
Three-photon frequency down-conversion as an event-ready source of entangled states

Alejandro A. Hnilo*
Centro de Investigaciones en Laseres y Aplicaciones (CEILAP) (CITEFA-CONICET-UNSAM),

Instituto de Investigaciones Científicas y Técnicas de las FFAA (CITEFA),
Consejo Nacional de Investigaciones Científicas y Tecnológicas (CONICET),

Universidad Nacional de San Martín (UNSAM), Argentina
sReceived 2 November 2004; published 31 March 2005d

An event-readysor deterministicd source of entangled states is of interest in the practical implementation of
schemes of quantum computation and cryptography as well as in the experiments aimed to elucidate the
foundations of quantum mechanics. I study the phase matching geometry and detection conditions for the
process of three-photon frequency down-conversion, which is a possible source of that kind. It is apparently
free of some limitations of the schemes based on two-photon frequency down-conversion. The goal of the
proposed setup is not the generation of an entangled state of three photonssin a GHZ-state sensed, but of an
entangled state of two photons with a “trigger” signal. As an example, I estimate the values of the trios’ flux
and trigger’s reliability for the particular case of crystal calcite illuminated by the fourth harmonic of a
Nd:YAG mode-locked laser.
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I. INTRODUCTION

Practical sources of entangled states of two photonssor
“biphotons”d are of obvious interest for schemes of quantum
computation and communications. Many theoretical studies
of these schemes naturally assume that the entangled states
can be produced at will—i.e., in adeterministicway f1g. The
most widespread sources of biphotons are based on the two-
photon frequency down-conversion processs2PDCd of
near-UV laser radiation in a nonlinear crystalf2g. But the
state these sources produce is of the form

u0l + jufl + osj2d, s1d

where the first term corresponds to the vacuum state of the
field, ufl is one of the Bell states, anduju!1. As one cannot
ensure that an entangled state will be detectedseven if a
perfect detector were availabled when s1d is observed, this
kind of source has been namedrandomsource of entangled
statesf1g. Besides being undesirable for the applications
mentioned above, states described by Eq.s1d cannot produce
a violation of Bell’s inequalities free of one of several pos-
sible logical loopholessto mention just a few: theno-
enhancementor fair sampling assumptionf3g, Scalera’s
counterexamplef4g, and theno-trapping assumptionf5gd,
even if perfect collecting optics and detectors were available.
In studies of this subject, “deterministic” sources are also
named “event-ready” sources, and they have been known to
be essential since Bell’s early contributionsf6g.

Among the efforts made to achieve a deterministic source
of biphotons should be noted the scheme proposed by
Zukowskiet al. f7g and realized, among others, by Panet al.
f8g. It is based on a double passage of an ultrashort laser
pulse through a nonlinear crystal, so thattwo processes of

two-photon frequency down-conversions2PDCd occur. The
probability of the generation of one pair on each passageuju2
is small in practice, so that the total rate of event-ready bi-
photonsswhich is equal to the fourfold coincidence rated is
very low, on the order of a few hundred in several hours.
Even though these numbers can show some improvement by
increasing the power of the incident UV radiation, a low rate
is inescapable. For the probability of generating one pair, in
each of the 2PDC processes, must be kept small in order to
reduce, to negligible levels, the probability of the generation
of two pairs on each passage. Otherwise, the entanglement
would be spoiled. Therefore, one is faced with the problem
that the signalswhich comes from two 2PDC processesd is of
the same order as the noiseswhich comes, among other
sources, from two 2PDC processes tood. A general argument
has been presentedf1g claiming that Bell states with maxi-
mal entanglement cannot be generated in setups based on
two 2PDC processes. It has been theoretically demonstrated
that a setup based onthree 2PDC processes, where the bi-
photon is heralded by four trigger photons, is able to prepare
a maximally entangled statef9g. But, of course, the rate of
biphotons would be even lower than in two 2PDC.

At this point, it is natural to explore the feasibility of
processes based on three-photon frequency down-conversion
s3PDCd. This possibility has been generally discarded, be-
cause the available third-order susceptibility is much smaller
than the second-order one, and hence the generated fluores-
cence is extremely faint. However, as is shown later, the rate
of event-ready biphotons is comparable with what can be
obtained from two 2PDC processes, and there is no apparent
limitations on the purity of the entanglement.

The 3PDC process has been theoretically studied as a
source of nonclassical field states both in parametric oscilla-
tor cavities and in running wave configurations, but only in
the collinear and degenerate case. To my knowledge, there
are no published studies of the conditions for noncollinear
phase matching. In this paper, I calculate these conditions
and also study the feasibility of using 3PDC as a determin-
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istic or event-ready source of entangled states. It is important
to note from the beginning that I am not seeking a three-
photon entangled state in the sense of the Greenberger-
Horne-Zeilinger states, but for a state of the general form

u0l + jsut3l ^ uf12l + u ' t3l ^ ¯ d + osj2d, s2d

whereuf12l is a Bell state of photons 1 and 2,ut3l is any pure
state of photon 3, andu' t3l represents the states orthogonal
to ut3l. In this way, one is sure that ifut3l sthe “trigger” or
“event-ready” signald is detected on photon 3, then a Bell
state is available on photons 1 and 2.

