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Abstract

The aim of this paper is to report on some computations of Hochschild
cohomology and fundamental groups of incidence algebras.

Let A be a finite dimensional algebra (associative with unit) over an algebraically
closed field. We assume that the algebra A is basic, that is, A = kQ/I for some
finite quiver @ and an admissible ideal I of the path algebra kQ [ARS].

The Hochschild cohomology groups HY(A4,X) of A with coefficients in an
A-bimodule X were defined by Hochschild [Ho]. When X = A we shall denote
HY(A) = H'(A, A) the i*"- Hochschild cohomology group of A.

In general it is not easy to compute the Hochschild cohomology groups of a
given algebra. The purpose of this paper is to compute them when A is an incidence
algebra, that is, A is a subalgebra of the algebra M, (k) of square matrices over k
with elements (x;;) € My(k) satisfying x;; = 0 if ¢ £ j, for some partial order <
defined in the poset (partially order set) {1,...,n}. It is well known that to a finite
poset P we may associate a simplicial complex ), whose i-simplices are the chains
of length 4, such that the cohomology of ), with coefficients in k is isomorphic
to the Hochschild cohomology of the incidence algebra associated to the poset P
[C, GS, GS1].

We prove first that if A is an incidence algebra such that its poset has a unique
maximal (minimal) element then H*(A) = 0 for all i > 1.

It is known that the Hochschild cohomology groups of an incidence algebra vanish
if the associated poset does not contain crowns (see [D, IZ]). Assume that A is an
incidence algebra such that its poset P contains crowns. There is an algorithm given
by Igusa and Zacharia [IZ] that allows us to find the so-called reduced subposet P
of P which has the property that all elements x € P, neither minimal nor maximal
elements, are such that {y € P : y > z} has at least two minimal elements and
{z € P :x > 2z} has at least two maximal elements. The Hochschild cohomology
groups are invariant under this construction.

*The first author has a fellowship from CONICET and the second author is a researcher form
CONICET.



We compute the Hochschild cohomology groups of the incidence algebras as-
sociated to posets with reduced subposet given by ([gn + s] x [n — 1], <) where
[m]={0,....m}, (1,j) < (I+1,5), (l,j) < (+1,j+ 1) and (I,n) = (1,0).

For each pair (@, I) such that A ~ kQ/I, called a presentation of A, one can
define the fundamental group m(Q,I) (see Section 1.5). Assume that @ has no
oriented cycles. Then A is called simply connected if, for every presentation (Q,I)
of A, the fundamental group m1(Q, ) is trivial [AS]. The importance of simply
connected algebras in representation theory follows from the fact that often we may
reduce, with the help of coverings, the study of indecomposable modules over an
algebra to that of the corresponding simply connected algebras. This is the case for
representation-finite algebras (see [BG]).

In [H] Happel shows that a representation-finite algebra A is simply connected if
and only if A is representation directed and H*(A) = 0. This suggests the existence of
a relation between H'(A) and the fundamental group of A. Moreover, the existence
of an injective morphism of abelian groups s : Hom(m1(Q, I), k™) — H'(A) is known,
for any presentation (Q,I) of A, where k™ denotes the underlying additive group
of the field k [AP]. For the algebras considered in this paper Hom(m(Q, I), k™) ~
H!(A), and this allows us to describe their fundamental groups.

The article is organized as follows: in Section 1 we fix notations and briefly recall
the definitions and results that will be needed throughout this paper. In Section 2
we compute the Hochschild cohomology groups H'(A) for incidence algebras given
by: i) posets with a unique maximal or minimal element, ii) posets with reduced
subposet of the given type above. Finally in Section 3 we compute the fundamental
group of any presentation of the incidence algebras considered in ii) using their
relation with the first Hochschild cohomology group.

1 Preliminaries

1.1 Path algebras

A quiver @Q = (Qop, Q1) is a finite oriented graph, Qo the set of vertices and Q)
the set of arrows. We denote by s,e: Q1 — Qo the maps associating to each arrow
its starting and ending point respectively. The path algebra k(@ is the k-vector space
with basis all the paths in @, including trivial paths e, of length zero, one for each
vertex © € (Jg. The multiplication on two basis elements is the composition of paths
if they are composable, and zero otherwise.

