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Abstract In this paper we give conditions on an implication algebra A so that
two congruences 6;, 6, on A permute, i.e. 6; o 6, = 6, o 6;. We also provide simpler
conditions for permutability in finite implication algebras. Finally we present some
applications of these characterizations.
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1 Introduction

In this section we will introduce some basic properties of implication algebras and
fix the notation used throughout the article. In the next section we will present the
main result of the article, namely, a characterization for the permutability of two
congruences on an implication algebra. The conditions found may be simplified in
the case of finite implication algebras; this will be carried out in Section 3. Finally, in
Section 4, we will turn to some applications of the preceding results. Specifically we
will derive as a simple consequence the characterization given by Cornish in [4] of
congruence-permutable implication algebras. We will also give a simpler proof of a
characterization of factor congruences in implication algebras that appears in [5] and
find those congruences in finitely generated free implication algebras that permute
with every other congruence.
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An implication algebra is an algebra A = (A, —, 1) of type (2, 0) that satisfies the
equations:

1) x—>x=1

2) x—>y) > x=ux,

B) G=y»y—=>y=0@—=>x) —zx
@4 x>@—=>2=y—> x—2.

The theory of implication algebras was developed by Abbott in [1, 2] (see also
[8]) and he showed that there is a bijective correspondence from the class of all
implication algebras onto the class of all semi-boolean algebras, i.e. join semi-lattices
in which every principal filter is a Boolean algebra.

On an implication algebra A, the relation given by a < b ifand only ifa — b =1
is a partial order, called the natural order of A, with 1 as its greatest element, that
is,a — 1 =1 for every a € A. Every pair of elements x, y € A has ajoin x v y given
by the term (x — y) — y. Moreover, if a,b,c € A and a, b > c, then the meet of
a and b exists and it holds that p(a,b) =a A b where p(x, y) is the polynomial
x—>(y—o0)—c

We now summarize some properties that hold in any implication algebra and will
be used throughout the article.

1—>x=x,

y<x—y,

xXVx—=y =1,

ifx<ythenz >x<z—>yandy—>z<x— z,
xvy=liffx—>y=y,
x<y—-ziffy<x— z,

X—> x—>y)=x—>y.

In addition, the lattice operations satisfy the following properties for every x, y, z € A:

x—=>2DA(y—>gexistsand (xVy) > z=(x—> 2) Ay = 2),
Z=>@Vy)=(@EZ—=>x0V(EZ—>y),
ifxAyexists, xAy) > z2=x—>2)V(y— 2),

if x A y exists, then (z — x) A (z = y) also exists and z —> (X A y) = (2 = X) A
(z—y).

The class I of all implication algebras is a locally finite, 3-permutable, 3-distributive
variety, but it is not permutable (see [7]). All of its members are semisimple; in
fact, they are the semisimple Hilbert algebras (see [2] and [6]), and the two-element
implication algebra 2 = ({0, 1}, —, 1) is, up to isomorphism, the unique subdirectly
irreducible implication algebra. As an immediate consequence of this last result,
implication algebras may be also characterized as the {—, 1}-subreducts of Boolean
algebras.

Implication algebras are 1-regular, i.e. every congruence is determined by the con-
gruence class to which 1 belongs. For each congruence relation # on an implication
algebra A, 1/0 is an implicative filter, i.e. it contains 1 and if a, a — b € 1/6, then
b € 1/0; equivalently, 1/6 is a nonempty set which is upwardly closed with respect
to the natural order and if a, b € 1/6 and a A b exists, thena A b € 1/6. Conversely,
for any implicative filter F of A the relation 8y = {(a,b) € A>:a — b,b — a € F}
is a congruence on A such that F = 1/0f. In fact the correspondence 6 — 1/0 gives

@ Springer



Order (2009) 26:245-254 247

an order isomorphism from the lattice Con(A) of all congruence relations on A onto
the set of all implicative filters of A, ordered by inclusion. We use the symbols A and
V for the least and greatest elements in Con(A), respectively. For convenience we

write a 2 b instead of (a, b) € 6. Observe that although A is not a term operation, if
aZb,cZd andbothaAcandb Adexist, thena Ac=b Ad.