In the next section, I review the basics of the 3PDC pro-
cess. The only important difference from the 2PDC case is in
the phase-matching conditions. I describe a possible setup in
Sec. III. The problem of collecting and focusing the fre-
quency down-converted radiation is the main technical ob-
stacle that determines how close to an ideal source it is pos-
sible to go. In the last section, I present a calculation of the
performance that can be expected in practice, in the particu-
lar case of a calcite crystal illuminated by the fourth har-
monic of a Nd:YAG mode-locked laser. Due to the imper-
fections of the real components, the setup results in being, of
course, far from an ideal event-ready source. But there is no
apparent fundamental restriction for an improvement. The
general conclusion of this study is that 3PDC-based setups
are promising as deterministic or event-ready sources of bi-
photons.

II. THREE-PHOTON DOWN-CONVERSION PROCESS

A. Basic approach

The physics of 3PDC closely follows that of 2PDC, so
that I review here only the main intermediate steps. I choose
the crystal symmetry in such a way that the 2PDC process is
absent. This is not really necessary, but it will presumably
make the detection of the faint 3PDC fluorescence easier in
practice. In the interaction picture and the parametric ap-
proximation, the Hamiltonian for 3PDC is then of the form

H = o hv jsajk
† ajk + 1

2d + «0E dVxs3dEpEs
s−dEi

s−dEt
s−d + H.c.,

s3d

wherexs3d is the third-order susceptibility tensorsit is con-
sidered a scalar constant here for simplicityd. The threeEj

s−d

operators represent the quantified frequency down-converted
fields fj can bes ssignald, i sidlerd, t striggerdg. The intense
pump field Ep is assumed classical. This approximation is
known to lead to a divergence in the number of signal pho-
tons, but it is acceptable for interaction times short enough or
for negligible pump depletionf10g. A full-quantum descrip-
tion showing the deterministic generation of maximally en-
tangled states in oscillators coupled through the third-order
susceptibility has been reported very recentlyf11g. It is
worth stressing that, in the same way as in 2PDC, the 3PDC
fluorescence arises even in the absence of injected field. Fol-
lowing the usual approachf12g it is easy to seesin the limit
nj !1d that the number of photons in thesfor exampled signal
field sfor one of thek modesd evolves as

nsstd = nsst = 0dcosh2sst/2d + f1 + nist = 0dg

3f1 + ntst = 0dgsinh2sst/2d, s4d

wheres is proportional toxs3dEp. Therefore, even if all
njst=0d=0, there is a remaining term sinh2sst/2d<sst/2d2

sthe same as in the 2PDC cased.
The “wave function”uCl of the field at the exit surface of

the crystal is calculated in the same way than for 2PDC. It
results in being of the formf2g

uCl = u0l + o Fk,k8,k9ask
† aik8

† atk9
† u0l, s5d

where the sum is performed over the two polarizations and
all the possible wave vector values. The coefficientFk,k8,k9 in
Eq. s5d includes the conditions of phase matching, and it is
the result of the integration over timesfrom the first-order
perturbation theoryd, the frequency spectrumsfor pulsed
pump beamsf13gd, and the volume of the crystal. The con-
sequences of the finite size of the crystal and the pump field
spectrum on the phase-matching conditions have been dis-
cussed in detail in several articlessfor instance, Refs.f2,13gd.
In what follows I assume, for simplicity, that the perfect
conditions for phase-matching hold:

kp = ks + k i + k t, vp = vs + vi + vt. s6d

This is equivalent to assuming a pulse with a narrow spec-
trum srelative to the central optical frequencyd, a crystal of
infinite length, and neglect diffraction effects.

It has been known for a while that a three-body decay, as
is apparently described by Eqs.s6d, produces a poor level of
entanglementf6g. However, inside a birefringent crystal the
variation of the index of refraction with the direction of
propagation imposes privileged directions of emission, given
by the phase-matching conditions. When these conditions are
taken into accountFk,k8.k9 is practically zero but for certain
combinations of thev j and k j and hence a state of the re-
quired form, Eq.s2d, can be obtained. These privileged com-
binations are found in the next section.

B. Phase-matching conditions for 3PDC

Even for the collinear and degenerate processsks=k i

=k t , vs=vi =vt=vp/3d, there are, in principle, several pos-
sible frequency down-conversion schemes or “cases”: an or-
dinary photon that decays into three ordinary photonsso
→o,o8 ,o9d, into one extraordinary and two ordinary photons
so→o,o8 ,ed, etc. Each case has different phase-matching
conditions. In general, not all cases have realizable phase-
matching conditions in a given material for a given wave-
length. I restrict the study here to the casese→o,o8 ,ed in a
uniaxial crystal, for it will be useful for the example in Sec.
IV. The phase-matching conditions for the other cases and
for biaxial crystals are obtained according to the same ap-
proach and lead, essentially, to the same results.