A relation from x to y is a linear combination p = Y ;| A\;w; such that, for each
1 < i <m, A\;is a non-zero scalar and w; a path of length at least two from x to
y. A set of relations on () generates an ideal I, said to be admissible, in the path
algebra kQ of Q. The pair (Q, I) is then called a bound quiver. It is well-known that
for every basic algebra A there exists a surjective k-algebra morphism v : kQ — A
whose kernel I, is admissible, where @ is the ordinary quiver of A. Thus we have
A ~ kQ/I,. The bound quiver (Q, I,,) is called a presentation of A.

It is well-known that if A = kQ/I then the category mod A of finitely generated
left A-modules is equivalent to the category of all bound (finite-dimensional) repre-



sentations of (@, I). Therefore we may identify a module M with the corresponding
representation (M (z), M(a))zeQoacq,- For each z € Qp we denote by S, the cor-
responding simple A-module, and by P, the projective cover of S,. It can be seen
that Homy (P, M) ~ M (z).

We refer to [ARS, BG] for more details.

1.2 Incidence algebras

An incidence algebra A is a subalgebra of the algebra M, (k) of square matrices
over k with elements (z;;) € M, (k) satisfying x;; = 0 if i £ j, for some partial order
< defined in the poset (partially order set) {1,...,n}.

Incidence algebras can equivalently be viewed as path algebras of quivers with
relations in the following way. Let @) be a finite quiver without oriented cycles and
such that for each arrow z = y € Q1 there is no oriented path other than a joining
x to y. These quivers are called ordered. The set Qg of vertices of () is then a finite
poset as follows: =z > y if and only if there exists an oriented path from z to y.
Conversely, if (Qg is a finite poset, we construct a quiver ) with set of vertices @y,
and with an arrow from z to y if and only if z > y and there is no u € Q)¢ such that
x > u > y. Clearly we obtain in this way an ordered quiver and a bijection between
finite posets and ordered quivers.

Let us consider Q) the path algebra of () and I be the parallel ideal of k(Q), that
is, I is the two-sided ideal of k@) generated by all the differences v — § where v and
d are parallel paths (i.e. v and ¢ have the same starting and ending points). The
algebra A = kQ/I is the incidence algebra of the poset associated to the ordered

quiver Q.

Remark 1.1 If A = kQ/I is an incidence algebra it is easy to describe the repre-
sentations of the indecomposable projective modules P, for each x € Qy. In fact,
P.(y) =k if y < x and it is zero otherwise, and Py(a) = idy, if s(a) < z and it is
zero otherwise.

1.3 Hochschild cohomology groups

We recall the construction of the Hochschild cohomology groups H'(A) of an
algebra A. Consider the A-bimodule A and the complex C' = (C%, d’) defined by:
C'=0,d; =0fori <0, CO= A, C' = Homy (A%, A) for i > 0, where A®"
denotes the i-fold tensor product A ® -+ ®y A, dy : A — Homy (A, A) the map
d(z)(a) = ax — za and d* : C* — C*! defined by

(dif)(a1®'--®ai+1) = alf(a2®...®ai+1)

(2

+ Z (1) fla ® -+ ®ajaj1 @ @ aj41)
j=1

+ ()" flar @@ a)ain

for f € C" and aq,...,a;11 € A. Then H(A) = H(C*) = Kerd’/Imd'~! is the i-th
Hochschild cohomology group of A with coefficients in A, see [Ho].



Recall the interpretation of the low-dimensional groups: H°(A) and H*(4). By
definition H(A) coincides with the center Z(A) of A. So if A is a basic connected
finite dimensional k-algebra whose quiver has no oriented cycles then H(A) ~ k.

