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The dispersive characteristics of surface plasmon polaritons (SPPs) supported by a periodically corrugated
boundary between vacuum and a negative refractive index, isotropic material were studied theoretically by
numerical solution of a dispersion equation. SPP dispersion curves were correlated with the optical response
of the corrugated boundary in frequency regions where SPPs can be excited by a normally incident plane
wave. Abrupt reflectivity variations, characterized by the presence of a near unity maximum and an almost
zero minimum, were found in regions where the boundary without corrugation exhibits low reflectivity and
rather featureless reflectivity curves.
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1. Introduction

A surface electromagnetic wave is a confined mode of propagation
along an interface separating twomedia. These modes are obtained as
a solution to the so-called homogeneous problem, in other words,
they are a solution to Maxwell's equations and the appropriate
boundary conditions with no incident wave. Interest in this subject
(see Ref. [1] and references therein) has long been motivated by
surface plasmons polaritons (SPPs), surface waves with p polarization
that appear when the media have dielectric permittivities ε1 and ε2
with opposite signs, i.e., between insulators (positive permittivity)
and metals or plasmas below a critical frequency (generally complex
permittivity with a negative real part). The advent of transparent
artificial materials with negative refractive index [2] has aroused new
interest in the study of the homogeneous problem of a surface.
General conditions for the existence of SPPs at a flat interface that
separates a lossless dielectric medium (constitutive parameters ε1N0
and μ1N0) and a lossless, isotropic metamaterial (constitutive
parameters ε2b0 and μ2b0) have been presented in Ref. [3], together
with the identification of new SPP regimes. These regimes correspond
to different regions of the ε−μ diagram shown in Fig. 1a, where
ε=ε2/ε1 and μ=μ2/μ1. While regions A and C correspond to forward
SPPs with a total-energy flux parallel to the metamaterial interface
and in the same direction as wave propagation, regions B and D
correspond to backward SPPs, for which the total energy flux parallel
to the interface is opposite to the direction of wave propagation. We
see that the unusual properties of NRI media are also manifested in
the propagation characteristics of SPPs: flat boundaries involving
transparent NRI media can support p- and s-polarized SPPs with
forward and backward energy fluxes, whereas flat boundaries
involving conventional media with negative permittivity can only
support p-polarized, forward SPPs.

Since the field amplitudes decrease exponentially with the
distance to the surface, the SPP propagation constant must be larger
than the absolute value of the photon's wave vector in both media.
This condition prevents the excitation of a surface mode with a plane
wave in a plane surface. Therefore, in order to excite and detect
surface modes, we must resort to special phase-coupling techniques
in which the simple configuration of a single plane interface must
necessarily be abandoned. The most popular phase coupling tech-
niques [1] are based on the use of attenuated total reflection (ATR) or
the use of a diffraction grating.

Due to the unusual properties of NRI media, recent investigations
have begun to reexamine the SPP-photon coupling mechanism in
configurations where these media are involved. The case of ATR
devices has been considered in Refs. [4–7], whereas the case of
transmission gratings made of NRI wires has been studied theoret-
ically in [8]. Regarding corrugated grating couplers involving NRI
media (the subject of the present paper), recent studies [9–11] have
explored the connection between the propagation characteristics of
SPPs supported by the coupler (as obtained from the solution to a
problem without external excitation) and the electromagnetic
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Fig. 1. a) SPP regimes for a flat interface between a lossless conventional material
(ε1 and μ1) and a lossless metamaterial with negative values of electric permittivity and
magnetic permeability (ε2 and μ2). The axis are ε=ε2/ε1 and μ=μ2/μ1. Regions A and
D correspond to s polarized SPPs and regions B and C correspond to p polarized SPPs.
The curve μ(ε) gives the variation of the constitutive parameters when the frequency is
varied. b) Schematic illustration of the metamaterial grating.
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response of the coupler (as obtained from the solution to a problem
with external excitation).

In the present study we focus on the dispersive – or frequency-
dependent – characteristics of SPPs supported by corrugated gratings
made of NRI materials, an aspect that has been overlooked in previous
studies. For a conventional, metallic, grating coupler, SPP dispersion
effects are essentially caused by two mechanisms. The first mecha-
nism is associated with geometric details of the periodic boundary:
the nature of conventional SPPs changes when they propagate along
metal surfaces that are periodically textured on the scale of the
wavelength of light [12]. In particular, when the period of the
structure is half of the effective wavelength of the SPP mode,
scattering may lead to the formation of SPP standing waves and the
opening of an SPP stop band. The second mechanism is associated
with material dispersion: metals behave ideally as an electron gas,
with a frequency-dependent permittivity described by the Drude
model [13]. The purpose of this paper is to investigate the combined
effect that both geometric and material dispersion mechanisms have
on SPPs propagating along the corrugated surface of a NRI material, an
aspect which, to our knowledge, has never been considered so far.