The exact phase-matching conditions can be obtained
only numericallyf14g. However, approximate solutions valid
for paraxial beams, small deviations from the collinear case
and narrow spectra, lead to a physical picture easy to visu-
alize, and they suffice for the purposes here. I follow the
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approach and notation of Rubin’s study of the 2PDC process
f15g. Assume that the crystal has been cut so that, for a pump
beam perpendicular to the crystal’s face, collinear phase
matching holds:

Ve + Vo + Vo8 = vp, sKe + Ko + Ko8d ·ez = kp ·ez. s7d

There are, in addition, other combinations of frequencies and
wave numbers in the neighborhood of these values that are
also phase matched. To see this, let us start by writing the
expressions for the collinear wave numbers:

Ke = nesVe,cOAdVe/c, Ko = nosVodVo/c, s8d

where cOA is the angle between the optical axisswhich is
assumed in thexzplaned and thez directionssee Fig. 1d. The
variables for the collinear phase matched condition are indi-
cated with capital lettershV ,Kj and the ones for a noncol-
linear phase-matched condition with small lettershv ,kj. The
differences between the noncollinear and collinear phase-
matched frequencies are namedn j =v j −V jsun ju!V jd. I
choose “signal” to be the extraordinary beam, “idler” to be
one of the ordinary beams, and “trigger” to be the remaining
ordinary beam. I also choose thatKi =Kt=Ko, Vi =Vt=Vo
si.e., degenerate phase matchingd. Finally, k j denotes the
component of the wave vectors in thexy plane, so that

k j = kjzez + k j . s9d

Taking into account these definitions, the phase-matching
conditions, Eqs.s6d, are now

kp − ksz− kiz − ktz = 0, ns + ni + nt = 0, ks + ki + kt = 0.

s10d

The values of thekjz can be put in terms ofKj by taking into
account the frequency change and the transverse displace-
ment in an expansion at first order for ordinary rays,

koz= Ko + no/uo − ko
2/s2Kod, s11ad

while, for the extraordinary ray, there is an extra term com-
ing from the variation of the index of refraction with the
direction of propagation:

ksz= Ks + ns/us − ks
2/s2Ksd − Nks ·ex, s11bd

where N=s1/ned]ne/]cOA is the relative variation of the
sextraordinaryd index of refraction with the angle between
the optical axis and the pump. In Eqs.s11ad and s11bd, uj is
the group velocity: 1 /uj =dsV jnj /cd /dV j. As it is a first-
order expansion, bothN anduj are calculated at the frequen-
ciesV j. After replacement of Eqs.s11ad and s11bd into Eqs.
s10d and taking into account Eqs.s7d, the phase-matching
condition reads

0 = nsD + Nks ·ex + ks
2/K − ki · kt/Ko, s12d

where D;1/uo−1/ue and 1/K; 1
2s1/Ko+1/Ked. After

eliminatingsfor example,d ki using the third equation of Eqs.
s10d, Eq. s12d reads

sks + 1
2vd2 = s 1

2vd2 − nsDK − hkt
2 ; R2, s13d

whereh=K /Ko<1 andv;NKex+hkt. Equations13d in the
variable vectorks represents a circlesin the k planed of
radiusR centered on −12v. All the s photonsssimultaneously
emitted with thet photon observed atktd are emitted on one
of such circles. By using again the third of Eqs.s10d, it is
immediate to see that the phase matched values forki lie also
on a circle of radiusR, but centered on12v−kt. Therefore, the
simultaneously emittedi photon lies on such circle. Note that
the value of the radius of the circles depends onns, but not
the position of their center.

In summary, let us suppose that we observe a “trigger”std
photon at a certain angle given bykt. Then, thes photon and
the i photon swhich are emitted simultaneously with thet
photond lie on two circles of the same radius. The value of
the radius depends of the frequency of observation. But re-
gardless of the value of the radius, due to the condition given
by the third equation of Eqs.s10d, the positions of thes and
i photons are opposite through the symmetry pointP ssee
Fig. 2d. Note that this figure is similar to the one obtained for
2PDC, but as if the pump beam were at −1

2kt.

III. PROPOSED EVENT-READY SOURCE

A. Sketch of the setup

The freedom to choose combinations for the phase
matchedk j andn j is again quite large. A simple possibility is
to choosekt along they axis. Then the figure is symmetric
with respect to they axis and also with respect to a “sym-
metry line” now passing at −12kt and parallel to thex axis
ssee Fig. 3d. If an i photonso polarizedd is emitted on the left
srightd of that symmetry line, then ans photonse polarizedd
is emitted on the rightsleftd. Now, the idea of the source is
heuristically at hand. A mirror with a straight edge is placed
just on that symmetry line, to split the left and right halves of
the emitted fieldssee Fig. 4d. Then each of the half-fields is
focused on a single-mode optical fibersor directly into the