To compute H'(A) we may use an alternative complex given by Cibils [C1]
for path algebras of quivers with relations. In this case A = E @ r, where E is the
subalgebra of A generated by the trivial paths {e;,i € Qo} and r is the E-FE-bimodule
rad A. So, H'(A) = Kerd!/Im d° with

d°: A — Homp_p(r, A) d°(a)(z) = ax — za

d' : Homp_p(r, A) — Homp_p(r®*,4)  d'(f)(z®@y) = zf(y) — f(zy) + f(2)y
where A¥ ={a € A:ae=ea forallec E}

Remark 1.2 If A = kQ/I is an incidence algebra, [§] € HY(A) and o :i — j € Q1
then 6(a) = 6(ejoe;) = ejd(a)e; = Aqax for some Ao € k. Moreover, if [6] = 0 then
§(z) = ax — za, for some a € AE. Now, ae; = e;a implies that a = > | ae; =
o eiae; =Y i piei, Wi € k, since Q has no oriented cycles.

1.4 One-point extensions

Let A = kEQ4/I be an algebra and let x be a source in @4, that is, there is no
arrow « in Q4 with e(a) = x. Let B = A/ < e, >, where < e, > denotes the
two-sided ideal in A generated by e,. The A-module M = rad P, has a canonical
B-module structure, and A is isomorphic to the one point extension algebra

awi=( 4% )

where the operations are the usual addition of matrices and the multiplication is
induced by the B-module structure of M.

The next theorem due to Happel [H] is useful for the computation of the Hochschild
cohomology groups of the algebras considered in this paper.

Theorem 1.3 [H, page 124] Let A = B[M] be a one point extension of B by a
B-module M. Then there exists a long exact sequence of k-vector spaces connecting
the Hochschild cohomology of A and B:

0 — H°%(A) — H%(B) — Endp(M)/k — H'(A) — HY(B) — Exth(M, M) — ...
— HZ(A) — HZ(B) — EXtiB(M, M) — HH'I(A) — ...

1.5 Fundamental groups

Let (@, I) be a connected bound quiver. A relation p = >, \w; in I(x,y) is
called minimal if m > 2 and for every non-empty proper subset J C {1,2,...,m}
we have that >, ; A\jw; ¢ I(z,y).

For an arrow o € @1, we denote by a~! its formal inverse. A walk from z to y
in @ is a formal composition af'a5? ... o' (where a; € Q1, € =T 1forl<i<t)
starting at = and ending at y. We denote by e, the trivial path at x.

Let ~ be the smallest equivalence relation on the set of all walks in @) such that:
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a) If a1 — y is an arrow then o' a ~ e, and aa™ ~ e,.

b) If p = >, Niw; is a minimal relation then w; ~ w; for all 1 <4, j < m.
¢) If u ~ v then wuw’ ~ wvw’ whenever these compositions make sense.

We denote by [u] the equivalence class of a walk u. Let xg € Qg be arbitrary. The
set m(Q, I, ) of equivalence classes of all the closed walks starting and ending at
xo has a group structure defined by the operation [u|[v] = [uv]. Clearly the group
m1(Q, I, o) does not depend on the choice of the base point xg. We denote it simply
by m1(Q, I) and call it the fundamental group of (@, I) (see [G, MP]).

Recall that an algebra A = kQ/I, is called triangular if @ has no oriented cycles.
There is a close relation between the first Hochschild cohomology group H'(A) and
the fundamental group 71(Q, I,) of a triangular algebra A. The following result
makes this relation explicit:

Theorem 1.4 [AP, page 200] Let A be a triangular algebra and (Q,I,) be a pre-
sentation of A. Then there exists an injective morphism of abelian groups

S Hom(ﬂ-l(Qv Iv)v k+) - HI(A)
(where k™ denotes the underlying group of the field k).

De la Pefia and Saorin give necessary and sufficient conditions for H(A) to be
isomorphic to Hom(m(Q, I,), k™) (see [PS]). In the particular case of incidence
algebras this result can be proved using a construction given by De la Pena in [P].

