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We report the experimental and theoretical verification that, in a diode-pumpedNd:YAGþ Cr:YAGQ-switched laser,
the instabilities in the pulse spacing (“jitter”) are ruled by low-dimensional deterministic chaos. From our experi-
mental time series, we determine the embedding and fractal dimensions of the attractor, as well as the values of the
Lyapunov exponents. We also present a simplified theoretical description in terms of a map of the same universality
class as the logistic map, which explains the bifurcations’ cascade and the period-three window of stability ob-
served. The achieved characterization of the dynamics and its main parameters opens a door to effective ways
to reduce the jitter, which is of practical interest, through mechanisms of control of chaos. Conversely, the difficulty
in the prediction of the interpulse spacing makes this system attractive for high power, robust FM chaotic laser
cryptography in free-space propagation. © 2010 Optical Society of America
OCIS codes: 140.1540, 140.3540, 140.3580.

Q-switching of solid-state lasers by using an intracavity
saturable absorber (SA) is a technique widely used for
generating giant pulses. Because of the advantages of
simplicity, compactness, high efficiency, relatively low
cost, and avoiding the use of electro- or acousto-optics
devices and corresponding electronics and high voltage,
diode-pumped all-solid-state passively Q-switched lasers
have wide applications in radar, remote sensing, pollu-
tion detection, engine ignition, nonlinear optics, and ma-
terial processing, as well as in the industry. Currently,
Cr4þ:YAG is the most commonly used SA. However,
the technique has a drawback: the pulses tend to exhibit
large instabilities in the repetition rate (“jitter”), making
its use inconvenient or difficult in many applications.
The model of the laser with an SA is isomorphous to

that of a Bénard–Rayleigh system with two different
fluids or a solute [1]. Many pulsed all-solid-state lasers
are known to display complex nonlinear dynamics [2],
including the response typical of an excitable system [3].
In spite of this background, the common opinion is that
the observed jitter is caused by mechanical and/or ther-
mal noise; its possible dynamical origin has remained
rather unexplored. Zayhowsi and Dill [4] reported the ob-
servation of a bifurcated pulse train, but no explanation
in terms of an underlying dynamical process was
attempted. Tang et al. [5] showed a period-doubling cas-
cade followed by a highly unstable regime with a period-
three stable “island.” These are typical indications that
the system is ruled by nonlinear dynamics. A numerical
description in terms of a set of five rate equations suc-
cessfully described the observed general behavior. Wei
et al. [6] measured the correlation dimension of the time
series of the pulse amplitudes between 4 and 5, observed
the existence of spatiotemporal instabilities, and de-
scribed them in terms of coexisting Hermite–Gauss oscil-
lating modes.
In this Letter, we report the experimental and theore-

tical verification that jitter in this system, that is, the time
elapsed between successive Q-switched pulses, is ruled
by nonlinear dynamics, including low-dimensional deter-

ministic chaos. We find that the embedding dimension of
the attractor is 5 and that there are two positive Lyapu-
nov exponents. We also sketch a highly simplified de-
scription in terms of a one-dimensional map. This map
is of the same universality class as the logistic map,
which provides a simple reason for some of the more dis-
tinctive dynamical features observed.

The core of our laser prototype is a RBAG20 pump cav-
ity (“Gold Module”) from Northrop Grumman. The laser
cavity is 28 cm long and it is assembled in a “V” shape,
with a high-reflectivity flat end mirror, a 50 cm radius of
curvature folding mirror, and a flat 80% reflectivity out-
put coupler. The Cr:YAG crystal has an unsaturated
transmission of 80%. It is mounted in a variable position
inside the cavity. This allows varying the saturation para-
meter by changing the area of the mode. The recording
system is a fast photodiode (100 ps rise time) and a
350 MHz, 5 Gigasample=s digital oscilloscope with a
memory of 16 MB, which allows recording a time series
of several thousand pulses with acceptable resolution. At
the stable Q-switching regime, this laser typically emits a
train of ≈40 ns pulses equally spaced at a rate of about
10 KHz. As the SA crystal is displaced, regions of period
doubling, period four, and, eventually, fully irregular am-
plitude and pulse spacing are reached [Fig. 1(a)]. It is no-
teworthy that, inside the irregular region, there is an
island of stable period three [Fig. 1(b)]. These results
are in agreement with the previous observations of am-
plitude dynamics reported by other authors [5,6].