FIG. 1. Scheme of the wave vectors. The pumpkp is in the z
direction. The optical axis of thesuniaxiald crystal is in thexzplane
and forms an anglecOA with the z axis. This angle is such that
collinear phase matching for 3PDC holds. The vectork j indicates
the direction of emission of the frequency down-converted photon
s j =s, i ,td. Its projection on thez axis iskjz, and its component in the
xy plane isk j. It is assumed thatuk j /k ju!1—i.e., that the frequency
down-converted photons are emitted at small angles from the pump
direction.
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detectorsd at A and B. Any remaining information on the
original direction of propagation of the photons is lost into
the fiberssor in the detectors’ surfacesd, so that at the fibers’
outputs there is no way to know if the detected photon is a
ssayd i photonso polarizedd coming from the circles centered
on the lower sidesof Fig. 3d or an s photon se polarizedd
coming from the circles centered on the upper side. Recall
that no spectral filtering is performed, so that the value of the
radius of the circles is undetermined. In this way, in prin-
ciple, all thes andi photons simultaneously emitted with the
t photon are detected atA andB. Therefore, when at photon
is detected, one ideally has, with certainty, a biphoton avail-
able atA andB. A more formal deduction of this result is as
follows:

The phase-matching conditions determine that the
o-polarized photon detected atkt is created at the same time
as the other two photons,o and e polarized. The frequency
shifts n j and positionssin k spaced of these two photons are
not determined. It is only known that if ano(e) photon is
observed atk, then there is ane(o) photon observed at −k
−kt. As far asxsvd

s3d <constswhich is a good approximation as

far ask holds to the paraxial approximationd, the state of the
signal and idler photons is described then by

E dksuo,klue,− k − ktl + ue,kluo,− k − ktld. s14d

The mirror splits this state into vectors “a” si.e., havingky

+ 1
2kt,0d and photons “b” sky+ 1

2kt.0d, so that it is written
now as

ual ; s1/Î2dE
−`

+`

dkxE
−`

−kt/2

dkysuo,kx,kylaue,− kx,− ky − ktlb

+ ue,kx,kylauo,− kx,− ky − ktlbd. s15d

The experimental setup is built in such a way that any other

FIG. 2. Positions of phase matching in thek plane. The pump
beam is at the origin and propagates out of the page. If a trigger
photon is detected atkt, then thek vector of the simultaneously
generated signal(s) photon lies somewhere on a circle centered on
−1

2v and thek-vector of the idler(i) photon lies on a conjugate
circle of the same radius, centered at1

2v−kt. The line joining thes
and i photons of the same pair passes through a pointP, placed at
1
2kt, which is called the center of symmetry of the conjugated
circles.

FIG. 3. Influence of the finite size of the detector for the trigger
photonsthe t detectord. The area of thet detector in thek plane is
the rectangle on the left. The dotted vertical line at −1

2kt is the
position of the splitting mirror. If thet photon is detected at the
point kt+

1
2kty sthe point of thet detector closest to the origind, the

correspondings and i photons are emitted on conjugated circles
whose center of symmetry isP− s1

4Dkty to the left of the splitting
mirror’s lined. As is seen in the figure, some pairsslike s, id may fall
on the same side of the splitting mirror’s line and therefore they
cannot produce simultaneous detections atA andB ssee Fig. 4d. The
same happens withP+. Instead, the conjugated circles with center
of symmetry inQ+, Q− swhich correspond tot photons detected at
the top and bottom points of thet detectord are not laterally dis-
placed from the splitting mirror’s line and hence suffer no losses.
The net effect of the size of thet detector is represented by the
shadowed stripesof “infinite” length in the x directiond of width
1
2Dkty. Fluorescence falling inside this area cannot produce coinci-
dences atA andB and must be considered lost. Note that the size of
the detector in they direction reduces the utilizable fluorescence,
but not the size in thex direction, so that the best geometry for the
detector has the shape of a thin slit parallel to thex axis.

FIG. 4. Sketch of the proposed setup. At photon with “o” po-
larization is selected with a polarizersPd after passing through a
thin slit sits larger side is parallel to thex axisd. The right and left
half-fields of Fig. 3 are separated with a dihedral mirror. Appropri-
ate optics focus the photons on small-area detectors or single-mode
optical fibers atA andB, where the information about their direc-
tion of propagation and frequency is lost.
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information on the direction of propagation is lost. The cor-
responding state is then represented by the reduced density
matrix

E dkx8dkx9dky8dky9kkx8uakkx9ubkky8uakky9ubual

3kauukx8laukx9lbuky8lauky9lb

= 1
2suolauelb + uelauolbdskouakeub + keuakoubd, s16d

which is the density matrix that corresponds to the Bell state
s1/Î2d sux,yl+ uy,xld, and it is the result that was looked for.

The other states of the Bell’s basis can be obtained by
multiplying different regions in thek integral with different
phase factors. Physically, this is achieved by the insertion of
wave plates and/or birefringent crystals into the optical paths
f16g.

