron density for x-LDA, HF, and
x-OEP reflect themselves in the electrostatic potential,37

ϕi(z) := −2π

∫ ∞

−∞
dz′[ρi(z

′) − ρ+(z′)]|z − z′|, (2.4)

which represents a convolution of the corresponding electron
densities relative to the background charge (i = x-LDA, x-
OEP, and HF). Figure 3 shows the electrostatic potential for a
slab of width L given by 2(L + δ)/λF = 8.5, for bulk densities
rs = 2 and rs = 6. It can be seen that the oscillations of the
electrostatic potential inside the slab are stronger for HF and
x-OEP than for x-LDA. This is easy to understand since the
difference ρi(z) − ρ+(z) is the smallest in the i = x-LDA
case, leading to a ϕx−LDA(z) with oscillations of smaller
amplitude than HF and x-OEP. On a minor scale, once again
the oscillations for HF are slightly stronger than for x-OEP.
As compared with the “bulklike” value of the electrostatic
potential at the slab center, the amplitude of the oscillations

close to the jellium-vacuum interface strongly increases by
decreasing the background density.

B. HF versus OEP exchange potentials

The nonlocal character of the HF exchange potential
hampers a direct comparison with the corresponding local
x-OEP potential. However, it is possible to compare an
important part of it, as introduced by Slater3 as a local
approximation of the HF exchange. Following Kleinman,38

we denote it as the average Fock approximation (AFA), in
order to avoid possible confusion with other local exchange
approximations attributed to Slater. For a general closed-shell
system, the AFA exchange potential is given by

VAFA(r) := − 2

ρ(r)

occ∑
α,β

∫
d3r ′ψ∗

α (r)ψβ(r)

× 1

|r − r′|ψ
∗
β (r′)ψα(r′), (2.5)
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FIG. 3. (Color online) x-OEP (full line), HF (dotted line), and x-LDA (dashed line) electrostatic potentials of a jellium slab of width
2(L + δ)/λF = 8.5, for bulk densities rs = 2 (left) and rs = 6 (right). The inset shows an enhanced view of the vacuum-jellium interface.
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with ψα(r) being generic three-dimensional orbitals, and ρ(r)
being their associated density. By replacing the jellium HF
orbitals of Eq. (1.2) in VAFA(r), one obtains

V HF
AFA(z) = − 1

4π3ρHF(z)

m∑
n,n′=1

∫
k‖�k

(n)
F

d2k‖
∫

k‖′�k
(n′)
F

d2k‖′

×
∫ ∞

−∞
dz′ξHF

n,k‖ (z)∗ξHF
n′,k′

‖
(z)

× e−|k‖−k′
‖| |z−z′ |

|k‖ − k′
‖|

ξHF
n′,k′

‖
(z′)∗ξHF

n,k‖ (z
′). (2.6)

However, the replacement of the x-OEP jellium orbitals of
Eq. (1.3) in VAFA(r) yields39

V x−OEP
AFA (z) = −

m∑
n,n′=1

ξOEP
n (z)∗ξOEP

n′ (z)

πρx−OEP(z)

∫ ∞

−∞
dz′ξOEP

n′ (z′)∗

× g
(
q

(n)
F �z,q

(n′)
F �z

)
�z3

ξOEP
n (z′), (2.7)

with �z = |z − z′|, and

g(s,s ′) = ss ′
∫ ∞

0

J1(st)J1(s ′t)

t
√

1 + t2
dt, (2.8)

where J1 denotes the cylindrical Bessel function of the first
order. Despite its original definition in terms of occupied
orbitals, AFA can be considered as a functional derivative
of an exchange energy functional with respect to the electron
density.38 On the other hand, for the local x-OEP potential,
the following well-known decomposition will be used in our
analysis later on:40

Vx(z) = Vx,1(z) + Vx,2(z), (2.9)

where

Vx,1(z) =
m∑

n=1

(
q

(n)
F

)2∣∣ξOEP
n (z)

∣∣2

4πρx−OEP(z)

{
un

x(z) + �V
n

x + c.c.
}
,

(2.10)

and

Vx,2(z) = − 1

2πρx−OEP(z)

m∑
n=1

(
εOEP
F − εn

)[(
q

(n)
F

)2
n(z)

× ξOEP
n (z)∗ +  ′

n(z)ξ ′OEP
n (z)∗ + c.c.

