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Abstract

In the present work a geometrically non-linear model is presented to study the coupling of axial and torsional vibrations
on a drill-string, which is described as a vertical slender beam under axial rotation. It is known that the geometrical non-
linearities play an important role in the stiffening of a beam. Here, the geometrical stiffening is analyzed using a non-linear
finite element approximation, in which large rotations and non-linear strain-displacements are taken into account. The
effect of structural damping is also included in the model. To help to understand these effects comparisons of the present
model with linear ones were simulated. The preliminary analysis shows that linear and non-linear models differ consider-
ably after the first periods of stick-slip. The behavior is more evident with the increase of the friction in the lower part of
the drill.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known that flexible beams subjected to axial loads manifest stiffness variations due to the presence
of the geometric non-linearities. The problem of geometric non-linearities in the context of dynamics of struc-
tures was analyzed by means of different schemes such as those reported in the works of Banerjee and Dickens
(1990) and Trindade and Sampaio (2002). The non-linear effect is relevant in the case of drill-strings vibrations
and it deserves some attention in order to develop suitable models, as it was advanced by Trindade et al.
(2005). Vibrations of drill-strings are often analyzed by means of discrete or lumped parameter models (Yigit
and Christoforou, 2003; Richard et al., 2004), with certain non-linear expressions to represent the forces/tor-
ques interactions with the rock formation. These models allow the study of a complex problem by connecting
lumped masses, springs, etc., in a conceptually simplified fashion which also facilitate the implementation of
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control schemes. Yigit and Christoforou (2003) extended their previous work to analyze the coupled axial/tor-
sional/flexural vibrations of drill-strings by means of a simplified lumped parameter differential system. Rich-
ard et al. (2004) analyzed the self-excited stick-slip vibrations of drill-strings by means of a simplified lumped
parameter model, which accounts for torsional and extensional motions coupled in the boundary. Recently,
Trindade et al. (2005) introduced a non-linear continuous beam model to study the influence of geometrical
non-linearities in coupled axial/transversal vibrations of drill-strings. In this work, it is shown that the non-
linear model has strong quantitative and qualitative discrepancies with respect to a linear one, and on the
other hand an effort was made to show the importance of the use of a continuous model that, by discretization,
gives a scheme of approximation; that is, given the error allowed the number of degrees of freedom of the dis-
crete approximation is computed. In the present article, the coupled axial/torsional vibrations of drill-strings
are studied by means of a non-linear beam model. The drill-string is subjected to distributed loads due to its
own weight, leading to geometrical softening of its lower part due to compression. The finite element method
is employed to analyze the vibration patterns of both the non-linear and the linear models in different oper-
ative conditions. The linear model can be obtained from the non-linear neglecting the geometrical stiffening. In
this study it is possible to see the qualitative and quantitative differences between linear and non-linear models,
especially when the drill-string undergoes stick-slip patterns. These qualitative differences are remarkable in
the calculation of reactive forces and torques. Whereas in linear models there is no geometrical coupling
between extensional and torsional vibrations, in the non-linear this kind of geometrical coupling has shown
a remarkable effect, specially in long-time stick-slip simulation.

2. Theory for the non-linear model

2.1. Variational formulation

Let us consider an initially straight slender beam with annular cross-section (Ro and Ri are the outer and
inner radii), and of length L in the undeformed state, which undergoes large displacements and small defor-
mations as shown in the following Fig. 1. In this beam model only the coupling between axial and torsional
deformations in the dynamics of drill-strings is analyzed.

The variational form of the strain energy accounting only for axial and torsional effects can be expressed by
the following linear (dHL) and non-linear (dHNL) terms (Sampaio et al., 2005a):

dH L ¼
Z L

0

½du0ðEAu0Þ þ dh0ðGI0h
0Þ�dx ð1Þ
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Z L

0
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where E is the longitudinal modulus of elasticity and G is the transverse modulus of elasticity. A and I0 stand
for the cross sectional area and polar moment of inertia, whereas I02 is a generalized cross-sectional constant
(Sampaio et al., 2005a).

