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Abstract

In this paper, we will discuss new developments regarding the geometric
nonholonomic integrator (GNI) (Ferraro et al 2008 Nonlinearity 21 1911-28;
Ferraro et al 2009 Discrete Contin. Dyn. Syst. (Suppl.) 220-9). GNI is a
discretization scheme adapted to nonholonomic mechanical systems through
a discrete geometric approach. This method was designed to account for
some of the special geometric structures associated to a nonholonomic motion,
like preservation of energy, preservation of constraints or the nonholonomic
momentum equation. First, we study the GNI versions of the symplectic-Euler
methods, paying special attention to their convergence behaviour. Then, we
construct an extension of the GNI in the case of affine constraints. Finally,
we generalize the proposed method to nonholonomic reduced systems, an
important subclass of examples in nonholonomic dynamics. We illustrate the
behaviour of the proposed method with the example of the inhomogeneous
sphere rolling without slipping on a table.

Keywords: geometric nonholonomic integrator, nonholonomic mechanics,
discrete variational calculus, reduction by symmetries, affine constraints
Mathematics Subject Classification: 70F25, 37J60, 37M15, 37N05, 65P10,
70-08

0951-7715/15/040871+30$33.00 © 2015 IOP Publishing Ltd & London Mathematical Society Printed in the UK 871


http://dx.doi.org/10.1088/0951-7715/28/4/871
mailto: sferraro@uns.edu.ar
mailto: fjimenez@ma.tum.de
mailto: david.martin@icmat.es
http://crossmark.crossref.org/dialog/?doi=10.1088/0951-7715/28/4/871&domain=pdf&date_stamp=2015-02-25

Nonlinearity 28 (2015) 871 S Ferraro et al

1. Introduction

Nonholonomic constraints have been a subject of deep analysis since the dawn of analytical
mechanics. The origin of its study is nicely explained in the introduction of the book by
Neimark and Fufaev [47],

The birth of the theory of dynamics of nonholonomic systems occurred at the time
when the universal and brilliant analytical formalism created by Euler and Lagrange
was found, to general amazement, to be inapplicable to the very simple mechanical
problems of rigid bodies rolling without slipping on a plane. Lindelof’s error, detected
by Chaplygin, became famous and rolling systems attracted the attention of many
eminent scientists of the time...

Many authors have recently shown a new interest in that theory and also in its relationship
to the new developments in control theory and robotics. The main characteristic of this last
period is that nonholonomic systems are studied from a geometric perspective (see [54] as an
advanced and fundamental reference, and also, [3,5,6,14,17,34,36,39] and references therein).
From this perspective, nonholonomic mechanics forms part of a wider body of research called
geometric mechanics.

A nonholonomic system is a mechanical system subjected to constraint functions which
are, roughly speaking, functions on the velocities that are not derivable from position
constraints. They arise, for instance, in mechanical systems that have rolling or certain
kinds of sliding contact. Traditionally, the equations of motion for nonholonomic mechanics
are derived from the Lagrange—d’ Alembert principle, which restricts the set of infinitesimal
variations (or constrained forces) in terms of the constraint functions. In such systems,
some differences between unconstrained classical Hamiltonian and Lagrangian systems and
nonholonomic dynamics appear. For instance, nonholonomic systems are non-variational in
the classical sense, since they arise from the Lagrange—d’Alembert principle and not from
Hamilton’s principle. Moreover, when the nonholonomic constraints are linear in velocities
and a symmetry arises, energy is preserved but in general momentum is not. Nonholonomic
systems are described by an almost-Poisson structure (i.e. there is a bracket that together with
the energy on the phase space defines the motion, but the bracket generally does not satisfy
the Jacobi identity); and finally, unlike the Hamiltonian setting, volume may not be preserved
in the phase space, leading to interesting asymptotic stability in some cases, despite energy
conservation which is a consequence of the homogeneity in velocities of the constraints.

From the applied point of view, in the last decade great interest has been focused on the
study of the dynamical behaviour of some particular examples of nonholonomic systems; more
concretely, different rigid bodies rolling without slipping (either with or without spinning) of
on a plane or on a sphere. Besides, a hierarchy has been constructed in terms of the body’s
surface geometry and mass distribution.

The existence of an invariant measure and Hamiltonization of such systems, and the
necessary conditions for this existence have been carefully studied in [9-11,35]. See
[3,5,14,17,34,39,54] for more details about nonholonomic systems.

Recent works, firstly initiated by J Cortés and S Martinez in their seminal paper [19],
where the authors introduce the notion of discrete Lagrange—d’Alembert’s principle, have
been devoted to derive numerical methods for nonholonomic systems (see [21, 28,41, 31]).
These numerical integrators for nonholonomic systems have very good energy behaviour in
simulations and additional properties such as the preservation of the discrete nonholonomic
momentum map. In a different direction, some of the authors of this paper have introduced
the geometric nonholonomic integrator (GNI), whose properties and original motivations
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can be found in [23], while some of its applications and numerical performance can be
found in [24, 32]. Particularly, in [32] we have examined numerically the GNI and the
reduced d’ Alembert—Pontryagin integrator (RDP) in some typical examples of nonholonomic
mechanics: the Chaplygin sleigh and the snakeboard. In a different approach, numerical
schemes based on the Hamiltonization of nonholonomic systems have been explored in [22,45].
Although these methods have shown an excellent qualitative and quantitative behaviour, they
are quite difficult to implement with generality since they involve solving a difficult task: the
Hamiltonization or an inverse problem for a nonholonomic system [4].

Our aim in this work is to analyse further developments of the GNI method introduced
in the mentioned references. Particularly, we focus on two aspects: the GNI extension of the
usual symplectic-Euler methods (we prove their consistency order and the fact that they are the
adjoint of one another), and the generalization of the method to new situations, namely the cases
of affine constraints (definition 6.1), reduction by a Lie group of symmetries (definition 7.1)
and Lie algebroids (definition 8.2). All the new generalizations are appropriately illustrated
with theoretical and numerical results.

The paper is structured as follows: section 2 is devoted to introduce the continuous
nonholonomic problem with linear constraints, to obtain the nonholonomic equations by means
of the Lagrange—d’ Alembert principle and to show how these equations can be reobtained
through a projection procedure when the system is endowed with a Riemannian metric.
Section 3 summarizes the general theory of variational integrators, while section 4 presents the
proposed GNI. In section 5, the GNI versions of the symplectic-Euler methods are obtained
and their convergence behaviour studied in theorem 5.2. It is also proved in theorem 5.4 that
both methods are adjoint of each other; this fact establishes an interesting parallelism with
the free (meaning unconstrained) variational integrators. Section 6 accounts for the affine
extension of the GNI which is illustrated with the theoretical result of SHAKE and RATTLE
methods. Section 7 is devoted to the development of the GNI for reduced systems, in the case
of both linear and affine constraints. The former case is illustrated with the theoretical result
of RATTLE algorithm while the latter (which is also affine) is carefully treated in the example
of the Chaplygin sphere with three different moments of inertia, including some numerical
results. Finally, in section 8 we extend the GNI to Lie algebroids.

2. Continuous nonholonomic mechanics

Mathematically, the nonholonomic setting can be described as follows. We shall start
with a configuration space Q, which is an n-dimensional differentiable manifold with local
coordinates denoted by qi, i =1,...,n = dim Q, and a non-integrable distribution D on
Q that describes the linear nonholonomic constraints. We can consider this constant-rank
distribution D as a vector subbundle of the tangent bundle 7 Q (velocity phase space) of the
configuration space. Moreover, and as we mentioned in the introduction, D defines a set of
constraints on the velocities. Locally, the linear constraints are written as follows:

¢ (.9 = ni (94" =0, I<a<m, M
where rank(D) = n — m. The annihilator D° is locally given by
D° = span {u* = uf(q)dq’; 1<a<m},

where the 1-forms p¢ are independent.

In addition to the distribution, we need to specify the dynamical evolution of the system,
usually by fixing a Lagrangian function L : TQ — R. In nonholonomic mechanics, the
procedure permitting the extension from the Newtonian point of view to the Lagrangian one is
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given by the Lagrange—d’ Alembert principle. This principle states thatacurveqg : I C R — Q
is an admissible motion of the system if

T
53=5/ L@@).q@) di=0
0

for all variations such that 8q(t) € Dy, 0 < ¢t < T, and if the velocity of the curve
itself satisfies the constraints. It is remarkable that the Lagrange—d’ Alembert principle is not
variational since we are imposing the constraints on the curve ‘after extremizing’ the functional
d. From Lagrange—d’ Alembert’s principle, we arrive to the nonholonomic equations

d (8_L> SO g, 2a)

dr \ 9¢* aq'

1 (@) 4" =0, (2b)
where A,, a =1, ..., misaset of Lagrange multipliers. The right-hand side of equation (2a)

represents the force induced by the constraints, and equations (2b) represent the constraints
themselves.