]
, (2.11)

with primes denoting derivatives with respect to the z coordi-
nate. Also,

un
x(z) = 4π

S
(
q

(n)
F

)2
ξOEP
n (z)∗

δEx

δξOEP
n (z)

= − 2(
q

(n)
F

)2

m∑
n′=1

ξOEP
n′ (z)∗

ξOEP
n (z)∗

×
∫ ∞

−∞
dz′ ξ

OEP
n (z′)∗g

(
q

(n)
F �z,q

(n′)
F �z

)
ξOEP
n′ (z′)

(�z)3
,

(2.12)

and

n(z) =
∑

n′(	=n)

ξOEP
n′ (z)

(εn − εn′ )

∫ ∞

−∞
dz′ξOEP

n′ (z′)∗�V n
x (z′)ξOEP

n (z′).

(2.13)

Here, �V n
x (z) := Vx(z) − un

x(z), and mean values are defined
as O

n
:= ∫

dzξn(z)∗On(z)ξn(z). This set of equations plus
the constraint �V

m

x = 0 completely determines Vx(z). In
the standard literature, the un

x(z) are denoted as the orbital-
dependent exchange potentials, and the n(z) are denoted as
the (exchange) “shifts,” as they can be physically interpreted
as the first-order corrections of the x-OEP KS eigenfunctions
ξOEP
n (z) under the perturbation �V n

x (z).41 If the shifts n(z)
are (arbitrarily) forced to be identically equal to zero, then
the only term that survives is Vx,1(z). This is exactly the
KLI approximation, which brings the identification Vx,1(z) =
V KLI

x (z).42 Finally, by neglecting the contribution proportional
to �V

n

x in the definition of Vx,1(z), it reduces to the V x−OEP
AFA (z)

defined previously. From this point of view, V x−OEP
AFA (z) [and

also V HF
AFA(z)] may be considered as the leading contribution to

the full exchange potential as given in Eq. (2.9).
Figure 4 shows the profile of V HF

AFA(z), V x−OEP
AFA (z), and Vx(z)

for bulk densities rs = 2 and rs = 6, obtained from the HF and
x-OEP self-consistent calculations for a slab of width given
by 2(L + δ)/λF = 8.5. It can be seen that the AFA exchange
potentials obtained with the HF and x-OEP orbitals are very
similar. On the other hand, Vx(z) is less deep than the other two
potentials, as they clearly approach different limiting values
in the region close to the slab center (z ∼ 0). These different
limiting values are easily obtained in the truly bulklike limit
of z → − ∞, corresponding to a slab infinitely wide. In this
case,43

V HF
AFA(z → −∞) = V x−OEP

AFA (z → −∞) = −3

4

(
18

π2

)1/3 1

rs

,

(2.14)

and44

Vx(z → −∞) = −1

2

(
18

π2

)1/3 1

rs

. (2.15)

Note that V HF
AFA(z → −∞) = V x−OEP

AFA (z → −∞) =
(3/2)Vx(z → −∞). For rs = 2, we obtain VAFA(z → −∞) �
−0.458 H, Vx(z → −∞) � −0.305 H, while for rs = 6,
VAFA(z → −∞) � −0.153 H, Vx(z → −∞) � −0.102 H.
These bulklike values agree reasonably well with the values
of the three exchange potentials for the region close to the slab
center. However, the two AFA exchange potentials are much
closer to their limiting bulk values than Vx(z). As discussed
elsewhere, Vx(z) is much more sensitive to the finite slab size
than the other two, with the difference stemming mainly from
the different boundary conditions that they satisfy.25 Besides
this difference in strength, inside the slab Vx(z) shows slightly
stronger oscillations than the AFA potentials. Asymptotically,
far on the vacuum side (z � λF ,L), all three potentials
exactly decay as −1/z. For V x−OEP

AFA (z) and Vx(z), this has
been shown in Ref. 26; for V HF

AFA(z), see Appendix A. Note
that at the leading order, this asymptotic limit is “universal,”
that is, it is valid for slabs of any size and density. The slab
material dependence only appears in terms beyond the quoted
leading order.
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FIG. 4. (Color online) Slater’s AFA exchange potential calculated with HF [V HF
AFA(z), dotted line] and x-OEP [V x−OEP

AFA (z), full line] occupied
orbitals for a jellium slab of width L with 2(L + δ)/λF = 8.5, for bulk densities rs = 2 (left) and rs = 6 (right). For comparison, the full x-OEP
potential Vx(z) (dashed line) is shown.

