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Abstract

We obtain boundedness results for the higher order commutators of singular integral op-
erators between weighted Lebesgue spaces, including LP-BMO and LP-Lipschitz estimates.
The kernels of such operators satisfy certain regularity condition, and the symbol of the
commutator belongs to a Lipschitz class. We also deal with commutators of singular integral
operators with less regular kernels satisfying a Hormander’s type inequality. Moreover, we
give a characterization result involving symbols of the commutators and continuity results
for extreme values of p. Finally, by extrapolation techniques, we derive different results in

the variable exponent context.

1 Introduction

In [5], A. P. Calderén proved that, if 7" is certain pseudo-differential operator and b is a Lipschitz
continuous function, then the first order commutator of 7" with symbol b, [b,T], is bounded
between Lebesgue spaces. Later, in [7] and [8] the authors proved the same estimate for the
case that T' = T,, where the function o belongs to a certain Hoérmander class. This result
was obtained by proving that, for each Lipschitz function b, the operator [b, T is a Calderdén-
Zygmund singular integral operator whose kernel constant is controlled by the Lipschitz norm
of b.
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On the other hand, in [28] the authors considered the commutators of singular integral opera-
tors with Lipschitz symbols and proved the boundedness between Lebesgue spaces, including
the boundedness from Lebesgue spaces into Lipschitz spaces on non-homogeneous spaces. (See
also [35] in the context of variable Lebesgue spaces). Moreover, in [35] the authors give char-
acterizations of Lipschitz symbols by mean of the boundedness of commutators of singular

integral operators between variable Lebesgue spaces.

Nevertheless, there is not enough information about the behavior of the commutators acting
between weighted Lebesgue spaces, even less for extreme values of p, that is, the weighted LP-
BMO or LP-Lipschitz boundedness. Hence, one of our main aims is, precisely, to give sufficient
conditions on the weights in order to obtain these continuity properties. Some previous results
in this direction were given in [2] where the authors study the boundedness between Lebesgue
spaces with variable exponent for commutators of singular integral operators with BMO sym-
bols. So, in this paper, we shall be concerned with commutators of singular integral operators
with Lipschitz symbols. Recall that the first order commutator of a Calderén-Zygmund oper-
ator T is formally defined, for b € L{. (R"), by

[0, T1f(z) = b(x)T f(x) = T(bf)(x).

We prove weighted results of the type described above for higher order commutators of T,
defined, for m € N, by T = [b, Tbm_l]. Inspired in a result in [20], we particularly prove a
characterization result involving symbols of the commutators and continuity results for extreme
values of p. We shall begin with kernels satisfying a Lipschitz type regularity and then we
consider kernels with less regularity properties, associated to a given Young function. These
type of operators include a great variety of operators and were introduced in [27] and [26]. See
section 2.2 for examples and more related facts. (For information about the behavior of the
singular integral operators see for example [1], [6], [9], [10], [13], [19], [20], [27], [30], [32] and
[37]. More recent results related with commutators of singular integral operators can be found

in [25], [21] and [18].)

The results mentioned above allow us to obtain corresponding results in the variable exponent

spaces, which can be derived by extrapolations techniques (See section 3).

The paper is organized as follows. In section §2 we give the preliminaries definitions in order
to state the main results of the article, which are also included in this section, and in section
§3 we give some applications to the variable exponent spaces context by mean of extrapolation
techniques. Then, in §4 we give some auxiliary results which allow us to prove the main results
in §5.



2 Preliminaries and main results

In this section we give the definitions of the operators we shall be dealing with and the functional

classes of the symbols in order to define the commutators. We also give some preliminaries.

We shall consider singular integral operators of convolution type T with kernel K, that is T is
bounded on L?(R") and if = ¢ suppf

Tf(x)= A K(z —y)f(y)dy. (2.1)
The kernel K is a measurable function defined away from 0, satisfying certain smoothness
condition to be described later. We shall also want to point out that the typical size condition
on the kernel K given by

[K(x—y)| < (2.2)

[z —y|?
is not be assumed in the LP — L9 estimates (Theorems 2.1 and 2.12) and, in these cases, we

will be focused on the different smoothness conditions on K.

Related with the singular integral operator T', we can formally define the commutator with
symbol b € LL (R"™), by

loc

b,T)f = bTS —Tbf).
The higher order commutator of order m € No = NU {0} of T" is defined by
) =T, T"=[0bT"".

Let 0 < § < 1. We say that a function b belongs to the space A(¢) if there exists a positive
constant C' such that, for every z, y € R"

[b(a) = b(y)| < Clar —y’. (2.3)

The smallest of such constants will be denoted by [|b|(5). We shall be dealing with commuta-

tors with symbols belonging to this class of functions.

Given a weight w, that is, a non-negative and locally integrable function, we say that a mea-

surable function f belongs to L, (R™) for some 1 < p < oo, if fw € LP(R™).

We are interested in studying the boundedness properties of the commutators 73" on weighted
spaces, where the symbol b € A(d). We shall first consider their continuity on weighted Lebesgue
spaces of the type defined previously. We shall also analyze the boundedness of T;" from

weighted Lebesgue spaces into certain weighted version of Lipschitz spaces. For a weight w



and 0 < § < 1, these spaces are denoted by L,,(5) and collect the functions f € LL (R™) that
satisfy

lwxB|e
Sllp |B‘1+6/n / |f fB|d:l: < 00,

where ||g||oc denotes the essential supremum of a measurable function g. The case § = 0 of the
space above was introduced in [29] as a weighted version of the space of functions with bounded

mean oscillation. It is well known that, when w = 1 and 0 < § < 1, this space coincides with
the space A(0) defined in (2.3) and, if w =1 and § = 0, this is the well known BM O space.