Now we are going to restrict ourselves to the case of nonholonomic mechanical systems
with mechanical Lagrangian, i.e.

1
L(vg) = 59 (vg>vg) =V (@), v €T,0, 3)

where G is a Riemannian metric on the configuration space Q locally determined by the matrix
M = (Sij))i<i j<n, Where G;; = G(3/dq",3/9¢’). Using some basic tools of Riemannian
geometry (see, for instance, [13]), we may write the equations of motion of the unconstrained
system determined by L as

Ve (1) = —grad V (c (1)), 4

where V is the Levi—Civita connection associated with §. Observe that if V = 0 then the
Euler-Lagrange equations become the geodesic equations for the Levi—Civita connection.
When the system is subjected to nonholonomic constraints, the equations turn out to be

Ve e (1) = —grad V (¢ (1)) + A (c (1)) ¢ (1) € Deqrys

where A is a section of D+ along ¢ (see [3, 13, 14]). Here, DL stands for the orthogonal
complement of D with respect to G.

Since Q is equipped with a Riemannian metric, we can decompose the tangent bundle
as TQ = D @ DY. Moreover, we can also construct two complementary projectors
P:TQ — D, Q: TQ — D*. In order to obtain a local expression for P and Q, define the
vector fields Z¢, 1 < a < m, on Q by

§(z%Y)=p"(Y), forallY e X(M),

thatis, Z¢ is the gradient vector field of the 1-form u“. Thus, Dlis spanned by Z¢, 1 < a < m.
In local coordinates:

i, 0
7 =GVt —.
S oq)

Considering the m x m matrix (C%) = (u¢ G'/ M?) (which is symmetric and regular since G
is a Riemannian metric), we obtain the local description of Q:

Q= CabZa (2 /’Lb = Cabgl]M;l/’LZW ® qu’
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and P = Idro — Q. Finally, by using these projectors we may rewrite the equation of motion
as follows. A curve c(¢) is a motion of the nonholonomic system if it satisfies the constraints,
i.e. ¢(t) € D), and, in addition, the ‘projected equation of motion’

P (Vewe (1) = =P (grad V (¢ (1)) )
is fulfilled.

Summarizing, we have obtained the dynamics of the nonholonomic system (5) applying
the projector P to the unconstrained equations of motion (4).

3. Discrete mechanics and variational integrators

Variational integrators are a kind of geometric integrators for the Euler—Lagrange equations
which retain their variational character and also, as a consequence, some of main geometric
properties of the continuous system, such as symplecticity and momentum conservation
(see [25,43,46,55]). In the following we will summarize the main features of this type
of geometric integrators. A discrete Lagrangian is amap Ly : Q x O — R, which may
be considered as an approximation of the action integral defined by a continuous Lagrangian
L:TQ — R, thatis, L;(qo, q1) = foh L(g(t), q(t)) dt, where g(¢) is a solution of the Euler—
Lagrange equations for L joining ¢(0) = g¢ and g(h) = g, for small enough /# > 0.

Define the action sum S;: Q¥*! — R corresponding to the Lagrangian L, by S; =
Z,Icvzl Ly(qk—-1,qk), where g, € Q for 0 < k < N, where N is the number of steps. The
discrete variational principle states that the solutions of the discrete system determined by L
must extremize the action sum given fixed endpoints gg and gy. By extremizing S; over gy,
1 < k < N — 1, we obtain the system of difference equations

Dy La(q, gk+1) + D2La(gk—1, gx) = 0. (6)

These equations are usually called the discrete Euler—Lagrange equations. Under some
regularity hypotheses (the matrix (D12L4(qx, qx+1)) is regular), it is possible to define from
(6) a (local) discrete flow Yz,: Q@ x Q@ — Q x Q, by Y1, ,(gk-1, qk) = (gk, gk+1). Define the
discrete Legendre transformations associated to L, as

FL;:0xQ— T*Q

(gks qiv1) > (qk, —D1La(qk, gi+1)),

FL;:0xQ — T*Q

(s qen1) > (Gi+1, DaLa(qks Gis1)),
and the discrete Poincaré—Cartan 2-form w; = (FL})*wo = (FL,)*wg, where wy is the
canonical symplectic form on 7*Q. The discrete algorithm determined by Y, preserves the
symplectic form wy, i.e. Y; w4 = wy. Moreover, if the discrete Lagrangian is invariant under

the diagonal action of a Lie group G, then the discrete momentum map J;: Q x Q — g*
defined by

(Ja(qk, grs1), &) = (D2La(qk, gr+1): E0(qr+1))

is preserved by the discrete flow. Therefore, these integrators are symplectic-momentum
preserving. Here, £y denotes the fundamental vector field determined by £ € g, where g is
the Lie algebra of G. (See [43] for more details.)

4. The geometric nonholonomic integrator

The geometric nonholonomic integrator (GNI in the sequel) and its principal features have
been presented in [23,24,33]. As main geometric properties, we can mention that it preserves
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the nonholonomic constraints, the discrete nonholonomic momentum map in the presence of
horizontal symmetries, and the energy of the system under certain symmetry conditions [23].

Definition 4.1. Consider a discrete Lagrangian L; : Q x Q — R. The proposed discrete
nonholonomic equations are

Py (D1La (qics qies1)) + Py, (DL (qi—1, qx)) = 0, (7a)
Q. (D1La (qx, qin1)) — 2, (D2La (q-1, 1)) = 0, (7b)
which define the GNI

The projectors P, Q are defined in the previous sections, while the subscript ¢; emphasizes
that the projections take place in the fibre 7 Q. The first equation is just the projection of the
discrete Euler-Lagrange equation to the constraint distribution D, while the second one can
be interpreted as an elastic impact of the system against D (see [27]). Note that since P and Q
are orthogonal and complementary, (7) is equivalent to

DiLa(qx, gre1) + (P — Q") Do Ly(qi—1, qx) = 0. (8)

From these equations we see that the system defines a unique discrete evolution operator if
and only if the matrix (D, L,) is regular, that is, the discrete Lagrangian is regular. Locally,
equations (7) can be written as

DLy (qx, gis1) + DaLa (qi—1, qx) = () 117 (qr), (9a)
. . ALy ALy

S (qr) 17 (qr) e x> qes1) — — (qr-1.qx) ) = 0. (9b)
xJ ay/

Using the discrete Legendre transformations defined above, let us define the pre- and post-
momenta, which are covectors at g, by

Picix =P (@-1.q) =FLy (qr—1, qx) = D2La (qk—1, q1)
Pixst = P~ Qi gie1) = FL; (G, gir1) = —D1La (Gk, Gre1) -

Then, the second GNI equation (9b) can be rewritten as follows:

(Prxs)i + (pl:rl,k)j> _0

SV (qr) i (qr) ( 5
which means that the average of pre- and post-momenta satisfies the constraints. In this sense
the proposed numerical method preserves exactly the nonholonomic constraints. Besides this
preservation property, the GNI has other interesting geometric features like the preservation
of energy when the configuration manifold is a Lie group with a Lagrangian defined by a bi-
invariant metric, with an arbitrary distribution D and a discrete Lagrangian that is left-invariant
(see [23] for further details).

5. GNI extensions of symplectic-Euler methods

Let us consider the tangent T Q and cotangent 7*Q bundles of the configuration manifold
Q = R”" and its local coordinates, (g, ¢) and (g, p) respectively. Moreover, let us consider
the mechanical Lagrangian L(q,q) = %c’]T Mg — V(q), where M is a n x n constant
regular matrix and V : Q — R is the potential function. On the other hand, the function
H(q,p) =3 p" M~ p+V(q) is its Hamiltonian counterpart.
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It is well known that the explicit and implicit Euler methods (which we will denote Euler
A and Euler B respectively)

Euler A Euler B
Qie1 = Qi+ hM ™' py Gie1 = g +hM ™' pryy
A% A%
Di+1 = pr — h— (qx) Dir1 = Pk — h— (qx+1)
aq dq

are symplectic and of order one (see [25]). As variational integrators (see [43]) they correspond
to the following discrete Lagrangians:

Qk+1 — qk Gk+1 — 4k
L5 (qx, grs1) = hL <(1k, +T) . L3 (qx, qxn1) = hL <Clk+1, +T> . (10)
Applying the GNI equations (9) to the Lagrangians in (10) we obtain the following numerical
schemes:

e Euler A:
Gt = 2ax+ g1 = —I2M (Vo + 1" (@0 ) (11a)
Gr+1 — Gr—1 b
0= LS Ll S . 11b
m(qr) ( o *3 q(qk)> (11b)
o Euler B:
Gt = 21+ g = =M™ (Vo(@o + 1" (@0 7 ) (12a)
el —qr—1 h
0= Tl — AL 2 py-ly, , 12b
u(qx) ( o 2 q(qk)> (12b)

where A, = Ay/h and V, = dV/dq. Observe that the only difference between the two
methods lies in the sign between parentheses in (115) and (12b). By introducing the
momentum quantities py = M (qx+1 — gk—1)/2h and pir12 = M(qrs1 — qi)/ h, we can
rewrite equations (11) and (12) as follows.

e Euler A:
. h T, %
Prviy = Pe— 5 (Vq () + ((Ik))»k) ) (13a)
Gir1 = Qi+ hM ™ prai o, (13b)
nlgomM™! (ﬁk + qu (qk>> =0, (13¢)
) h .
Pt = Pre1p = 5 (Vq (Grs1) + 12 (61k+1)?»k+1> , (13d)
1(qie) M <I3k+1 + qu(qm)) =0. (13¢)
e Euler B:
proin = e~ 5 (Valaw + " (g%, (14a)
Qest = G+ hM ™ praaa, (14b)
nlgom™! (ﬁk - qu (qk)> =0, (140)
Dk+l = Dis1/2 — g (Vq (Gr+1) + MT(CIk+1))~»k+1> , (14d)
1 qre)M ™! <I3k+1 - %Vq(an)) =0. (14e)
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These numerical schemes provide values at step k + 1 through an intermediate momentum
stepk +1/2,1.e.

(ks P> M) = (Qists Prery2s M) = (Qrets Prsts Aes1)-

We recognize in (13¢), (13e) and (14¢), (14¢) a Hamiltonian version for the discretization
of the nonholonomic constraints (115) and (12b) (Lagrangian version). These constraints
are provided by the GNI equations (7b) or (9b).

Remark 5.1. Method (11) (and the corresponding B version) clearly resembles the extension
of the SHAKE method (see [50]) proposed by McLachlan and Perlmutter [41] as a reversible
method for nonholonomic systems not based on the discrete Lagrange—d’ Alembert principle,
namely

Grr = 201+ G = =M (Vy(ao) + 1 @)

Gk+1 — k-1
0= ).
1 (qr) < o )

At the same time, the SHAKE method is an extension of the classical Stormer—Verlet method
in the presence of holonomic constraints. The RATTLE method is algebraically equivalent to
SHAKE [37]. Its nonholonomic extension, introduced for the first time in [41], that is

. h .
Peri2 = Pe— 5 (Vq(Qk) + MT(Qk))»k) , (15a)
Gir1 = i+ hM ™ prai o, (15b)
wg)M =" pr =0, (15¢)
_ h .
Pt = Prsijz = 5 (Vq (Gr+1) + 11 (Qk+1))~k+1> , (15d)
1(@rs)M ™" prer = 0 (15¢)

(see [23]) clearly resembles (13).
As shown in [23], the nonholonomic SHAKE extension can be obtained by applying the
GNI equations to the discrete Lagrangian

h Gr+1 — Gk h Gr+1 — Gk
L , =—-L , —— —L ,—, 16
a(Gr> Gr+1) 3 (qk ; + 5L\ akn 7 (16)

which also provides the Stormer—Verlet method in the variational integrators sense. Moreover,
as shown in [24], the nonholonomic RATTLE method (15) is globally second-order convergent.

Theorem 5.2. The nonholonomic extension of the Euler A (B) method is globally first-order
convergent.

It will be useful in the following proof to give a Hamiltonian version of (2) when H(q, p) =
1 p"M~"p+V(q), namely

g=M"p,
p=—V(q)— 1 (@,
niq)M~"'p=0.

Since the constraints are satisfied along the solutions, we can differentiate them w.r.t. time in
order to obtain the actual values of the Lagrange multipliers, i.e.

=€ (g M~ p, M7 p] = uM V),
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\gvhere C(g) = u(@)M~"'u"(q) is a regular matrix and p,[M ' p, M~' p]is the m x 1 matrix

K ovg—1yii' —1yii’ ; e Ttoni ;

lg (()Anfes ) pj(M™")" p;. Taking this into account, the Hamiltonian nonholonomic system
g=M"p, (17a)
p=—Vy—u"C (ug[M~'p, M~ pl = uM~'V,), (17b)

with initial condition satisfying u(¢g)M~'p = 0.

Proof of theorem 5.2. We present the proof for the Euler A method, the corresponding proof
for Euler B is analogous.
Consider the unconstrained problem

qg=M"p,
p=¢q.,p),
with a smooth enough function ¢ : R** — R. These equations can be discretized by
Q1 = Qe+ M proy o, (18a)
Pret2 = Pi—t1/2 + ho (qe. Pre2) - (18b)

which is a globally first-order convergent method, using standard arguments of Taylor
expansions. Therefore, taking into account equations (17), from (18) we deduce the following
first-order method for the nonholonomic system

Grs1 = qp +hM priip, (19a)
Pre1j2 = Pi—t12 — hVy (@) + " (qi) €1 (qr) e (gr) MV, (qr)
—h" () €7 () g IM 7 praija, M7 prar ol (19b)

The next step is to prove that the nonholonomic Euler A method (13) reproduces (19). From
equations (13) we see that the nonholonomic Euler A method assumes the form

Qir1 = i + hM ™ prai o,
Prstj2 = Pr—12 — hV,(qr) — hit” (@),

+ pi— h
0= puigom~" (BEZEE L 2y g0
2 2
or, after some computations,
Gir1 = qr + hM ™ prar o, (20a)
P12 = Piciy2 — hVy(g0) — 21" (@€ (@)@ M ™ pei - (20b)

On the other hand we can expand the nonholonomic constraints around g (0):

1 (g (M) g (h) = 11 (q (0)) ¢ (0) +hp (g (0)G (0) +hpylg (0), ¢ (O)]+0 (h?).

Since the constraints are satisfied at # = 0 and ¢ = h, the previous expression becomes

hie (g (0)) G (0) = —hpglg (0), G (0)]+0 (h?).

Now, taking standard approximations for first and second derivatives we deduce that

—2(g )M pr_ijp = —hig IM ™ prat o, M7 pras 2]

+hi(g)M ™'V, (qi) + O(h). 21)
Therefore, substituting (21) into (20b) we recognize equation (195) up to O(h?) terms. Thus,
we conclude that the nonholonomic Euler A method (13) is first-order convergent. O

879



Nonlinearity 28 (2015) 871 S Ferraro et al

Definition 5.3. For a one-step method F : T*Q — T*Q, the adjoint method F* : T*Q —
T*Q is defined by

(FY'oF™" =1d,.,.
Theorem 5.4. The nonholonomic extensions of the Euler A and B methods are one another’s
adjoint.
Proof. We will use a shorthand notation to define both integrators:

Fa(qrs s M) = (@fsrs Pt M)

Fg(q; pr, Xk) = (qglv 151?+1v 5\113+1)-
Equations (13) and (14) can be rewritten to give a one-step method instead of the leap-frog
presented. For instance, for F,

A s R R r s
Qiv1 = G +hM™ pi — 7M Volqe) — 7M w (@i i, (22a)

- . h h - h h -

Pivi = P — 7 Valao — EMT(qk)xk - Evm,ﬁil) - Euf(q,ﬁm;?“, (22b)
1. h _ h 3 -

0= ulgi )M ™" b — 5u<q,§‘+1>M "W, (qr) — qu,ﬁ:l)M YT (g

h - .
—5raOM Y (@ DR (22¢)

where | and A7\, are implicitly obtained from (22b) and (22¢). The same occurs for Fp:
. Rk o N
Gin = Qe+ hM ™ e = —M~Vy(g) = M~ (@0 (23a)

- - h h - h h -
P = P — 7 Va(@) - Equm —3Va @f) - EMT(q,fiofo, (23b)

1~ h B h _ -
0=—pnl@gM'pt., — FMaOM AR SHaM " ()

h _ ~
—5uaM "W (GE M (23¢)
The point of the proof is to show that FX o th (x> Dk ik) = (qk, Dk, Xk). In order to do
that, we are going to use the notation
F5"(qr, P> M) = (Qrsts Prots Aes1) = (s Pro M)
FA (@ Pic: 0 = @har- ot M)+
so we need to show that (g}, |, P, ;» Aps;) = (qk Pr A¢). After setting the time step to —/ and
replacing (23a) and (23b) into (22a), it is easy to check that g;,, = gx. Furthermore, fixing
—h again as the time step and taking into account equation (14e), from (23c) we arrive to
hM—l T / 5\:/ _ M—l ~ h v M—l ~/ h v / hM—l T X
M (@M= =M pe— S V(i) — Pr+ 5 Valg) + S M (g de.
Replacing this expression into (22¢), considering that g;,, = ¢ and taking into account (13¢)
we find that

ﬁ ( M—l T X _ ﬁ M—l T X/ _ O

FH qr) w(gi)re 2M(qk) w (g =0,
which means

X;ﬁl = Xk

since C(gy) is regular. Finally, replacing (23b) into (22b) we find that p;,, = px. O
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Remark 5.5. As shown in [43], the composition of Hamiltonian discrete flows, in the
variational integrators sense, generated by the discrete Lagrangians (10) reproduces the
RATTLE algorithm in the free case (that is, not constrained). More concretely, the composition

2

hy2
L, © F

Lp

produces the algorithm

~ h
Di+1/2 = Pk — EVq(Clk),
Qrs1 = Gk + hM ™ proy o,
- h
Di+l = Dk+1/2 — qu(QkH)-

Unfortunately, this is no longer true in the nonholonomic case, i.e. one can check that the
composition (with time step //2) of methods (13) and (14) does not reproduce the equations
presented in remark 5.1. However, this composition still generates a second order method
since the intermediate steps are first-order methods which are each other’s adjoint (as we have
just proved).