2 Permutability of Congruences

Two congruences 6y, 6, on an algebra A are said to permute if 6; 0 0, = 0, 0 0;. The
following result will be useful to characterize the permutability of two congruences
0, 9, because it allows us to restrict our attention to the case in which 8; N6, = A.
The proof is straightforward.

Lemma 2.1 Let 0y, 6, be two congruences on an algebra A and let 6 = 6, N 6,. Then
91 o} 92 = 92 091 ifand only if@]/@ [¢] 92/9 = 02/9 o 91/9.

The following lemma gives a useful characterization for congruence classes in
implication algebras.

Lemma 2.2 Let 6 € Con(A), where A € 1. Then for all x € A we have that
x/0 = {al Aoy = x) 1oy, € 1/0 and oy A (ag — X) exists}.

Equivalently y € x/0 if and only if there exist a1, as € 1/0 such that y=o; A (ap — X).

Proof Let y € x/6. Then oy =x — y € 1/6 and o = y — x € 1/6. Observe that
ow—->x=(—>x)>x=x—>y)—>y=uo — y. Hence y <ar - x. As y <aj,
o A (ar — x) exists and we have

arAler > x)=(r > %) > (01 > y) > y=1->y=y.

Conversely, given «y, ay € 1/6, such that o A (¢y — x) exists, we have that o A

(a2—>x)él/\(1—>x):x,thusoz1/\(oz2—>x)ex/0. O

Theorem 2.3 Let A €1 and 0y, 6, € Con(A) such that 6, N0, = A. We have that
01 0 6, = 0, 0 0y if and only if the following conditions are satisfied:

(1) Ifa€1/6,and B € 1/6,, then o A B exists,
(2) Assume that a1, ay € 1/0, that By, B, € 1/6,, that x € A and that a; A (e — X)
and By A (By — x) both exist. Then (ay A B1) A ((ax A B2) — X) exists.

Proof Suppose 0; 0 6, =6, 0 6.

To prove (1) let @ € 1/0; and 8 € 1/6,. Then o = 1 2 B,ie. o o B, so «
Consequently, there exists ¢ € A such that « 2.4 B.

Thus we have ¢ — o € 1/6,. Moreover,as¢c — « >« € 1/6;,¢c — «a € 1/0,. Hence
c—>ael/6N1/6,. But 1/6; N1/6, = {1} because 6; N6, = A. We conclude that
c—a=1,ie.c<a.

In the same way we can show that ¢ < 8, therefore o A 8 exists.

b 200

B.
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Assuming the conditions in (2), consider a=a; A (e — x) and b =) A (B2 = X).
Hence

a:al/\((xz—>x)Gzlxezzﬂl/\(ﬂzex):b.

Since 0, and 6, permute, there exists y € A such thata 2 y Lp.
By (1), a1 A By and o, A B, both exist. Thus

)
y— (otl/\ﬂl)zzy—nxl.
As a<a;, y—>a<y— a, so the equation above, together with the fact that

y — a € 1/6,, implies that y — (a; A B1) € 1/6,.
Likewise,

=

y—> (i AB)=y— B,

and since b <g;, then y > b <y — B and y - bel/6;, so we get y — (o] A
B1) € 1/0,. We have thus proved that y — (o) A B1) € 1/6; N 1/6, = {1}. Therefore
y <aj;APBr.

We also have that

&

y—= ((mAB) > x)=y—>(—>x)>=y—>acl/o,

y—>((ozz/\,Bz)—>x)2y—>(/32—>x)zy—>b61/91.

As aconsequence, y — ((a2 A By) = x) € 1/0; N 1/0, = {1},i.e. y < (aa A ) — X.
Then yis alower bound of o; A B; and (a3 A B2) — x. Therefore, the meet of these

two elements must exist. This completes the proof of condition (2).