The classes of weights we will be dealing with are the well-known A,, , classes of Muckenhoupt

and Wheeden ([29]). For 1 < p,q < oo these classes are defined as the weights w such that

swp (g [, wieva) : GIRERD Ve

When ¢ = oo, we understand that w € A4,  as wP e A

We classify the operators defined in (2.1) into two different types, according to the smoothness

conditions satisfied by K

2.1 Singular integral operators with Lipschitz regularity

In addition to the properties of the kernel K given above, we shall first suppose that it satisfies

the smoothness condition HZ , which is given by

|z — 2'["
|z —y|" "

for some positive constant C' and some 0 < n < 1, whenever |z —y| > 2|z — 2/|.

|K(x—y) - K@@' —y)|+|Ky—=z) - Ky-2)| <C

We now give the boundedness results between weighted Lebesgue spaces for the higher order
commutators of 7" with Lipschitz symbols. Recall that, in this result, no condition on the size
of the kernel K is imposed. The corresponding result for b € BM O was proved in [34]. In order
to simplify the hypothesis we shall suppose that m € Ny with the convention that 5/0 = oo if
B> 0.

Theorem 2.1. Let 0 < § < min{n,n/m}. Let 1 < p < n/(md), 1/q = 1/p — md/n and
be A(d). If we Ay, then there exists a positive constant C' such that

(/Rn 1 T3" f ()] 9w () dg;> 1/q < ClIbll 5 </Rn |f(x)|pw(1:)pd$> 1/p

for every f € LL,(R™).



Remark 2.2. When m = 0 it is well known that the result above holds (see, for example [16]
and, for the unweighted case, [28]). Notice that there are no symbols or parameters 0 in the

hypothesis in this case.

The next result gives the continuity properties of T;" between weighted Lebesgue spaces and
]Lw(g) spaces. We additionally suppose that the kernel K satisfies the size condition (2.2).
When the symbol b of the commutator belongs to BMO, H is the Hilbert transform and
m = 1, it was proved in [20] that the boundedness of [b, H] from L*°(R) into BMO implies

that b is a constant function. So, in this sense, our next result is an important contribution.
Theorem 2.3. Let 0 < § < min{n,n/m}. Letn/(md) <r <n/((m—1)5), if m >1 orr = oo,
if m=0. Let § = mé —n/r and b € A(S). Ifw € Ay if r <00 orw™! € Ay, if r = oo, then

there exists a positive constant C such that

177 £l 5, < C 1bllRes, Il

for every f € L7 (R™).

Remark 2.4. When m = 1, w = 1, the result above was proved in [28] in the general context of
non-doubling measures. On the other hand, when m = 0 this result is a generalization of that

obtained in [30] for the Hilbert transform.

Remark 2.5. If r = n/(md), then § = 0 and the space Ly(d) is the weighted version of the
BMO space introduced in [29]. Thus, this is the endpoint value from which the Lebesgue

spaces change into BMO and then into Lipschitz spaces, when the operator T} acts.

For the extreme value r = n/((m — 1)0), m € N and 0 < § < min{n,n/m}, we obtain
the following endpoint result in order to characterize the symbol b in A(d) in terms of the
boundedness of T;" in the sense of Theorem 2.3. In order to give this result we introduce
some previous notation. For k = 0,1,...,m we denote ¢, = m!/(k!(m — k)!). In addition, if
z, u € R", we denote S(z,u, k) = (b(z) — bp)™ *T((b— bp)* fo)(u), where fo = fxgm p for a
given ball B and a locally integrable function f.

Theorem 2.6. Letm € N, 0 < § < min{n,n/m} andr =n/((m—1)8). If w € Ay /(ms)cc and
b e A(9), the following statements are equivalent.

(i) Ty" : Liy(R™) = L (9);
(ii) There exists a positive constant C' such that
bl
|B’1+ Iptd B

for every ball BC R™, w€ B and f € L}

Zc (z,u,k) — (S(-,u, k))g]| dz < C| fw|, (2.4)
k=0

(R™).

loc



Remark 2.7. The same result holds if we take § = 0, r = 00, b € BMO and w™! € A; in the

hypothesis of the previous result.

Remark 2.8. In the unweighted case, when m = 1, and consequently, r = oo, the result above
was proved in [28] in a more general context of non-homogeneous spaces. Certainly, their
result was inspired in the article of [20], where the same result is proved for m =1, w = 1 and
be BMO.

Remark 2.9. As we said previously, in [20] the authors obtained that, if H is the Hilbert
transform, b € BMO, n =1, m = 1 and w = 1, the boundedness of the commutator [b, H]
from L*>°(R) into BMO implies that b is a constant function. Let us recall that the Hilbert
transform H is defined by

Hf(x) =p.v. L (_y; dy.

In our case, in the same situation on m and w but taking b € A(d), by (2.4) we can deduce
that, if [b, H] is bounded from L into L(J), then

=y
B

It is not difficult to see that

=y
B

so that

1

ch [S(‘T’u7 k) - (S('vuv k))B]

k=0

de < Ol -

1

ch [S(LL’,U, k) - (S('vu’ k))B]

k=0

)

o= — 5/|b(x)b3|d:p/ 1W) g
|B|1+5 B (2B)e U — Y
1

- [ ) —valar| [ g,
’B|1+z B (2B)e U —Y

Following the same arguments as in [20] with fx(y) = Xp(o,n)(u — y)sig(u — y) for N € N, we
obtain that

<Ol fllos -

! Ib(z) — by| da W _ ¢
1+2 _
\B|"*w B (2B)eU{[u—y|<N} |¥ = Y|

Due to the fact that f(

d
2B)eU{ ju—y| <N} ﬁ — 00 when N — oo, we have b(z) = bp almost

everywhere, for every ball B, which yields that b is essentially constant.

