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Derivative expansion for the Casimir effect at zero and finite temperature in d+1 dimensions
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We apply the derivative expansion approach to the Casimir effect for a real scalar field in d spatial
dimensions to calculate the next-to-leading-order term in that expansion, namely, the first correction to the
proximity force approximation. The field satisfies either Dirichlet or Neumann boundary conditions on
two static mirrors, one of them flat and the other gently curved. We show that, for Dirichlet boundary
conditions, the next-to-leading-order term in the Casimir energy is of quadratic order in derivatives,
regardless of the number of dimensions. Therefore, it is local and determined by a single coefficient. We
show that the same holds true, if d # 2, for a field which satisfies Neumann conditions. When d = 2, the
next-to-leading-order term becomes nonlocal in coordinate space, a manifestation of the existence of a
gapless excitation (which does exist also for d > 2, but produces subleading terms). We also consider a
derivative expansion approach including thermal fluctuations of the scalar field. We show that, for
Dirichlet mirrors, the next-to-leading-order term in the free energy is also local for any temperature 7.
Besides, it interpolates between the proper limits: when 7 — 0, it tends to the one we had calculated for
the Casimir energy in d dimensions, while for 7 — oo, it corresponds to the one for a theory in d — 1
dimensions, because of the expected dimensional reduction at high temperatures. For Neumann mirrors in

d = 3, we find a nonlocal next-to-leading-order term for any 7 > 0.
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I. INTRODUCTION

The determination of the Casimir force [1] for a quite
general situation, namely, when the geometry of the prob-
lem is characterized by two rather arbitrary surfaces, is
interesting and potentially useful. Those surfaces may
correspond, for example, to the boundaries of two mirrors.
Alternatively, the surfaces themselves may describe zero-
width (’thin’”) mirrors, which will be the situation consid-
ered in this paper. Yet another possibility is that those
surfaces may be the interfaces between media with differ-
ent electromagnetic properties, occupying different spatial
regions. In situations like the ones above, it may be con-
venient to think of the Casimir energy as a functional of the
functions determining the surfaces. Of course, it is gener-
ally quite difficult to compute that functional for arbitrary
surfaces. Rather, exact results are only available for highly
symmetric configurations, the simplest of which being the
case of two flat, infinite, parallel plates. Taking advantage
of the simplicity of the result for this highly symmetric
configuration, the proximity force approximation (PFA)
[2,3] provides an accurate method to calculate the
Casimir energy when the surfaces are gently curved,
almost parallel, and close to each other. Introduced by
Derjaguin many years ago [2] to compute Van der Waals
forces, this approximation consists of replacing both sur-
faces by a set of parallel plates. The energy is then calcu-
lated as the sum of the Casimir energies due to each pair of
plates, each plate paired only with the nearest one in the
other mirror.
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In a recent work [4], we have shown that the PFA can be
put into the context of a derivative expansion (DE) for the
Casimir energy, when the latter is regarded as a functional
of the functions which define the shapes of the mirrors.
Indeed, the leading-order term in this expansion, which
contains no derivatives, does reproduce the PFA, while the
higher-order ones account for the corrections. In that ar-
ticle, we considered, for the sake of simplicity, a massless
quantum scalar field satisfying Dirichlet boundary condi-
tions on two surfaces. One of them was assumed to be flat,
and such that if coordinates were chosen so that x; = 0,
the other surface could be described by a single function:
x3 = P(xy, xp).

Since the form of the possible terms in the DE may be
determined by dimensional analysis plus symmetry con-
siderations, what is left is the calculation of their respective
coefficients. Note that those coefficients are ‘“‘universal,”
in the sense that they are independent of the shapes of the
mirrors (at least for smooth surfaces). Therefore, one can
fix those coefficients completely, from the knowledge
of their values for a particular surface or for a family of
surfaces. We used, to that effect, a particular family of
surfaces, namely, those obtained by an expansion up to the
second order in 7, which is the (assumed small) departure
from flat parallel mirrors: ¥ = a + 1, n < a. The coef-
ficients determined from this family were then used to fix
the coefficients of the first two terms in the DE, which can
then be used to calculate the Casimir energy for more
general (but smooth) surfaces.

© 2012 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.86.045021

FOSCO, LOMBARDO, AND MAZZITELLI

This approach has been generalized by Bimonte et al.
[5,6] in many directions, for example, for the case of two
curved, perfectly conducting surfaces, for scalar fields
satisfying Dirichlet or Neumann boundary conditions,
and also for the electromagnetic case and imperfect bound-
ary conditions. As a validity check, it has been shown that,
whenever analytic results are available for particular
geometries, the corresponding DE does reproduce both
the PFA and its next-to-leading-order (NTLO) correction
[4,5]. The DE approach has also been applied successfully
to compute the electrostatic interaction between perfect
conductors [7].

In Ref. [8], we have extended our previous work [4] to
the case of the electromagnetic field coupled to two thin,
imperfect mirrors, described by means of the vacuum
polarization tensors localized on the mirrors. We have
also calculated the NTLO to the PFA static Casimir force.
For the particular case of mirrors described by a single
dimensionless quantity, we have computed the leading and
NTLO corrections as a function of that quantity. We found
that the absolute value of the NTLO correction falls down
rather quickly for imperfect mirrors [8].

In this article, we apply the DE approach, to models
where the fluctuating field is coupled to two perfect mirrors,
L and R, at zero or finite temperature, in d + 1 spacetime
dimensions. Special consideration shall be given to the
limiting cases where the fluctuations are either thermal or
quantum mechanical, i.e, infinite or zero temperature.

The role of the fluctuating field is played by a massless
real scalar field ¢, with either Dirichlet or Neumann
boundary conditions on both mirrors. This analysis is of
interest because of several reasons. On the one hand, as a
first step toward incorporating thermal effects into the DE
(a fuller treatment should also include finite conductivity
corrections along with finite temperature corrections [6]).
On the other hand, as we will see, this more general
analysis will lead us to a clearer physical picture of the
validity of the DE and will also shed some light about
possible extensions and improvements.

We will mostly consider the first two terms in the DE; in
order to fix their coefficients, we follow the procedure of
expanding the vacuum energy up to the second order in 7
and then extracting the coefficients from the corresponding
momentum space kernel. Thus, in what may be considered
as a byproduct of our approach, we also present the general
result for that kernel, valid for any d, both for the Dirichlet
and Neumann cases.