The plan of the paper is as follows. In Section 2 we briefly review
the methods used to find the SPP propagation characteristics
(homogeneous problem) [14,15] and their impact on the optical
response of NRI grating couplers (inhomogeneous problem)
[10,16,17]. In Section 3 we show numerical results for two kinds of
grating profiles: symmetric, described by a pure sinusoid, and
asymmetric, described by a pure sinusoid plus its first harmonic.
Assuming that the electrical permittivity and the magnetic perme-
ability of the NRI grating follow Drude and Lorentz models
respectively, we determine the SPP dispersion curves – that is, the
real and the imaginary parts of the SPP propagation constant as
functions of the frequency – and we correlate these results with the
optical response of the surface in frequency regions where SPPs are
excited by an incident plane wave. We find that, similarly to the case
of metallic gratings [12,18], the periodic corrugation of the NRI
medium changes the SPP dispersion curves and can lead to the
formation of SPP photonic band gaps, that is, frequency ranges in
which SPP propagation is forbidden. By calculating the frequency
response we show that the introduction of a rather weak corrugation
can dramatically change the reflectivity at normal incidence of the NRI
medium. Abrupt reflectivity variations, characterized by the presence
of a near unitymaximum and a low valueminimum, occur in a narrow
frequency region where the incident wave is coupled to SPPs. When
the ohmic losses of the NRI medium increase, the reflectivity
maximum becomes less pronounced while the reflectivity minimum
can be almost zero. Concluding remarks are provided in Section 4.

2. NRI grating couplers

Let us consider a SPP propagating along a periodically corrugated
surface. As indicated in Fig. 1, the corrugation is represented by the
function y= f(x), the medium in the region yN f(x) is vacuum
(ε1=μ1=1), the region yb f(x) is occupied by a NRI medium
characterized by the constitutive parameters ε2, μ2 and the corrugation
height is h. If ϕ(x, y) represents the z-directed component of the total
magneticfield for theppolarization case, or the z-directed componentof
the total electric field for the s polarization case, the SPP field on each
side of this surface is written as

ϕ x; yð Þ = ∑
+∞

m=−∞
Rme

i αmx + β 1ð Þ
m yð Þ; y > max f xð Þf g; ð1Þ

ϕ x; yð Þ = ∑
+∞

m=−∞
Tme

i αmx−β 2ð Þ
m yð Þ; y < min f xð Þf g; ð2Þ

where Rm and Tm are the complex amplitudes of the mth spatial
harmonic,

αm = α h;ωð Þ + 2π
d

m; ð3Þ

is the x component of the wave vector for them-th spatial harmonic, d
is the corrugation period, β jð Þ

m =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
εjμj−α2

m

q
, ω is the angular

frequency and α(h, ω) is the complex propagation constant of the
SPP. For a flat surface (h=0), α(0, ω) can be obtained analytically in
terms of the relative constitutive parameters ε and μ [3]. When losses
are neglected, α(0,ω) is real. In this case the general conditions for the
existence of SPPs are indicated in the ε−μ space shown in Fig. 1a.
However, even in the case of lossless media, the interaction between
the SPP and the periodic corrugation can induce a non-null imaginary
part in the propagation constant of the spatial harmonics and,
consequently, the SPP loses energy as it propagates. In general, the
interaction SPP-corrugation is stronger when Bragg's condition is
satisfied,

d
2π

Re α h;ωð Þ = n
2
; n an integer; ξ nð Þ≠0; ð4Þ

where ξ(n) is the n-th Fourier coefficient of the corrugation function
f(x). For metallic gratings [19,20,18], a forbidden frequency band
gap for SPP propagation is opened under these circumstances.