2.2 Singular integral operators with Hormander type regularity

Before introducing the smoothness conditions on the kernel that we shall consider in this

section, we give some previous notation.



By a Young function we mean a function ® : [0,00) — [0,00) that is increasing, convex and

verifies ®(0) = 0 and ®(¢t) — oo when t — oo. The ®-Luxemburg average over a ball B is
defined, for a locally integrable function f, by

1 lles = mf{A>o ,B|/ < >d <1}

It is well-known that the commutators of singular integral operators can be controlled, in some

sense, by maximal type operators associated to Young functions that involve these averages.
More precisely, if f € L%OC(R”), we define the maximal operator associated to a Young function
P, by

Mo f(z) =

where the supremum is taken over every ball B that contains z € R™. The fractional version

of this operator is given, for 0 < a < n, by

Moo f(x) = sup |B|*"(|f||s.5.
B>z

Given a Young function ®, the following Hélder’s type inequality holds for every pair of mea-

surable functions f, g

51 | 1@o@lds <21l 5

where ® is the complementary Young function of @, defined by

d(t) = s;;g{st — ®(s)}.

It is casy to see that t < ®~1(£)®1(¢) < 2t for every ¢ > 0.

Moreover, given ®, ¥ and © Young functions verifying that ®~1(¢)¥~1(¢) < ©71(¢) for every

~

t > 0, the following generalization holds

I falle,s < | flle,Bll9llw,B-

The expression A < B means that there exists a positive constant C' such that A < CB. With
A= B wemean A < B and B < A.

We are now in position to define the smoothness condition on K. These definitions were
introduced in [27]. We say that K € Hg if there exist ¢ > 1 and C' > 0 such that for every
y € R" and R > c|y|

Z 2/ R)" —y) — K()) X} |~2rlle,B02t1r) < C, (2.5)
7j=1



where |- | ~ s means the set {z € R" : s < |z] < 2s}.

For example, when ®(t) =9, 1 < g < oo, we denote this class by H, and it can be written as

o 1/q
@Ry <(2j;)n /| LR K<x>|qdm) <c.

Jj=1

We say that K € Hy if K satisfies condition (2.5) with ||.|| Lo p(0,2i+1 r) in place of [|.||¢ p(0,2i+1 R)-

The kernels given above are, a priori, less regular than the kernel of the singular integral
operator 1" defined previously and they have been studied by several authors. For example, in
[26], the author studied singular integrals given by a multiplier. If m : R" — R is a function,
the multiplier operator Ty, is defined, through the Fourier transform, as fm\f(C) =m(O)f()
for f in the Schwartz class. Under certain conditions on the derivatives of m, the multiplier
operator T, can be seen as the limit of convolution operators 7Y, having a simpler form. Their
corresponding kernels KV belong to the class H, with constant independent of N, for certain

values of r > 1 given by the regularity of the function m.

The classes Hy, 1 < g < oo, appeared implicit in [24] where it is shown that the classical
L9-Dini condition for K implies K € H, (see also [37] and [38]).

Other examples of this type of operators are singular integrals operators with rough kernels,
that is, with kernel K (z) = Q(x)|z|~" where € is a function defined on the unit sphere S"~! of
R"™, extended to R™ \ {0} radially. The function €2 is an homogeneous function of degree 0. In
[26, Proposition 4.2], the authors showed that K € Hg, for certain Young function ®, provided

that Q € L®(S"1) with
1 dt
we(t)— < oo,
0 t

where wg is the L®-modulus of continuity of Q given by

wo(t) = sup |- +y) — Q()|[e,5n-1 < 00,
ly|<t

for every ¢t > 0.
Let T be the differential transform operator studied in [3], [22] and [26] and defined by
T f(2) = (=1 (Df(2) = D1 /()
JEZ

where

1

427
Difw) =5 [ S0

8



The operator above appears when dealing with the rate of convergence of the averages D;f,
and it is a one-sided singular integral of convolution type with a kernel K supported in (0, c0)

given by
(1 1
K(z) = Z(—l)j (sz(m‘,o) (z) — FX(fzf—l,o) (95)) .
JEZL
In [26] the authors proved that K € ()5 H, but K ¢ Ho.. Moreover, K € Hy, where
Y(t) = expt!/Ite — 1.

As we said previously, we are interested in studying the higher order commutators of 7. Since
we are dealing with symbols of Lipschitz type, the smoothness condition associated to these

commutators is defined as follows.

Definition 2.10. Let m € Ny, 0 < § < min{l,n/m} and let ® be a Young function. We say
that K € Hg (9) if

o0

D @)™ @R (K (- —y) — K () X ~2srl
j=1

o,B(0,20+1R) < C.

for some constants ¢ > 1 and C' > 0 and for every y € R with R > c|y|.

Clearly, when § =0 or m =0, Hp 1, (5) = Ho.
Remark 2.11. It is easy to see that Hg,(d2) C Hem(01) C He whenever 0 < §; < dp <

min{1,n/m}.

As we have mentioned above, Fourier multipliers and singular integrals with rough kernels
are examples of singular integral operators with K € Hg for certain Young function ®. By
assuming adequate conditions depending on § on the multiplier m, or on the L®-modulus of
continuity we, we can obtain kernels K € Hg p,(6). This fact can be proved by adapting
Proposition 4.2 and 6.2 in [26].

We shall also deal with a class of Young functions that arises in connection with the boundedness
of the fractional maximal operator Mg on weighted Lebesgue spaces (see §4). Given 0 < 6 < n,
1 <3 <p < n/fand a Young function ¥, we shall say that ¥ € By g if t=0/"w=1(¢) is the

)
inverse of a Young function and U!'T% € B, for every p > nf/(n — 63), that is, there exists a

oo yl+8 gt
/ — < 0
.t

positive constant ¢ such that

for each of those values of p.