This kernel for the quadratic term in 7 (regarded now as
a field) may be interpreted as a contribution to its 2-point
one-particle irreducible function, due to a one-loop ¢
contribution, which fluctuates satisfying the proper bound-
ary conditions. The coefficients of the DE up to the NTLO
result from that kernel, from its expansion up to the second
order in k, the n-field momentum, as one would do in an
effective field theory approach [9].
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When that expansion to order k> does exist, the NTLO
terms are of second order in derivatives, and therefore
spatially local. However, as in any quantum correction to
a 2-point function, we know that nonanalytic contributions
may arise when the external momentum reaches the thresh-
old to excite modes of the field in the loop. In the present
case, since we expand around k = 0, those nonanalyticities
may only originate in the existence of massless modes.
When present, they result in contributions which, being
nonlocal in space, are similar to the ones which appear in
the context of effective field theories, when including the
effect of massless virtual particles [9]. We shall see that
this kind of nonanalyticity does indeed appear, for
Neumann conditions, in the form of branch cuts. The
physical reason being that when both mirrors impose
Neumann conditions, there are transverse gapless modes
for the fluctuating field. However, except for d = 2 and
zero temperature (T = 0), or d =3 and T >0, those
nonanalyticities are of higher order than the NTLO,
when k — 0. In this, the only “pathological” case (d = 2
and7 = Qord = 3 and T > 0), the real time version of the
kernel has, if rotated to real time, a logarithmic branch cut
at zero momentum of the form k%log(k?), which over-
comes the k? term (which is also present).

We also study the NTLO term as a function of tempera-
ture. In the particular case of d = 3, we shall see that for
Dirichlet boundary conditions, it depends smoothly on the
temperature. For Neumann boundary conditions, as an
indirect consequence of the nonanalyticity at d = 2 and
zero temperature, the Neumann NTLO term is also
nonanalytic at any nonzero temperature.

This paper is organized as follows. In the next section,
we introduce the system and summarize the approach we
follow to calculate the free energy I'g. In Sec. III, we
discuss the DE for Dirichlet boundary conditions on thin,
perfect mirrors in d + 1 dimensions, discussing the zero
and high (infinite) temperature limits. We apply those
results to evaluate the Casimir interaction energy between
a sphere and a plane at very high temperature. Section IV is
devoted to study the DE at zero and high temperatures
limits, for a real scalar field with Neumann boundary
conditions on the mirrors. The special cases of d =2
with T =0, and d = 3 with T > 0, are singled out and
dealt with in subsection IV B. Higher-order terms in the DE
are analyzed in Sec. V. Finally, in Sec. VI, we summarize
our conclusions. The appendices contain some details of
the calculations.

II. THE SYSTEM

We shall adopt Euclidean conventions, whereby the
spacetime metric is the identity matrix, and spacetime
coordinates are denoted by x* = Xy (u=0,1,...,d), xg
being the imaginary time and x;, (i = 1, ..., d) the spatial
Cartesian coordinates.
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Regarding the geometry of the system, we shall assume
that one of the surfaces, L, is a plane, while the other, R, is
such that it can be described by a single Monge patch:

R)xy = th(xp, Xy, ..., Xg—1). (D

We have included for R in Eq. (1) a more general, time-
dependent boundary, in spite of the fact that we are inter-
ested in the static Casimir effect. We shall, indeed, at the
end of the calculations, impose the condition that the
boundaries are time-independent: o = ¥ (xy, ..., x4—1),
but it turns out to be convenient to keep the more general
kind of boundary condition at intermediate stages of the
calculation. In this way, the treatment becomes more sym-
metric, and one may take advantage of that to simplify the
calculation. Besides, although it is not our object in this
paper, one could rotate back some of the results thus
obtained for a nonstatic ¢ to real time, in order to consider
a dynamical Casimir effect situation.

We follow a functional approach to calculate the free
energy I'g(), or its zero-temperature limit E,,.(¢), the
vacuum energy. Both are functionals of ¢, which defines
the shape of the R mirror (the plane mirror L is assumed to
be fixed at x; = 0). I'g is also a function of the inverse
temperature 8 = T~ ! (we use units such that Boltzmann
constant kg = 1).

In the functional approach, which we shall follow, both
objects are obtained by performing a functional integra-

tion; indeed:
1 Zg(y)
Lp(yp) = "B log[ Z(Bo) ] (2

L)Xd =0

where Zg(i) is the partition function; it may be obtained
by integrating over field configurations which satisfy the
corresponding boundary conditions at L and R, and are
also periodic (with period B) in the imaginary time coor-
dinate x, (Matsubara formalism). Z(BO) denotes the partition
function in the absence of the mirrors; therefore, it corre-
sponds to a relativistic free Bose gas.
E., () is then obtained by taking the limit

Evac(lp) = gfgorﬁ(l’//) = Foo('vzf) (3)

It is worth noting that in Eq. (2), ¢ has to be time-
independent for I'g(¢/) to be a free energy. We do, how-
ever, calculate objects like Z4(4) for configurations which
may have a time dependence, keeping the same notation.

To avoid an unnecessary repetition of rather similar
expressions, we shall write most of the derivations within
the context of a finite temperature system, presenting
their zero-temperature counterparts at the end of the
calculations.

‘We shall consider a real scalar field, with either Dirichlet
or Neumann boundary conditions. In both cases, the gen-
eral setup has a similar structure, but there are also some
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important differences. Mostly, they come from the
different infrared behavior of their respective Green’s func-
tions, and the impact that that behavior has on the DE.
Accordingly, we present them in two separate sections.

II1. DIRICHLET BOUNDARY CONDITIONS

We start from the functional representation of Zg(1),

Zy(0) = f Ded,(@)dp()e 5, (@)

where 8,(¢), A = L, R, is a functional § function which
imposes Dirichlet boundary conditions on the respective
mirror, while Sy is the free Euclidean action for a massless
real scalar field in d + 1 dimensions, at finite temperature:

So=5 [ an [atxtaer, )
2 Jo

with periodic conditions for ¢ in the timelike coordinate,

namely, ¢(xo, X) = @(xy + B, X), for all x € R,

To proceed, one should then exponentiate the
S-functionals by introducing two auxiliary fields, A; and
Ag, functions of x| = (xg, xq, ..., x4-1) = (xo, X)), also
satisfying periodic boundary conditions in the x, coordi-
nate. In the Dirichlet case, we have

o.(p) = [@)\Leifddxlv\L(xu)cp(MpO)
(6)
or(e) = [DARei-/‘ddx”‘\/g(xl\))LR(x”)QD(x”,1/1()("))’

where g is the determinant of g, g, the induced metric on R:

Zap(X)) = 8op + A (x))d g (x)),
= gly) = 1+ (9¢(x)) (7
We have adopted the convention that indices from the
beginning of the Greek alphabet run from O to d — 1.