Conversely, suppose conditions (1) and (2) hold. Let a & X z b.

Asa e x/0,and b € x/6,, by Lemma 2.2 there exist o;, ay € 1/6, and By, B2 € 1/6,
such that

a=oua A —> Xx), b =1 A (B — x).

By (1) and (2), (1 A B1) A ((2 A B2) — x) exists. Thus we have

a= o N0y —> X)

s

(a1 A B A ((@2 A B2) = x)

0

= B A (B — X)
=b

6,00,
thereforea = b. ]

The general characterization of permutability now follows from Lemma 2.1 and
the previous theorem.

Corollary 2.4 Let A €1 and 6,, 0, € Con(A), 6, 0 0, = 6, 0 0, if and only if the con-

gruences 6, /(61 N 0,) and 6,/(6, N 6,) satisfy conditions (1) and (2) of Theorem 2.3 in
the implication algebra A /(6) N 6,).

@ Springer



Order (2009) 26:245-254 249

3 The Finite Case

In this section we simplify the result in Theorem 2.3 when the implication algebra A
is finite. We begin by showing some useful properties about congruence classes.

Lemma 3.1 Let A €1 and 6 € Con(A). Then each congruence class of 0 is closed
under join.

ProofIfa%b,thenavaéavb,thenaéa\/b. O

Corollary 3.2 Let 0 € Con(A) where A is a finite algebra in 1. Then each congruence
class modulo 6 has a greatest element.

Proof Letx € A. As A is finite, x/6 is finite. Then there exists y = \/ x/6 and by the
preceding lemma y € x/6. Thus y is the greatest element in x/6. O

Lemma 3.3 Let 0 € Con(A) where A is a finite algebra in 1. Let x € A be such that
x =\ x/6, then:

(a) xva=1forallac1/6.
(b) x/60 ={x Aa:a e l/0suchthat x A a exists}.
(c) Ify € x/0, then there exists a unique o € 1/6 such that y = x A a.

(d) Ifx<y,theny=\/y/6.
Proof

(a) Let xel/f, then ¢ —x L1 x=ux, therefore @« —xex/6. Since x=\/x/6,
we have that « — x < x,s0o @ — x = x. This in turn implies that x vV o = 1.

(b) Letyex/6.Thena=x— yel/b.
As y < x and y < «, the meet between x and « exists. We have x Ao = (¢ —
x—=>y)—>y=@—->a)—>y=1—y=y.
Conversely, if x A o exists for some « € 1/6, we have that x A « é xA1l=x,
therefore x A € x/6.

(c) We only need to prove the uniqueness of «. To do this, we note thatif y = x A «,
it is necessary that « = x — y. In fact,

X=>y=x—>xAr)=x—>AXx—>a)=1ra=qa.

Observe that we used the fact that x - « = « given in (a) by the equivalent
condition x Vo = 1.

(d) Letx < yandconsideru =\/y/0. Thenu — y € 1/6 and (u — y) — x 215
x =x,ie. (u— y) — x € x/6. Since x = \/ x/0, we have (u — y) - x < x and
in fact (u — y) - x = x.
Hence x > (u— y)=u— y,and then u > (x > y) =u —> y. As x <y, it
follows that u < y.
In addition, since u = \/ y/0, y < u. This shows that y = u = \/ y/6. O

Lemma 3.4 Let A be a finite algebra in [ and let 6,, 6, € Con(A) be such that 6, o 6, =
02 00,. Let x € A be such that x = \/ x/0, = \/ x/0,, then x = \/ x/(6 o 6,).
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Proof Let y € x/(6; 0 0,) = x/(6, o 6;). Then there exists z € A such that y 2 z &y
Lets=\/z/0, =\ y/6,. Then z <sand y <s.

Ass 2 z, we have that s v x 2 zV x = x because x = \/ x/6; and z € x/0;.

Thus, as x = \/ x/6, and sV x € x/6,, we have that sV x < x, i.e. s <x. Then
y<s<x.

