JUAN MANUEL CORNEJO Semi-intuitionistic Logic

Abstract. The purpose of this paper is to define a new logic SZ called semi-intuitionistic
logic such that the semi-Heyting algebras introduced in [4] by Sankappanavar are the
semantics for SZ. Besides, the intuitionistic logic will be an axiomatic extension of SZ.

Keywords: Intuitionistic logic, Heyting algebras, semi-Heyting algebras, semi-intuitionistic
logic.

1. Introduction and preliminaries

In [4], Sankappanavar introduced a new (equational) class of algebras that
he called semi-Heyting algebras as an abstraction of Heyting algebras.

DEFINITION 1.1. An algebra L = (L,V,A,—,0,1) is a Semi-Heyting algebra
if the following conditions hold:

SH1
SH2
SH3
SH4

(L,V,N,0,1) is a lattice with 0 and 1.
zA(x—y)=xANy.
zAy—z)mz ANz Ay) — (xA2)].

(SH1)
(SH2)
(SH3)
(SH4)

r—xr~1.

We will denote by SH the variety of semi-Heyting algebras.

Any semi-Heyting algebra L is a distributive pseudocomplemented lat-
tice, the congruences on L are determined by filters and the variety of semi-
Heyting algebras is arithmetic, thus extending the corresponding results of
Heyting algebras. Besides, semi-Heyting algebras share with Heyting alge-
bras some other strong properties. Since Heyting algebras are the semantics
of the intuitionistic propositional calculus, we are led to consider the problem
of defining a logic that we will call semi-intuitionistic logic, SZ, such that
the intuitionistic logic is an expansion of SZ and the variety of semi-Heyting
algebras provide the semantics for SZ.

Recall [3] that, for a language L of the zero order, a set of logical axioms
for the intuitionistic logic Z consists of all formulas of the form
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(
(
(
(v =)= ((y—=B) = (v = (eAp)))
(= (B—=7)— (aAB)—7)

(

(

(

Ty) (@A) =) = (@ = (8—17))
(Tl() a N\ ﬂa) — 0
(T11) (= (@ A=) — (na)

where «, 3, v are any formulas in £ [3]. The only inference rule is Modus
Ponens: T ¢ and ZF ¢ — ~ imply Z I ~.

DEFINITION 1.2. A theory over Z is a set of formulas. A proof in a theory
T is a sequence ¢1,..., ¢, of formulas in which each member is either an
axiom of Z or a member of T" or follows from some preceding member of the
sequence using the deduction rule Modus Ponens. T F ¢ means that ¢ is
provable in T, i.e., is the last member of a proof in T.

DEFINITION 1.3. By an L-valuation of propositional variables in a Heyting
algebra I we shall understand any mapping e from the set of variables into L.
This mapping can be extended to a wvaluation of the set of formulas by
defining e(—a) = e(a) = 0, e(a A B) = e(a) Ae(B), e(aV 3) = e(a) Ve(f),
e(a — ) = e(a) = e(8).

A formula « is an L-tautology if e(a)) = 1 for any L-valuation e. We say
that a formula « is an H-tautology if it is an LL-tautology for any Heyting
algebra L.

The following theorem establishes a relationship between the logic Z and
the class of Heyting algebras.

THEOREM 1.4. [3] (Completeness). Z is complete, that is, for each formula
¢ the following are equivalent:

(a) ¢ is provable in T.
(b) For each Heyting algebra 1L, ¢ is an L-tautology.



Semi-intuitionistic Logic 11

2. The semi-intuitionistic propositional calculus

Let us introduce now the semi-intuitionistic logic ST by means of the fol-
lowing set of axioms. Axioms (S1), (52), (53), (S4), (S5), (S6) and (S7)
will determine the lattice structure of the corresponding Lindenbaum alge-
bra. Axioms (S8) and (S9) will establish an algebraic relationship between
the implication and the order. As a consequence of axioms (S10), (S11),
(512), (S13) and (S14) we will have that the algebra of equivalent formulas
is a Semi-Heyting algebra, whereas axioms (S15) and (S16) are needed for a
good definition of implication in the Lindenbaum algebra. Finally, the last
two axioms describe the behavior of the negation.