Let (@, I,)) be a presentation of a k-algebra A. Let C°(A, I, k1) be the set of all
k*-valued functions on Qq. Let Z'(A, I,, k™) be the set of all k™-valued functions g
on @1 such that Y7 g(a) = 23:1 9(B;) whenever there exists a minimal relation
p =y, Aw; such that wi = ajas. ..o and wy = G152 ... Br.

We have an exact sequence of abelian groups

0kt 04, 1, k) 5 1A, 1, k) 2 Hom(m(Q, 1), k) — 0

where d° associates to the element m € kT the constant function f : Qg — k7
with value m; d' associates to a function f : Qy — kT the function ¢ : Q1 — k*
which maps o : y — 2z to g(a) = f(y) — f(z), and finally p maps a function g to the
morphism of groups h : 71(Q, I,) — kT defined by h([a{'as? ... a']) = Soi_; eig(ai).

Recall the description of H!(A) given in Remark 1.2. Let ¢ : ZY(A, I,, k") —
H'(A) be given by &(g) = [§] where

P

5(v) = (D glaw))

k=1

for v = a1 ...y a non trivial path in £Q with residual class v € r =rad A. A direct
computation shows that £ is well defined and is a group morphism.



Proposition 1.5 Let A be an incidence algebra and (Q, I,,)) be a presentation of A.
Then there exists an exact sequence of abelian groups

0 — k+ 25 00, 1, k) - 2N, I, k) =5 1 (A) — 0

Proof: The exactness can be checked by considering the description of H!(A)
given in Remark 1.2, using the following trivial fact: if [§] € H'(A) we have that
§(a) = Aqa for any arrow a € Q1. Then &(g) = [6] for g € Z1(A, I, k™) given by
gla) = Ao O

Corollary 1.6 Let A be an incidence algebra and (Q,I,) be a presentation of A.
Then
Hom(m1(Q, 1,), k) ~ H'(A)

It follows from the definition that the fundamental group 71(Q, I') depends es-
sentially on I, thus it is not an invariant of A. Bardzell and Marcos [BM] proved
that if the algebra is constricted then the fundamental group does not depend on
the presentation. Constricted algebras include incidence algebras.

Theorem 1.7 [BM] If A = kQ/I is an incidence algebra then w1 (Q, ) ~ m1(Q, I,,)
for any presentation (Q, I,,) of A.

2 Hochschild cohomology computations

It is known [D, IZ] that the Hochschild cohomology groups of an incidence algebra
vanish if the associated poset does not contain crowns, that is, subposets of the form

Yn—2 Yn—1

where x; > y; and x; > y;—1, for 1 <14 <n, with yo = yn, n > 2.

Now we are going to prove that the Hochschild cohomology groups of incidence
algebras also vanish if the associated posets have a unique maximal or minimal
element. In order to prove this, given an incidence algebra A = kQ /I, we construct
a new poset @vo by adding to Q)9 two new elements a and b. The partial order
between the elements of (Jy coincides with the partial order on QQy and a > u, u > b,
Yu € Q.

A source of @) is a vertex x € (Qg such that there is no arrow in ()1 ending on =
and a sink of () is a vertex y € Qo such that there is no arrow in ()1 starting on y.

The corresponding quiver @ is the quiver () with two new vertices a and b, a
new arrow from a to each source of () and a new arrow from each sink of @ to b.
Then () is a finite poset having a unique maximal element a and a unique minimal
element b. Let I be the parallel ideal of k‘@ and A = kQ/I. We denote by S, and
Sp the simple left A-modules corresponding to a and b.



Theorem 2.1 [C, page 225] Let A =kQ/I be an incidence algebra. Then H(A) =
Ext™%(Sq, S), Vi > 1.

Theorem 2.2 Let A =kQ/I be an incidence algebra. If Qo has a unique mazximal
(minimal) element then H'(A) = 0 for all i > 1.