III. SURFACE ENERGIES, DIPOLE BARRIERS, AND
WORK FUNCTIONS

Our comparative study of the electron number density,
electrostatic and AFA exchange potentials revealed a good
agreement between the HF and x-OEP approximations for
these local properties. It remains to be seen whether global
properties of jellium slabs agree as well. We have calculated
the surface energy σ i(L,rs) of a jellium slab (i = x-LDA,
x-OEP, HF) according to the formula25,27

σ i(L,rs) := lim
S→∞

Ei
slab(L,rs) − Ebulk(L,rs)

2S
, (3.1)

and considered various contributions to it separately.45

Here, Ei
slab(L,rs) is the total ground-state energy for a

slab of width L and parameter density rs , and Ei
slab(L,

rs) = Ei
slab,K (L,rs) + Ei

slab,el(L,rs) + Ei
slab,x(L,rs), with

Ei
slab,K (L,rs), Ei

slab,el(L,rs), and Ei
slab,x(L,rs) being the kinetic

(K), electrostatic (el), and exchange (x) contributions to the
slab total energy, respectively.25,27 Ebulk(L,rs) is the total
ground-state bulk energy, which is proportional to the size of
the system (∝LS).45 Under this splitting, Eq. (3.1) may in
turn be written as

σ i(L,rs) = σ i
K (L,rs) + σ i

el(L,rs) + σ i
x(L,rs), (3.2)

where σ i
K (L,rs) is the kinetic contribution to the surface

energy, σ i
el(L,rs) is the electrostatic surface energy due to

all noncompensated positive and negative charge distributions
in the slab, and σ i

x(L,rs) is the exchange contribution to the
surface energy. From elementary physical arguments, it fol-
lows that σ i

K (L,rs) < 0, while σ i
el(L,rs) and σ i

x(L,rs) are both
positive.46 The results for our favorite slab width L given by
2(L + δ)/λF = 8.5 for bulk densities rs = 2, 4, and 6 are listed
in Table I. It can be seen that the surface energy decreases in the
order σx−LDA(L,rs) > σx−OEP(L,rs) > σ HF(L,rs) for all three
densities. It is interesting to point out that in all of the cases we
have studied, σx−OEP(L,rs) is slightly higher than σ HF(L,rs).
This is just a manifestation of the fact that Ex−OEP

slab � EHF
slab, due

to the extra constraint that is present in the OEP variational

optimization derivation of Vx(z), as compared with the HF
case. The fact that our calculations are able to resolve this
minute difference between the x-OEP and HF total energies,
which are two very large numbers compared to the surface
energies, is an indication of their high accuracy. The individual
contributions obey regular patterns as well, i.e., exchange
contribution σx−LDA

x (L,rs) > σx−OEP
x (L,rs) > σ HF

x (L,rs) and
kinetic energy σx−LDA

K (L,rs) < σx−OEP
K (L,rs) < σ HF

K (L,rs).
In summary, the differences in the surface energy between
the three approximations are rather small.

Another quantity of interest is the dipole barrier36 for
jellium slabs,

��i := ϕi(z → ∞) − ϕi(z = 0)

= 4π

∫ ∞

0
dz [ρi(z) − ρ+(z)] z dz, (3.3)

TABLE I. Surface energy σ (L,rs), dipole barrier ��(L,rs), and
work function W (L,rs) of jellium slabs at bulk electron densities
rs = 2, rs = 4, and rs = 6, with slab widths (L) given by 2(L +
δ)/λF = 8.5. Various contributions to the surface energy are given
separately: σx (exchange), σK (kinetic), and σes (electrostatic).