In order to obtain the complex values of α(h, ω) we have
developed a perturbative method valid in the small roughness limit
(h/λ≪1, where λ=2π/ω is the wavelength in vacuum) [15]. Taking
into account that for h=0 the SPP is described by the spatial harmonic
with m=0, the amplitude corresponding to this harmonic results O
(1) in the weak corrugation limit, while the amplitudes for harmonics
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withm≠0 are at least O(h/λ). By retaining the first-order terms in the
series Eqs. (1) and (2) the dispersion relation for the spatial harmonic
m=0 is written as [15]

M00 = β 2ð Þ
0 + σβ 1ð Þ

0

= −∑m≠0
M0m Mm0

Mmm
β 1ð Þ
m −β 2ð Þ

0

� �
β 1ð Þ
0 −β 2ð Þ

m

� �
jξ 1ð Þ mð Þ j2;

ð5Þ

where σ=ε for p polarization, σ=μ for s polarization and the matrix

Mmn = β 2ð Þ
n + σβ 1ð Þ

m +
αm + σαnð Þ αm−αnð Þ

β 1ð Þ
m −β 2ð Þ

n

: ð6Þ

To solve this dispersion Eq. (5), we used an iterative method
initialized with the value α(0, ω) corresponding to the flat interface.
Particular care must be taken to choose the physical Riemann sheets
corresponding to βm

(j), j=1, 2 [14].
As we are interested in correlating the propagation characteristics

of SPPs with the electromagnetic response of the periodic structure,
we next consider that the grating is illuminated from the vacuum side
by a linearly polarized wave forming an angle θ with the y axis.
Outside the corrugations, |y|Nh/2, both the reflected and the
transmitted fields are rigorously represented by a series of spatial
harmonics, identical in form to those given in Eqs. (1) and (2), except
for the following two changes: i) the wave numbers

αm =
ω
c
sinθ +

2π
d

m; ð7Þ

are now real numbers related to the angle of incidence, and not the
complex numbers given by Eq. (3) related to the SPP propagation
constant; and ii) the complex amplitudes Rm and Tm now correspond
to the amplitudes of the reflected and transmitted orders [17], and not
to the amplitudes of the m-th spatial harmonic of the SPP. Note that
only a finite number of reflected and transmitted orders corresponds
to propagating plane waves while the others have an evanescent
nature.

A coupling between the incident field and a SPP propagating along
the surface with complex propagation constant α(h, ω) can occur
when one of the evanescent orders is phase matched with the SPP.
The coupling condition can be written as

ω
c
sinθ +

2π
d

m = Re α h;ωð Þ; ð8Þ

where m is an integer. In terms of the dimensionless propagation
constant (d/2π)Re α and for normal incidence this condition can be
rewritten as

m =
d
2π

Re α h;ωð Þ: ð9Þ

3. Results

To investigate the dispersion characteristics of SPPs supported by a
NRI grating and the impact that these SPPs have on the grating
electromagnetic response, in this section we give numerical examples
obtained by using the formalisms sketched above.

Regarding SPP dispersion effects, we have considered those having
a geometric as well as a material origin. To illustrate the geometric
effects associated with the details of the periodic boundary, we
present results corresponding to symmetric, sinusoidal corrugations
(Section 3.1) and results corresponding to asymmetric corrugations
represented by a pure sinusoid plus its first harmonic (Section 3.2). To
illustrate the material effects associated with the dispersive nature of
the electrical permittivity and the magnetic permeability of the NRI
material, we assume that ε2(ω) is represented by Drude's model

ε2 ωð Þ = 1−
ω2

p

ω2 + i γ ω
; ð10Þ

and that μ2(ω) is represented by the following expression

μ2 ωð Þ = 1− Fω2

ω2−ω2
0 + i γ ω

; ð11Þ

where γ is the damping constant and ωp and ω0 are the plasma
frequency and the magnetic resonance frequency respectively. In
Fig. 1a we show the μ(ε) curve used in the examples for ideal NRI
media, obtained for parameters ω0/ωp=0.4, F=0.56 and γ=0. For
frequencies in the range 0.471bω/ωpb0.6, the μ(ε) curve falls on
regions C and D of the ε−μ space. When ω varies in the interval
0.471bω/ωpb0.52, a point in the curve ε(μ) moves from point P to
point P′, within the region corresponding to s-polarized, backward
SPPs. Similarly, when ω varies in the interval 0.52bω/ωpb0.6, a point
in the curve ε(μ) moves from point P′ to point P″, within the region
corresponding to p-polarized, forward SPPs. Since the dispersion
equation gives two complex solutions differing in sign (for propaga-
tion along ±x), we have chosen to plot the dispersion curve for the
dimensionless propagation constant (d/2π)α(h,ω) with a positive real
part.