Now we focus on the analysis of the irregular series in
the variable “time separation between pulses.” To record
a series as long as possible, the density of samples during
the short (relative to their separation) pulses is neces-
sarily low. In consequence, each pulse is drawn by rela-
tively few samples. This “sampling noise” is unimportant
in the case of periodic signals, but, when the goal is to
calculate the dynamical properties of the chaotic time
series, the peak pulse position must be known with pre-
cision. Therefore, the first step is to fit the few points that
draw each pulse shape with an appropriate continuous
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curve, as is described in detail in [7], in order to deter-
mine the time position of the maxima with a minimum
of noise. Next, we use the TISEAN software [8] and find
that the embedding dimension (dE) is 5 by calculating, as
is usual, the decay of the percentage of false nearest
neighbors [9] (Fig. 2). We follow the prescription of using
the value of the delay of the reconstruction (m) equal to
the first minimum of the mutual information of the mea-
sured series (typically,m ¼ 4 here). We repeat the calcu-
lations for m ¼ 1, and no significant difference is found,
which is an indication of the reliability of the results. Be-
sides, the analogous surrogated (or time-shuffled) data
curve does not decay (Fig. 2), which is the standard test
that the obtained value of dE is due to the dynamics, not a
mere statistical property of the data file. As an additional
test, we perform the same calculation on a complete
unprocessed file, i.e., the whole set of 4 million samples.

In spite of the high noise intrinsic to this raw file, the
calculation leads to the same results.

We calculate the dimension of the attractor with the
Grassberger–Procaccia algorithm, finding a value be-
tween 4 and 5, which is consistent with the value of
dE we find and also with the correlation dimension re-
ported in [6] for the pulse amplitude dynamics. We also
calculate the Lyapunov exponents. Their exact values
change depending on the particular experimental run,
but the pattern is always (for the irregular series) the
same: two of them are clearly positive, which is a confir-
mation of the chaotic regime. Another one is near to zero,
and the other two are clearly negative. The sum of the
five exponents is always negative. The value of the high-
est Lyapunov exponent is close to 1, which means that
the time between pulses is a variable difficult to predict
[9], and, hence, is suitable for synchronous chaotic laser
cryptography [10]. For this application, the message
would be written by illuminating the SA with an LED
slightly changing the absorption and, hence, the pulse
spacing. This coding would be insensitive to attenuation
(FM), and this laser system can be easily scaled in power.
It appears then as an appealing alternative to perform
encrypted communication at large distances through free
space.

The numerical solution of a set of rate equations de-
scribed well the observed amplitude dynamics [5]. Never-
theless, the period-doubling cascade and the period-three
island of stability suggest that a (one-dimensional) logis-
tic map is somehow present. In fact, a qualitative descrip-
tion in terms of a one-dimensional map can be achieved
as follows: the pulse energy

R
Φdt ¼ Δi −Δf is calcu-

lated from the implicit equation [11]

Δi=Δf − 1 ¼ ðΔu=Δf Þ lnðΔi=Δf Þ; ð1Þ

where Δi (Δf ) is the population difference between the
lasing levels; Δ ¼ N2 − N1 at the start (end) of the pulse,

Fig. 1. (a) Zoom of one of the raw data files used to calculate
dE in the fully developed chaotic regime. The complete file has
8024 pulses. (b) Single sweep oscilloscope trace in the period-
three stable region, both in amplitude (high, low, low) and in
time spacing (short, long, long). Be aware that the pulse ampli-
tudes displayed do not always correspond exactly to the real
ones, because of the uneven sampling.