σx σK σes σ �� W

(erg/cm2) (erg/cm2) (erg/cm2) (erg/cm2) (eV) (eV)

rs = 2, δ = 0.327 a0

x-LDA 2756 −5737 1405 −1576 7.09 2.88
x-OEP 2686 −5611 1338 −1587 7.01 3.80
HF 2637 −5571 1323 −1611 6.94 2.48

rs = 4, δ = −1.244 a0

x-LDA 183 −170 47 60 1.14 2.17
x-OEP 167 −156 45 56 1.15 2.72
HF 154 −152 45 47 1.14 2.02

rs = 6, δ = −2.947 a0

x-LDA 33.1 −13.5 9.2 28.8 0.25 1.63
x-OEP 25.8 −10.6 11.7 26.9 0.28 2.03
HF 19 −8 12 23 0.28 1.55
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which corresponds to the difference of the electrostatic
potential at infinity (far on the vacuum side) and at the center
of the slab. The HF, x-OEP, and x-LDA dipole barriers are
in good agreement for different bulk densities, as can be seen
from Table I, which means that the much stronger Friedel
oscillations of the electrostatic potential in HF and x-OEP
compared with x-LDA do not essentially affect this global
quantity.

It has already been mentioned in Sec. I that the HF band
structure differs significantly from the x-OEP and x-LDA band
structures. The most sensitive quantity to probe the electronic
structure close to the Fermi surface is the work function
that represents the energy necessary to remove an electron to
infinity. Since relaxation effects are negligible for an infinitely
extended slab, Koopmans’ theorem can be applied to obtain
the HF work function without further approximation.47 On
the other side, in the context of DFT, exists the “ionization-
potential theorem,” according to which the energy of the
highest occupied KS orbital (usually denoted HOMO) equals
the negative of the ionization potential; this theorem is exact
for the exact exchange-correlation functional.48 And since the
ionization potential is the equivalent of the work function for
a solid-state system, in both cases the work function therefore
corresponds to minus the corresponding Fermi energies, i.e.,

Wi(L,rs) = −εi
F (L,rs), (3.4)

with i = x-LDA, HF, and x-OEP. Through the Fermi-level
energies, the slab work function becomes slab-size and density
dependent. Contrary to the other quantities discussed before,
we observed large differences among all three approximations.
In particular, the difference between HF and x-OEP work
functions becomes very large, as can be seen in Table I. To the
best of our knowledge, this is the largest discrepancy between
HF and x-OEP properties that has been observed so far. For
example, atomic HF and x-OEP ionization energies reported
in the literature49 are in good agreement with each other.

In order to see how the difference between HF and x-OEP
work functions depends on the slab width, we performed
calculations at other values of L for the bulk density rs = 4
as well. The results are listed in Table II; here slab widths
alternatively correspond to critical values at which a new
SDL becomes occupied and intermediate values at which no
changes in the number of occupied SDLs occur in their close
neighborhood. As before, surface energies and dipole barriers
agree well for HF and x-OEP, independent of the slab width. It
can be seen that the HF work function remains almost constant
for the slab widths under consideration. This is not, however,
the case for the x-OEP work function Wx−OEP(L,rs), which
strongly oscillates, as can be seen from Fig. 5, where we have
plotted Wx−OEP(L,rs) versus the slab width. The abrupt change
displayed by Wx−OEP(L,rs) every time 2(L + δ)/λF is close
to an integer value is associated with the change in the number
of occupied SDLs in the x-OEP electronic band structure.
This discontinuous change is not present either in the HF work
function or in the x-LDA work function, which presents a
much smaller dependence on the slab size.50

In order to obtain a better insight into this phenomenon,
we can proceed as follows. A convenient definition for the HF

TABLE II. Surface energy σ (L,rs), dipole barrier ��(L,rs), and
work function W (L,rs) of jellium slabs at bulk electron density rs = 4
with slab widths (L) given by 2(L + δ)/λF with δ = −1.244 a0.
Various contributions to the surface energy are given separately: σx

(exchange), σK (kinetic), and σes (electrostatic).