Regarding the impact that these SPPs may have on the electro-
magnetic response of the NRI grating, we correlate the SPP dispersion
curves with the reflectivity curves obtained when the NRI grating is
illuminated by a normally incident plane wave. In all the examples we
have chosen the period of the corrugation so that the grating reflects
just the specular order.

3.1. Symmetric corrugations

Let us consider a sinusoidal corrugation represented by
f xð Þ = h0

2 sin 2π
d x

� �
. In this case the corrugation height is h=h0. In

Fig. 2a (Re α(h, ω)) and b (Im α(h, ω)) we show the SPP dispersion
curves with different values for the damping constant γ in Eqs. (10)
and (11)) with h0/λp=0.016 and d=1.2 λp, with λp=2πc/ωp a
characteristic length. The frequency range corresponds to region D
(s-polarized, backward SPPs).We see that in this range the real part of
the SPP propagation constant is a decreasing function of the frequency
and that it takes values which are almost identical to those
corresponding to a flat surface, in agreement with the fact that,
under these circumstances (low h/d value, it reflects an specular order
only) this grating is hardly distinguishable from a flat surface. We
observe that the imaginary part of the propagation constant takes
non-zero values even in the ideal case of losslessmedia (γ=0), which
shows that the weak corrugation induces radiation losses correspond-
ing to the onset of radiative spatial harmonics with m=−1 in both
media and in the whole frequency range (see Eqs. (1) and (2)). As the
frequency increases, the value of |Im α(h, ω)| decreases, indicating
that for this material the radiation losses decrease with the frequency.
Contrary to conventional, metallic SPPs, in this frequency range Im
α(h, ω)b0, which is a consequence of the backward nature of regime
D. In this regime, the energy carried by the SPP must attenuate in the
direction of the power flow (−x), that is, opposite to the propagation
direction (+x, for our choice Re αN0), a situation identical to that of
backward SPPs at a flat surface when the metamaterial has intrinsic
losses [21]. In the realistic case γ≠0we obtain greater values of |Imα|,
in agreement with the fact that the SPP is now losing energy not only
by radiation, but also because of the ohmic losses of the NRI
metamaterial. Fig. 2c shows the specular reflectivity at normal
incidence as a function of the incident frequency. The values obtained
are almost identical to those corresponding to a surface without
corrugation, except for frequencies near the spectral region –



Fig. 2. (Color online) a) and b) Real and imaginary parts of the dimensionless propagation constant for backward SPPs propagating along a sinusoidal grating with d=1.2 λp,
h0=0.016 λp (λp=2πc/ωp) and different values of the damping constant γ. c) Specular reflectivity at normal incidence as a function of the dimensionless angular frequency.
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indicated by dotted lines in Fig. 2 – where the coupling condition (9)
with m=±1 holds. We observe that as the frequency increases, the
coupling is dramatically manifested in abrupt reflectivity variations,
changing from low values to a near unity maximum and then to an
almost zero minimum. For the ideal case γ=0 the peak reflectance in
the region of SPP resonance takes the maximum possible value (1,
total reflection), but this value decreases when higher values of the
damping constant γ are considered. This kind of resonant behavior is
very different from that exhibited by metallic gratings, for which
reflectivity changes are quite symmetric near SPP resonances. The
great asymmetrymanifested by the presence of themaximum and the
minimumobserved in Fig. 2c seems to be characteristic of SPP regimes
corresponding to almost transparent NRI corrugated gratings and has
also been observed in reflectivity curves obtained at a fixed frequency
for different angles of incidence [10].

In our second example we choose frequencies in the range
0.52bω/ωpb0.6, corresponding to regime C (p-polarized, forward
SPPs). Fig. 3 shows the SPP dispersion relation and the reflectivity
curves obtained for gratingparameters identical to those considered in
Fig. 2. The real part of the SPP propagation constant is an increasing
function of the frequency, the same behavior observed in the forward
regime for a flat boundary, and SPP losses are manifested in non-zero
values for the imaginary part of the SPP propagation constant. This
energy loss occurs not only because the NRI medium has ohmic losses
but also because the SPP radiates towards adjacent media, as can be
Fig. 3. (Color online) a) and b) Real and imaginary parts of the dimensionless propagati
h0=0.016 λp and different values of the damping constant γ. c) Specular reflectivity at nor
seen in Fig. 3b for the limit case γ=0. Contrary to the previous
example, in this regime Im αN0, in agreement with the forward
nature of the SPP. Let us note that in this frequency range the radiation
losses increase with the frequency, except near a discontinuity on the
derivate of Im α at ω/ωp=0.5932, where the spatial harmonic with
m=−1 on the metamaterial side ceases to propagate. Fig. 3c shows
the specular reflectivity in normal incidence. Since in this frequency
range 0b d