Proof: Suppose (o has a unique maximal element z. Then z is a source of Q.
Since H'(A) = Extg'z(Sa, Sp), Vi > 1, it is enough to show that Extg'z(Sa, Sp) =0,

Vi > 1. The result follows immediately from the short exact sequence in mod A
0O—P.—P,—5S,—0

O

In [IZ] Tgusa and Zacharia give a combinatorial algorithm to find an upper bound
for the cohomological dimension of Ext%(Sa, Sp). They show how to construct the
so-called reduced subposet Qqu of Qo which has the property that all elements z € Qg,
neither minimal nor maximal elements, are such that {y € Qg : y > z} has at least
two minimal elements and {z € @ : ¢ > z} has at least two maximal elements.
The Hochschild cohomology groups are invariant under this construction. Hence it
is enough to compute them for incidence algebras associated to reduced posets that
contain crowns.

Now we are going to compute the Hochschild cohomology groups of the incidence
algebras Agp4s associated to reduced posets P where all elements = € P, neither
minimal nor maximal elements, are such that {y € P : y > x} has exactly two
minimal elements and {z € P : x > z} has exactly two maximal elements.

We will denote by Agnts (n > 2, ¢ > 0, 0 < s < n) the incidence algebra
associated to the poset (Qgn+ts)o given by

(Qqn—l—s)O = [qn + 8] X [’I’L - 1]

where [m] = {0,...,m}, (I,j) < (I +1,5), (I,j) < (+1,j+1) and (I,n) = (1,0).
This means that Ay, is the incidence algebra with ordered quiver:



. o e . . o i . e (gn+s,n—1)
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gn+s—1,n—1)

o -
(0 0)W (0,n— 1)

We will prove two lemmas that will be useful for the computations of H*(Agn+ts)-
Given an A-module M, we denote supp M = {x € Qo : M(x) # 0}. Consider the
following conditions:

1) for any = € supp M, M(x) = k;
2) if a € Q1 and s(a), e(a) € supp M then M(a) = id,.

Lemma 2.3 Let My, My be two A-modules satisfying conditions (1) and (2) above.
If O # supp M; C supp My and supp M; is connected then Hom g (My, M) ~ k.

Proof: Let A= kQ/I be an algebra and let f be an A-homomorphism from M;
to Ms. Hence, f is given by a family of linear maps (f; : Mi(x) — Ma(2)),¢q, such
that for any arrow o : £ — y in ()1 the corresponding diagram is commutative. From
our assumptions we deduce that f, = f, whenever there exists an arrow o : x — y,
x,y € supp M;. Now, supp M; is connected so f, = f, for all z,y € supp M; and
fr =0 for all z € Q¢ ~ supp M. Therefore our claim follows. O

Lemma 2.4 Let A = B[M] be a one point extension of B by a B-module M,
H'(A) = 0 for all i > 0 and Endg(M) = k. Then H(A) = H*(B) and H'(B) =
Extt, (M, M), Vi > 0.

Proof: We get the desired result using the long exact sequence given in Theorem
1.3. U

We are now in a position to compute the Hochschild cohomology groups of the
incidence algebras Agp4s.

Theorem 2.5 Let Agpis (n > 2, ¢ > 0, 0 < s < n) be the incidence algebra
associated to the poset (Qgnts)o. Then:



' k ifi=0
HZ(Aqn+s) — k ZfZ — 2(] + 1 y S # 0
0 otherwise

' k ifi=0
H'(Agn) = k"1 ifi=2q
0 otherwise

Proof: The result is known for n = 2 (see [GPPRT]). Assume n > 3.

Let A = Agyn4s be the incidence algebra whose ordered quiver is @) = Qgns-
This quiver is connected and has no oriented cycles, then H(A) = Z(A) = k.

In order to compute H*(A) for i > 0 we construct the quiver Q by adding to
one new element a and a new arrow from a to each source of . Let A= k‘Q/ I
be the incidence algebra associated to the ordered quiver Q. Then A = A[M], with
M = rad P,, and the associated poset has a unique maximal element a. Hence
Theorem 2.2 implies that HZ(X) = 0 for all # > 0. By the previous lemmas we
get that H'(A) = ExtYy (M, M), Vi > 0. So, it is enough to compute Exty (M, M),
Vi > 0.