It is immediate that the main limitation to this scheme
comes from the practical difficulty of focusing the broad and
divergent half-fields. If the collection efficiency is poor, there
will be many failed triggers—i.e., an “event-ready” signal
not followed by an entangled pair. However, if the pump
beam is tightly focused on the crystal so that the fluorescence
emerges from a pointlike source, it is possible, in principle,
to collect all the emitted radiation even into a single-mode
optical fiber.

Let us suppose that the collecting optics in Fig. 4 is made
up of a pair of scommercially availabled aspherical lenses
with an f number of 0.6. Assuming that the fluorescence has
a dipolelike intensity distribution with the shape of a cos2

lobe, these lenses collect roughly 55% of the total emitted
radiation. If this radiation is to be efficiently inserted into a
single-mode optical fiberstypically N.A. =0.1, core radius
2.3 µmd, the constant irradiance theorem indicates that the
pumped area must have a radius of 0.35µm. This value is
attainable with a UV lasersfor example, the fourth harmonic
of Nd:YAG, l=266 nmd with a good TEM00 beam quality.

Note that, despite the fact that 2PDC and 3PDC are simi-
lar processes, the setups and problems to solve are very dif-
ferent. In 2PDC, the pump beam is usually not focused into
the crystal. Rather, the focusing optics is placed right before
the crystal and in such a way that the radiation is focused
into the detectors or fibersf17g, which are far from the crys-
tal to allow measuring the angles with precision. Besides,
spectral filters select the entangled pair taking advantage of
the angle-frequency correlations. In the proposed 3PDC
setup instead, the pump is tightly focused into the crystal,
and the collecting optics aresnecessarilyd close to the source.
There is no spectral or angular filtering of the entangled pho-
tons, because one wants to collect all the photons emitted
simultaneously with the trigger. The trigger is not filtered
either, to destroy the frequency-angle correlation for the pair.
Only its polarizationso, in this cased is selected.

Using aspherical lenses is the simplest choice, but any one
of the devices used to collect incoherent radiation from small
sources is an alternative: condenser mirrorssf number
<0.33, which means a theoretical collecting efficiency of
84%d, parabolic mirrorssf number<0.12, efficiency 99%d,
ellipsoidal cavitiess<100% efficiencyd, or hologramsf18g.

A sketch of a possible setup using an ellipsoidal cavity is
shown in Fig. 5. The crystal is placed in one of the focuses of
the ellipsoid. Two plane-parallel mirrors make two images of
the other focus. The radiation emitted in the upper and the
lower half of the ellipsoid is concentrated in each of these
image points, where detectors or additional optics to focus
into optical fibers are placed. In order to get rid of the scat-
tered pumping UV radiation, the output face of the crystal
should be high reflectionsHRd coated and the ellipsoid’s
surface antireflectionsARd coated for the UV, and coated in
the opposite way for the fluorescence spectral bandwidth.

An interesting variation of the setup is to choose the ex-
traordinary photon as the trigger. If, once again,kt is chosen
along they axis, then the correlateds and i photons are
emitted on the opposite sides of circles centered at −1

2 kt,
like in 2PDC with phase-matching type I. As the entangled
photons are both ordinary rays, there is no need for compen-
sation of the dispersion and walk-off between signal and
idler, which means a non-negligible experimental simplifica-
tion. On the other hand, as they have the same and well-
defined polarization, there is no entanglement in polarization.
A polarization entangled state may be constructed by insert-
ing a half-wave plate on the uppersor lowerd half-fields.

B. Some practical limitations

One of the limitations of the proposed setup comes from
the finite area of the detector for the trigger photonsthe t
detectord. Assuming that it cannot act as a detector for thes
and i photons too, its area must be subtracted from the col-
lecting area. On the other hand, a small area implies a low
rate of triggered biphotons. The largest rate is obtained when
the area of thet detector is equal to one-half of the total
collecting area. It is not possible to calculate the numbers for
such a large area within the paraxial approximation. Besides,
it is at first sight doubtful that a setup with such a large area
for t can provide pure entangled states fors and i. In any

FIG. 5. Sketch of a possible setup with an ellipsoidal cavity, to
improve the trigger’s reliabilityr. The crystal is placed in the ellip-
soid’s focusF on the left. Part of the radiation leaves the cavity
through a narrow slitsits larger dimension is perpendicular to the
paged and goes into thet detectorsthe selecting polarizer is not
indicatedd. The plane mirrorsm, m8 swhich fully cover the ellip-
soid’s width perpendicular to the paged produce two imagesf and f8
of the ellipsoid’s focusF8 on the right. The uppersleft, in Fig. 4d
and lowersright, in Fig. 4d half radiation fields are focused intof
and f8, respectively, where detectors or fiber focusing optics are
placed. The pump beamsnot drawnd propagates in the page and
parallel to the ellipsoid’s axissnot drawn, it joinsF and F8d at
one-third of the distance between the axis and the slit for the trigger.
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case, it is a subject that deserves a study with an approach
not relying on the paraxial approximation.