Using the exponential representations above in Eq. (4),
one derives the alternative expression,

Zg(y) = f DDA, Dige SO+ [¢" 13106 (g
where the “Dirichlet current” Jp(x) is given by
Ip(x) = Ap(x)o(x3) + Ar(xy)yfg(xy)0(xs — ¢(xy)). (10)

It is possible to get rid of the ‘/ g(x)) factor above just by

redefining Ag: Ag(x)) — )\R(x”)/,/g(x”). This redefinition

induces a nontrivial Jacobian. However, this Jacobian is
independent of the distance between the mirrors, therefore
irrelevant to the calculation of their relative Casimir force;
hence, we discard it.
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The integral over ¢, a Gaussian, yields

*(1/2) / /\A(X )-U—AB()C ,XI))\B(XI)
(11
where we have introduced the objects
Ty Gey, xp) = Cxy, 01(=92) "), 0) (12)

TorCeyp, xp) = o, O1(=92) g, ¢p(x))y — (13)
Tre Cep, xp) = o, gl (=) Hxg, 0y (14)

—H—RR(-x”!

where we use a ‘‘bracket”
ments of operators, and

x|) = <x||, ¢(x||)|(—82)_1|xfl, lﬂ(xﬂ» (15)

notation to denote matrix ele-

dek e (@n(xo—yo) Tk (x=y))
<x|(_32)_1|)’> = d 2 2
n_foo 2m) (wZ + k?)

=Alx—y) (16)

where we have introduced the Matsubara frequencies:

w, = %, n € Z. The free energy I'5(¢) is then

1
() = % TrlogT, 17

where i is regarded as time-independent, something that
one can impose at the end of the calculation.

FB still contains “‘self-energy” contributions, i.e., con-
tributions invariant under the rigid displacement ¢ (x))) —
Y(x)) + €. Since we are just interested in the Casimir
force, we shall neglect them altogether whenever they
emerge in the calculations below.

A. Derivative expansion

The DE is implemented by following the same idea and
approach introduced in Ref. [4]. The calculation is, in
many aspects, identical to the one in Ref. [4], with the
only differences in the number of dimensions and in the
fact that the time coordinate is compact (periodic), so
frequency integrations have to be replaced by sum over
Matsubara frequencies. Therefore, we do not repeat all the
steps presented there; rather, we limit ourselves to convey
the relevant results.

First, we note that in the DE approach applied to this
case, keeping up to two derivatives, the Casimir free en-
ergy can be written as follows:

d-1 ¢) 1 (_) (@¢) }
) = [ ol (g) e (5wt

(18)
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where the two dimensionless functions by and b, can be
obtained from the knowledge of the Casimir free energy
for small departures around the (X)) = a = constant
case. Indeed, setting

y(x)) = a + nx), (19)

one expands I' in Eq. (17) in powers of 7, up to the second
order. Thus,

Lga, ) = F(BO)(a) + F(Bl)(a, n) + Fg)(a, n)+... (20)

where the index denotes the order in 7.

For the expansion above, F(g) is proportional to the area

of the mirrors, L4~ !, In terms of the Matsubara frequen-
cies, w, = ZZ” , n € Z, the explicit form of the zero-order
term per unit area is as follows:

F(O)(a) TR 44 1p .
I —2a[w?+p?
LT ZB_Zf(z)dllog v PH]
1 a
- adbo<[3,), @1
where
i mn 2 2
bo(§) = Z o )}’“1 log[1 — ¢ Ve O]
Al-d/2 i
§2[1 lr(d 1) n__oof dpp

X log[1 — e~ 2V/@mnéy+p?] (22)

is the dimensionless function which appears in the DE for
the zero-order term (¢ = a/B).

Regarding I'? | which is necessary in order to find b,,
the result can be presented in a more compact form in terms
of its Fourier space version. Defining the spatial Fourier
transform of 7 by

dd—lk )
T’(XH) = '[(27T)d7”1 e;kn'xuﬁ(k”)’ (23)
we have
d 1k 5
5 = 2 @m)~ SO0 KAk 24)
where
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f(Z)(w,,, k”) - _

Z /(2 )dplll

X

w0k + (@, + @,)? + (py + k)2

1

- exp<—za,/w3n + pj) expl2ay/(@,, + @)% + (py + kgl — 1

with

which is also a dimensionless function with dimensionless
arguments. We have made explicit the fact that the result
will only depend on the modulus of 1, as any dependence

= a_(d+2)F(2)(%;n, a|k|||> (25)
+00 d—1
FOEn Iyl = —26 3 [éw)dp”l {\/(27Tm§)2 +p3Y@mm + méR + (py + 1
x 1 | 26)
1~ exp[—2y/@mmé? + pFl expl2y[2m(m + m)EP + (py + 1)} — 1
F(z)(d 1D = (2 ) + 4 1 — e 2Pl
(30)

on its direction may be gotten rid off by a redefinition of the
integration variables.

The coefficient b, can be immediately defined in terms
of F@ . Indeed,

IFD(&;n, 1))

I @7)

be) =5 |-

In the following subsection, we consider the low and
high temperature limits of the two coefficients by and b,,
since they determine the form of the DE in the correspond-
ing limits. We note that the relevant scale to compare the
temperature with is the inverse of the distance between the
mirrors. Thus, in terms of the variable &, the relevant cases
are £ — 0 (zero-temperature limit) and & — oo (infinite-
temperature limit). We discuss them below.