(1) (@ — (@AB)) = [(a = (@nB)ALB — (BAY)) — [(8 — (BAY)A(e —
(a A

(52) @ — (an(aVB)

(S3) B (BA(aV )

(1) (= (@A) = [(@— (@A) ALB = (BAY) = [(B = (BAY) A

((aVvB) = ((aVvB) A
(85) (anB) = ((aAB)Aa)
(S6) (aNB)— ((anB)AB)
(57) (v = (vAa)) = [(v = (vAa) Ay = (YAB)) = [(v = (YAB)) A(y —
(YA (A B))]]]
(Ss) ((anB) = ((@AB)AY)) = (((@AB) = ((@AB)AY)) Ao — (A (B —
BAY))))
(S9) (= (an(B— (BA7))) = (= (@n(B— (BAY))A(anB) —
((anB)AY)))
(S10) a— (aAa)
(S11) (@n(B—=7) = (an(B—=7)A(aA((aAB)— (ar7))))
(S12) (an((@nB) = (@A7))) = (@A (@AB) = (@Ay))A(aA (B — 7))
(S13) (N (a—B)) = (e (a—B)A(anB))
(S14) (@nB) = ((aAB)A(aA(a— pB)))
(S15) (@ = (aAB)) = ((a—= (@AB)A((B— (BAa)) = ((B— (BAa))A
(a—=7) = (a—=7)AB—=7))))
(S16) (@ = (aAB)) = ((a—= (@AB)A((B— (BAa)) = ((B— (BAa))A
(v =8)—=((v—=B)AN(y— )
(517) (a A ﬂa) — ((a A ﬂa) A ﬂ)
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(518) (@ = (@ A=) = ((a@ = (@A =a)) A ()

The rule of inference for SZ will be: SZ + ¢ and ST+ ¢ — (¢ A ~y) imply
SZ F . We call this rule Semi-Modus Ponens.

The concepts of provability of a formula for a theory on the logic SZ,
L-valuation in a semi-Heyting algebra and SH-tautology are similar to def-
initions 1.2 and 1.3.

In what follows we prove some properties of the semi-intuitionistic logic
that will be used in Section 3.

LEMMA 2.1. The following properties hold:

(a) If STFa — (aAp) then STF (any) — ((aAvy)AB).
(b) If STFa— (aAp) then ST (aAvy) — ((aAy) A(BA7Y)).

PROOF.

(a) 1. ST+ a — (a A ) by hypothesis.
2. STFH (aNy)— ((aAvy)Aa) by (Ss).
3. SITF ((aAy) = (A7) Aa)) = ((@Ay) = (@Ay) Aa)) A((a —
(@nB)) = (= (@nB) A((any) = (ny) AB))))) by (S7).
4. STH ((a = (aAB)) = ((a = (anB)) A((any) = ((aAy) AB))))
by SMP in 2 and 3.

5. 8T+ (any) — ((aAy)AB) by SMP in 1 and 4.
(b) 1. ST+ o — (a A ) by hypothesis.
2. SITF (any) = ((aAvy)AB) by (a).
3. SITF (any) = (A7) ANa) by (S5).
4. ST (aNvy) — ((aAy)A(BA7)) by (S7) and SMP. |

We shall write SZ F a - B when ST F a — (aAf) and ST + 5 — (BA«).
LEMMA 2.2. 8T proves the following:
(a) SIFa < (aNha).
(b) SIF (aNnp)«— (BAa).
PROOF.