Let us denote M = My,+s. Then for each p such that 0 < p < ¢ we consider the
following short exact sequences in mod A

f n-—r+s
0— Kpn—l—s ine Hn 1P(pn+s i) =5 pn+s 7 0
gpn+s
0= Mip—tyss — ) Ponpsm1) 25 Kpnis — 0 (1)

where M_,,1s = 0. The morphisms fp,4s, A and gpn+s are induced respectively by
the linear maps

fpn+s(l7j)($07 ) :En—l) = Z:EZ

Al j)(x) = (z,...,2)
Gpn+s(l,9)(zo, . .. xp—1) = (—Tp—1 + o, —To + T1,. .., —Tp—2 + Tp_1)

In order to describe the corresponding representations of these modules we define
the following subspaces of k™:

CM = {(xg,...,Tpn1) €K :x; =0 Vi#j,j+1,...,j5+t(modn)}
and
Cy' = {(o0, ..., xn1) € O : Z:CZ—O}
with 0 < j <n, t > 0. Now, for any (I, j) € (Qgn+s)o, we have that:

N J O ifl>pn+s+1
Mpn—l—s(la])_{k lflgpn_l_s



0 ifl>pn+s+1
) Plnspy(lg) = CoPrts=l o if (p—1)n+s+2<1<pn+s
cin=l=gn 1< (p—1)n+s+1

0 ifl >pn+s
Kpnts(l,7) = C’é’pn—i_s_l if(p—1n+s+2<i<pn+s—1
C’é’n_l fil<(p—1)n+s+1
The corresponding linear maps are induced by the identity. Recall that M = Mgp,4.

Hence, applying the functor Homy(—, M) to the short exact sequences (1) we get
that, for i > 0,

' Exty (Mg _iynts, M) ifi <
Extzl'i'l(M’ M) — EX ?(E_q)(ill)n—i—s ) 1 z <q
Xty (Mg, M) ifi>q
and for 7 > 0,

EXtil(K(q—i-H)n.q.s, M) ifi <gq

21 _
ExtZ (M, M) = { Ext? 0 (K, M) ifi>q

Note that the short exact sequences (1) allows us to construct a projective resolution
of My. A direct computation shows that

Exti(i_q)H(Ms, M)=0 fori>gq
Exty (Mo, M) =0 and ExtY(M, M)=k ifs>0
A A

Analogously a projective resolution of K14 constructed using (1) shows that
Exti(i_q)H(KnH, M)=0 fori>gq

To finish the proof we have to compute Ext!y(M,, s, M) and Ext!|(K,,+s, M) for
p > 0. This can be done by applying the functor Hom 4(—, M) to the short exact se-
quences (1). We compute now the dimensions of the k-vector spaces Hom 4 (Mpy+s, M)
and Homy (Kp,+s, M). Applying Lemma 2.3 we get that

Homy(Mpp4s, M)~k for pn+s>0

Now we are going to compute Hom 4 (Kpy4s, M) for p > 0. If r € Homy(Kpp4s, M)
then r(l — 1, ) is uniquely determined by r(l,j) and r(l,j + 1), for any [ such that
1<l <pn+s—1. So, the map r is uniquely determined by the linear maps

r(pn—l—s—l,j):Cg’l—»k‘

for all j such that 0 < j < n. Denote by v; = (yo, ..., Yn—1) € k™ withy; = —yip1 =1
and y, = 0 otherwise, where y,, = yo. All the subspaces CJ* "5 has as basis a
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subset of {vo,...vp—1}. Let r(pn+s—1,7)(v;) = A;. This implies that r(l, j)(v;) =