2π Re α h;ωð Þb1, Eq. (9) is no longer verified. Therefore, a
coupling between the normally incident radiation and the SPP is not
possible for these parameters and the reflectivity curve resembles that
of the flat surface. The coupling condition can again be satisfied if the
period of the corrugation is changed from value d=1.2 λp to d=1.5 λp.
Due to this coupling, Fig. 4 now presents a singular behavior for
frequenciesnear thevalue predictedbyEq. (9)withm=±1. Thedotted
horizontal and vertical lines in Fig. 4 help visualize the fulfillment of the
coupling condition Eq. (9). We note that an almost total absorption is
obtained for γ=10−3ωp. When γ increases from this value, we have
observed (not shown in Fig. 4c) that the resonant effects in the
reflectivity curve become less and less pronounced.

3.2. Asymmetric corrugations

We now consider asymmetric corrugations represented by
f xð Þ = h0

2 sin 2π
d x

� �
+ h1

2 sin 4π
d x

� �
, that is, a corrugation obtained by

adding a first harmonic with amplitude h1 to the sinusoidal surface
on constant for forward SPPs propagating along a sinusoidal grating with d=1.2 λp,
mal incidence as a function of the dimensionless angular frequency.



Fig. 4. (Color online) a) and b) Real and imaginary parts of the dimensionless propagation constant for forward SPPs propagating along a sinusoidal grating with d=1.5 λp,
h0=0.016 λp and different values of the damping constant γ. c) Specular reflectivity at normal incidence as a function of the dimensionless angular frequency.
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previously considered in efsinusoidal. Fig. 5a and b shows the SPP
dispersion curves obtained for h1=h0/3, d=1.2λp and a frequency
range corresponding to region D. As in the case of metallic gratings
[12,18], the addition of the Fourier component with amplitude h1 in
the corrugation shape induces the formation of an SPP photonic band
gap at frequencies near the value predicted by the Bragg condition
Eq. (4) with n=2. In this photonic band gap, indicated by the dotted
horizontal lines in Fig. 5a and b, the absolute value of the imaginary
part of the SPP is enhanced up to 10, 30 and 50 times the value taken
outside the gap for γ/ωp=10−3, 10−4and0 respectively, and thus SPP
propagation is practically inhibited. Note that, since Im αb0, the SPP
keeps its backward nature. The presence of the gap in the dispersion
curve is manifested in the reflectivity curve shown in Fig. 5c. Two
singularities appear on the edges of the forbidden frequency interval,
clearly evidencing the band gap limits. As γ increases these singularities
become less and less pronounced. It should be noted that, similarly to
the metallic case, the band gap limits are not evidenced when the SPP
resonance is investigated in reflectivity experiments by scanning the
angle of incidence at a constant frequency [18].
4. Conclusion

In conclusion, we have applied recently developed theoretical
approaches to study i) the dispersive characteristics of SPPs supported
Fig. 5. (Color online) a) and b) Real and imaginary parts of the dimensionless propa
y = h0 = 2 sin 2π

d x
� �

+ h1 = 2 sin 4π
d x

� �
, with d=1.2 λp, h0=0.016 λp and h1=h0/3. c) Specul
by a corrugated boundary between a vacuum and a NRI material and
ii) the electromagnetic response of this boundary when it is
normally illuminated by a plane wave near conditions of SPP
resonances. To consider material dispersion we have assumed that
the electrical permittivity and the magnetic permeability of the NRI
medium follow Drude and Lorentz models respectively and to
evidence geometric dispersion we have studied two kinds of
corrugation shapes, symmetric and asymmetric. We have verified
that under certain coupling conditions (achieved by the choice of the
corrugation period in our examples) the specular reflectivity of the
NRI material dramatically changes, exhibiting the presence of a
maximum and a minimum. Similar to the conventional case of
metallic gratings, we have seen that the specific harmonic com-
ponents of the grating profile can lead to very different SPP
dispersion characteristics, leading in some cases to the formation
of an SPP photonic band gap, that is, a frequency range in which SPP
propagation is forbidden.
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