1. The zero and high temperature limits

The zero-temperature limit corresponds to ¢ — 0, and it
can be implemented by replacing a sum over discrete
indices by an integral over a continuous index. Defining
ko = 27né, we get an integral over k, the Jacobian being
1/(2€). The results for the two coefficients, in d dimen-
sions (we introduce the number of dimensions as an
explicit parameter), are

PU tog[1 — =211 = by(a)

[bo(d, &)1 ~ [(2

(28)
and

1TaFP(d, 1iy])

[62(d, &)]ews = EI: aliy P ]/”—»0 = by(d), (29

where

X———
eZ|P||+lu| -1

It is possible to give a more explicit expression for b, (d),
since this coefficient may be obtained by taking derivatives
inside of the integrand of Eq. (30). Also, the by(d) coeffi-
cient can be exactly evaluated as a function of d. We
present, in the following table, the ratio between the two
coefficients as a function of d, for 1 = d = 6.

It is interesting to remark that the relative weight of the
NTLO correction grows with the number of dimensions.
Indeed, the general results for by(d) and b,(d) in an
arbitrary number of dimensions are

I'((d +1)/2){(d + 1)

bo(d) = - (477.)(d+1)/2 (31)
and

1 72r(d—-3)d-1) d
bad) =~y o |y T2 5)ee o

+ 7327(d + 1)r( )g(d + 1)] (32)
These expressions are consistent with those derived in
Ref. [10], using a different method and in the context of
the dynamical Casimir effect. Figure 1 shows that the ratio
b,(d)/by(d) is an increasing function of d, tending to 1 as
d— o0,

Let us now consider the very high (infinite) temperature
limit. When & >> 1, we see that only the n = 0 term in the
sum representing b, yields a nonvanishing contribution,

bold. §) ~ f[(z )4~

or, introducing explicitly the dependence on the number of
space dimensions, d,

Py L log(1 — e72m1l),  (33)
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FIG. 1. The function b,/b, tends to 1 for large values of d.

[bo(f» d)]§>>1 -~ f[bo(f, d— 1)]54) = by(d — 1), (34)

a reflection of the well-known dimensional reduction phe-
nomenon at high temperatures, for bosonic degrees of
freedom.

For the b, coefficient, a similar analysis shows that only
m = 0 has to be kept, and

[D2(€, )]sy ~ E[Dy(€,d — 1)]eg = bo(d — 1). (35)

Putting together Egs. (34) and (35), we finally get for the
DE up to the second order in the high-temperature limit:

1 1
(0 Dlyspms ~ 5 [ ufbutd = D s
(9y)°
by(d—1)————=—+¢ 36
e
In particular, the free energy reads, for d = 3,
LB o 1
[Fﬁ(w, 3)]¢/B>>1 1678 X [‘ﬂ(xll)]z
X {1 + 0.569(d ¢r)?}. (37)

As an example, let us now apply the results above to the
evaluation of the Casimir interaction between a sphere and
a plane at very high temperatures. The sphere has radius R,
and is in front of a plane at a minimum distance a (a < R).
Although the surface of the sphere cannot be covered by a
single function z = #(x), as in previous works, we will
nevertheless consider just the region of the sphere which is
closer to the plane [4]. We shall see that this procedure still
produces results which are quantitatively adequate within
the present approximation and assumptions, even beyond
the lowest order.

The function ¢ is

Y(p)=a+ R(l —4/1 — 22), (38)
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where we are using polar coordinates (p, ¢) for the x; = 0
plane. This function describes the hemisphere when
0 = p = R. The DE will be well-defined if we restrict
the integrations to the region 0 = p = p;, < R. We will
assume that p,,/R = O(1) < 1. Inserting this expression
for ¢ into Eq. (37) and performing explicitly the integra-

tions, we obtain
S0 (10500 10e(7)
~—=2"(1+0.569— log[—)).
88a 1+0 569R log R
(39)

Note that, as long as a < R, the force will not depend on
pu- As expected on dimensional grounds, the R/a” behav-
ior of the leading contribution in the zero-temperature case
changes to R/af at very high temperatures. The NTLO
correction is analytic when written in terms of derivatives
of the function ¢, but nonanalytic in %. This behavior
has been already noted in numerical estimations of the
Casimir interaction between a sphere and a plane in the
infinite-temperature limit, for the electromagnetic case in
Ref. [11].

It is interesting to remark that the expression for the free
energy at high temperatures in d = 3 is quite similar to that
corresponding to the electrostatic force F, between two
surfaces held at a constant potential difference V [7]

[Fﬁ(‘//: 3)]¢//,8>>l

2 1 1

Fzz_eozv fdzxnﬁ[l +§(alﬂ)2j|. 40)
Therefore, when considering an arbitrary surface over a
plane, the high-temperature limit of the free energy will
have the same behavior than the electrostatic force. For
instance, from the results of Ref. [7], for a cylinder of
radius R and length L at a distance a of a plane, we expect
the leading term of the free energy to be proportional to

0.66

0.65

0.64

0.63

0.62

0.61

b,(€)/b,(©)

0.6

0.59

0.58

0.57

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

g

FIG. 2. Ratio between coefficient b,(£) given by Eq. (27) and
the coefficient by(£) of Eq. (22), as a function of the dimen-
sionless temperature ¢ for d = 3. The plot interpolates between
the value b,/b, = 0.67 for zero temperature and 0.57 at high
temperatures.
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b,(€)/b,(E)

0.69

0.68

0.67

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
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FIG. 3. Ratio between coefficient b,(£) given by Eq. (27) and
the coefficient by(£) of Eq. (22), as a function of the dimen-
sionless temperature ¢ for d = 4. The plot interpolates between
the value b,/by = 0.74 for zero temperature and 0.67 at high
temperatures.

%‘/g while its NTLO correction must be a coefficient

times %\/%

Going back to the general case, at intermediate tempera-
tures, the coefficients b,(£) given by Eq. (27) and by(¢) of
Eq. (22) should interpolate between their zero- and high-
temperatures values. This is shown in Figs. 2 and 3, where
we plot the ratio b, /b, as a function of the dimensionless
temperature ¢ for d = 3 and d = 4, respectively. The plot
for d = 3 interpolates between the value b, /b, = 0.67 for
zero temperature and 0.57 at high temperatures. On the
other hand, for d = 4, b, /b, interpolates between 0.74 for
zero temperature and 0.67 at high temperatures. These
limits are in agreement with the results in Table 1. The
ratio b,/ b gives a quantitative measure of the relevance of
the NTLO correction to the PFA. Note that, both for d = 3
and d = 4, it converges quickly to the infinite temperature
value.