This shows that x = \/ x/(6) o 6). O

We are now ready to prove the main theorem of this section.

Theorem 3.5 Let A be a finite algebra in 1 and let 0,,0, € Con(A) be such that
61 N6, = A. Then 6, 0 6, = 6, 0 6, if and only if given x € A such that x =\/ x/6, =
\/ x/6, we have that for all a € x/0, and b € x/6,, the meet a A\ b exists.

Proof Suppose 6, 0 6, =6, 0 6. Let x € A be such that x=\/x/0,=\/ x/61, a € x/6,
and b € x/6,.
0106, hob;

. 0 0 0 .
Since a = x = b, we have a = b, therefore a = b. Hence there exists c € A
0, 0
suchthata =c = b.

0 . 6 . 0,06, .
Observe that c= b = x, i.e. ¢ = x. By the preceding lemma x = \/ x/(6; o 62),
so ¢ < x. Hence x — a < ¢ — a. Now since x — a € 1/6;, we conclude that c — a €

1/6,. Since a 052 ¢, we have that ¢ — a € 1/6,. Therefore c > a € 1/6, N 1/6, = {1}
because ) N6, = A. Thenc — a=1andc < a.
Analogously, ¢ < b. Consequently, the meet of @ and b exists.

Conversely, suppose a 2 ¢ Z b and consider the following elements of A:
s=\a/0=\/c/6r, t1=\/b/r=\[c/6r. u=\[a/tr. v=\/b/0\.

[ . [
t,wehavesvc=sVviie.s=sVL

o=

. 2
Since ¢

&

. 92 . 92
Sincea =u,wehaveavs=uvs,ie.s=uVvs.

Therefore, u v s 2 SV L.
Now, asu = \/u/6, and t = \/ t/6,, by Lemma 3.3 (d),

uvs=\/wvs)/,=\/svn/=svt.

Analogously, we can prove thattv v =sVvt.
. 0 0 . 0
Sincea=s,wegetuva=uvs,ieu=uvs=s\vt Henceue (sVvit)/o.

Since b ezzt,wegetb Vv QEZIVU,i.e. v QEZIVU =svt.Thusv e (sVvi)/0,.
By Lemma 3.3 (d) we know thats v =\/(s v )/0; = \/(s V 1)/6,. Consequently,
by hypothesis, we conclude that u A v exists.

. 2 0, . 6>
Sincesvt=v,wegetuA(SVE)=uAnv,i.e.u=uAnv.
. 91 91 . 91
SincesvVt=u,weget(SVI)Av=uAv,i.e.v=uAv.
Finally

[ o 6
A=U=UNV=V =

b,

0,00 .
and thusa = b. This suffices to conclude that congruences 6; and 6, permute. 0O
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Corollary 3.6 Let A be an implication algebra and 0,, 6, € Con(A) such that A/(0, N
0,) is finite. Then 6; 00, = 0, 00y if and only if the congruences 6,/(0; N 6,) and
6,/(01 N 6y) satisfy the conditions of the preceding theorem in the algebra A /(6; N 6).

4 Applications

We now turn to some applications of the results given in the preceding sections.
Congruence-permutable implication algebras were characterized by Cornish in
[4, Theorem 3.14]. We will obtain this result as a direct consequence of the preceding
characterization for permutability. In addition, we simplify the proof of the charac-
terization of factor congruences on an implication algebra given in [5]. Finally, taking
into account the results on free implication algebras presented in [5], we find all
congruences on finitely-generated free implication algebras that permute with every
other congruence.

4.1 Congruence-Permutable Implication Algebras

Recall that an algebra A is said to be congruence-permutable if every pair of
congruences on A permute (see [3] for more details). The following theorem is
due to Cornish (see [4, Theorem 3.14]) and characterizes congruence-permutable
implication algebras. We now derive this result as a consequence of Theorem 2.3.

Theorem 4.1 A € 1 is congruence-permutable if and only if for every pair of elements
a,b € A the meeta A b exists.