6. Affine extension of the GNI

We consider in this section the case of affine nonholonomic constraints determined by an
affine subbundle A of T Q modelled on a vector subbundle D. We will assume, in the sequel,
that there exists a globally defined vector field ¥ € X(Q) such that v, € A, if and only if
v, — Y(q) € Dy. Therefore, if D is determined by constraints z{ (¢)¢' = 0, then A is locally
determined by the vanishing of the constraints

9 (q.9) = ni (@) (¢" — Y (@) =0, 1<a<m, 24)

where Y = Y! %

In consequence, the initial data defining our nonholonomic affine system is denoted by
the 4-tuple (D, G, Y, V), where D is the distribution, G the Riemannian metric, Y the globally
defined vector field and V the potential function. By means of the metric, from Y, we can
uniquely define a 1-form §(Y, -) = IT € Q'(Q). Locally, IT = G;;Y/ dq'.

In terms of momenta the nonholonomic constraints (24) can be rewritten as

ni(q)§” (p; — M(g)) =0, (25)
where p; = G;;¢7.

Definition 6.1. Consider a discrete Lagrangian Ly : Q x Q — R. The proposed discrete
equations for affine nonholonomic constraints are

P (D1La (qrs qie1)) + Py (D2La (qe—1, q1)) = 0, (26a)
Q. (D1La (qx, qir1)) — 9y, (D2Lg (qr—1, qx)) +29; TT =0, (26b)

which define the affine extension of the GNI method.

As before, Q and P are the projectors defined in section 2. Locally, the method (26) can be
written as

D1 La(qx, qirt) + DaLa(qe—1, qi) = o)y 117 (qr), (27a)
. . ALy ALy
57 (@omi @0 577 (@ qen) — W(qk_l, qx) +211,(q0) | = 0. (27b)
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Using the pre- and post-momenta defined in section 4, equation (27b) can be rewritten as

(pk_,k+l)j + (p/jq,k)j
2

S ()1 (qr) < - Hj(clk)) =0,

which corresponds to the discretization of the affine constraints (25) on the Hamiltonian side.

6.1. A theoretical result: nonholonomic SHAKE and RATTLE extensions for affine systems

Let us consider again the mechanical Lagrangian L(gq,q) = %qT Mg — V(g) and the
discretization presented in (16). Applying the affine GNI equations (27) we obtain

Grer = 2a1+ g = =M (Vylao + 1 @0 ) (284)

0=m%%ﬂiﬁﬂi—YwQ, (28b)

which can be regarded as the extension of the SHAKE algorithm to affine nonholonomic
systems. Denoting py = M(qi+1 — qi—1)/2h and pry12 = M(qre1 — qi)/ h, from (28) we
arrive to

. h I, .=
L (Vq(Qk) +u (Qk)lk) ,

Qrs1 = G + hM ™ praip,
w(g)M ™" (pr — Tl(gx)) =0,

- h -
Prst = Piri2 = 5 <Vq (Gr+1) + MT(Qk+1))»k+1> )

1 @) M (Prar — T(qasr)) = 0,

which can be regarded as the extension of the RATTLE algorithm to affine nonholonomic
systems.

7. Reduced systems

In this section we are going to consider configuration spaces of the form Q = M x G, where
M is an n-dimensional differentiable manifold and G is an m-dimensional Lie group (g will
be its corresponding Lie algebra). Therefore, there exists a global canonical splitting between
variables describing the position and variables describing the orientation of the mechanical
system. Then, we distinguish the pose coordinates g € G, and the variables describing the
internal shape of the system, that is x € M (in consequence (x, x) € TM). It is clear that
Q0 = M x G is the total space of a trivial principal G-bundle over M, where the bundle
projection ¢ : O — M is just the canonical projection onto the first factor. We may consider
the corresponding reduced tangent space £ = T Q/G over M. Identifying TG with G x g
by using left translations, £ = T Q/G is isomorphic to the product manifold 7M x g and the
vector bundle projection is Ty o pry, where pri : TM x g — TM and ty, : TM — M are
the canonical projections.

7.1. The case of linear constraints

Now suppose that (G, D, V) is a standard mechanical nonholonomic system on 7' Q such that
all the ingredients are G-invariant. In other words, forall x € M and g € G,

® S ((Xx, 88), (Yx, 8M) = Gx.0)(Xx, §), (Yx, ) forall X, Y € T:M, &, 1 € g;
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o (Xx’ E) € D(x,e) 1mPheS (Xxv 85) € D()c,g);
e Vix,g)=Vi(x,e) = V(x).

Therefore, we obtain a new triple (9, 5, \7) on T M x g where Q t(TMxg)x(TMxg) — R
is a bundle metric, D is a vector subbundle of TM x g — M and V : M — Ris the reduced
potential. With all these ingredients it is possible to write the reduced nonholonomic equations
or nonholonomic Lagrange—Poincaré equations (see [5, 18] for all the details, also for the non-
trivial case).

Our objective is to find a discrete version of the GNI for the nonholonomic Lagrange—
Poincaré equations. As in the previous sections, we can split the total space E as E = D@D,
using this time the fibred metric G, and consider the corresponding projectors P : E — D,
Q: E — D . In order to write the discrete nonholonomic equations, it is necessary to set a
discrete Lagrangian L; : M x M x G — R, and the discrete Legendre transforms. Namely
(see [44)):

FL;MxMxG—T*M xg*

(X, Xka1, 8k) > (X, —D1La(Xk, Xie1, &), g, D3La (Xicy X1, 81))s
FL;:M xM xG — T*M x g*

(X, Xke1, k) > (Xke1, DaLa(Xi, Xeats 8k)s Ly D3La (X, Xia1, 8)) -

(29)

Definition 7.1. Consider the discrete Legendre transforms defined in (29). The proposed
discrete equations are

Pr(FLy Gtk xpet 80)) — Ph, (FLY (1, Xk, 8k-1)) =0, (30a)
Q¥ (FLZ (ks Xier1s 80)) + Q5 (FLY (X1, Xk, ge—-1)) =0, (30b)
which define the reduced GNI equations. The subscript x; emphasizes the fact that the

projections take place in the fibre over xy.

To understand why (30b) represents a discretization of the nonholonomic constraints, we
will work in local coordinates. Take now local coordinates (x' ) on M and a local basis of
sections {€y, €,} of I'(T M x g) adapted to the decomposition D @ DL, that is &4 (x) € D
and e, (x) € @L for all x € M. We have that

S 2) = Supr  G(eurép) =0, 58, &) = Sup -

Consider the induced adapted local coordinates (x', y*, y%) for I'(TM x g). The
nonholonomic constraints are represented by y* = 0 on E. Taking the dual basis {e*, ¢}
of I'(T*M x g*), we have induced local coordinates (x', p,, ps) on the Hamiltonian side, and
now the nonholonomic constraints are represented by p, = 0.

On the other hand, in this basis the projector Q has the expression

Q=¢"Q®e,. 3D
Define the pre- and post-momenta by

Py, = FL, (xk, Xk+1, 8k) € T;;M x g,
p;k = ]FL;(xk—l,xk, 8r—1) € TxtM x g*.

From equation (300) we obtain
Py * Py,
ij (%) =0. (32)
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If pi = pre®(xi)+pge(xy) and p. = p,e*(xi)+p, e’ (xx), then condition (32) is expressed
using (31) as
Pa+Pa
2

which means that the average of post and pre-momenta satisfies the nonholonomic constraints
written on the Hamiltonian side.