(a) 1. SIF(a = (aha)) = [(a = (aha) AN(a = (e ANa)) — [(a —
(@Na)) Afa— (an(aAa))]]] by (So).
2. SIFa— (aAa) by (S).
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3. SITF[(a = (aha)) = [(aa—= (aha) Ala— (aA(aAa))
by SMP in 1 and 2.

ST+ (a— (aA(aAa))) by SMP in 2 and 3.
SIF (ana)— ((aNa)Aa) by (Sio).
STk a« (aAa)by4and 5.

(b) 1. ST+ (aAp) — ((anB)AB) by (S6)

A e

(( (
SITF (aNpB)— ((aApB)Aa)by (Ss).
SIFE (anp)— ((aAB)N(BAa)) by (Sg) and SMP.
STE(BANa)— ((BAa)A(aAB)) by asimilar argument to 3.
STFE (aNp) < (BAa)by 3 and 4. |

LEMMA 2.3. If STt a — vy and ST+ < § then ST+ (o — ) < (v — 9).

PROOF. 1. Since STFa < v, SITFa— (aAvy)and STFy — (v Aa).
2.87F (a—B) — ((a— B)AN(y— B)) by (S15), (S1) and SMP.
3. Since ST« 6,SIHF— (BAS) and ST — (0 Af).
4. STH (y—=B) = ((vy = B) A(y — 9)) by (S16), (51) and SMP.
5. ST F (a— ) — ((a — B) A (y — 9)) by (S1) and SMP.
Similarly, ST+ (y — 0) — ((y — ) A (a — 3)).
Therefore, ST+ (o — ) < (v — 9). |

LEMMA 24. If ST+ [ then ST+ (aAf) < «

PROOF. 1. ST+ (aAfB) — ((a A B) Aa) by (S5).
2.8TF(BAa)—= ((BAa)A(aNpP)) yLemma22
3.STHB— (BA(a— (aA(aNf)))) by (Ss) and SMP.
4. 8T + B by hypothesis.
5. STFa— (aA(aAB)) SMP in 3 and 4.
6. SIF (aAfB) <« abylandb. |

LEMMA 2.5. STF o — «a.

PROOF. 1. STF (a A @) <> a by Lemma 2.2.
2. ST+ a— (aAa) by (Si)-
3. ST+ a« aby?2.
4. ST+ (o — (e N a)) < (o — a) by Lemma 2.3.
5. 87TF (a— (aha)) = ((a = (aha)) Ala— «)) by 4.
6. STF a — «a by SMP in 2 and 5. ]

LEMMA 2.6. SZF —a < (a — (a A —a)).
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PRrROOF. 1. STF (a A —a) — (o A —a) by Lemma 2.5.

2. STF ~a— (maA(—aA ((aA-a) — (A -a)))) by Lemma 2.4.

3. SITF —a— (maA (aA-a)— (aA-a)).

4. STF —a — (—ma A ((a A —a) = (a A —a A —a))).

5. 8T+ —a — (ma A (a— (a A —«))) by (S12) and SMP.

6. STF (o — (e N=a)) — ((@ = (@ A—a)) A —a) by (S13).

7. ST F —a < (o — (A —=a)) by 5 and 6. |

LEMMA 2.7. If ST+ — (B A «) then ST F —a < (ma A =f3).