Finally, it is worth stressing that, as the coefficients b,
and b, are functions of & = T, the evaluation of these
functions is crucial in order to compute the Casimir free
energy using the DE in any concrete example, at a fixed

TABLE 1. Values of the ratios Z(Z]EZ; for the lowest dimensions.
by(d) -
bo(d)
d=1 L1+12) 0.435
_ 1+6£(3)

d=2 it 0.569

d=3 2/3 0.667
_ —£(3)+104(5)

d=4 —da 0.737
_ 107221

d=>5 %7 0.787
_ —24(5)+74(7)

d=6 207 0.824
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FIG. 4. The function by(£) in 3 + 1 dimensions.

temperature. The previous plots describe the dependence
of their ratio with distance, at a fixed temperature. In Fig. 4,
we plot by(€) in 3 + 1 dimensions. We can see that, at
low temperatures, the curve is very flat. Indeed, it is
well-known that the low-temperature corrections to the
free energy for parallel plates are proportional to &* for
¢ < 1, and this behavior is well-reproduced in the numeri-
cal evaluation. Moreover, the function by(£) acquires very
quickly the linear behavior expected at very high tempera-
tures. For the sake of completeness, in Fig. 5, we plot the
function b, (&), which has similar characteristics.

These results may be useful to understand the nontrivial
interplay between geometry and temperature for open
geometries, like the sphere-plate and the cylinder-plate
configurations, described in Ref. [12]. Indeed, it was
pointed out there that local approximation techniques
such as the PFA are generically inapplicable at low tem-
peratures. From our results, we see that both functions b
and b, approach their high-temperature behavior for rela-
tively low values of £. Therefore, it would not be valid to
insert the low-¢ expansions of these functions into Eq. (18)
and then apply the result to open geometries for which the
condition ¢ < 1 is not satisfied.

IV. NEUMANN BOUNDARY CONDITIONS

Again, we start from the functional representation of
Zg(y) given in Eq. (4), but now we use the functional &
functions which impose Neumann (rather than Dirichlet)
boundary conditions on the two mirrors. We assume the
mirrors to be characterized by the same surfaces we used in
the Dirichlet case.

The boundary conditions may be written as follows:

L)[0,0(x), x4) 1,0 = 0
R) [an ¢(X||, xd)]xd:;b(x”) = O,

(41)
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where 9, = n*d,, with n* the unit normal to the surface
xg = ¢x)) =0,
N*(xy)
|N ()l

and [N(x))| = vg(xll)'

To exponentiate the J-functionals, we again introduce
two auxiliary fields, A; and Ag:

n“(x”) =

N'u(xH) = 85 - agaa w(xH)r (42)

8, (¢) = fD/\LeijddXH)\L(XH)[ad‘P(xIl:xd)]xd:O

Srlp) = /DAReifddxl\'\/g(xu)/\k(x\l)[anQD(vaXd)]xd:z//(x”)

PHYSICAL REVIEW D 86, 045021 (2012)

where we introduced the notation dy = N#9,,. Thus, using
those exponential representations, we derive

Zp() = f DDA, Drge SO [a e qgy

where, by analogy with the Dirichlet case, we introduce the
“current” Jy(x):

In(x) = Ap(x)0,6(xy) + Ag(x)an6(x, — ¥(x)). (45)

Note that there is no need to get rid now of any metric-
dependent factor, as we did for the Dirichlet case.
The integral over ¢ becomes then

Zplp) = 29 f DA, Dage 7 g MLt
ﬁ )

(46)
where

L
ARy ik -ty 1R+ iy - 09 0)
(2m)? 2

1

— j‘D/\Reifddxl\/\R(XH)[‘:)N<P(x||)xd)]xd:¢l(x”)’ (43)
ddk iky - (x)—x/ |k |
UGy xp) = — ﬁe - Goy ”)T” Upg(xy, xf) = —
- |kyl — iky - a4 (xy)
)y = — I | LY [ S R —|k”|l//(x||) [ I II
[URL(xlly X”) (27T)d e e 7
Ak G-y — eS|
iy = [ EER ik —x))—lkyxy) w”)]_{_ o N N4
[URR(xll; x”) (27T)d e e 5 |k||| lk” [a l,l/(x”) a(//(x”)]

The free energy I'5(¢) is then
T4(#) = —= Trlogl 48)
B 23 Og 4

which, as in the Dirichlet case, does contain self-energy
contributions, to be discarded here by the same reason as
there. Again, W is assumed to be time independent.
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FIG. 5. The function b,(¢) in 3 + 1 dimensions.

(- 0l - 0 .
@7

&yl

A. Derivative expansion

Assuming that one could proceed as in the Dirichlet
case, keeping up to two derivatives, the derivative ex-
panded Casimir free energy could be written as follows:

Tp(y) = f dd]xu{%(@[d,(,l(”)]d ! CZ(Z)[(AZZ?)Z]"’}
(49)

with two new dimensionless functions ¢, and c¢,. Those
coefficients may be determined from the knowledge of the
Neumann Casimir free energy for small departures around
the ¢ (x)) = a = constant case, up to the second order in
the departure. Again, we focus on the cases of purely
quantum or purely thermal effects, except for the more
realistic case of d = 3. As we will show in what follows,
the NTLO term is quadratic, except when d = 2 at zero
temperature, or when d = 3 and there is a nonzero (finite
or infinite) temperature.

We present the calculation of the terms contributing to
that expansion in Appendix A.

It is quite straightforward to see that the zero-order
term coincides with the one for the Dirichlet case, namely:
Co = b().
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F(ﬁz) has the following form:

1 dd71k||

1
1"(2) _
B 2 ) 2m)! 8

@0, k)l (k)I? (50)

where

2 + 00 dd—lp
D(e ki) = — 2 f I
g% @ ky) Bm;m @m*!

[w,(w, + »,) +py- (p + k)P
Jwgn + Pﬁ\/(wm +w,)* + (p) + k)’

% 1
1 — exp(—2ay 07, + pj)
1
X
exp[Za\/(wm + a)n)2 + (p” + k||)2] -1
= a—<d+2>G<2><%;n, a|k|||) (51)
with
G(&n, 1l
e~ [d7'py
N me_Z_J @m)i!
% [Q7é)>>m(m + n) + py - (py + 1P
1
X
1 — exp(—2,/@mé)m> + p})
X ! . (52

exp[Z\/(27T§)2(m +n)* +(pp+ 1?1 -1

G (& n, 1)

1

] . (53)
n—>0, |l|| |—>0

1. The zero-and high-temperature limits

As before, the zero-temperature limit can be imple-
mented by replacing a sum over discrete indices by an
integral over a continuous index. The result for the coeffi-
cient ¢, in d dimensions is

@)
[ex(d, e = ["G;”—Iﬂi”')]]lﬁo —od). (6

where
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2 for the lowest dimensions.