We now state the following generalizations of Theorems 2.1 and 2.3. We shall consider again

m € Ng. Recall that, as in Theorem 2.1, no condition on the size of K is assumed.



Theorem 2.12. Let 0 < § < min{l,n/m}. Let 1 <p < n/(md), 1/g=1/p—md/n and b €
A(0). Assume that T has a kernel K € Hg for a Young function ® such that its complementary

unction ® € Buss for some 1 < B < p. Then, if w is a weight verifying w® € Ap q, there
i 8 g ying

b g
BB
exists a positive constant C' such that

</Rn ]Tg”f(x)’qw(m)qu) v < C|bl[Xs) </Rn \f(x)Pw(x)pdx> e

for every f € LL,(R™).

Remark 2.13. If we consider, for example, ®(t) = e!'’" —e with v > 0, then B(t) ~ t(1+log™ t)"

and this function verifies condition B,,51. Thus, ® satisfies the hypothesis of the theorem
above and, in this case, we can take w € A, 4. As we have mentioned before, condition B,,s g is
related with the boundedness of the corresponding fractional maximal operator M, 56 between
LP and L%, when w? € A% ! (see Theorem 4.5 below). When 3 > 1, a typical example is
®(t) = t?(1+logt ¢)7 for v > 0. In this case, the Young function ® related with the smoothness
condition on the kernel K given in the theorem above is ®(t) = t% (1 + log™ t)=7/ (8= where

pr=p/(B-1).

Theorem 2.14. Let 0 < § < min{1,n/m}, n/(mé) < r < n/((m —1)8) and § = mé — n/r.
Let w be a weight such that w? € Ay /800 for some 1 < B < r. Assume that T has a kernel
K € Hgpm(8) for a Young function ® such that ®~1(t) < . for every t > 0. If b € A(0),

then there exists a positive constant C such that
1Tl 5 < C 1Bl Il
for every f € L7 (R™).

Theorem 2.15. Let m € N, 0 < § < min{l,n/m} and r =n/((m —1)d). Let w be a weight
such that w® € Ay /g0 for some 1 < B <r. Let T be a singular mtegml operator with kernel
K € Hgm(8) where ® is a Young function verifying ®~1(t) < 15 for every t > 0, and
P e Bs - If b€ A(S), the following statements are equivalent,

(1) Ty" : Ly (R") = Loy (6);

(ii) There exists a positive constant C' such that

Il
ERERE

for every ball BC R™, w€ B and f € L}

ch (z,u,k) — (S(-,u, k))g]| dz < C| fw|, (2.6)
k=0

(R™).

loc

10



3 Extrapolation to variable Lebesgue spaces

We are now interested in obtaining results of the type described above in the variable Lebesgue
space context by using extrapolation techniques. In order to establish the main theorems we

give some definitions and notations.
Let p(-) : R®™ — [1,00) be a measurable function. For A C R" we define

p, = ess inf p(x) pli = esssupp(x).
€A €A

For simplicity we denote p™ = pﬁn and p~ = pgn.

We say that p(-) € P(R") if 1 < p~ < p(-) < pt < oo and we say that p(-) € Pe(R") if
p(-) € P(R™) and it satisfies the following inequalities

C

p(x) —ply)| < , for every =,y € R".
Ip(@) =Pl < {1 e =)
and
p(e) — ) < — S with |y| > Ja
PPN Togle+Tal)’ e

The variable exponent Lebesgue space LP(") (R™) is the set of the measurable functions f defined

on R™ such that, for some positive A, the convex functional modular
oM = [ 5@ do
is finite. A Luxemburg type norm can be defined in LP()(R™) by taking

1 llee = N1y = inf{A >0 o(f/X) <1}

These spaces are special cases of Museliak-Orlicz spaces (see [31]), and generalize the classical

Lebesgue spaces. For more information see, for example [23], [12], [15].

Let p(-) € P(R™) be an exponent such that 1 < 8 < p~ < p(-) < p™ < — 15 and let
BT

(n—
% = % — 503+ The space L(0(+)) is defined by the set of the measurable functions f such that

1
sy = Supl/ |f —mpf| < oco.
B B|7 |IxBlly) 7B

When p(-) is equal to a constant p, this space coincide with the space Li(n/5 —n/p), which is
also the same as A(n/8 —n/p).

11



The spaces L(d(+)) were ? = % - El.) were introduced in [36]. In that article, the authors
give conditions on the exponent p(-) that guarantee the boundedness of the fractional integral

operator I, from LP() spaces into LL(6(-)) spaces.

We say that (p(-),v) is an M-pair if and only if the Hardy-Littlewood maximal operator M
is bounded on L2 (R™) and LY Q) (R™), where Lﬁ(‘)(R") denotes the space of all measurable
functions f such that fw € LPO)(R™).

Let 0 < 6 < n and p(-), ¢(-) € P(R") such that 1/q(-) = 1/p(:) — 8/n, p™ < n/f. We say that

a weight w € A, 4(.) if there exists a positive constant C' such that for every ball B
lwxBllye)llw ™ xBlly) < CIBIF0m

When p(-) = ¢(-) we denote this class by A,.). It is well know that w € A, if and only if
M IEY < PO ([11)).

In [14] the authors proved the following extrapolation results.

Theorem 3.1 ([14]). Suppose that for some pg, qo, 1 < po < go < 00, and every wo € Apg g0
the inequality
[ fwollg, < C llgwoll,, ,

holds for some positive constant C.