PROOF. 1. STF (aA—a) — ((a A —a) A (=8 A —a)) by (S17).
2. ST+ B — (BAB) by (Sio)
3. STF (an—-aAf)— (aAN-aAB)N (=L A-aAB)) by Lemma 2.1.
4. By a similar argument to 3, ST F (BA-0Aa) — ((BA-BAQ)A
(ma A =B A Q).
5. SI+ B — (8 A «) by hypothesis.
6. SITF(BAa)— ((BAa)AB) by (Ss).
7. 8T+ (B« (BAa)by b5 and 6.
8. STF (BA-a) <« (BAaA-a)by Lemma 2.1.
9. STF (BABA-Q) < (bAoA ).
10. ST+ (ﬂ — (BA (ﬂ A —\OJ))) (B A B A —-a) by (513) and (514).
11. ST+ (B — (BA(BA—a))) < (BA-a) by (51).
12. ST (BA((BAa) = (BAan-q)) < (B = (BA(BA )
by Lemma 2.3 in 7 and 8 and Lemma 2.1.
13. SITF (BA((BAa) = (BAaA-a))) < (BA-a) by (S1).
14. ST+ (BA (@ — (@ A=a))) < (B A —a) by (S13), (S14) and (S1).
15. ST+ (a — (a A =) <> = by Lemma 2.6.
16. STF (BA-LA(a— (aA-a))) < (-8 ABA-a) by Lemma 2.1.
17. ST+ (ma A —f8) < ((a = (e A=a)) A (B — (BA—3))) by Lemmas
2.1 and 2.6 and (S7).
18. ST+ ((a = (aA=a)) A (B — (BA=P))) < [(a = (aA=a)) A
[(BA (& = (aAa))) = (BA-BA (@ — (a A~a)]] by (S13) and (Sua).
19. ST F (maA-p) < [(a = (aA=a) N(BA (@ = (aA-a))) —
(BA=BA (= (A =a)))]] by (51).
20 ST F [(a — (a A=) AN[(BA (@ = (A -a)) — (BA—FA
(@ = (aA-a))]] < [(a = (aA=a)) A(BA ) = (S8 A B A )]l
by 14, 16 and Lemmas 2.3 and 2.1.
21. STF (maA—=p) < [(a = (aAN-a) AN(BA-a) — (B8 ABA Q)]
by (S1).
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22. STF (maNh=0) < [(a = (aA=a)) AN[(BAaAN—a) — (A BA-a)]]
by Lemma 2.3 in 8.

23. STF (aA—a) = ((aA=a) A (=B A BA-a)) by (Si7).

24. STF (BAaA—a) = ((BAaA—-a)A(=FABA-a)) by Lemma 2.1.
25. Similarly, ST F (maABA=8) = ((maABA=L)A(BAaA—)).
26. Thus, from 24 and 25, ST+ (BAa A —a) < (28 A LA ).

27. ST+ (BN a A —a) by Lemma 2.5.

28. STF[(BAaA—a) = (BAaA-a)] < [(BAaA-a) — (7BABA-a)]
by Lemma 2.3.

29. In particular, ST F [(BAaA—a) —  (BAaA—a)] — ([(BAaA—a) —
(BAan-a)] AN[(BAaN—a) = (28 ABA-q)]).

30. STF [(BAaA—-a)— (BAaA-a)l by Lemma 2.5.

3l. STH[(BAaA—a)— (7B ABA-a) by SMP in 29 and 30.

32. STF (maA—f8) « (o — (A —a)) by Lemma 2.4 and (5) in 22.
33. ST F (—ma A=) < —a by Lemma 2.6 and (.S7). |

3. Semi-Heyting algebras: soundness and completeness

In this section we prove that semi-Heyting algebras are the semantics for the
semi-intuitionistic logic.

Any semi-Heyting algebras is a pseudocomplemented distributive lattice,
with the pseudocomplement given by z* = = — 0 (see [4]). Nevertheless,
the operation — on semi-Heyting algebras does not enjoy several nice prop-
erties of the implication on Heyting algebras or even on BC K-algebras. For
example, the order on a semi-Heyting algebra is not determined by the op-
eration of implication. Some of the properties of — in SH are listed in the
next lemma.

LEMMA 3.1. [4] Let L € SH and a,b € L.

Ifa - b=1 then a <b.
If a <bthena<a—b.

(a
(b
(c
(d

=bifand only ifa - b=b— a=1.