Proof Suppose A is congruence-permutable. Note that if a,b € A andavb =1,
then Fg(a) N Fg(b) = {1}, where Fg(a) denotes the implicative filter generated by
a € A. Then, by Theorem 2.3, the meet between a and b must exist. Now, given any
a,b € A, we have thata Vv (a — b) = 1. Therefore there exists c € A such thatc < a
andc<a— b.Thenc<aanda<c— b.Thusc<c— b,ie.c—> (c—> b)=c—
b =1, so ¢ < b. This shows that c is a lower bound of a and b, whence the meet
between a and b exists.

Conversely, if the meet of every pair of elements of A exists, this property also
holds in A/(6; N 6#,), where 6y, 0, € Con(A). Hence the conditions of Theorem 2.3
are trivially satisfied and by Corollary 2.4 we conclude that 6, and 6, permute. O

Observe that, as a consequence, we have that A is congruence-permutable if and
only if it forms a generalized Boolean algebra under the lattice operations.

4.2 Factor Congruences

A congruence 6 on an algebra A is called a factor congruence if there exists a
congruence 0* such thatd N0* = A,60 v 6* = V and 6 o 6* = 6* o 6. For more details
about factor congruences see [3].

Factor congruences in implication algebras are characterized in [5]. We now give
a simpler proof of that result as a consequence of Theorem 2.3.

@ Springer



252 Order (2009) 26:245-254

Theorem 4.2 Let 0 € Con(A) where A € 1. Then 0 is a factor congruence if and only
if the following conditions hold:

(a) Foreveryce 1/0 and every b € 1/6+, c A b exists.
(b) Forevery a € A, there are unique c, € 1/6 and b, € 1/0+ such thata = ¢, A b,

Proof Suppose 0 is a factor congruence. Condition (a) follows immediately from
Theorem 2.3. Now, since 6 v 6+ =V, it follows that Fg(1/0 U 1/6+) = A. Besides,
since 1/60 and 1/61 are both increasing and closed by infima (when they exist),
Fg(1/6U1/6+) ={cAb :ce1/8,b e 1/6+ such that c A b exists}. This implies the
existence part of condition (b). Uniqueness is straightforward.

Conversely, assume 6 is a congruence satisfying (a) and (b). It suffices to show that
0 06+ = V.Indeed, leta, d € A, thenby (b) there are c,,cy € 1/0 and b,, by € 1/6+

. 0
such thata=c, Ab,and d =cs A b4 By (a), cq Ab, exists,soa=c, ANb,=cqg A

baZEcanba=d. o
4.3 Permutability of Congruences in Free Implication Algebras

In this section we will study permutability of congruences in finitely generated
free implication algebras. We will find congruences that permute with every other
congruence on the algebra.

Since I is a congruence-distributive variety, for any algebra A € I the congruence
lattice Con(A) is pseudocomplemented. We will denote by 6+ the pseudocomple-
ment of a congruence # on A. It is not difficult to show that 1/8+={x € A : x Vv y=1
for every y € 1/6}.

The | X|-free implication algebra Fy(X) generated by X is the {—, 1}-subalgebra
of the {—, 1}-reduct of the |X|-free Boolean algebra Fg(X) generated by X, in
fact, F1(X) = {p € Fp(X) : p > x, for some x € X} (see [S] and the references given
there). It follows from this description that, as in free Boolean algebras, if X is
infinite, then the unique upper bound of X, relative to the natural order in Fj(X),
is 1; and if X is finite, then the set of all upper bounds of X is {1, \/ X}, in which \/ X
is a coatom.

In [5] the authors find all factor congruences in Fy(X). For reference, we state here
the main theorem of that article.

Theorem 4.3 If X is infinite, then F1(X) is directly indecomposable. If X is finite with
at least two elements, then Fr(X) has a unique non-trivial pair of factor congruences
6,0 )Y givenby 1/6 = {1,\/ X} and 1)+ ={ac Fy(X) :aVv\/ X =1}.