Given p(+), q(-) € P(R"), suppose that
1 1 1

1 1 _
p() () po q o

If w € Apy gy and (q(-)/o, w?) is an M-pair, then

[fwllzae < Cllgwllee -

The theorem holds for pg = 1 if we assume only that the mazximal operator is bounded on

L(‘I(')/‘]O), (Rn) .

w90

It is easy to see that, if 0 < § < min{n,n/m}, 1/p(-) — 1/q(-) = md/n, then w € Ap) 4 is
equivalent to w? € Ay()/q, With 0 = n/(n —md). This fact allows us to say that (q(-)/o, w?)
is an M-pair. Thus, as a consequence of Theorem 2.1, if T" is defined as in this theorem, we
have that the pair (g,7}"g) satisfies the hypothesis of Theorem 3.1. Therefore we obtain the

following result.

12



Theorem 3.2. Let T be the operator defined in (2.1) with kernel K satisfying condition H,.
Let 0 < § <min{n,n/m} and b € A(5). Given p(-), q(-) € P(R™) such that
1 md

1 _ _
p() a()  n

)

ifw e Ap(.)ﬂ(.) then

1Ty fwll oy < C |l fwll e -

An analogous result can be obtained by extrapolation when the kernel K satisfies a Hormander

type condition. Thus, by Theorem 2.12 we obtain the following theorem.

Theorem 3.3. Let T be the operator defined in (2.1). Let 0 < 6 < min{l,n/m} and b € A(J).
Let us also suppose that K € Hg for a Young function ® such that its complementary function
de Bpsi. Given p(-), q(-) € P(R"™) such that

ifw e Ap(%q(,) then
175" fwll ey < Cllfwllpoe) -

In [4] the authors proved the following theorem, which exhibit an extrapolation result starting
from a -hypothesis that involves inequalities of the type L — L, (d), and obtaining unweighted
estimates in the variable context of the type LP() — L(4(-)).

Theorem 3.4 ([4]). Let 1 < 0 < 00, 0 < 6 < 1, and let s be such that 6/n = 1/6 — 1/s.
Suppose that p(-) € PY(R™) and 6(-)/n = 1/0 — 1/p(-) with § < 6(:). If f and g are two

measurable functions such that the inequality

Al ) < Cllgwll

holds for every weight w in As o and some positive constant C = C(w), then there exits a

positive constant C' such that the inequality

HfHL(S(.)) <C HQHP(.)
holds.

Thus, from Theorem 2.3 we can derive the following result in the variable exponent context.

Theorem 3.5. Let T be the operator defined in (2.1) with kernel K satisfying conditions (2.2)
and HY,. Let 0 < § < min{n,n/m} and b € A(9). Let p(-) € P(R™) such that n/md < p~ <
p(-) <pt <n/((m—1)8) and 6(-)/n = md/n — 1/p(-). Then there exists a positive constant C
such that

HTbme]L(S(-)) <C Hpr(.) .
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4 Auxiliary results

In this section we give some previous results. We begin with some inequalities involving func-

tions in A(9).

Lemma 4.1. Let 0 < J <1 and B CR" a ball. If b € A(9), then

(i) for everyy € A\B, A > 1,

5
[b(y) — b| < C||bl| s |AB] ™.

(i) for every j € N
\lod s
|bose1p — bap| < 27|27 Bl bl o s)-

In order to obtain the boundedness result between Lebesgue spaces, we prove the follow-
ing key estimate, which shows how can we control the higher order commutators of T by

a fractional maximal function via the sharp maximal operator Mgﬁ, 0 <~ < 1, given by
M} f = M)/ where

1
M f(z) = su inf/ — al dy.
Of() BBI:ZGGR |B| B‘f(y) | Y

Lemma 4.2. Let m € N, 0 < v < 1/m and 0 < 6 < min{l,n/m}. Letb € A(0) and T a

singular integral operator with kernel K. Then, there exists a positive constant C' such that

(i) if K € HY,

m—1

ME (T £)(@) S bl | S Mo, (1T £1) (@) + My £ () |
§=0
where §; = 6(m —j), 7=0,...,m.
(ii)if K € Hg for some Young function @,
m—1 )
MG (T f) (@) S BlIR) | D2 Mo, o (1T £ (@) + My, 5£(2) |,
§=0
where §; = 6(m —j), 7=0,...,m, and ® is the complementary function of .

Remark 4.3. For 0 < 6 <1, m =1 and K € H and homogeneous of degree —n, the proof of

(i) can be found in [35] for a larger class of Lipschitz spaces with variable parameter.

14



Proof of Lemma 4.2: Fix B a ball containing =, and decompose the commutator in the follow-

ing way (see, for instance, [17] or [33])

m—1
T f(2) = 3 Cham(bla) — bop)™ ITJ () + T((b — bap)™ f)(2).
7=0

If we split f = f1 + fo where fi = fxa2p, it is sufficient to estimate, for 0 < v < 1/m, the

average
1/
<|B\/ 13" f(y) — T((b—bap)™ f2)($3)]7dy> <IT+II+1I1,

where xp denotes the center of B, and

m—1
=3 (o [0 -7z sray)

NN

(5 [ @by swran)

111 = (g [ 1200 = by 1)) - T(0— b )y )

11

For simplicity, we will assume ||b][5(s5) = 1. We shall first estimate /. From Lemma 4.1 (i) we

m—1 1
’mJ)
15 3 B (o [ mwras)
J

i=0
-1 1 , /v
J
<‘B|1 (mfnj)&y /B‘be(y)) )
-1

S Moy, (1T 1) (@)

have

.

3

(||3
M

Il
o

3

<
Il
o

where 6; = (m — j)6. Note that the last maximal operator is of fractional-type since 0 < 6; <
(m —j)n/m <n for every 0 < j <m — 1.

We will now estimate II. Since T is of weak type (1,1) and 0 < v < 1, from Kolmogorov
inequality and the fact that y,z € B we obtain

1

II< ), \b(Z) — bap|"|f(2)]dz
< |B\m5/” 5 e
,S Meof(x)

15



Since 0 < § < n/m, it is clear that 0 < 6y < n, so Mpy, is a fractional-type maximal operator.