)
)
) a
) 1l—a=

PROOF. From a — b = 1 and (SH3) we get a A1 = a Ab, that is a =
a A b, and we have (a). For (b), by (SH3) and since a < b it follows that

a=aA(a—0b) <a—b Property (c) is clear. To prove (d), observe that
a=1Na=1AN(1—a)=1—a. |
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Now we are going to construct the Lindenbaum algebra for this logic.

Let Form be the set of all formulas of SZ. We define a binary relation
on Form by:
a=<pgifand only if STF a — (a A f).

LEMMA 3.2. The relation X is reflexive and transitive.

PROOF. Since ST+ a — (a A a) (axiom (Si0)), @ < «a for every formula .
Let o, 3,7 € Form be such that o < f and 3 <. Then ST+ a — (a A )
and ST+ 3 — (6 A 7). From (S1) and SMP we obtain ST F o — (a A 7).
So a0 = 7. [ ]

If we define now on Form the relation: a = 3 if and only if o < 8 and
8 = «, then the following lemma is immediate .

LEMMA 3.3. = is an equivalence relation.

Let [a] denote the equivalence class of a in Form/= . If we define
[a] = [A] if and only if o < 3, then we obtain the following lemma:

LEMMA 3.4. (Form/= ,=) is a partially ordered set.
LEMMA 3.5. (Form/= ,=) is a lattice.

PROOF. By (52), STF a — (aA(aVp)),so [a] < [aVF]. In a similar way,
from (S3) we obtain [3] < [aV 3]. Let v € Form be such that [a] < [v]
and [B] < [v]- Then ST+ a — (aAv) and ST+ 3 — (BA7). By (S4) and
SMP, ST+ (aV ) — ((aV ) Av) and consequently, [ae vV 5] = [v]. Hence
[a]VI[A] = [aVf]. In asimilar way it can be proved that [a] A[G] = [aAS].
Therefore (Form/=, <) is a lattice. |

LEMMA 3.6. Let a be any formula. Then (Form/= A, V, [aA-a], [a — «)
s a bounded lattice.

PROOF. By Lemma 3.5, it is enough to see that [aA—a] and [a — ] are the
bottom and top element of Form respectively. Let 3 € Form. From Lemma
2.5, 8T + o — « and from Lemma 2.4, ST+ 8 — (A (o — «)). Thus
18] = [ae — @]. Condition J[aA—a] =< [F] follows immediately from (S17). m

Now we define an implication operation on Form/= by: [a] = [] =
[ — ]

THEOREM 3.7. (Form/= ,\,V,=,[a A -a], [a — «]) is a semi-Heyting
algebra.
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PrOOF. By lemma 2.3, = is well defined. Let us see that the axioms of semi-
Heyting algebra are satisfied. By definition, [a] = [of = [o — a]. From
(S13) and (S14) we have [a] A ([o] = [8]) = [e] Alla — 5] = [a A (o —
B)] = [anp] = [e] A[B]. Finally, from (S11) and (S12), [a] A ([8] = [V]) =
[a] A8 — 7] = [aA (8 — 7] = [aA((@AB) — (@A) = [a] Al(@Af) —
(@] =[] A(la A8l = [aAn]) = [a] A (o] A [8]) = (la] A DL)).

Our next goal is to prove that the semi-intuitionistic logic SZ is sound
and complete with respect to the class of semi-Heyting algebras.

First we prove some useful lemmas.

LEMMA 3.8. Let L = (L,A\,V,=-,0,1) be a semi-Heyting algebra.
Fora,b,ce L, aNb<c if and only if a < b= (bAc).

PROOF. Let a,b,c € L. Suppose that a Ab < c. Then a A (b= (bAc)) =
aN[(anb) = (aANbAc)=aNn][(aNb)= (aAD)]=aANn]l=a.

For the converse, suppose that a < b = (b Ac¢). Then a AbAc =
aNbAbANc=aANbA (b= (bAc)) =aAb. Consequently, a Ab < c. |

Observe that in a semi-Heyting algebra the order is not determined by
the implication =.

The following corollary is immediate.