TABLE II. Values of the ratios

Note that we have excluded the c(a(igde) d=2.
@ -
d=1 1-£% 0435
d=3 -5 ~1.360
d=4 -5 —1.002
d=>5 1- %3 -0.915
d=6 1-20 —0.890
d=1 -8 —0.886
6.1 = -2 S oot 0F 1
Cmd Apyllpy + 4yl 1= e 2nl
1 (55)

D e E—
2+l — 1

For d = 1, the coefficient ¢, coincides with its Dirichlet
counterpart b,. In higher dimensions, the structure of the
form factor is different. We present, in Table II, the ratio
between c¢,(d) and cy(d) = by(d) as a function of d, for
d+ 2.

We see that the ratio c¢,(d)/cy(d) is nonmonotonous and
always negative for d # 1. We have also checked that
cy(d)/co(d) — —1 for large values of d.

In the particular case, d = 2 is not possible to compute
the coefficient by introducing the derivative with respect to
|y|? inside the integral in Eq. (55) because of infrared
divergences. This is a signal of a branch cut at zero
momentum, as we will show in Sec. IV B.

The high-temperature limit can be obtained, as for the
Dirichlet case, taking the limit £ > 1. “Dimensional re-
duction” takes place, and the free energy becomes

(Ca(h,d)]y /g1 ~%/.ddlxn{bo(d_ 1)

o1y @ }

[ (xp]*!
(56)

1
T

Regarding intermediate temperatures, Fig. 6 shows the
ratio between coefficients ¢,(£) and ¢y (£), as a function of
the dimensionless temperature £, for the Neumann bound-
ary condition in d = 4 dimensions. The plot interpolates
between the value ¢,/cy = —1.00 and —1.36 at zero and
high temperatures, respectively, in agreement with the
results shown in Table II.

B. Non analytic terms: d = 2 with T = 0,
andd =3 withT>0

Let us consider the particular case of d =2 at
zero temperature. As shown in Appendix A, for small
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FIG. 6. Ratio between coefficient c,(£€) and the coefficient
co(£), as a function of the dimensionless temperature &, for
the Neumann boundary condition in d = 4 dimensions. The plot
interpolates between the value ¢,/cy = —1.00 and —1.35 at zero
and high temperatures, respectively.

departures of the plane-plane geometry (x)) =
a + n(x), the correction to the Casimir energy reads, up
to second order in 7,

1 [ d°k
re =3 f L L@ kTl AR, (57)

(2m)?
with
g (k) = —2] Cpy [py - (py + k)P 1
(277')2 |P||||P|| + k”l 1 — e 2alpl
1
X R 1 (58)

Naively, one would expect the form factor g(z)(ku) to admit
an expansion in powers of kﬁ, which is the necessary
condition in Fourier space to produce a DE in configuration
space. However, this is not the case for d = 2, as suggested
by the fact that the formal expression

ak|2| k—0 (277.)2 |P|||(1 _ 672u|p”|) akﬁ
% [[Pn “(py + kP 1 ]
Ipyllpy + Kyl ekl — 1 L —o

(59)

has an infrared logarithmic divergence at p; = 0.

The behavior of g® (k) for small values of k can be
determined by studying the integral which defines it in
Eq. (58) in the region a|pj| < 1. In this region, and
assuming also that alk;| < 1, one can make the approxi-
mation

PHYSICAL REVIEW D 86, 045021 (2012)

1 1
=+ — 60
et —1 2x 60
and compute the integrals analytically. In this way, it is
possible to show that
k2
@(ky) = ¢@(0) — —1
g (ky) = g'2(0) omd?

log(kﬁaz) + O(kﬁ/az). 61)

This behavior of g, which we confirmed with a numeri-
cal evaluation of Eq. (58), shows that a local DE breaks
down for Neumann boundary conditions at d = 2.
However, one can still perform an expansion for smooth
surfaces, including nonlocal contributions in the Casimir
energy. For instance, in the present case, the NTLO cor-
rection to the PFA will be nonlocal and proportional to

deX||n(X||)Vﬁ log(—aZVﬁ)n(x”). (62)

As we will describe more generally in the next section,
the breakdown of the local expansions is related to the
existence of massless modes in the theory. These modes
are generally allowed by Neumann but not for Dirichlet
boundary conditions, which impose a mass gap of
order 1/a.

The logarithmic behavior of the form factor in d = 2
induces a similar nonanaliticity for d = 3 at finite tem-
perature. Indeed, the m =n =0 term in the finite-
temperature form factor given in Eq. (52) is formally
identical to the Neumann form factor g? in d = 2.
Therefore, in an expansion for small values of |k|||, in
addition to a term proportional to kﬁ, there is a contribution

proportional to (Ta)kjj log(kja®) at any nonvanishing tem-
perature, which is not cancelled by the rest of the sum over
Matsubara frequencies.

V. HIGHER-ORDER TERMS IN THE DE

In this section, we discuss some general aspects of the
derivative expansion, related with the calculation of higher
orders and the eventual breakdown of the expansion.

In this and previous works, we considered just the
NTLO correction to the PFA, which contains up to two
derivatives of the function ¢ in the free energy. We expect
the next-to-NTLO (NNTLO) order corrections to contain
terms of the form

layl*, ployl?o?y, Yroty oy,
lpzaaaﬁlpaaaﬂlpr ¢33232¢,

and terms containing more derivatives for higher orders.

The main question to be answered is whether the free
energy can be expanded or not in local terms up to any
desired order. For this to hold true, a necessary condition is
that the expansion must hold true for a particular case:
when ¢ = a + n, with 7 < 1, and one keeps just the
quadratic term in 7).