In order to estimate I11, we first observe that, by Jensen’s inequality
1
111 < o [T (0= 5)" ) () = T = bas)" o) o)l

and, setting B; = 27 B, the integrand can be estimated, using Lemma 4.1 (i), as follows

5" (b= b23)™ f2) (y) = T((b = b2p)™ f2) (z )] (4.1)
S JZ; /B]H\B' |K(y — 2) — K(zp — 2)||b(z) — bap|™| f(2)|dz

<ubHM)Z\ pal® [ K2 K )

Here, we must distinguish the cases K € H} and K € Hg.
If Ke H,

15" ((b = b2p)™ f2)(y) — T((b = b2B)™ f2)(xB)|

> om ly —xp|"
S Pl Y- 1Bl ® [ R e
Ko VBl [y
mé
S B[R s |Bjfa| 2777 z)|dz
A(S Z J |B +1| J+1
0 ' 1
~ [bllRs Y 27— |f(y)ldy
= Bl e
< |[BlIR 5 Mao £ (x) > 277" S |1bllxis) Moy f (),
j=1

since > 0. Therefore
ITT S bl 5) Moo f ()-

Let us now consider the case K € Hg. Applying Holder’s inequality with ® and ® in (4.1), we

obtain
Ty ((b — b2)™ f2)(y) — T((b — b2B)™ f2) (2 B)]

< lIbls Z|BJ+1|M“|| K(-—(y—ap)) — K())

»Bj+1 Hf”&),BjH

m mé
S 1ol R sy Z 1Bl (K (- = (y —2B)) = K()) X ~2i rll@.;0 1 Bival ™ 1 fli5 5

J+1

16



S b1 s My, 5./ (x) D (27 R)" —(y—=zB)) = K()) X |~2irll®,B;,
7j=1

S N0l K5y My, 5. ()

Therefore,
IIT S bl X5 My, 51 ()

Combining all these estimates, we obtain the desired pointwise inequalities. O

The following result is a variant of the well-known Fefferman-Stein’s inequality (see [16]) and

it will be a key estimate to prove Theorem 2.1.

Lemma 4.4 ([34]). Let 0 < p < oo and 0 <y < 1. Let w be a weight in the Ax class. Then,

there exists a positive constant C such that

M, f(z)Pw(z)dz < Clw / M f(a)Pw(z)d (4.2)
Rn

holds for every function f for which the left hand side is finite.

We shall also need two results involving the boundedness of fractional maximal operators

associated with Young functions, that can be found in [2].

Theorem 4.5 ([2]). Let0<a<n, 1 <f<p<n/aandl/q=1/p—a/n. Let w be a weight
such that wP € Ap/pq/s- Let W be a Young function thal satisfies ¥ € B, g. Then, Maw is
bounded from LP(wP ,R™) into L9(w?,R™).

Note that if ¥ = t%(1 + log™ ) for any v > 0, then ¥ € B,, s and the following result holds.

Theorem 4.6 ([2]). Let0<a<n,l<p<n/aandl/q=1/p—a/n. Let w be a weight and
U(t) = t9(1 + log™ )" where 1 < 8 < p and v > 0. Then, M,y is bounded from LP(wP,R")
into LI(w?,R™) if and only if w® € Ap/g.a/8-

In order to prove Theorem 2.6, we shall need the following estimate.

Lemma 4.7. Let 0 < § < min{n,n/(m —1)}, for0 <n <1. Letr =n/((m—1)0), w € A,
be A(S) and f € Ly,(R"™). Let B CR"™ be a ball and fo = fxrr\2p- If T is a singular integral
operator with kernel K € H_, then, for every xz,u € B,

S(h=mi1)

1613 5, 11 Fooll,. | B
lwxsll

T((b—bp)"f2)(x) = T((b— bp)* fo) ()| £

for each k=0,....m

17



Proof of Lemma 4.7. If K € HX_, by taking x,u € B, and 0 < k < m, and setting B; = 2/ B,

we have from Lemma 4.1 (i) that

(b~ bp)* 2)(x) — T((b — bis)F fo) ()]
< [ K@) = Kl g)l ) - bal* 1) dy
(2B)°

- ok |z — ul"
< ol s |Bjy1]n / = [ f(Y)] dy
(); ’ Bi\B; [y — | o
|Bja|™ B
< bllhsy 3 Bl 1BI / ()] dy.
=1 |Bjyil ™ /BB,

Now by Hélder’s inequality and the fact that w € A, oo with r =n/((m — 1)9), we get
(b~ b5)* f2)(x) = T((b— bp)" f2) (u)

| B; +1|7 -
< 613 s) £, Z| AR

§(k—m+1)
k 1 | Byl
S Ibliaes) Lfwll, lwxslle Z jzj—n

j=1
_ + S(k—m+1)
S bl ) I fwll, llwxsll B 22”6 (hmmtl)-

§(k— m+1)

S bl o) I fwll, llwxslls |B]
where the series is summable since 0 < k < m and d < 7. ]

Lemma 4.8. Let m € N, 0 < § < min{l,n/(m — 1)}, r = n/((m — 1)d), b € A(S) and
f € LT (R") where w is a weight such that w® € Ay /800 for some 1 < B <r. Let B CR" be a
ball and fa = fxgrmop- If T is a sz’ngular im‘egml operator with kernel K € Hg ,(0), where ®
is a Young function verifying ®=1(t) < 5 for every t > 0, then, for every r,u € B,

S(k—m+1)

L 5
[ fwll, 11l 75 Bl

lwxBlle

T((b—bp)"f2)(x) = T((b — bp)* fo) (u)| £

for each k=0,....m

Proof. Fix z,u € B and 0 < k < m. Setting B,, = B(u, R) which satisfies B C 2B,, C 4B, and

using Lemma 4.1 (i) we have

IT((b = bp)* f2) (@) =T ((b — bp)" f2) (u)]