Meanwhile, one can proceed within the paraxial approxi-
mation if the aim of reaching the maximum possible rate of
triggered biphotons is given up. Assume then that thet de-
tector has a small area, which is represented with a rectangle
in the k plane sFig. 3d. The fluorescence’s symmetry point
swhich is P if the t photon is detected at the center of thet
detector’s area,ktd shifts toP−, P+ if the t photon is detected
at the horizontal extreme points in the detector’s area
kt±Dkty and to Q−, Q+ if the t photon is detected at the
vertical extreme points in the detector’s areakt±Dktx srecall
that in Fig. 3 thex axis is in the vertical directiond. Note now
that, among the pairs simultaneously emitted with thet pho-
ton detected atkt+Dkty, some of them, likess, id, fall on the
sameside of the splitting mirrorswhich is physically cen-
tered onP, not on P−, and is parallel to thex axisd, and
hence, they cannot produce a coincidence count betweenA
and B ssee Fig. 4d. This deteriorates the trigger’s reliability
sthat is, there is a trigger signal not followed by a detectable
biphotond. Therefore, it is convenient to makeDkty as small
as possible. On the other hand, the effect of the finite size
Dktx of the detector on the directionx is merely to displace
the center of symmetry fromP to Q+ andQ−, but always on
the symmetry line. As the fluorescence’s symmetry line is
not laterally shifted from the actual mirror’s position, there
are no “lost” pairs in this case.

Summarizing, the best choice for the geometry of thet
detector is a thin slit in the directiony and with a length to
the limit of the paraxial approximation in the directionx.

Now, let us look for a criterion for the best value of the
modulus ofkt. From Eq.s13d the radius of the circles de-
creases ifkt increases. Then, a larger value ofkt makes the
radiation easier to collect. But this criterion has some limits.
One is given by the paraxial approximation on the value of
kt /K. The other one is that, for largekt, the center of sym-
metry of the rings displaces rightwardssin Fig. 3d, eventually
into the region where the fluorescence intensity decays. As
the bandwidth of the useful fluorescence is, at last, fatally
limited by the optics, the detectors’ spectral response, etc., a
reasonable criterion seems to be to adjust the value ofkt so
that the collectable fluorescence fits to the bandwidth that is
actually utilizable.

I take into account these criteria in the example in the
next section.

IV. NUMERICAL EXAMPLE: CALCITE CRYSTAL
PUMPED BY THE FOURTH HARMONIC OF Nd:YAG

A. Crystal

In choosing a material for 3PDC it seems convenient to
look for a centrosymmetrical crystal, so that the second- or-
der susceptibility tensorxs2d vanishes and, in consequence,
also the 2PDC fluorescence, which may mask the radiation
of interest. Another limitation comes from the necessity of a
broad transmission rangesat least fromv to 3vd. Of course,
good bulk transparency, polishable surfaces, and resistance
to focused laser beams must be also considered.

Calcite is a centrosymmetrical negative uniaxial crystal of
the trigonalD3d systemf19g. It has been used in optics for
more than one century. Optical technicians know well how to
prepare calcite samples. It has been tested resistant to fo-
cused high-power pulsed lasers. It is less transparent to UV
radiation and has a larger walk-off angle than some new
crystals as, for example,a-BBO sdo not confuse it with
b-BBOd. I have preferred calcite for this example because it
is well known and, most important, because it is one of the
materials used by Maker, Terhune, and Savage in their pio-
neering studies of “one-step” third-harmonic generationf20g.
That experimental study provides valuable information, from
which I have taken advantage of here. To begin, in Ref.f20g
it is reported that the highest intensity of third-harmonic gen-
eration in calcitesthus, presumably, the highest value for the
xs3d tensord is obtained for the case

2 ordinarysvd + 1 extraordinarysvd

→ 1 extraordinarys3vd.

That is why I choose the inverse processse→o,o8 ,ed for the
description in Sec. III and in this example. The phase-
matching angle for this process is found easily from thensvd
curves for the material and the equation

2nosvd + nesv,cd = 3nes3v,cd, s17d

where nesv ,cd=hcos2c /no
2svd+sin2c /ne

2svdj−1/2 and nosvd
andnesvd are crystal constants given by Sellmeier’s formu-
las. For calcite the formulas aresl must be expressed in
mmd:

no
2 = 2.69705 + 0.0192064/sl2 − 0.01820d − 0.0151624l2,

s18d

ne
2 = 2.18438 + 0.0082309/sl2 − 0.01018d − 0.0024411l2.

s19d

Then nes798 nmd=1.554,nos798 nmd=1.648 77, and
nes266 nmd=1.749 69. The phase-matching anglec turns out
to be 46.95°. Note that this holds if the three frequency
down-converted beams are collinear and have the same
wavelength. One has the freedom to select them in a differ-
ent way, perhaps more convenient than the one I analyze
here.