σx σK σes σ �� W

(erg/cm2) (erg/cm2) (erg/cm2) (erg/cm2) (eV) (eV)

2(L + δ)/λF = 9.5
x-OEP 166 −156 45 55 1.12 2.67
HF 147 −147 49 49 1.09 2.01

2(L + δ)/λF = 10.0
x-OEP 153 −149 45 49 1.12 2.86
HF 134 −142 48 40 1.08 1.99

2(L + δ)/λF = 10.5
x-OEP 164 −155 45 54 1.13 2.63
HF 146 −147 49 48 1.12 2.00

2(L + δ)/λF = 11.0
x-OEP 153 −149 45 49 1.07 2.80
HF 133 −141 49 41 1.07 1.99

2(L + δ)/λF = 11.5
x-OEP 163 −154 45 54 1.11 2.60
HF 146 −147 49 48 1.09 2.01

work function is

WHF(L,rs) = −ε
m,k

(m)
F

(L,rs). (3.5)

The index m corresponds to the number of oc-
cupied SDLs, and as ε1,k

(1)
F

(L,rs) = ε2,k
(2)
F

(L,rs) = · · · =
ε
m,k

(m)
F

(L,rs) = εHF
F (L,rs), this is equivalent to WHF(L,rs) =

−εHF
F (L,rs), as above. After a few manipulations with the HF

slab Schrödinger equation, we obtain

WHF(L,rs) = WHF
K (L,rs) + WHF

el (L,rs) + WHF
x (L,rs), (3.6)

8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5
2 ( L+ δ ) / λ

F

1.5

2.0

2.5

3.0

W
 (

 L
, r

s )
 (

 e
V

 )

r
s
 = 4.00

FIG. 5. x-OEP (full line) and x-LDA (dashed line) work functions
of a jellium slab vs slab width 2(L + δ)/λF , with δ = −1.244 a0, for
bulk density rs = 4. Values of the HF work function WHF(L,4) are
given at selected slab widths (dots).
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with

WHF
K (L,rs) = 1

2

∫ ∞

−∞
dzξHF

m,k
(m)
F

(z)∗
d2

dz2
ξHF
m,k

(m)
F

(z) − 1

2

(
km
F

)2
,

WHF
el (L,rs) = −

∫ ∞

−∞
dzϕHF(z)

∣∣ξ
m,k

(m)
F

(z)
∣∣2

,

WHF
x (L,rs) =

m∑
n=1

∫
k′
‖�k

(n)
F

d2k‖′
∫ ∞

−∞
dz

∫ ∞

−∞
dz′ξHF

m,k
(m)
F

(z)∗

× ξHF
n,k′

‖
(z)ξHF

m,k
(m)
F

(z′)ξHF
n,k′

‖
(z)∗

e−|k‖−k′
‖|∗ |z−z′ |

2π |k‖ − k′
‖|∗

,

(3.7)

and |k‖ − k′
‖|∗ = |(k(m)

F )2 − 2k
(m)
F k′

‖ cos θ + k′
‖

2|1/2.
On the other hand, considering that the x-OEP KS equation

is given by[
−1

2

d2

dz2
+ VKS(z)

]
ξOEP
n (z) = εnξ

OEP
n (z), (3.8)

with VKS(z) = ϕx−OEP(z) + Vx(z), we obtain

εn =
∫ ∞

−∞
dzξOEP

n (z)∗

×
[
−1

2

d2

dz2
+ ϕx−OEP(z) + Vx(z)

]
ξOEP
n (z). (3.9)

Using this equation for the case n = m, the x-OEP work
function now is

Wx−OEP(L,rs) = − εOEP
F (L,rs) = −

[
εm(L,rs) + q

(m)
F

2

2

]

= Wx−OEP
K (L,rs) + Wx−OEP

el (L,rs)

+Wx−OEP
x (L,rs). (3.10)

Here, Wx−OEP
K (L,rs) and Wx−OEP

el (L,rs) are given by the same
expressions as in Eq. (3.7), but replacing the HF orbitals by the
x-OEP orbitals, that is, k

(m)
F by q

(m)
F and ϕHF(z) by ϕx−OEP(z).