Fig. 2. Percentage of false nearest neighbors as a function of
the dimension of embedding (dE), for the complete file cor-
responding to Fig. 1(a), m ¼ 4 (first minimum of the mutual
information). Squares: from the actual series of the time separa-
tion between consecutive pulses, a value dE ¼ 5 is clearly de-
termined. Triangles: the same from the surrogated data series.
Note that this curve does not decay to zero. It indicates that the
scrambled series, in opposition to the actual one, has no defined
topological structure.
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and Δu is its threshold value when the SA is bleached,
i.e., when NSA ¼ 0. The values of N2 and N1 at the
end of the pulse can be calculated assuming that, during
the emission of the pulse, N2 þ N1 ≈ constant. During the
following recovery, there is no field present (Φ ¼ 0),
which allows writing closed expressions for the NiðtÞ.
The next pulse starts at t ¼ τ, which is defined by the
threshold condition:

σ⋅lg⋅ΔðτÞ ¼ σa⋅ls⋅NSAðτÞ þ k; ð2Þ

where, following the notation in [5], σ and lg (σa and ls)
are the cross section and length of the gain medium (the
SA), and k is the empty cavity loss. This equation also
relates the pulse spacing with the population inversion
and the state of the SA. If the pump is strong enough that
Δi=Δu ≈ 5, Eq. (1) can be approximated by Δf ≈ Δi exp
ð−Δi=ΔuÞ [11]. Assuming now that the lower laser level
and the SA decay fast, the gain population differences at
the start of the nþ 1 pulse and the n pulse
become related by a map of the form

Δnþ1 ¼ a1 þ a2Δn expð−Δn=ΔuÞ; ð3Þ
where a1 ≈ Δu þ s −W⋅a2 and a2 ≈ ½σlgðW − s −ΔuÞ�−1,
where W is proportional to the pump rate and s to the
saturation factor. This map has its maximum at Δu
and a fixed point at Δ0 > Δu. The maximum is quadratic
at the lowest order, so that the map belongs to the same
universality class as the logistic map [12,13]. This implies
that the essential dynamics are the same: the route to
chaos follows a period-doubling cascade, the accumula-
tion of the bifurcation points converges to the Feigen-
baum’s constant, a period-three stability island exists
in the chaotic region, etc. The first period-doubling
bifurcation occurs when dΔnþ1=dΔn ≤ −1, or ð1 −Δ0=
ΔuÞð1 − a1=Δ0Þ ≤ −1. For typical numbers, ja1=Δ0j ≪ 1,
thus the stability condition is dominated by the first fac-
tor. The first period-doubling point is hence reached by
increasing the pump (increasingΔ0) or by decreasing the
losses (decreasing Δu), in agreement with the observa-
tions and with the numerical solution of the rate equa-
tions [5]. The interpulse spacing then varies, copying
the variations ofΔn, according to Eq. (2). This is a simple
explanation to understand some (not all) features of the
route to chaos observed. It must be stressed that Eq. (3)
is only a rough approximation. It does not take into ac-
count, for example, the effect of the slow relaxation of
the SA. It cannot describe the whole dynamics of the sys-
tem. This task requires, as it is shown, at least five
variables.
In summary, we experimentally verify that the pulse

spacing instabilities commonly observed in passively
Q-switched all-solid-state lasers follow deterministic,

low-dimensional dynamics. This does not mean, of
course, that the influence of external perturbations in
a noisy environment can be completely ignored. We mea-
sure the value of the embedding dimension and the (frac-
tal) dimension of the attractor, as well as the Lyapunov
exponents. The values obtained are consistent among
them and also with the observations and the theoretical
approaches reported by other authors. We present a sim-
plified description in terms of a one-dimensional map of
the same universality class as the logistic map, which
makes the general features observed easy to understand.
These results open the door to employing efficient and
robust mechanisms of control of chaos to stabilize the
Q-switch frequency. Some preliminary results obtained
through the controlled bleaching of the SA with a LED
can be found in [14]. Alternatively, the FM chaotic regime
makes these scalable systems attractive for free-space,
large distance laser cryptography.
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