Other parameters of interest are theKj =nj2p /l :Ko
=12.9816 1/mm,Ke=12.2357 1/mm, and K
=12.5977 1/mm; then,h;K /Ko=0.9703. The group veloci-
ties are calculated from

uj = sc/njdh1 + sl/njddnj/dlj s20d

and ffrom Eq. s19dg dno/dlu798 nm=−0.031 631 1/mm and
dne/dlu798 nm=−0.013 286 1/mm, so that uo/c=0.597 23
andue/c=0.639 11, and thereforecD=0.1097. Finally,

N ; us1/ned ] ne/]cOAul=798 nm,c=46.95

= s1/ned ] /]chcos2c/no
2 + sin2c/ne

2j−1/ 2

= − 0.060346 s21d

and all the necessary data are available now.
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B. Estimation of the emission rate

I estimate the photon flux in 3PDC based on the observed
photon flux in a 2PDC process. In an optimized 2PDC setup
f21g a rate of 106 s−1 single counts is obtained on detectors
with a measured efficiency of 0.286, which collect a 0.16°
angle on a bandwidth of 4.3 nm. The 351-nm pumping laser
delivers 300 mW of cw power, and it is focused to a spot
with a radius of 82µm into ab-BBO crystal 2 mm long. This
means that, for an electric field into the crystal,Es2PDCd
<3.53104 V/m; the total emitted 2PDC flux is about 3
31012 s−1 sDl /4.3 nmd, whereDl is the fluorescence band-
width.

In order to scale these numbers to the 3PDC case, the
correction factors are the different field intensities
sEs3PDCd /Es2PDCdd2, then the different efficiencies of the
3PDC and 2PDC processessxs3dEs3PDCd /xs2dd2 and finally the
different crystal lengthssLcrystal/2mmd. In consequence,

Ns3PDCd < Ns2PDCdsEs3PDCd
4 /Es2PDCd

2 dsxs3d/xs2dd2sLcrystal/2 mmd.

s22d

In order to calculate the electric field for a cw pumping
sourceswhich corresponds to the 2PDC reference cased, the
energy inside the pumped volume is simply obtained by mul-
tiplying the nominal power of the lasersin Wd with the time
elapsed by the radiation to travel through the crystal,tcrystal.
For a pulsed pumping sourcesthe 3PDC exampled, the elec-
tric field is calculated using an “effective” value for the en-
ergy, which is obtained by multiplying the total pulse energy
U with the ratio between the crystal lengths<mmd and the
pulse lengthsLpulse<mmd. The fluorescence is emitted only
during the timetcrystal, so that the reference rateNs2PDCd must
be multiplied withtcrystal to get the correct reference number.
Finally, to get the number of trios emitted per second, the
number of crystal-crossing times during one pulse
stpulse/tcrystald and the number of pulses per secondsCd must
be taken into account:

Ns3PDCd < Ns2PDCdtcrystalsxs3d/xs2dEs2PDCdd2

3FUsLcrystal/Lpulsed
2«0n

2pr2Lcrystal
G2SLcrystal

2 mm
Dstpulse/tcrystaldC,

s23d

where«0=8.85310−12 A s/V m, n is the crystal’s index of
refraction, andr is the radius of the pumped volume. The
effective length of the crystal is limited to the Rayleigh’s
length, pr2/l. The bandwidthDl in the expression of
Ns2PDCd is limited by several factors. Considering the fre-
quency shift for the maximum angle that can be collected
with an aspherical lens with anf number of 0.6, Dl
<160 nm, which is also nearly coincident with the effi-
ciency bandwidth of silicon and the cutoff frequency of the
assumed optical fiber. After simplifying several factors in Eq.
s23d, taking into account that forb-BBO xs2d=1.6
310−12 m/V, using the data for 2PDC obtained above, and

estimating sfrom the results in f20gd that xcalcite
s3d <3

310−23 sm/Vd2, the expected 3PDC rate is

Ns3PDCd < 4 3 104 U2C/sLpulser
2d, s24d

where the pulse energy is expressed in joules and the pulse
length and pumped radius are expressed in meters.

There is an important difference with the 2PDC setup. In
2PDC, one would try to maximize Eq.s24d in order to get as
many pairs per unit time as possible. If there were more than
one pair inside the time observation window, one would re-
duce their number simply by adding spatial or spectral filter-
ing. In 3PDC instead, one wants to collectall the pairssi.e.,
for all propagation angles and frequenciesd emitted simulta-
neously with the trigger photon. This forces that at most one
trio must beproducedat all frequencies and anglessinstead
of observedat a given angle and frequencyd inside the time
observation windowstypically 3 ns, much longer than a
mode-locking pulsed. Otherwise, the correlation would be
spoiled. In order to reduce the probability of producing two
trios per pulse, down to a negligible level, the probability of
producing one trio in a single pulse must be 10% or less.
This means thatNs3PDCd,0.1C. This imposes an upper limit
to the acceptable pump power. In the previous section, the
value ofr =0.35mm has been obtained to allow focusing the
fluorescence into a single mode fiber. Assuming pulses with
a duration of 10 pssusual for Nd:YAG mode-locked lasersd
one finally gets

U , 30 pJ or average power, 3 mW sfor C = 108 s−1d,

s25d

which is an accessible value for a standard diode-pumped
mode-locked Nd:YAG laser, even for its fourth harmonic
and with the requirement of a TEM00 beam. The 10-ns sepa-
ration between successive pulses is usual in solid-state
mode-locking lasers and allows a clear separation of the time
observation windows.