COROLLARY 3.9. Let L = (L,A,V,=,0,1) be a semi-Heyting algebra. For
a,be L, a<bifand only if 1 =a = (a A D).

We move on to soundness. First we are going to prove that if ¢ is one
of the axioms (S1), (S4), (S7), (S15), (S16), (Ss) or (Sy) then ¢ is an L-
tautology for each semi-Heyting algebra L.

LEMMA 3.10. Let L = (L,A,V,=,0,1) be a semi-Heyting algebra.
LiEz=(@Ay) <y=Hnz2))=[y=(yA2)A (@@= (xA2)

PROOF. (a = (aAD)AN (b= (bAc))A(a= (aNc))=(a= (aAb))A (b=
(bAc))A((anb) = (anbAc)) = (a= (aAD)AN(b= (bAc))A((aNbAc) =
(anbAc) =(a= (anb)A(b = (bAc)). The result follows from
Lemma 3.8. |

LEMMA 3.11. Let L = (L,A,V,=,0,1) be a semi-Heyting algebra.
LE@=(@Az)=z= (@A) [y=HAr2)=[y=(yAz)A
(zVy) = (zVy) A2)l] = 1.
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PROOF. (a = (aNc))A[(aVb) = ((aVb)Ac)] = (a = (aNc))A][(aVb)A(a =

(anc))] = [(aVb)AcA(a = (anc))l] = (a = (aAc))A[[(anc)V (bA(a = (an

¢)))] = ((avb)Ac)]. Then (a = (aAc))A(b = (bAc))A[(aVD) = ((aVb)Ac)] =

(a= (anc)) A= (bAc))Al[(anc)V (DA (a (GAC)))]i((aVb)/\C)]
A a

=
(@ = (anNc) AN(Db = (bAc) ((aAc) (bAe) = ((avb)Ac)] =
(a=(aNc) ANb=(bA))NL=(a (a/\c))/\(b (b Ac)). Hence
(@ = (anc) AN(b= (bAc)) <(aVb)= ((aVb)Ac). From Lemma 3.8,
a=(aNc)< (b= (bAc)=[b=((bAc)A((aVDd) = ((aVDd)Ac))], and
by Corollary 3.9, 1 = (a = (aAc)) = [(a = (aNc))AN[(b= (bAc)) = [(b=
(bA ) A ((avb) = ((aVb) A !

LEMMA 3.12. Let L = (L,A,V,=,0,1) be a semi-Heyting algebra.
L (z = (2Az)) = [(z = (z12))A[(z = (2Ay) = [(z = (2A9))A (2 =
(A @A) ~ 1.

PROOF. (¢ = (cAa)) A (c= (
a)) A ((eNa) = ((cANa)ANb)) A
b) = (cANaAb)A(c= (c = (¢ = (¢cNa))A(c= (cAb)). Then
(c=(cha))AN(c= (cAD) <c= (cA(aAb)). The result follows from
Lemma 3.8. [

cA(aND))A(c= (cAb) =(c= (cA
)= (c= (cha)A((chaA

LE@= (@A
(yhx) ANz = z) =

PROOF. (a = (aAb))A(b

(bAa)A((and) = (cA(

(a = (anb))A(b = (bAa))A[(aA(a = (aAb))

(bAa)) = (cAN (b= (bA

) AN[(@nb) = (cA (b= (bA )))] (@ = (a b))A

c)AN(aA(a= (aAb)) = (cA(b= (bAa))) =
aND))A (b= (bAa

(bAa))A(a = c)A[(aN(a= (aAb) ) c

(a= (anb))A (b= (b/\a))/\(a:>c) [(a/\(a:>(a/\b))) (b= (bAa)
(cA(b=(bAa)A(a= (anb)))]= ( (anb)) A (b= (bNI))/\(a
c)N(a=c¢c)=(a= (aNb)AN(b = (bAa))A(a = c¢). Thus (a
(anNO)AN[(b= (bAa)) = [(b= (bAa))A[(a=c)= ((a=)A(b=0))]]] =
(a= (aNb))AN1=(a= (aAb)). The result follows from Lemma 3.8. (]