=0,

7.2. A theoretical result: RATTLE algorithm for reduced spaces

Let us consider M = R". Thus, 0 =R" x Gand E = TQ/G = TR" x g. Take a basis {E,}
of the Lie algebra g, and consider the following global basis of I'(TR" x g)

9 0 0, E
(&) o)

Therefore, its dual basis is

{(dx",0), (0, E*)}.
Writing dx’ = (dx', 0) and E* = (0, E*) for short, the bundle metric G is written in this basis
of sections as

G=Gdx' ®dx/ +G;dx' ® E' + G, E* ® dx’ + G, E* @ E'.
Assume that, in this expression, the coefficients of the bundle metric are symmetric and

constant, that is, they do not depend on the base coordinates x. For instance, a typical example
would be the kinetic energy bundle metric corresponding to the Lagrangian

) L.y .1
L(x,x,&):zx Mx+§(§,11$),

where M is a regular symmetric matrix and [ : g — g* is a symmetric positive definite inertia
operator.
Consider the discrete Lagrangian L;: R" x R" x G — R defined by

h (xi, —xi Xl —x! S T_l(gk)t
Ld<xk,xk+1,gk>=59,,<k+1h )(h >+h9<h k>( (&)

Jg (len) (T (80)’
2 h h

where 7 : g — G is a retraction map, which is an analytic local diffeomorphism which maps a
neighbourhood of 0 € g onto a neighbourhood of the neutral element e € G (see the appendix).
Observe that ' (gx) € g and 77" (gx) = (v 7' (gx)) E;.

Additionally, we have the vector subbundle D of TR" x g prescribing the nonholonomic
constraints. Write D° = span{ui“dxi + n¢E*}. Equation (30a) of the GNI method is clearly
equivalent to

h
-3 (V(xx) + V(xis1)) s

FL; (xk, Xgsa1, 8k) — FLY (Xk—1, X, 8k—1) € D°(x),

which in this case splits into

1. . o 1.
Zgij(xliﬂ — 2] +x]_ )+ Egit (&) — (t H(gk-1)")
+hVii (X)) = —hax 1§ (xx), (33a)

Co DLy (xi—1, X, 8k—1) — 7o D3La(Xie, Xeats 8k) = Aai 15 (Xk) E7 (33D)
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where Vi stands for 3V /dx’, and A, ; are the Lagrange multipliers which might vary in each
step.

Equation (33b) can be rewritten taking into account the right trivialized tangent retraction
map dt; for & € g, defined as

dre = Tr@ @ 0 Teig — 0, (34

where Tz t: Trg = g — T7(+) G, and its inverse d7:§_1 (see also definition 9.1).
Define the retracted discrete Lagrangian l;:R" x R" x g — R as l;(xg, X¢t1, 0x) =
Ly (xg, xp41, T(0y)). For example, for the discrete Lagrangian L, defined above,

he (xhg—xb\ (i, =i 5 ((Mhe = %) %
ld(Xk,an,Uk):E ij( th )( +1h +hSin th fk

h
w5 (V(x) + Vxge)) -

Note that oy / h plays the role of a velocity in the Lie algebra direction, so oy represents a small
change in the pose variables after time /. In this sense, oy is analogous to the pair (xj, Xg+1).
One has

D3lg(xy, Xge1, 0%) = D3Lg(x, Xke1, T(0)) 0 Ty, 7.
Using lemma 9.5 and definition 9.1 in the appendix, one can compute
(df__;k)*D3ld(xkv Xk+1, 0k) = D3Lg(xg, Xpy1, T(0x)) 0 T, T © dT__;k =
= D3Ly(xy, Xia1, T(01)) 0 Tp, T 0d7, ! 0 Ad(o) =
= D3La(xk, i1, T(0%)) © To, T 0 (To, 1) ™' 0 Toreo) 0 Adioy) =
= D3La(xk, Xg+1, T(0k)) © Telr (o)
and
(75, )" D3la(x, Xes1, 08) = D3La (e, it T(00)) © Ty T 0 dy ' =
= D3L;(xk, Xps1, T(0%)) 0 Ty, T 0 (T, 7)™ 0 Tuty(oy)
= D3L4(xk, X1, T(Ok)) © Telr(oy)-
Therefore, setting gx = t(0x) and oy, = h&;, equation (33b) becomes
(At ) Dsla (1. Xis hér_1) — (AT )* D3la (X, Xeer» hEr)
= Aa 7 (i) E'. (35)

Generally speaking, in most applications one could bypass the definition of L, and choose I,
to be defined by

Xk + Xg41 Xgs1 — Xk Ok
lg(Xk, X41, 0%) = hL ( —

2 h " h
or a similar formula.

As we know, (30b) provides a discretization of the nonholonomic constraints on the
Hamiltonian side:

. . A 1.
AP () (9,% + 28  (g0)' + <r—‘(gk_l)>’>)

1
+§Bt’a(xk) (€5, D3La(xi—1, Xe, 8k—1) + 73 D3La(x, xee1, 80)), =0, (36)
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or, equivalently,

J J
A () (9;,-% + %9,-,@,2 + s-,i_]))
%Bﬂ“(xk) (@ )" Dala e, e, hor) + (@) Dala (e, X hEQ) ) =0,

where

AM () = (G () + (G (o),

B (xi) = (G (o) + (G 0 (xo),
Sy 5
i Sy

Our aim in the following is to find an extension of the nonholonomic RATTLE algorithm
presented in remark 5.1 for systems defined on TR" x g. For that purpose we define
Pks Pis1j2 € T)R" and My, My,12 € g* by

G being the inverse matrix of ) = (

Oy —xip 1.
%hkl + Egis(%'k +&_1),

CTREE ) s
%"'Si@k,

My = (dt,)* D3la (i, Xier, hE.

(B = Gij
(Pes1y2)i = Gij

- 1 !
Mir1/2 = Ad7 e My — z)\a,kﬂ 0§ (xre1) E°,

where Xa, k = Aqk/h. Wealsorecall that &, = 7' (gr)/ h. After these redefinitions, equations
(33), (35) and (36) can be translated into the following algorithm

Dik+1j2 = Pk — g (Vx(xk) + i Ma(xk)) , (37a)
M1y = Ad e My — %Aa,kﬂ N (Xes1) (37b)
Xj = xh+h(GHY ((Pk+1/2)j - gjt é;i) , (37¢)
A ) P + 5B en) (A, W+ i) =0, (37d)
Dk+l = Pik+1)2 — g (Vx (Xks1) + A ka1 Ma(xk+l)> , (37e)
Myt = Misijo — %Ka,kﬂ N (Xke1)s 37hH

with the natural definitions n%(xx) = n%(xx) E', uf(xx) = pédx’, A%x) = Ai*“(xk)%,
B“(x;) = B"“(x;) E;; moreover, most of the equations are written in matrix form.

Next, we present the following sequence in order to obtain the 1-step values
(Xk+1> Prats Eksls Mk+1, ia,k+1) from the original values (x, py, &, Mk, 5\“’]{). First, it is clear
that pg,1,2 is directly obtained from (37a). Once py.i/; is fixed, the same happens in (37¢)
determining x;,;. Moreover, introducing (37b) into (37f) we obtain the system of equations

~ 1 a * Y Y
0 = A (xiet) Prot + 5 B (k) (Adz g H11 + V).

- h -
Diel = Piks1/2 — = <Vx (Xk+1) + Ag ks Ma(xk+1)> ,

2
Mk+1 = Adj(hgk)Mk — Aak+l n* (Xrse1),
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which implicitly provides (p+1, ]\7Ik+1, Xa’k.f.l). Therefore, we see that equations (37) do not
give the value &, directly. Nevertheless, replacing (37a) into (37¢) and taking a step forward,
we obtain the equation

~ - h - -
Xes2 = Xpe1 +H(GTH) (P/m -3 (Vx(xk+l) + Aa ket 17 (Xk+1)) - 9§k+1> ,

which determines x4, in terms of X1, Pi+1, Xa, r+1 (already fixed by the previous sequence)
and &4;. Finally, introducing this value of x;., into the definition of Mj,; we obtain the
equation

M = (1), )" D3l (Xie1 Xiwo. hiir),

which implicitly determines &, since Mk+1 has been previously determined. Note that this
last step is not incompatible with equations (37) since the chosen value of x;.,, and also Mk+1 ’s,
is precisely the one that the algoritm provides. Schematically, the proposed algorithm can be
represented by

(Xks Prs & Micy hax) = (Dot )2y Xae1) = (Prst> Mists Aa k1) = Ekel

Remark 7.2. A natural question related to the reduction of continuous or discrete mechanical
systems with symmetry concerns the reverse procedure. Once the solutions of the reduced
system have been obtained, how can we recover from them the solutions of the unreduced
system? Observe that, in our case, we have only considered the case of trivial principal bundles
pr; : M x G — M with trivial action @y, (x, W) = (x, WW) wherex € Mand W, W € G.
The original mechanical Lagrangian is deﬁned byL:T(M xG)=TM x TG — R along
with the nonholonomic distribution D. The reduced system (L, D) is defined on TM x g
and, given a reduced solution of the nonholonomic system (x(¢), £(¢)), we can obtain the
solution of the original system by solving additionally the equation W (r) = W (£)£(r), which
is called the reconstruction equation. In the discrete case we have a similar scheme. Namely,
a reduced solution is a sequence (xi, Xx+1, g¢) and the discrete solutions (xx, Xg+1, Wi, Wis1)
of the unreduced system are derived by the discrete reconstruction equation Wy = Wi gx.
Moreover, if we describe our reduced integrator using a retraction map t : g — G, then the
reconstruction equation reads Wy, = Wt (h&).