Besides,

Wx−OEP
x (L,rs) = −

∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
Vx(z). (3.11)

Now, for n = m, we have the important x-OEP boundary
condition,40

V
m

x = um
x →

∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
Vx(z)

=
∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
um

x (z). (3.12)

Using this condition in Eq. (3.11) to eliminate Vx(z) in favor
of um

x (z), we obtain

Wx−OEP
x (L,rs) = −

∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
um

x (z). (3.13)

It is worth addressing here that this equation is only valid
for the highest occupied OEP SDL. Its usefulness lies in the
fact that while for Vx(z) we do not have an explicit expression,
for um

x (z) we do have an explicit expression, in terms of the
self-consistent KS OEP orbitals [see Eq. (2.12)].

The difference between both work functions is then given
as

Wx−OEP(L,rs) − WHF(L,rs)

= Wx−OEP
K (L,rs) − WHF

K (L,rs) + Wx−OEP
el (L,rs)

−WHF
el (L,rs) + Wx−OEP

x (L,rs) − WHF
x (L,rs). (3.14)

Results for the HF and x-OEP work functions for several slab
sizes and background densities are given in Table III. The first
two rows correspond to narrow slabs, with only one occupied
SDL (m = 1), both in the HF and x-OEP approximations.
The last three rows, corresponding to wider slab sizes, have a
band structure with nine occupied SDLs (m = 9), once again
both in the HF and x-OEP approximations. The values for the
different contributions to the work function show a general
trend: WHF

K (L,rs) is quite similar to Wx−OEP
K (L,rs) in all

cases, and the same applies to WHF
el (L,rs) and Wx−OEP

el (L,rs).
On the other hand, the differences between WHF

x (L,rs)
and Wx−OEP

x (L,rs) are noticeable, and account for most
of the differences between both work functions (see last
two columns of the table). In terms of Eq. (3.14), this
corresponds to an almost complete cancellation of the first
line on the right-hand side (rhs). In order to understand
why WHF

x (L,rs) and Wx−OEP
x (L,rs) are very different, it is

important to note that Wx−OEP
x (L,rs) is mainly responsible

for the strong finite-size oscillations in Wx−OEP(L,rs). As
explained in detail in Appendix B, Wx−OEP

x (L,rs) has abrupt
(discontinuous) changes as a function of L every time a new
SDL becomes occupied (or emptied). This feature is absent in
WHF

x (L,rs), and explains the large differences between both
work functions allowed above. It also largely explains the
noticeable differences between Wx−OEP(L,rs) and WHF(L,rs)
shown in Fig. 5. Also, looking at the corresponding expressions
for WHF

x (L,rs) [Eq. (3.7)] and for Wx−OEP
x (L,rs) [Eq. (3.13)],

it is clear that another difference comes from the fact that in the
HF case, there is an intrinsic coupling between the parallel and
perpendicular degrees of freedom, which does not exist in the
x-OEP case.

The general results discussed here, namely, εHF
F =

− WHF 	= εOEP
F = − Wx−OEP, do not contradict the result

found in Ref. 18 for finite systems, which amounts to the
establishment of the equivalence of the HOMO energies cor-
responding to either the HF or x-OEP Hamiltonians. However,
in both cases, the expectation values of the corresponding
Hamiltonians are taken by using the same KS x-OEP HOMO
orbitals. In our case, this will allow us to replace the HF
orbitals ξHF

m,k
(m)
F

(z) by the x-OEP orbitals ξOEP
m (z) in Eq. (3.7).

So, the expression in Eq. (3.7) reduces in to the corresponding
magnitudes in Eq. (3.10), and we arrive at the same conclusion
as in Ref. 18.