The virtual work done by inertial forces, damping forces and own weight can be written in the following
form (Sampaio et al., 2005a):

fdT ; dD; dW g ¼
Z L

0

fduqA€uþ dhqI0
€h;�duCu _u� dhCh

_h; duqgAgdx ð3Þ

The damping forces are taking into account as a Rayleigh damping proportional to the mass, where Cu and Ch

are the axial and torsional damping constants calculated from the considerations of Spanos et al. (1995).

2.2. Non-linear finite element formulation

A Finite Element model can be constructed through discretization of virtual work components of strain,
inertia, damping and applied forces. The discretization is carried out using linear shape functions for both
axial displacements and torsional rotations. Then, substituting the discrete expressions of displacements into
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the virtual work expressions, and, operating and assembling in the usual way, one gets the discretized equa-
tions of motion:

M€qþD _qþ ½Ke þ KgðqÞ�q ¼ Fg ð4Þ

where M, D, Ke and Kg are the global matrices of mass, damping, elastic stiffness and geometric stiffness,
respectively, whereas Fg is the global vector of gravity forces. The force vector in the discrete Eq. (4) can
be extended to account for other force contributions, like impacts, etc.

2.3. Analysis about an initially deformed configuration

In order to analyze the dynamics of the coupled axial/torsional vibrations of the drill-strings, it is important
to consider previously some aspects of the drilling process with the scope to characterize the FEM procedure.
Drill-strings, such as the ones employed in oil well drilling, can be represented by a vertical cylinder with fixed
axial motion at the top position and sliding down due to own weight at the bottom side (i.e. the drill bit).
When the drill bit reaches the static equilibrium configuration (before the actual drilling process) acts a reac-
tion, which is considered time-invariant in this work. At this stage the drill-string starts its rotational motion.
Fig. 1b and c represent, respectively, the idealized undeformed and deformed configurations of the drill-string.
In these circumstances two ‘‘a posteriori’’ forces are included in the finite element model. Then, in addition to
the gravity force vector Fg present in Eq. (4), in the bottom node a time-independent force Ff is applied to
simulate the axial reaction due to rock formation. In addition a reactive torque Tbit is applied through the
external generalized force vector FT. This reactive torque is applied at the bottom node N, i.e. in the
(2N)th degree of freedom, and it can be defined combining different interaction models (Kreuzer and Kust,
1996; Yigit and Christoforou, 2003), in the following form:

Fig. 1. Drill-string scheme: (a) Description; (b) Undeformed configuration and (c) Deformed configuration.
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where Wob is the axial reaction of the rock formation, l is a factor depending on the drill cutter characteristics,
a1 and a2 are constants depending on rock properties, fi(hbn) is introduced to exploit different modeling
options and hbn and _hbn are the rotational angle and speed at the drill bit, respectively.

Therefore, considering the aforementioned background, Eq. (4) can be rewritten in the following form:

M€qþD _qþ ½Ke þ KgðqÞ�q ¼ Fg þ Ff þ FT ð6Þ

In this work, it is supposed that after the quasi-static lowering and when the reaction force reaches a pre-
scribed value the axial displacement of the drill bit is locked as it is suggested in Fig. 1c. Then further motions
take place around this initial deformed configuration, which is obtained from the following equation:

qs ¼ K�1
e ðFg þ FfÞ ð7Þ

It has to be pointed out that Eq. (7) was obtained assuming that the geometric stiffness is negligible compared
to the elastic stiffness for the initial axial loading, as it was explained in Trindade et al. (2005). Then, defining a
new displacement vector �q relative to the static qs, i.e. �q ¼ q� qs, and, substituting q into Eq. (4), it is possible
to obtain the following equations of motion (8) in terms of �q, i.e. in terms of the relative displacement vector:

M€�qþD _�qþ ½Ke þ Kgð�qþ qsÞ��q ¼ FT ð8Þ

Then, the axial displacement of the drill bit it locked into its static value, that is: �uL ¼ 0 or u ¼ uL
s . On the other

hand the top position of the drill-string is subjected to a constant rotary speed x.