C’g’p "5l and the map r is uniquely determined

A;, for all v; in the given basis of
by Ao, A1,..., Ap_1. In particular, take [ = 0. Since p > 0, vg,...,V,_1 € C’é"m+s

and 37 v; = 0. So

n—1 n—1
0=r0,)_v)=)_N\
=0 =0

Hence, dimy Hom 4 (Kpp4s, M) < n — 1. On the other hand the k- linear maps
rt(pn—l—s—l,j):C’g’1 —k, t=0,....,n—2

given by
1 ifj=t

ri(pn+s—1,7)(v;) = { 0 otherwise

induce n—1 morphisms in Hom g (Kpy+s, M) which are linearly independent. There-
fore
Homy (Kpp4s, M) ~ k"t forp >0

So, applying Hom4(—, M) to the short exact sequences (1), we get that:

Exth (Mpnss, M) =0 for all p >0
Exth (Kpnys, M) =0 forallp>0,pn+s#n
Extl (K, M) = k"1

O

Remark 2.6 Since the Hochschild cohomology of incidence algebras is isomorphic
to the cohomology of simplicial complexes, it would be nice to describe the simplicial
complezes associated to the given posets (Qgn+s)o-

This is not difficult in particular cases: if n = 2, the underlying space of the
simplicial complex is homeomorphic to the (2q + s)-sphere S?4+ (see [GPPRT]); if
g =0 and s = 1, it is homeomorphic to S*; if g =0 and s = 2, it is homeomorphic
to a cylinder if n is even, and to a Mobius band if n is odd.

3 The fundamental group of any presentation of A,

In Section 2 we compute the first Hochschild cohomology group H' (Ay,+s). Using
the close relation between the first Hochschild cohomology group and the fundamen-
tal group, we can prove the following theorem.

Theorem 3.1 For any presentation (Qqn+s,ly) of the incidence algebra Agns,
gn—+s >0,
Z ifq=0
Wl(Qqn—l—SaIv) x~ { 0 Z}cg =~ 0

11



Proof: Since the fundamental group does not depend on the presentation of the
incidence algebra Agy,+s, we may consider I, = I the parallel ideal. We denote the
arrows in (Qgn+s); in the following way:

Q(1,5) (lvj)_)(l_lvj) and /B(l,_]) (lvj)_)(l_lvj_l)

First we are going to prove that the fundamental group of m(Qgn+s, ) is cyclic.
Let ~ be the equivalence relation defined in Section 1.5. Considering the minimal
relations in I we have that a(l7j)ﬁ(l7j)_1 ~ ﬁ(_ﬁl’j)oz(l_l’j_l). Then any closed walk u
starting and ending at (0, 0) is equivalent to a walk which is a composition of some
arrows a1 j), f(1,5) and their formal inverses. Hence

[u] = [a(l,O)ﬁ(l,O)_la(l,n—l)ﬁ(l,n—l)_1 . -04(1,2)5(1,2)_104(1,1)5(1,1)_1}T

for some r € Z.

By Corollary 1.6 we know that Hom(m(Qgn+s, 1), k™) =~ H'(A4nts) and from
Theorem 2.5 we have that H' (A n+s) = k if ¢ = 0, and it is zero if ¢ > 0.

If ¢ > 0, then Hom(71(Qgn+s, 1), k) = 0 for any field k. Since m1(Qgnts, ) is a
cyclic group then Hom (71 (Qgn+s, 1), k) = 0 implies that 71 (Qgn+s, 1) is isomorphic
to Z/mZ for some m. If m > 1 we get a contradiction if we take a field k£ with
car k = p and p/m. Therefore the fundamental group of any presentation of Ag,s
is the trivial group when ¢ > 0.

If ¢ = 0, we have that Hom(m(Qs, I), k*) ~ H'(A) = k, for any field k. There-
fore, m(Qs, I) # 0. If m(Qs, I) ~ Z/mZ for some m, we get a contradiction since
Hom(Z/mZ,k*) = 0 for any field k such that car k does not divide m. Therefore
our claim follows. O

Recall that a triangular algebra is simply connected if, for every presentation
(Q,I) of A, the fundamental group m1(Q, I) is trivial.

Corollary 3.2 The incidence algebra Agnys s simply connected if and only if ¢ > 1.
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