While we can explain why we have an important
discrepancy between Wx−OEP(L,rs) and WHF(L,rs) for
narrow or not-quite-wide slabs (L ∼ λF ), we argue now that
they approach a very similar asymptotic value in the limit of
wide slabs (L � λF ), as shown by the Wx−OEP values given
between parentheses in Table III. As explained in Ref. 25,
they correspond to the infinite-width slab extrapolated x-OEP
work functions. Considering the tiny slab-size oscillations
shown by WHF(L,rs) in Fig. 5, they can also be considered as
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TABLE III. Comparison of HF and x-OEP work functions for selected slab sizes and densities. Extrapolated semi-infinite (L � λF ) values
of the x-OEP work function are given as superscript numbers between parentheses for the three densities considered.25

HF x-OEP

WK Wel Wx W WK Wel Wx W Wx−OEP
x − WHF

x Wx−OEP − WHF

2(L+δ)
λF

,rs (eV) (eV) (eV) (eV) (eV) (eV) (eV) (eV) (eV) (eV)

0.15, 2 −3.76 2.68 4.47 3.39 −3.82 2.72 6.96 5.86 (2.64) 2.49 2.46
0.30, 2 −6.71 3.76 5.99 3.04 −6.82 3.81 9.32 6.31 (2.64) 3.33 3.27
8.50, 2 −9.59 5.37 6.69 2.47 −9.60 5.36 8.04 3.80 (2.64) 1.36 1.34
8.50, 4 −2.81 1.08 3.75 2.02 −2.77 1.07 4.42 2.72 (2.11) 0.67 0.70
8.50, 6 −1.30 0.29 2.56 1.55 −1.28 0.30 3.01 2.03 (1.61) 0.46 0.47

good estimates of the HF work function in the large-width slab
limit. Proceeding in this way, the difference Wx−OEP(L →
∞,rs) − WHF(L → ∞,rs) may be estimated to be 0.16 eV
(rs = 2), 0.09 eV (rs = 4), and 0.06 eV (rs = 6). Given the fact
that in both cases the values adopted for Wx−OEP(L � λF ,rs)
and WHF(L � λF ,rs) are just estimates of the true asymptotic
values, the possibility that both are the same in the semi-infinite
limit cannot be disregarded. This is of course a conjecture
that can only be answered unambiguously by performing the
corresponding x-OEP and HF calculations in a semi-infinite
geometry.51

IV. CONCLUSIONS

Orbital-dependent exchange-correlation functionals play
a major role in recent developments of DFT aiming to
overcome essential shortcomings of the well-established LDA
and density-gradient corrected functionals. In principle, these
orbital-dependent functionals can be applied in different
manners. For instance, for the exchange contribution, two well-
known alternatives exist. The first alternative is to optimize the
exchange functional with respect to the orbitals yielding the
nonlocal HF exchange potential that can be directly added
to the KS equation. The second alternative is to take the
functional derivative with respect to the density and obtain
a corresponding local x-OEP potential. For different reasons,
both approaches are computationally more demanding than
any standard local approximation to the exchange. Therefore, it
is interesting to see what the differences and common features
of these two approaches are. Within the present work, we
have studied this problem for jellium slabs using the HF
and x-OEP approximations. It turned out that for almost all
ground-state physical properties under consideration, good
agreement has been observed between the HF and x-OEP
results. In particular, we have compared the corresponding
electronic densities, electrostatic and averaged exchange
potentials, dipole barriers, and surface energies. Significant
deviations have been observed for the work functions of
finite slabs only. This is a special feature of the jellium slab
geometry, where the nonlocal character of the HF exchange
potential causes a coupling of the momentum parallel to
the slab surface with the perpendicular component of the
orbitals.

Similarly, the random phase approximation (RPA) for
the correlation functional can be either applied in a post-

DFT manner by taking KS orbitals from some approximate
functional, or it can be handled within the OEP scheme
generating a corresponding local RPA correlation potential.
It will be interesting to further extend our slab exchange-only
results to include correlation effects along these lines, and
compare both approaches once again.