3. Preliminary numerical results

In the present section, the dynamics of typical drill-string configuration is simulated in order to identify the
influence of the geometric axial/torsional coupling. The drill-string consists of two parts, the upper portion is
composed of slender drill pipes normally subjected to large traction forces; on the other hand, the lower por-
tion is subjected to compressive forces due to the action of own weight of the upper part and the reactive
forces, consequently the lower part has larger diameters. The geometric properties of the upper segment
are: length 2250 m, internal diameter 0.09718 m and external diameter 0.1143 m. The geometric properties
of the lower segment are: length 250 m, internal diameter 0.05715 m and external diameter 0.1651 m. The lon-
gitudinal elastic modulus, Transversal elastic modulus and Mass density are the same for both segments:
E = 210 GPa, G = 80 GPa and q = 7850 kg/m3.

Since, in the present study the axial displacements are supposed to be initially at their static configuration,
they can be excited by means of the coupling with the torsional vibrations. In these circumstances while the
rock reaction is supposed constant (the drill-string is lowered until it reaches a decided configuration), the only
axial/torsional interaction comes from the non-linear strain-displacement relations, not present in the linear
model. In order to understand the stiffening/softening effects and axial/torsional interactions in the drilling
process, a set of comparisons between linear and non-linear models are performed. The following rock-bit
interaction parameters a1 = a2 = 1 and fi(hbn) = f1(hbn) are employed in Eq. (5). The drill-bit parameter has
the value l = 0.04. The drill-string is subjected to a forcing rotary speed of 10 rad/seg at the top. The drill-
string was modeled with 24 finite elements (5 in the lower segment and 19 in the upper segment) that proved
to offer acceptable accuracy (Sampaio et al., 2005b). As explained in the previous section, the axial displace-
ment of the drill bit is locked after a reactive axial force of 2.55 · 105 N due to the rock formation is reached
(i.e. seventy percent of the BHA weight). The equations of motion (8) for the finite element models were
numerically integrated with the aid of Matlab ODE algorithms based on implicit schemes (Ode15s).

Fig. 2 depicts the rotary speed at bottom position (in the figure oth(t) means the rotary speed, i.e. derivation
with respect to the time) under a stick-slip condition. The forcing rotary speed at the top position is also

500 R. Sampaio et al. / Mechanics Research Communications 34 (2007) 497–502



Author's personal copy

depicted for comparison purposes. One can see a divergence of both models, characterized by the difference
between their corresponding rotary speeds. This difference starts to be sensible after the first six periods of
stick-slip. Also one can observe that the non-linear model predicts higher speed-peaks in comparison with
the linear model.

Fig. 3 shows the axial reaction at the top position for both linear and non-linear models. In this figure
one can see that the qualitative differences of both models are sensible from the initial instant. In fact, the

Fig. 2. Difference of non-linear and linear responses for the angular speed at bit. l = 0.04.

0 10 20 30 40 50 60 70 80 90 100
5.881

5.882

5.883

5.884

5.885

5.886

5.887

5.888
x 105

Q
x (N

)

t (s)

Linear model
Non linear model

Fig. 3. Reaction forces at the top position using linear and non-linear models.
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employment of a non-linear model leads to a modification in the axial force behavior due to the torsional
vibration. In other words, the presence of torsional displacements geometrically coupled to axial displace-
ments, induce an increase of the last ones, leading to an qualitative variation of the axial deformation.

4. Conclusions

In this article a non-linear model for simulation of the axial/torsional interactions in drill-strings dynamics
was introduced. The axial/torsional interactions were analyzed by means of a comparison between the
responses of linear and non-linear models, in operative conditions. Normally, the axial/torsional interaction
of a linear model is only related to the bit torque, which has a non-linear form depending on rotation speed
and rotation angle at the bit. However, the non-linear model has, in addition to the non-linear bit torque, the
consideration of a geometric coupling due to non-linear strain-displacements relations. The non-linear beam
model can be reduced to a linear one leaving out the non-linear strain-displacements effects. The linear and
non-linear models differ after the first periods of stick-slip not only in the drill-bit rotary speed, but the pre-
dictions of forces are different since the beginning. This observations are important in order to simulate a long-
time analysis of drilling process, as well as to consider feasible control methodologies. However, the consid-
eration of control methodologies based on the present non-linear model as well as an extensive parametric
analysis are the matter of a future research.
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