(63)
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For simplicity, we deal with the 7 = 0 case in d = 3
dimensions, an example that will illuminate several aspects
of the problem. From the previous sections, we see that the
quadratic contribution to the Casimir energy has the form

ro_ L [dK
© 245 ) 2m)?

h2(0, ak Ak’ (64)

where the form factor 4#? depends on the boundary con-
ditions of the quantum field. In most of the paper, we
considered the case of static surfaces, but here it will be
useful to discuss the more general case in which the right
mirror can be in motion. In this situation, on general
grounds, we expect the form factor to be a function of
a(kd + kﬁ)'/ 2 = alkyl, and of course the explicit calcula-
tions confirm this fact. Within these approximations, the
Casimir energy will not admit an expansion in derivatives
if the form factor includes, for instance, odd powers or logs
of its argument. Note that at higher orders, and relaxing the
condition of a quadratic approximation in 7, new non-
analytic terms may arise, which can be of the same order
in the DE as the ones which come from the term quadratic
in 7.

In 3 + 1 dimensions, this question can be answered from
the explicit expressions of the form factors [13] presented
in Appendix B. For Dirichlet boundary conditions, the
expansion of the form factor contains, in addition to even
powers of the argument, a term proportional to a’ |k |° [see
Eq. (B3)]. The nonanalytic term becomes a nonlocal con-
tribution in configuration space, which cannot be expanded
in derivatives of 7). Note that this contribution does not
depend on the distance between mirrors. There is a simple
interpretation of this term: when considering a flat moving
boundary, photon creation produces an imaginary part in
the vacuum persistence amplitude when rotated from
Euclidean to Minkowski spacetime. Therefore, the expres-
sion for T2 cannot be analytic in kﬁ. For a single non-
relativistic mirror, this will lead to a dissipative force
proportional to the fifth time derivative of the position.
Indeed, the proper analytic continuation of the Euclidean
term proportional to |ky|’ to real time produces this dis-
sipative force. For the Dirichlet case, there are no non-
analyticities dependent on the distance between mirrors.
Physically, this is due to the fact that there is a frequency
threshold to produce real photons between mirrors, which
is of order 1/a. The conclusion is that, for Dirichlet
boundary conditions, the a-dependent part of the DE is
well-defined up to any order. On the other hand, the
a-independent part contains a nonanalytic contribution
related to the possibility of creating photons of arbitrary
low energies from the vacuum.

The situation changes for the case of Neumann boundary
condition. As shown in Eq. (BS), in addition to the non-
analytic term proportional to |ky|3a®, which as before

produces a contribution to I'? which is independent of
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a, there is a term proportional to |kjl>a®. The physical
reason of the existence of this term is again clear using the
connection with the dynamic Casimir effect. Indeed, this
term comes from the possibility of creating TM photons
between mirrors, moving parallel to the mirrors, for which
there is no energy threshold. If the DE is used to compute
the force on a moving mirror, this a-dependent dissipative
contribution to the force will be missed, i.e. it is only
possible to get the dispersive part of the force. On the other
hand, for a static and nonflat mirror, this term produces a
nonlocal component of the force, which will be smaller
than the NTLO, but the dominant part of the NNTLO.

It is interesting to remark that both the nonanalytic
contributions proportional to |kj|°> for Dirichlet and
Neumann boundary conditions in 3 + 1 dimensions, and
the |k |* term for the Neumann case, could be derived from
the form factors described in the previous section by
analyzing the infrared behavior of the integrals in p, as
we did in Sec. IV B. Moreover, it is clear that all of them
have the same physical origin: the existence of massless
degrees of freedom. For Neumann boundary conditions
at T = 0, the nonanalyticities show up in the NTLO for
d = 2, and in the NNTLO for d = 3. For Dirichlet bound-
ary conditions, the nonanalytic term is independent of the
distance between mirrors, and therefore does not contribute
to the Casimir force.

The situation is analogous to that of effective field
theories which involve massless particles. In that case, in
addition to local terms in the effective action, there are
nonlocal (or nonanalytic contributions) which can be in-
terpreted as arising from the fact that there is no threshold
for creating such particles [9]. A prototypical example is
quantum field theory under the influence of external (clas-
sical) backgrounds. For massive quantum fields in curved
spaces [14], the effective action and the energy momentum
tensor of the quantum fields can be approximated by a DE
(usually known as the Schwinger-DeWitt expansion in that
context). Each subsequent term in the expansion contains
additional derivatives of the metric and inverse powers of
the mass of the quantum field. The expansion is valid as
long as the typical scale of variation of the classical back-
ground is much larger than the inverse mass. However, for
massless quantum fields, it is necessary to consider non-
local contributions. In our case, the role of the background
is played by the curved surface, and there are both massive
and massless excitations; the massive ones are the Dirichlet
modes (TE photons) inside the “cavity.” The massless
ones are the Neumann modes (TM photons) with momen-
tum in the direction parallel to the plates, and TE and TM
photons outside the cavity.

The physical picture suggests possible ways out to
improve the PFA even beyond the NTLO correction.
This would involve a separate treatment of massless and
massive excitations. We hope to address this issue in a
future work.
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VI. CONCLUSIONS

We have obtained explicit expressions for the NTLO
term in a DE for the Casimir free energy for a real scalar
field in d spatial dimensions. The field satisfies either
Dirichlet or Neumann boundary conditions on two static
mirrors, one of them flat and located at the x; = O plane,
while the other is described by the equation x; =
Y(xy, X9, ..., x4—1). We have shown that, for Dirichlet
boundary conditions, the NTLO term in the Casimir energy
is always of quadratic order in derivatives, regardless of the
number of dimensions. Therefore, it is local and deter-
mined by a single coefficient. We evaluated the ratio
between that coefficient and the one for the PFA term,
for different values of d at zero and high temperatures.

‘We have also shown that the same holds true, if d # 2,
for a field which satisfies Neumann conditions. When
d = 2, the NTLO term becomes nonlocal in coordinate
space, which is a clear manifestation of the existence of
gapless excitations allowed by the Neumann conditions
[15]. It may be seen that among all the possible combina-
tion of linear boundary conditions on the mirrors, just this
case, Neumann conditions on both mirrors can produce
these modes.

When including thermal effects, we have shown that, for
Dirichlet mirrors, the NTLO term in the free energy is also
well-defined (local) for any temperature 7. Besides, it
interpolates between the proper limits; namely, when
T — 0, it tends to the one we had calculated for the
Casimir energy, while for 7 — oo, it corresponds to the
one for a d = 2 theory, realizing the expected dimensional
reduction at high temperatures. On the contrary, for
Neumann mirrors in d = 3, we found a nonlocal NTLO
term for any 7 > 0, which vanishes linearly when 7 — 0.
This leaves room, when the temperature is sufficiently low,
to use just the local term (of second order in derivatives) as
the main correction to the PFA. But of course, the nonlocal
term will always break down for a higher temperature,
whose value will depend on the actual shape of the surface
involved. We stress once more that this nonanalytic behav-
ior is a consequence of the Neumann boundary conditions
and may not be present for imperfect boundary conditions,
as those considered in Ref. [6].