7.3. The case of affine constraints

We consider in this section the extension of the reduced GNI method for the case of affine
nonholonomic constraints. With the same notation as in section 7.1, take an affine bundle A
of TM x g modelled on the vector bundle D and assume that there exists a globally defined
section ¥ € ['(TM x g) such that v, € A if and only if v, — Y(x) € D

Fixing a local basis of sections {e;} = {eq, e,} of T(TM x g) adapted to the orthogonal
decomposition D @ D+, the constraints determining locally the affine subbundle A are

Y =Yx) =0,
where Y = Y%e, + Y,.
In our case, the initial data defining our reduced nonholonomic affine problem is denoted
by the 4-tuple (D 9 Y V) (see section 7.1). By means of the metric, from Y, we can uniquely
define a 1-section §(Y, ) = I1 € ['(T*M x g*). Locally, [T = G, Y7/ ¢.

Consider a discrete Lagrangian Ly : M x M x G — R. Asin the previous sections,
we can split the total space E as E = D @ D' with corresponding projectors P : E — D,
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Q: E — DL, Thus, the proposed reduced GNI equations for affine constraints are a mixture
of definitions 6.1 and 7.1, namely

Pr (FLy (ot X 1)) — P (FLG (i1 X, ge-1)) = 0, (38a)
Qf (FLy (X, Xierts 86)) + Q5 (FLY (X1, Xk, 1)) +2Q% TT =0, (38b)

*
Xk

where the Legendre transforms IE*‘LZ,E are defined in (29).

7.4. Example: the rolling ball

Consider the motion of an inhomogeneous sphere of radius r > 0 that rolls without slipping on
a horizontal table. If the sphere is balanced, that is, the centre of mass of the sphere coincides
with the geometric centre, we recover the well-known problem of the Chaplygin sphere. It
is known that the Chaplygin sphere has an invariant measure and is therefore conformally
Hamiltonian (see [9—11, 20] and references therein).

We consider here a balanced sphere and add the condition that the table is rotating with
constant angular velocity ® about a vertical axis.

The configuration space for the continuous system is Q = R? x SO (3), with coordinates
(x,y, R). The (x, y) coordinates are specified with respect to an inertial frame. The centre
of rotation of the table is located at (x, y) = (0,0). The orthogonal matrix R gives the
configuration of the sphere as a rotation with respect to a reference configuration where its
principal axes of inertia are aligned with the coordinate axes. It is well known that there exists
an isomorphism *: R?* — so(3) given by

0 -zz 2
2=\ z 0 —z1] €s5003), (39)
-2 2 0

where z = (z1,22,23) € R3. Let®d = RR!and Q@ = R7'R, s0o w,Q € R? represent
the angular velocity in spatial and body coordinates respectively. It is easy to check that
Q=R

The Lagrangian function is determined by the total kinetic energy L: T (R>x S0 (3)) — R,
i.e.

L(x R"R—1 ¢ + 32 11921522192 40
, Y, I, X, Yy, )—2m(x +Y)+2(1 |t 1284+ 13 3)5 (40)

where € is computed from R and R as above. The nonholonomic constraints read
X—rwm+0y=0, 41a)
y+rw; —Ox =0. 41b)

Clearly, these constraints are not linear but affine, except in the particular case where the table
is fixed.

We will consider two cases. In the first one, the ball is homogeneous, that is, its three
principal moments of inertia are equal. In the second case, we apply our method to the general
situation of an inhomogeneous ball.

7.4.1. The homogeneous case. Assume that the three principal moments of inertia are equal,
thatis,’ =1, =1, = I3. If ® = RR~! and Q@ = R!R as before, then

L _l .2 .2 l Qz_l .2 .2 l 2 42
Lx,y, R %, 3, R) = 5m(x"+y7) + STQ|" = omG=+y%) + S o], (42)
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since @ = R~!'w and R € SO(3). This induces a reduced Lagrangian / : TR? x s0(3) — R
given by
Lo 1 .2 ) 1 2
G, y, %, 3, @) = SmGE=+37) + Sl

Then we can apply the procedure developed in section 7.3 for reduced systems with affine
nonholonomic constraints.
Define a global basis of sections of the reduced tangent bundle E = TR? x s0(3) — R? by

- a0 0 ~ | 0
&d=(—.0),&a=(—-.0),

! ax : ay

e3=(0,E)), e4=1(0, Ey), es = (0, E3),

where {E,|, E», E3} is the basis of s0(3) obtained from the standard basis of R> via the
isomorphism . Denote its dual basis by {¢',...,&°}. The distribution corresponding to
the constraints (41) may be written as

D = span {ré; +&,, —ré, + &3, s},
while the section Y of E is
Y = —Oye +0Ouxes.
The Lagrangian / determines the metric
G=m@' @e' +3 @)+ @S+ @+ ®8).

With respect to this metric, the orthogonal complement to Dis
mr _ - mr _ }

@L = Span [él — 784 , €+ 763

The projection Q : TR? x s0(3) — D~ is given in coordinates by the matrix

1 —rl
mr2+l ? 01 mr2+1 0
0 mr2+1 m:2+1 0 0
2
o= 0 = = o of, (43)
—mr mr?
mr2+1 0 0 mr2+1 0
0 0 0 0
while P : TR? x s0(3) — D is given by
mr? r I
mr2+l 02 0 mrzi—l 0
0 mn:;+1 m_rrz-{—ll 0 0
P= 0 m_rgzl mr121+1 0 0f- (44)
mr 1
mr2+I 0 0 mr22+1 0
0 0 0 0 1

For a discrete Lagrangian /; : R?> x R? x s0(3) — R, define the discrete reduced Legendre
transformations FI5 as

FI;:R? x R? x s0(3) — T*R* x s0*(3)

(x> gk+1> @) V> (g, —D1la(qr, gr+1, ©1), (dfh:,)lk)*DSZd(‘Ikv Gk+1> OF)),
FI}:R? x R? x s0(3) — T*R* x 50*(3)

(k> Gk+1> @) V> (qie1, Dala(qr, gisr, @), (dT:;,lwk)*D3ld(CIk, Qies15 OF))-
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The relationship between IF‘L;,b in equations (38) and IFI;}E is given by the properties of the
retraction map t presented in the Appendix (see [29] for more details). The proposed
nonholonomic equations (38) become

Pr (Fly (s qisr, @) — P (FLi(qa—1, qr @x-1)) = 0, (45a)
Q¢ (FIg (qe» qrer @0)) + Q5 (FL7 (qr—1. qr» x—1)) +29; T =0, (45b)

where ¢ = (x¢, yr) € R?, wy € s0(3) and IT = 9()7, -), which in this case reads
IM=-mOyé +mOx &

We choose the discrete Lagrangian /; : R? x R? x s0(3) — R as Li(qe, qusr, @) =
hl(qy, 22, wy), that is,

1h
La(qx, Qist, wp) = ;"—h (st — 207 + a1 — y0)7) + > (@07 + (@03 + (@p)3) - (46)

Setting the retraction map t as the Cayley map for SO (3), that is, 7(w) = cay(w) (see
the appendix for more details) and taking into account (46), (43) and (44), equations (45) read

— 2Xp + Xp—
r (M) F1 (k= k) + 0,0 =0,

h
— 2V + Vi—
, <)’k+1 }):k Yk 1) _J (wlf _ w’,‘fl) + 0,(h%) =0,
I(oh — 47" + 050 =0,
X ko k1
—XkH Zth ! + @yk — r—a)z sz + 04(1’12) =0,
YVi+1 = Yk—1 of + o)™
e @y +r——1— + 0s5(h*) =0,
2h 2
where
2 Ihz k k2 k—1 k—1112
O1(h )=T(wzllw I — oy~ " 1%),
Ih? _ _
0x(h*) = === (@} llo!1* = o™ 1l 11?)
Ih? _ _
03 (h") = == (@3 1l I = ™" 1l 1I)
2\ h2 k k12 k—1 k—1112
Os(h™) = —¢r (@5 [l + 0y [l H7)

2
Os(h*) = %r (@ 1112 + @~ 10 %)

In these equations we recognize an order-one consistent discrete scheme for the continuous
equations of the rolling ball system. This fact is not surprising since the discrete Lagrangian
(46) is an order-one approximation of the action integral defined by the continuous Lagrangian
(40) as well (see [43,48] for more details regarding the relationship between the order of
consistency of the discrete Lagrangian with respect to the action integral and of the variational
integrators obtained from them).