(a = (aND)A(b=
> (e (a = (21 1) =

LEMMA 3.14. Let L = (L,
LE(x=(xAy)
(ynz) A((z=y) = ((

t~

V,=,0,1) be a semi-Heyting algebra.
(@ = (@Ay)Ally = (yAz) = [y =

y) A (z = x))]]l = 1.
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PROOF. (a = (aAbD)A (b= (bAa))AN(c=b A(c=a)=]cA(a=
(@AND)AND = (bAa))] = [aN(a= (aANd)AD = (bAa))]]A(a=
(@aANb)ANDb=(bANa)AN(c=b)=[cA(a= (aNb))AN(b= (bAa))] =
(aAND)A(a= (aAb)A(b= (bAa))A(c=b)=][cA(a= (aAb))A (b=
(bAa)]=[bADb=(bAa)]]A(a= (aNb)AD= (bAa))A(c=Db)=
(c=Db)A(a= (aNb))A(b= (bAa))A(c=b) = (c=b)A(a= (aNb))A (b=
(b A a)). The identity follows from Corollary 3.9. |

LEMMA 3.15. Let L = (L,A,V,=,0,1) be a semi-Heyting algebra.

@) LE(zAy) = (tAy)A2) = (zAy) = (@Ay) A2) A (2 =
(zA(y=(yAz)))~1

(b) L= (z = (#A(y = (yA2)) = ((z = (2A(y = (yA2) A((Ay) =
((zAy)A2))) =1

PROOF.

(a) By Corollary 3.9 we have to prove that (a Ab) = ((a Ab)Ac) <a=
(an(b= (bAC)). an[(aNd) = ((anb)ANc)] =an[b= (bAc)]
and a A (b= (bAc) A ((anb) = ((a/\b)/\c)) =aA (b= (bAC)).
Consequently ((a Ab) = ((aAD)Ac)) Aa= (an (b= (bAc)))] =
((and)= ((aANb)ANc) ANl =((aAb)= ((aND)Ac)).

(b) By Corollary 3.9 we have to prove that a = (a A (b (bAe))) < (aA
b) = ((aAb)Ac). anbA[a = (an(b= (bAc)))] = bAan(b= (bAc)) =
aNbAcand aANbAcA[a = (aAN(b= (bAc)))] =aAbAcAc=albAc.
Then [a = (aA (b= (bAC)))|A[(anb) = ((aAb)Ac)] = [a = (aN(b=
bA)))AL=a= (aN (b= (bAC))). [

>Q

By an L-valuation of propositional variables in a semi-Heyting algebra L
we shall understand any mapping e from the set of variables into IL. This
mapping can be extended to a waluation of the set of formulas by defining
e(—a) =e(a) = 0, e(a A () =ela) ANe(B), e(aV (B) =e(a) Ve(f), e(la —
B) = e(a) = e(f).

A formula « is an L-tautology if e(a)) = 1 for any L-valuation e. We say
that a formula « is an SH-tautology if it is an LL-tautology for any semi-
Heyting algebra L. The following theorem proves that the logic S7 is sound
with respect to [L-tautologies.

THEOREM 3.16 (Soundness). If ¢ is provable in ST, then ¢ is an LL-tautology
for each semi-Heyting algebra L.
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PROOF. Let ¢ be an axiom of the logic S and L € SH. If ¢ is (S1), (Sy),
(S7), (S15), (S16), (Sg) or (Sy) the result follows from Lemmas 3.8, 3.10,
3.11, 3.12, 3.13, 3.14 and 3.15, respectively.

Let e be an L-valuation. Then

(S2): e(a— (an(aVp))) =ela) =elan(aVp) =ela)= (e(a)A
(e(@) Ve(B))) = e(@) = e(a) = L.