18



< / 1b(y) — b, [FIE (2 — ) — K (u— )| ()ldy
R”\Bu

<Z / b(y) — b, [FIE (2 — ) — K (u— )| ()ldy
J+lBu\2JBu
4 ok
< bl 3 2B, / K@ —y) - K(u—y)|f)ldy.
= 2+ B, \2 B,

Since 1/r+1/(r/B) = 1—(8—1)/r, we can use Holder’s inequality with &~ (£)¢t2/7¢1/ (/8" < ¢
and the fact that w® e Ay /8,005 to get

IT((b—bp)* f2)(x) = T((b— bp)* f2) (u)] (4.3)

||w_1X2J‘+1Bu”(r/ﬁ)'

oo
; ok 4 1
S Ilbllﬁ(a)!\fwllr Z |2]+13u| nt [K(— (u—2)) - K(')\X|~\~2jRH®,2J‘+lBu 211 B, [1/(r/B)
=0 “

ok 1
ol o [ BIF I fwle
< 20 SO @RI DK (-~ (u—2)) — K)oz nllo2is,

Ioanle
m+ )
Ib11% (5 IB\ Ifwlr &
= Z 2Jm6(23R)n|||K(‘ —(u—2z)) - K(‘)|X|.|~2J‘R||<1>,2J’+1Bu
HwXBuoo 2
m+ )
11155 IB\ [ fwllr
lwxBlloo ’
where we have used that 6k —n/r < mé for m € N, and that K € Hg ,,(9). O

5 Proofs of main results

Proof of Theorem 2.1: The proof will be done by induction. Notice that when m = 0, p = ¢
and it is known that the boundedness result holds for A, , weights (see, for example, [16]). By

homogeneity we can also supposse that [|b][x(s) = 1.

Fix m € N and define the following auxiliary exponents

1 1 dm—7j 1 0
7:7+M:7—L7 j:O,...,m.
p;i 4 n p n
Clearly, p;, = ¢ and, if ; = (m — j)J, we have that
1 1 6 1 6
7:74——]:7—]7, ]:0,,m
pj q n p n

Notice also that p < p; <p; < g for every 0 < j <1 <m.
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It is easy to see that w € A, , yields w” € Ap a4 for every 0 < v < 1, for. Moreover, from the
]

properties of these classes, we have that w7 € A»r; », for every 0 < j <1 <m.
v

By applying Fefferman-Stein’s inequality (4.2) with w? € Ay 4/ C A, We get
w3 fllg < My (T3 f)llg S lwddg (T )llg-

Now, by taking 0 < v < 1/m and since K € H, from Lemma 4.2 we have that

m—1
T3 fllg S Y lwMa, 4 (1T fDllg + llwMa, £l
7=0

Since w € Ay 4 and 1/q = 1/p — 0y/n, we have that

m—1
w3 fllg S lwMg, (173 fD) g + [l foollp.
§=0
On the other hand, since w” € Ap; , for every j = 1,...,m — 1, then the fractional maximal

Jle

J
v
pj
~

operator Mg, is bounded from L™~ (R") to L%(R"). Thus, we have that

m—1

1
Ty fllg S Sl Moy (13 1127 + sl

Jj=0

3

j 1
< Hw%Tif)'Vupﬁﬁuwfup

.
I
o~ o

S D wT fllp, + llwfllp.
=0

3

<

Since 1/p; = 1/p — (jd)/n and w € A, ., we apply the inductive hypothesis to get

m—1
T3 Fllg S D Nwfllp + llwfllpy S lwfllp- H
7=0

Proof of Theorem 2.3: Fix f € Ly, (R"). For a ball B C R", set f1 = fx2B, fo = f — f1 and
ap = ﬁfB T;™ fo. Then,
w w w
Mextle [ @) — aplde < 1258 [ gy 4 2% e [ ) — oo
1Bl /s 1Bl JB Bl /s
=1+ Is.

Let us first notice that, since w € A, , there exists 1 < s’ < r such that w € Ay o, and we

1_mé

can choose 1 < p < n/(md) < r such that 1 = P~ o
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Thus, from theorem 2.1, the estimate of Iy is as follows

_ Nlwxslle /
= T fi(x)| d

lwxsll -
< |T|°°IITb""‘flwllsllw xalls

< C[bl 5 (s |B|1/S||f xBllp
’ m6 /n

< C!!bllA(a)lB\m5/” Y )y
< Cllol R BI™ | fw]l,-

For I, we first estimate the difference |T)" fa(x) — (13" f2) B| for every x € B. Since
7 ale) = (T o)) < 7 [ 10 ola) =T o)y,
we analyze A = [T)" fo(x) — T f2(y)|. f 2,y € B
A< /(QB)C [(b(x) — b(2))" K (2 — 2) — (b(y) — b(2))" K(y — 2)| [f(2)| d=
S/ [b(z) = b(2)[™ |K(z — 2) — K(y — 2)[|f(2)] dz
(2B)e
+ / [(b(z) = b(2))™ = (b(y) = b(2))™ [ |K(y — 2)| [f(2)| d=
(2B)°
S/ [b(z) = b(2)[™ |K(z — 2) — K(y — 2)[|f(2)] dz
(2B)°
m—1
— z) — b(z)[m 1 H —b(z)|* -z z)|dz
+ [b(z) — b(y)] kzo /(23)c [b(z) — b(2)] [b(y) = b(2)[" [K(y = 2)[ [f(2)]d

=13+ 14.