In the proof of the following theorem, we will use the fact that the lattice of
congruences Con(A) is a Boolean lattice for any finite implication algebra A. Indeed,
if we let C be the set of coatoms of A and for each congruence 6 on A, we let
Cy = {c € C: c € 1/0},itis easy to show that the mapping 6 - Cjy is an isomorphism
between Con(A) and the power set of C. As a consequence we get that for each
congruence 6, its pseudocomplement §+ is, in fact, its complement.

Theorem 4.4 Let X be a finite set with at least two elements and let F1(X) be the free
implication algebra generated by X. The congruence 0 given by 1/60 = {1,\/ X} and its
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pseudocomplement 0+ are the only non-trivial congruences on Fy(X) which permute
with all congruences.

Proof We first show that 6 permutes with every congruence. To see this, let 6’ be
any congruence on Fy(X). Let F=1/0 ={1,\/ X} and FF=1/6".If FC F, it is
immediate that 6 and 6" permute. Hence, assume that F € F’. In this case FNF' ={1}.

By Theorem 3.5, in order to prove that 6 and 6’ permute, it suffices to show that if
z=Vz/0=\z/0'andae z/0,b € z/0',thena A b exists.

Ifa=z,aAnb =zAb =Db,sowe may assume that a # z. Hence, by Lemma 3.3
(b), we know thata/0 = {z,z A \/ X},s0a =z A\ X.

Since there is some x € X such that x < b, \/ X A b exists and we have that

(\/XAb)—>a=(\/X—>a)v(b—>a).

Since \/ X 21, VX—a Z 4. There are two possibilities, namely, \/ X - a=a
or \/ X — a = z. In the former case, \/ X =\/ X va =1, a contradiction. Hence
\/ X — a = z. This shows that

(\/X/\b)—>a:z\/(b—>a).

Nowzv(baa)ézv(b —>z):z\/1:1andz\/(b—>a)ezz\/(z—>a):1.
As FN F' = 1,weconclude thatz v (b — a) = 1,i.e. (\/ X A b) — a = 1. Therefore
\/ X Ab <a. This shows that a A b exists and completes the proof that 6 and 6’
permute.

We now show that 8+ also permutes with all congruences. Let 6’ be an arbitrary
congruence on Fy(X). If 8’ C 9, it is easy to see that 8’ and 6+ permute. Conse-
quently, assume that 8’  61. We only need to verify that 6+ 06’ = V.

Indeed, observe that F+ = 1/6+ is a maximal implicative filter since F is a minimal
implicative filter and Con(Fy(X)) is a Boolean lattice. It is easy to see that the two
congruence classes modulo 8+ are F* and (\/ X] = {a € Fi(X) :a < \/ X}. Now, if
we call F/ =1/0',as F' € F*, there exists z € F'\ F*. Since z ¢ F*, z <\/ X and
then\/ X € F'.

Lop’

Let a,b € Fi(X). We will show that a - b. There are three different cases,
namely:

1 J‘O ’
Ifa,b € Frorifa, b € (\/ X], thena L b andhencea < b.
Suppose a € Ftand b € (\/ X].Letc = \/ b /6. By Lemma 3.3 (a), we have that
c¢Va = 1foreverya € F'.In particular, in the case « = \/ X, we get thatc € F*.
Hence

[
=

a=c=b.

o Letae(\/ X]andb € F*. Asb > xforsome x € X,b A\/ X exists. Hence
ot ¢’
a=bA\/X=bAl=b.

This shows that + and ¢’ permute.
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Conversely, consider a non-trivial congruence 6’ on Fj(X) such that 8’ permutes
with every congruence. We know that 8 N (8)* = A and 6’ v (§’)*+ = V. Moreover,
since 9’ permutes with every congruence, in particular 8’ o (") = (6")* o0 8. There-
fore {#’, (9")*} is a pair of factor congruences. By Theorem 4.3, either 8’ =6 or
0 =6+, |
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