In the course of our derivations, we have obtained
integral expressions for the momentum space kernels
which determine the quadratic contribution to the free
energy for small departure from the planar case. Those
kernels are well-defined in any number of spatial dimen-
sions and temperatures, and agree with the known results
for d = 3 and T = 0 [13]. They can be used to extract the

U0y xp) = (

GdagA(x - X/)lxd’x;_,o

0q03A0 = X maw—0 9a05A0 = X —a
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NTLO terms, be they local or nonlocal. Although for
the static cases, we have considered in this article they
are only needed for time-independent configurations, we
also present the expressions for the kernels at nonzero
frequencies.
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APPENDIX A: EXPANSION TO ORDER O(n?),
NEUMANN CASE.

We present here the main steps and intermediate results
corresponding to the calculation of the free energy up to
the second order in the function 7, which measures the
departure from the planar case. We assume that ¢ (x) =
a + n(x)), with a equaling the average of . Namely, we
want to construct the terms in

Tp=T% +T +T% + .. (A1)
where the index denotes the order in 1. The term of order 1
vanishes, and, in terms of the expanded matrix elements of
U, we may write the more explicit expressions,

1
ry = 35 TlogU®] TP =TF" +TE?, (A2

where

ren - ﬁ TH(UO) U]
. (A3)
rg? = - i Te[ (U©) UMD (@)~ 1yd],

In order to simplify, and at the same time render the
expressions more compact, we shall keep the 0 component
of momenta to appear below continuous, as if they corre-
sponded to zero temperature. In order to obtain the proper
finite temperature expressions, one should just replace
integrals over the O component of the momenta by sums
over Matsubara frequencies, namely,

fo’ Alw,, ...).

n=—o00

dk 1

o (A4)

Let us consider the explicit form of (U®) and its inverse,
since both of them are required to construct the terms
contributing to I' 5 above. We first note that the zero-order
term is given by

ada&A(X — x/)lxd—v(),xﬁi—m ) (AS)

which, because of its independence of 7, can be conveniently Fourier transformed in the parallel coordinates
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U (O)(x”, )Cl/l) = [U(O)()C” - xfl)
d k”

=0 (g A6
2 (ky), (A6)
where
r |k||| 1 e~ lkila
DOk = 5\ ol | . (A7)
Thus,
Ak kg (-2)
U= — x) = I ikyeCy—xp) A7)
( ) (.X'|| )C||) (27T)d |k|||(1 _ e—2|k|||a)
1 — e lkyla
X . A8
(-e"""“ 1 ) (A8)
Regarding UV, we see that
Uy =Ug =0, (A9)
and
1 d%
(1) _ Il
=3 [

X M ey 2 xy) + ik 0 o () Je Vil

= U} (<], x)). (A10)
Finally, to the second order, U_J(Lzz =0, and
d’ kll etk =)
(x”, ”) an )d I —x

k¥ kP
><(|k”|3 T e . AT

Regarding [U(LZI)e and [U(Lz,)e, they are nonvanishing, but it may
be seen that they do not contribute to the second-order
term.

Thus,

1

g = ﬁ T (Uge) ™ U]
[ddx”dd /l([U(O) 1(x”, x|/|)ugl)€(x|/|’ x||),

(A12)

and (using the properties of the matrix elements under the
exchange of arguments)

1
I = 55 THU) U UR) U]

= L) Ut

35 (A13)
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In Fourier space, after some algebra, one then finds

dk
@ _ I @)k 2 Ald
B 2 2 )dg (ki) m (k)12 ( )
with
d? “(py + k)P 1
¢@ (k) = _2[ Pil Loy - (py + Ky ]
Qm Apyllpy + Kyl 1 — e 2alnl
1
X R = (A15)

APPENDIX B: EXACT EXPRESSIONS FOR THE
FORM FACTORS IN 3 + 1 DIMENSIONS.

In this appendix, we present exact expressions and series
expansions for the form factors f (2)(k||) and g(z)(k”) at zero
temperature and d = 3. These expressions have been pre-
viously obtained in Ref. [13] (see also Ref. [16]). We will
use the dimensionless quantity x = alkj|.

For Dirichlet boundary conditions, the form factor f @
reads

dp Ipyllpy + Kyl
) _ _ I PP I
(BI)
An explicit evaluation gives [13]
a5 £ () = — Lip(e™®)  x’Lize™®)  xLiy(e™ )
4872 2472 1672
B Lis(e™%) B mLiy(1 — e™?)
167 240x
N % —Lig(e )  x*log(1 — ™) B 7T_2x
3272x 12072 240°
(B2)

where Li, denote polylogarithm functions. This result can
be expanded in powers of x as follows:

45+ 7h)xt %

5£(2)
@70 = 120 1080 2700072 72077
(315 — 27%)x6 (7% — 105)x8
79380072 5103000772
8 10
(E 16335) 0(x12) (B3)

3024072

which shows the presence of a nonanalytic term propor-
tional to x°, which is independent of a.

For Neumann boundary conditions, the form factor g®®
is given in Eq. (A15) with d = 3. Evaluating explicitly this
integral, it is possible to show that [13]
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1 [ x? 1 x? 5xLig(e™%) 7TLis(e %) #Liy)(1 — e %)
5,(2) = (= 4+ 1) Li —2x) (_ _ )L —-2x\ _ 4 _ 5 _ 2
@870 = (2772 ile™) + (J g2t T T3 3272 240x
mLig(e %) — 47“6(;72") - 1”765 x*log(l —e %)  7x
§ 5 e Tx (B4)
327x 1207 720
Expanding this result for x << 1, we obtain
54 (1) 7 (30— 7)x? X3 N (1095 + 5072 + #7H)x*  11x° (2205 — 4272 — 27*)x®
a X)=~——+— = -
g 120 1080 64 2700072 72072 79380072
(1007 + 77r* — 3045)x® ( 47 17 gomst —4677;750);(10 oG
3572100072 3810240072 23328000 246985200 12872 '

(B5)

We see that the Neumann form factor has nonanalytic terms proportional to x> and x°.
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