In figure 1 we show the numerical results of applying this discrete method. We consider a
homogeneous ball with I =2/3,and m = r = Q = 1. We take decreasing values of the time
step &, and compare to the method in [28]. We show errors with respect to the exact solution
to the continuous system, with initial conditions (xo, Yo, X0, Y0) = (1,1, 1, 1), o = (0, 2, 0),
and a total run time of 10. Figure 2 shows the evolution of the x;, y; variables for these same
physical parameters and initial conditions, for a total run time of 1000.
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Figure 1. Errors in position (x, y), angular velocity w and energy. The continuous line
corresponds to the proposed method. The dashed line corresponds to the method in [28].

8

7

0 x

Y6 5 4 3 2 1 0 1 2 3

Figure 2. Position (x, y) for the point of contact of the homogeneous ball, with 2 = 0.1
and 10000 steps. The cross indicates the centre of the rotating plate.

7.4.2. The inhomogeneous case. In the general case, we cannot write the Lagrangian as
(42), so we need to work with the Lagrangian (40) expressed in terms of the body angular
velocity, while the constraints (41) are expressed in terms of the spatial angular velocity. We
have run simulations of the (not reduced) affine system on Q = R? x SO (3) by pulling it back
to R? x R? using the map E: (x, y, p) — (x, v, exp(p)), where exp: 50(3) — SO(3) is the
exponential map. It is possible to show that

_ coslpll=1 . sinllpl—=loll sinllpll
=T P xp ol PP+ TR0,
_ coslpl—1  sinllpl—llol sin lpl -
O =T P XL o (P PP+ T

Using these expressions, we obtain the pullbacks of the Lagrangian and of the constraints in
terms of (x, y, p, x, y, p).

The nonholonomic integrator is then applied to this system. We have taken the very simple
discrete Lagrangian

Xkl =Xk Ykl — Yk Pk+l_Pk)
h h h ’

Ld(.Xk, Vs Pk Xk+15> YVi+1, lok+1) = h(E*L) (xka Yis Pks

where, for each k, (xi, yr) € R2 and Pk € R3. The metric and projections are not constant,
unlike in the previous case. The discrete equations are derived using (26). Even though their
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—10}

Figure 3. Position of the point of contact for an inhomogeneous sphere on a rotating
table. Left: [y, =1, L, = .5, =.7,m=2. Right: I, =10, , =10, =1,m =1
(not physically valid). The centre of rotation of the table is indicated with a cross at
(0, 0). The two larger loops are not consecutive in time.

computation is straightforward using a computer algebra system, the resulting expressions are
too long to include here.

In figure 3 we show simulations of the trajectory of the point of contact using this method.
For the left plot we haveused I) = 1, I, = 05,3 = 0.7, m =2, r = 1l and ® = 1.
The time step is & = 2.5 x 107, with a total run time of 100. The initial conditions for the
discrete algorithm are xo = 1, yop = 0, x; = xo, y1 = yo + 0.75h, pp = (0.5, 0.5, 0.5), and
p1 computed using an appropriate discretization of the nonholonomic constraints. A video of
this simulation, up to time 40, can be found at vimeo.com/114869680. On the right of the
same figure, weused I = 10, , = 10, s = 1,m = l and h =~ 1.7783 x 10~*, with a total
run time of 160. These values do not correspond to a physically valid mass distribution since
they would require some mass to be located outside the surface of the sphere; nevertheless,
we include this simulation as it shows an interesting qualitative behaviour of the solution. A
video up to time 40 can be found at vimeo.com/114869682.

Figure 4 shows the error in energy for the case of an inhomogeneous sphere and a fixed
table. We compare the energy of the discrete trajectory with the constant energy of the exact
solution.

8. Extension to Lie algebroids

8.1. Brief introduction to Lie groupoids and Lie algebroids

Definition 8.1. A Lie groupoid, denoted G = Q, consists of two differentiable manifolds G
and Q and the following differentiable maps (the structural maps):

(1) A pair of submersions: the source map a: G — Q and the target map 8: G — Q.
(2) An associative multiplication map m: G, — G, (g, h) — gh, where the set

Gr={(g.h)eGxG [[B(g) =ah)}

is called the set of composable pairs.
(3) An identity section €: Q — G of o and B, such that for all g € G,

€(a(g)) g =g =2ge(B().
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—2

10

3|

Error in energy
L

Figure 4. Error in energy for I, = 1, I, = 0.5, Iy = 0.7 (inhomogeneous sphere),
m=2,r =1, ® = 0 (fixed table), for a total run time of 10 and initial conditions such
that the sphere rolls a distance of about 16 units.

(4) An inversion map i:G — G, g — g~!, such that for all g € G,
g8 =€), g 'g=eB®).

Next, we will introduce the notion of a left (right) translation by an element of a Lie
groupoid. Given a groupoid G = Q and an element g € G, define the left translation
Le:a™(B(g)) = a~'(x(g)) and right translation r,: B~ (a(g)) — B~ (B(g)) by g to be

Le(h) = gh, re(h) = hg.

Analogously to the case of Lie groups, one may introduce the notion of left (right)-invariant
vector field in a Lie groupoid from these translations. Given a Lie groupoid G = Q, a vector
field ¢ € X(G) is left-invariant if § is a-vertical and (T, £,)(§(h)) = &(gh) forall (g, h) € Go.
Similarly, & is right-invariant if & is B-vertical and (T,rg)(§ (h)) = &(hg) for all (h, g) € Go.

Itis well known that there always exists a Lie algebroid associated to a Lie groupoid (again
analogously to the Lie group case). We consider the vector bundle 746 : AG — Q, whose
fibre at a pointx € Q is (AG), = Ve = ker (Te(rya). It is easy to prove that there exists a
bijection between the space I'(7) and the set of left (right)-invariant vector fields on G. If X
is a section of 46 : AG — Q, the corresponding left (right)-invariant vector field on G will
be denoted Y (respectively, 7), where

X () = (T pente) (X (B(R)),
X (8) = —(Te(a(en’e) ((Teieyi) (X (@ (g)))),

for g € G. Using the above facts, we may introduce a Lie algebroid structure ([, -], p) on
AG, which is defined by

X YT=(X. Y1 p(0)@) = Twh (X)),
for X,Y € I'(r) and x € Q. Note that

X Yi=-[X.71 [X.YI=0
(for more details, see [40]).
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8.2. GNI extension to Lie groupoids

Let G = Q be aLie groupoid and 7,, : AG — Q its associated Lie algebroid.
Consider a mechanical system subjected to linear nonholonomic constraints, that is, a pair
(L, D) (see [44,28] for more details), where

(i) L : AG — Ris a Lagrangian function of mechanical type
1
L(a) = 3 S(a,a) — V(r,,(a)), wherea € AG.

(i1) D is the total space of a vector subbundle 75 : D — Q of AG.

Here § : AG x9 AG — R is a bundle metric on AG. We also consider the orthogonal
decomposition AG = D @ D+ and the associated projectors

P:AG - D and Q:AG — D+ 47)
Consider a discretization L; : G — R of the Lagrangian L. It is possible to define two
Legendre transformations FLT: G — A*G by

FL; (h)(Ve@m))) = —Veny (Lgorpoi),

FL3 () We(pe)) = Vepien(La © L),
where Ve(a(h)) € Aa(h)G and Ve(B(g)) € Aﬂ(g)G. Therefore ]FL;(/’l) € AZ(h)G and FL;(g) €
AZ( oG- Since the Euler-Lagrange equations are given by the matching of momenta, in the
Lie groupoid setting they read

FL, (h) =FL;(g),
where (g, ) is in the set G».