Summarizing, with the described pump power and focus-
ing, an average rate of 107 s−1 trios is predicted. Not all of
them, however, can be used. A glimpse of what can be ex-
pected is obtained by assumingsas inf21gd a collecting area
of 0.16° for thet detector. This means about 250 s−1 trigger
counts. Assuming a 55% of collection efficiencysfor the
setup with the aspherical lensesd, 75% for the detectors, and
95% for the coupling to the fibers, the probability that a
biphoton is detected after the triggersthat is, the trigger’s
reliability, rd is

r = 0.553 s0.753 0.95d2 < 0.28. s26d

sThe collecting efficiency factor appears only once, because
the signal and idler photons are emitted on circles of the
same radius. If one of them is collected, the other one is also
collected, with certainty.d Therefore, the expected rate of
triggered biphotons is about 70 s−1. This is poor if compared
with the value of 105 s−1 of 2PDCf21g, but it is favorable if
compared with the 0.35 s−1 of a recent two 2PDC realization
f22g, and by sure it is much higher than what can be expected
from the schemes of three 2PDC.
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However, with only 70 s−1 effective counts, the typical
dark count rate of the standard detectorssabout 250 s−1d pro-
duces a severe deterioration of the trigger’s reliability. The
influence of noise can be reduced by using selectedsand
more expensived detectors with lower dark count rates or by
using faster electronics and lower dispersion lines allowing
narrower time observation windows, closer to the pulse du-
ration. But probably the best available solution is simply to
increase the number of trigger counts by enlarging the col-
lecting angle of thet detector. Following the criteria dis-
cussed in Sec. III B, a slit detector 6.5 mm height and 0.1
mm wide placed at 33 mmsthe focal distance of the assumed
aspherical lensd of the crystal collects more than 10 times
more radiation than the circular detector of 0.16° assumed in
this example until now. With this slit-shapedt detector, about
103 s−1 trios and a trigger’s reliability of 25% are expected,
using noisy nonselected detectors and time observation win-
dows of 3 ns duration with a separation of 10 ns.

V. SUMMARY

I have presented a study of the feasibility of using 3PDC
as a deterministic or event-ready source of entangled states
of photons. For a uniaxial crystal, the paraxial approach to
the degenerate and collineare→o,o8 ,e case indicates that a
structure of rings similar to the one observed in 2PDC is
present, but with its center of symmetry displaced from the
position of the pump beam, depending on the position the
trigger photon observed. Also, depending if the trigger pho-
ton is an ordinary one or the extraordinary one, the structure
of the rings is like that of 2PDC with phase-matching type II
or I, respectively.

The proposed setup is based on the detection of a trigger
photon and the collection of the largest part of the simulta-
neously emitted fluorescence, separating its left and right
sfrom a certain symmetry lined halves, but otherwise losing
any information about the angle of propagation and fre-
quency of the signal and idler photons. In spite of the weak-
ness of the third-order nonlinear term, the expected rate of
entangled states is comparable to the one obtained in setups
based ontwo 2PDC processes, and their purity is apparently

free of fundamental limitations. Note that the total state gen-
erated by the proposed setup is of the form

u0l + jhrutl ^ uf12l + s1 − rdutl

^ ufailedl + u ' tl ^ ¯ j + osj2d, s27d

whereufailedl is a short way of indicating all the possibilities
where the signal or the idlersor bothd photons emitted simul-
taneously withutl have not been detected. The purity of the
state obtained after the observation ofutl hence depends on
the value of the trigger’s reliabilitysrd, which is limited only
by the instrumental imperfections, and the efficiency of
3PDCj, which can be made as small as required to make the
last term in Eq.s27d negligible.

I have also found the phase-matching conditions for the
calcite crystal and estimated the rate of triggered biphotons.
Focusing the fourth harmonic of asfew mW average powerd
mode-locked Nd:YAG laser near to the diffraction limit, col-
lecting the fluorescence with commercially available con-
denser optics and detecting with standard silicon avalanche
photodiodes, the rate of triggered biphotons is estimated near
1000 s−1, with a trigger’s reliability of 25%si.e., there are
about 4000 s−1 trigger signalsd. These numbers can be
doubled using more sophisticated collecting optics, as the
ellipsoidal cavity sketched in Fig. 5.

In conclusion, this study indicates that the 3PDC process
appears promising enough so as to proceed with an experi-
mental attempt to measure the three-photon frequency down-
conversion fluorescence. On the theoretical side, the search
for more convenient crystals and phase-matching conditions
is probably the most necessary contribution. A study of the
influence of the finite bandwidth of the trigger detector and a
calculation of the phase-matching conditions free of the limi-
tations of the paraxial approximation are also convenient.
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