By the definition of A(J), we get that

I S 16l /( 7 A ) K= 2] 8

w Lz =yl
< 115 Z / e e Sl e

+1B\2JB

J5myB|7

< m E - =r
~ Hb”A((s) o 21(n+77)|B| 2i+1B\27 B 7)) d=

|
S HbHA(6 [ fwll, Z 271|27 B
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Then, by Holder’s inequality, the definition of § and the fact that w € Ay 0, we deduce that

s
|w™? Y < fula 1blx¢s) I fll,. | Bl =
|27 +1 B/ 7500 lwxBl

m 5 e x
Is < BlRs) Il fwll, | B= S 290
j=1

In order to estimate I, we use that b € A(J) to get that

m—1 oo

Iu S Bllagsy lz = ol IBl5G 2D / — 2R 2 K (2 - 2)] | f(2)] dz

k=0 j=1 ]_HB\ZJB

o
5 . d(m—1)
< bliRig) |BIx 12741 1/ [f(2)]dz
j=1 2i+1B\2i B

[o@)
s ; §(m=1) _ _
S bl Il fwlle Bl Y 127 Bl w™ xgsea gl
j 1

2215 5)

Mol llfwllx B
lwx Bl

bl - B >
< bl I1fwllr| E

lwxBllo

We are done. O
Proof of Theorem 2.6 . Let B C R™ be a ball and z € B. Let f = fi + fo with fi = fxa5.
Then,
T f(2) — (" f)s =Ty" fi(z) — (T;" f1)B
+ch[ )= bp)" (b~ b)" f2) ()
2) = bp)" T T((b — bp)* f2)(2)dz
A
We can rewrite the above identity in the following form
L f(x) = (" f)g = o1(z) — (01)B

+ ch oo(x,u, k) — (o2(,u, k) g + o3(z,u, k) — (o3(-,u, k) ,
k=0

where

o1(x) = T ().
oaa.u, k) = (b(a) = be)" ™ (T((6 — bp)* o) (@) — T(b — b)* o) (w) )
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o3(z, u,k) = (b(x) = bp)"™ T ((b — bg)* f2) (u).

1 _ mé
p n’

so ¢ > p and w € Ay~ and, moreover, w € Ap,,. By applying Hélder’s inequality and the
boundedness of T} from L}, (R™) to L, (R™) (Theorem 2.1) we obtain that

‘;‘/Bm(a:)\dx < ‘g’ <L\Tﬁf1(x>w(x)!q> Uq\

lfwxsll, |
e

For o1, since w € A%,Oo, there exists 1 < p < ;% such that w € Ap . We take % =

S 161X

, .

Bllg

Since % = w + % + %, we can apply again Hoélder’s inequality and the fact that w € Ay

to get
1 Jw™!
< m o/mtt— g
S 11l | lwxsly

In order to estimate o9 we use the inequality
5(m k)

[b(a) — bp[™* da < [|b] X5 | B]
15 [, 10

and Lemma 4.7 to obtain

S(k=m+1)

—1 |B| m—k
|B|/ lo2(z, u, k) wWXB| 5 W/ b(x) — bp|" " dx
1B
Consequently, since
> ek los(@,u k) = (o3(u,k))g] = [T} f(x) = (T f)B] — [o1(2) — (01) 8]
k=0
- ch [02('%'1“7 k) - (02('>u7 k))B]
k=0

by first assuming that 77" f : Ly""° < Ly (6), then

ch os(z,u, k) — (o3(-,u, k))p| dzx

k=0

Ty f(z) — (T, )l de + /\al )| da:
!B\/ ’ |B|

+ ck/ oo(x,u, k)| dx
g B [ )

IBI B
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S 10l 1 fwll o lwxslle 1B

T
On the other hand, if we suppose that (2.4) holds, it is easy to see that Ty f : Ly" ™" (R") —
Ly (9). O

Proof of Theorem 2.12: We proceed by induction. By homogeneity we shall supposse that
[6lla(sy = 1. We must point out that the case m = 0 was already proved in [2]. As in the proof
of Theorem 2.1 we have that

Ty fllg < oM (T ).

We shall now use the second part of Lemma 4.2, since we have that K € Hg. Thus, we obtain

that

m—1
1T fllg S D lwMe, o (1T D) llq + 1w, 5 5.Fllg-
7=0

From the hypothesis on the weight w and the Young function Cf, by Theorem 4.5 we know that
lwM,,;5 5 fllg S [l fwllp-

The proof now follows similar arguments as in the proof of Theorem 2.1. O

Proof of Theorem 2.14: Take f, f1, fo and ap as in the proof of Theorem 2.3, and define I; and

I likewise.

Since in I; we have only used the size condition Sy, the estimation is the same, by taking into

account that w” € A, /8,00 Yields w € A, o for any g > 1.

For I we proceed similarly but we have to use now that K € Hg ., (8) with @71(¢) < 5 for
some 1 < 8 < r and all £ > 0. We split the average into I3 and I; as in the proof of Theorem

2.3. The last one can be controlled in the same form. The difference will be in I3. Recall that
Isz/( [b(x) — b(2)[" | K (2 — 2) = K(y — 2)||f(2)| dz,

for x € B.

By the definition of A(J), we get that

Iy < bl /( AN e =)~ Ky 1)
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m > ; dm
< bliRig) D 1271 B| / |K(z = 2) = K(y = 2)[|f(2)] dz.
j=1 2i+1B\2iB

Now, since K € Hg ,,(8), w® € A, /8,00 and O~ (t)t1/rt/ (/B < ¢ we can prodeed as in (4.3)

with kK = m to obtain B

6135 1 BI» 1 fa]
[wxBlloo

3

Proof of Theorem 2.15: We proceed as in the proof of Theorem 2.6. We must only use the
corresponding hypothesis on the kernel, that guarantees the validity of Theorem 2.12 and
Lemma 4.8, which are immediate from the fact that So N He,,(0) C So N He (see Remark
2.11).
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