Definition 8.2. Consider the projectors (47) and the discrete Legendre transforms IFLi,E (48).
The extension of the GNI method for Lie algebroids is defined by the equations

fPZ (IE‘L;(h) — IFL;(g)) =0 (49a)
QZ (IE‘L;(h) + IFL;(g)) =0, (49b)
where the subscript ¢ emphasizes the fact that the projections take place in the fibre over
g =a(h) = p(g).
Let {X,, X,} be alocal basis adapted to D @ D+, in the sense that locally D = span{X,}
and D+ = span{X,}. We can rewrite equations (49) as
FL, (h) (Xa(9)) — FL;(9) (Xa(q)) =0, (50a)
FL, (h) (Xa(9)) +FL;(g) (Xu(q)) =0, (500)
where a(h) = B(g) = q € Q (so (g, h) € G,). Let us denote
py =FLy(g) € A}G,
p, =FL;(h) € A;‘G,
so equation (50b) becomes

+ 4=
(%) (Xa(q) = 0.

If u® € T'(A*G) are such that D° = span{u?}, then this last equation becomes

petpn
9( g2 ',u)=0,

where, by a slight abuse of notation, we denote the bundle metric on A*G naturally induced
by the bundle metric on AG using the same symbol G. Note that the set of n € A*G such
that §(n, u) = 0 for all a forms the constraint submanifold D = Legg (D). Therefore the
average momentum p = (p; + p, )/2 € D satisfies in this sense the constraint equations.

(48)
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9. Conclusions

In this paper, we continue the study of the properties of the geometric nonholonomic integrator
(GNI) and extending the construction given in our previous work [23] to a more extense class
of nonholonomic systems (reduced systems and systems with affine constraints). Our paper
shows the importance of combining different research areas (differential geometry, numerical
analysis and mechanics) to produce new geometric integrators for nonholonomic dynamics.

Such issues raise a number of future work directions. We therefore close with some open
questions and future work:

e In future work, we will perform simulations applying our techniques to new families of
nonholonomic systems. Specifically, we want to test our geometric integrator on different
nonintegrable nonholonomic systems.

e Given a geometric nonholonomic integrator, does there exist, in the sense of backward
error analysis, a continuous nonholonomic system, such that the discrete evolution for the
nonholonomic integrator is the flow of this nonholonomic system up to an appropriate
order?

e Is it possible to use the GNI in order to design numerical methods for optimal control of
nonholonomic systems using the techniques developed in [29]? Furthermore, with these
methods is even possible to approximate piecewise-smooth control, giving a more realistic
behaviour. See also [3,8,53].

e Construction of new methods that mimic the so-called ‘sister’ piecewise holonomic system
and study its relationship with the GNI method. The study of ‘sister’ systems is interesting
to modellize the dynamics of human walking, and in an averaged sense they approach to
nonholonomic systems (see for more information [26,51,52,49] and references therein).
Observe that GNI is related to an elastic impact with the nonholonomic distribution
(see [23]).
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Appendix. Retraction maps

As mentioned in section 7.2 a retraction map t : g — G is an analytic local diffeomorphism
which maps a neighbourhood of 0 € g onto a neighbourhood of the neutral element e € G,
such that 7(0) = e and t(§)t(—£&) = e, for £ € g. There are many choices for the map
7 such as the Cayley map, the exponential map, etc. The retraction map is used to express
small discrete changes in the group configuration through unique Lie algebra elements, say
& =1 (g Lgrs1)/ h. Thatis, if & were regarded as an average velocity between g and g1,
then 7 is an approximation to the integral flow of the dynamics. The difference g, 'gre1 € G,
which is an element of a nonlinear space, can now be represented by the vector &. (See [12,30]
for further details.)
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Of great importance is the right trivialized tangent of the retraction map. The following
definition is complementary to (34).

Definition 9.1. Given a retraction map t: g — G, its right trivialized tangent dzz: g — g is
defined as the £-dependent linear map obtained by composition of the linear maps

id T: Te@)r -
dl’g

where r denotes right translation in the group. Since 7 is a local diffeomorphism, all the arrows
are linear isomorphisms. We denote the inverse of dt; as dré_l . Omitting the first identification
for brevity, we can write

die = Tie)reer o Tet QY

d‘L'%.i1 = (Tg‘L')_1 o Tg}"r(é) = T(g)(‘r_l) o Terr(g) (52)
Remark 9.2. Omitting the identifications g = {£} x g, £ € g, can lead to mismatches when
using the definitions above explicitly; for example, if we rewrite equation (54) below using
(52), then the left-hand side would be in {£} x g while the right-hand side would be in {—£} x g.

This should cause no problems if the identifications are made explicit when needed. In any
case, (54) makes sense as an identity in g.

Lemma 9.3. (See [42]). Let g € G, A € g and §f denote the variation of a function f with
respect to its parameters. Assuming X is constant, the following identity holds:

8(Adg 1) = —Adg [1, g~'dg],
where [, -]: g x g — gdenotes the Lie bracket operation or equivalently [§ , n] = adgn, for
givenn, § € g.
Lemma 9.4. Foreach A € g, the derivative of the map ,: g — g defined by Y, (§) = Ad, A
is given by

Dy (§) - n = —[Ad )2, dre ()],
neg.

Proof. By lemma 9.3,

Dyi(§) 0 = —Adre[A, T(€) ™' Ter ()]
= —[Adr)h, Te(m)T(§) ']
= —[Ad; A, dr: ()],
obtained from the trivialized tangent definition 9.1 and using the fact that Ad,[X, n] =
[AdgA, Adgn]. O

The lemma above holds not only for retraction maps but also for any smooth map
7: g — G, for which dt; can be defined as in definition 9.1.

The following lemma relates the right trivialized tangents at £ and —£&, as well as their
inverses.

Lemma 9.5. For a retraction map t: g — G and any &, n € g, the following identities hold:
d‘L’g n = Adr(g) d‘L’_g n, (53)
dr; ' n=dr} (Adeeyn) (54)
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Proof. Define p(£) = t(£)~!. Differentiating and using definition 9.1, we get

Tp) - n= =Tl (Tree (TTE) - n) = —Tle)~ (drs(m))

where T¢, Tr are the tangent of the left and right translations in the group respectively. On
the other hand, we also have p(§) = t(—§), so the chain rule implies

Tp@) -n=Tt(=§) - (—n) = Try—5(dr_g(—=n) = =Tryg-1(dr— ().

Equating both expressions we obtain (53).
For the second identity, replace 1 by dz;- !5 in (53) to obtain

n= Adl—(g) dl'_g dfg_l n.
Solving for dré._' n, we obtain (54). U

Some retraction map choices

(a) The exponential map exp : g — G, defined by exp(§) = y (1), where y : R — G is the
integral curve through the identity of the vector field associated with & € g (hence, with
y(0) = &). The right trivialized derivative and its inverse are

o0

1 .
d = d’ vy,
exp, y .Z(j+1)!a Iy
j=0
dexp,'y = Z —f ad’ y,
=0 7’

where B; are the Bernoulli numbers (see [25]). Typically, these expressions are truncated
in order to achieve a desired order of accuracy.

(b) The Cayley map cay : g — G is defined by cay(§) = (e — %)‘l(e + %) and is valid for a
general class of quadratic groups. The quadratic Lie groups are those defined as

G={YeGLn,R) | Y'PY =P},

where P € GL(n, R) is a given matrix (here, GL(n, R) denotes the general linear group
of degree n). O(n) or SO (n) are examples of quadratic Lie groups. The corresponding
Lie algebra is

g={Qegn R | PQ+Q"P=0}.

The right trivialized derivative and inverse of the Cayley map are defined by

dca ) +x B
=|le— — e+ — R
Y ¥ ) y )
X X
deay”!y = - = +=).
cayx y (6 2))1(6 2)

Applications to matrix groups: SO(3)

We specify the exact form of the Cayley transform for the group SO (3). While we have given
more than one general choice for 7, for computational efficiency we recommend the Cayley map
since it is simple. In addition, it is suitable for iterative integration and optimization problems
since its derivatives do not have any singularities that might otherwise cause difficulties for
gradient-based methods. The group of rigid body rotations is represented by 3 x 3 matrices
with orthonormal column vectors corresponding to the axes of a right-handed frame attached
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to the body. Recall the map ° : R? — so(3) presented in (39). A Lie algebra basis for
SO (3) can be constructed as {é, >, €3}, &; € s0(3), where {ej, e>, e3} is the standard basis
for R?. Elements £ € s0(3) can be identified with the vector v € R? through £ = w® é,, or
& = &. Under such identification the Lie bracket coincides with the standard cross product,
ie. ady p = w x p, for w, p € R3. Using this identification we have

(®) =1z + 4 A+d)2
cay(®) = — o+ — ),
Y T o 2 2

where I3 is the 3 x 3 identity matrix. The linear maps dz; and drg_l are expressed as the 3 x 3
matrices
» ool

2+ @), deay,'=1I— =+
2L + ) cay, 375 )

d 2
ca =
oSt o2
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