APPENDIX A: ASYMPTOTIC BEHAVIOR OF HF-AFA
POTENTIAL

In this Appendix, we want to discuss the asymptotic
behavior of the HF-AFA exchange potential (2.6) for z → ∞.
The occupied HF orbitals decay exponentially in the vacuum
region,52 therefore

e−|k‖−k′
‖| |z−z′ |

|k‖ − k′
‖|

(A1)

for z → ∞ is strongly peaked around |k‖ − k′
‖| = 0, and |z −

z′| ≈ z can be used in the integrand, as long as z � L. It is
reasonable to assume then that the orbitals depend smoothly
on k‖, which means that we can approximate

V HF
AFA(z → ∞) ≈ − 1

4π3ρ(z)

m∑
n,n′=1

∫
k‖�k

(n)
F

d2k‖ξHF
n,k‖(z)∗

× ξHF
n′,k‖(z)

∫ ∞

−∞
dz′ξHF

n,k‖(z
′)ξHF

n′,k‖ (z
′)∗

×
∫

B(ε)
d2δk‖

e−|δk‖| |z|

|δk‖|

≈ − 1

2π2zρHF(z)

m∑
n=1

∫
k‖�k

(n)
F

d2k‖
∣∣ξHF

n,k‖ (z)
∣∣2

= −1

z
, (A2)

where δk‖ = k‖ − k′
‖ is confined to a small ball B(ε) of radius

ε > 0 around the origin. In passing from the first to the second
line, the integration over δk‖ has been extended to all two-
dimensional wave-vector space, as the exponential factor in
the limit z → ∞ automatically filters all |δk‖| values, except
the smallest ones. In the last step, we have applied (2.1) for the
electron density. Result (A2) coincides, to the leading order,
with the asymptotic values of V x−OEP

AFA (z) and Vx(z).
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APPENDIX B: ON THE SOURCE OF THE STRONG
QUANTUM-SIZE EFFECT IN THE OEP WORK FUNCTION

For the discussion in the present Appendix, we will slightly
modify the notation in Eq. (3.11) as follows:

Wx−OEP
x (L+,rs) = −

∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
V +

x (z), (B1)

with the superscript “ + ” in L+ and V +
x (z) meaning that for

this slab size, the m−SDL has an infinitesimal occupation, and
that the associate exchange potential is V +

x (z). Similarly, we
can consider

Wx−OEP
x (L−,rs) = −

∫ ∞

−∞
dz

∣∣ξOEP
m−1(z)

∣∣2
V −

x (z) (B2)

as the exchange contribution to the work function correspond-
ing to a slab size L−, whose highest occupied SDL is the m − 1,
and such that L− is smaller than L+ by just an infinitesimal
amount. V −

x (z) is the corresponding exchange potential.
According to Eq. (48) in Ref. 25, under these conditions,

and for all physically relevant distances, both exchange
potentials are related through

V +
x (z) = V −

x (z) + Cx(m), (B3)

with Cx(m) being an m-dependent constant. By replacing
Eq. (B3) in Eq. (B1), one obtains

Wx−OEP
x (L+,rs) = −

∫ ∞

−∞
dz

∣∣ξOEP
m (z)

∣∣2
V −

x (z) − Cx(m).

(B4)

By a comparison of Eqs. (B4) and (B2), one realizes
that right at the m − 1 → m SDL transition, the work
function has two sources of abrupt change: (i) the change
ξOEP
m−1(z) → ξOEP

m (z) in Eq. (B2), and (ii) the appearance of
the constant Cx(m) in Eq. (B4). From the corresponding
difference,

Wx−OEP
x (L+,rs) − Wx−OEP

x (L−,rs)

= −
∫ ∞

−∞
dz

[∣∣ξOEP
m (z)

∣∣2 − ∣∣ξOEP
m−1(z)

∣∣2]
V −

x (z) − Cx(m).

(B5)

While it is difficult to estimate the size and even the sign
of the first term on the rhs of Eq. (B5), the contribution
from the second term is negative [since Cx(m) > 0], and its
magnitude decreases with increasing m, as shown in Fig.
9 of Ref. 25. The abrupt changes in WOEP(L,rs) shown in
Fig. 5 just follow the same trend, as expected from Eq. (B5).
This suggests that the sharp drops are mainly a consequence
of the appearance of the contribution related to Cx(m) and
not the contribution coming from the first term on the rhs
of Eq. (B5). On the other side, good discussions of the
weak quantum-size effect (QSE) in jellium slabs may be
found in Ref. 50 and references therein. Note, however,
that the use of “continuum” exchange-correlation energy
functionals in these works leads to a vanishing of the strong
discontinuities, as displayed in Eq. (B5), for the x-OEP work
function.
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