(S3): Similarly e(8 — (BA(BV a))) =1.

(S5) e((anB) — ((anpB)Aa)) = e(ahB) = e(aABAa) = (e(a)Ae(B)) =
(e(0) Ae(B)) = 1.

(S6): In a similar way e((a A ) —

(S10): el — (aAha)) =e(a)
MA@ (@A) = (aA7))))] = (e(o
e(7))) A (e(@) A((e(a) Ne(B)) = (e
((e(@) A (e(B) = e(7))) A (e(a) A (

(S12): e )
(@ = ) —

o
Q
>
2
=
Il
)
£
>
o
2=
\
—~ O
2
£
>

): In a similar way e[(a A B) = (e AB) A (a A (a— 8)))] =1.
S17): e[(a A ma) = ((aA=—a) AB)] = (e(a) Ae(ma)) = ((e(a) A

Ae() = (el@) A (ea) = 0) = (e() A (e(a) = 0) A e(B)) =
0) = (e(a) NOAe(B) =0=0=1ye[la = (aAa))— (ad—
(o A=) A (~a))] = ((e(@)) = 0) = ((e(a)) = 0) A ((e(a) = 0)) = 1.

So we have proved that every axiom is an SH-tautology.

Suppose that ¢ and ¢ — (¢ A a) are SH-tautologies. Then e(¢) =
e(¢p — (¢ Aa)) = 1. Thus we have that e(¢) > e(¢) Ne(a) = e(¢) A (e(p) =
(e(p) Ne(a))) =e(p) Ne(¢p — (¢ ANa)) =1A1=1. Hence e(a) = 1. So « is
an SH-tautology. [ ]

THEOREM 3.17 (Completeness). ST is complete: for each formula ¢ the
following are equivalent:

(a) ¢ is provable in ST.
(b) For each semi-Heyting algebra L, ¢ is an L-tautology.

PROOF. (a) implies (b) is an immediate consequence of Theorem 3.16. Sup-
pose that ¢ is an L-tautology for every semi-Heyting algebra IL. Consider
the Lindenbaum algebra (Form/= ,A,V,=,[a A =a], [a — «]). By Theo-
rem 3.7, (Form/= ,A\,V,=, [a A —a], [a — «a]) is a semi-Heyting algebra.
Now, for each propositional variable p we define e(p) = [p] and we extend
this valuation to the set of all formulas. By hypothesis, e(¢) = [a — a].
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So [¢] = [ao — «] and, consequently, S F (o« — a) — ((a — «) A ¢). From
Lemmas 2.5 and 2.4, ST F ¢. Thus ¢ is provable in the logic SZ. [

The following is a variant of the deduction theorem.

THEOREM 3.18. (Deduction Theorem) Let T' be a theory and let ¢, be
formulas. T U {¢} = ¢ if and only if there is a natural number n such that
TE @™ — (¢" Np) (where ¢™ is N ... NP, n factors). Consequently, since

SITEOND— ¢, TU{d}F 1 if and only if T+ ¢ — (¢ A1)
In order to prove the theorem we need two lemmas.

LEMMA 3.19. If SHE ¢ — (0 Ay) and SHE B — (BA(y — (yA))) then
SHE(ONAB) = (9AB)AY).

PROOF.

STt ¢ — (¢ Av) by hypothesis

SIH(dpNB)— ((6AB)Avy) by Lemma 2.1

SIEB— (BA(y— (yAw))) by hypothesis

SIFE(YAB) = (YAB)A(y— (vAY))) by Lemma 2.1

ST+ (6AB) — ((@AB)AYA(y — (yAY))) by transitivity in 2 and 4
SITE( Ay = (v AY)) = (W A(y = (v AP)A(yAY)) by (S13)
SIH(ONAB)— ((6NAB)A(yAv)) by transitivity in 5 and 6

ST (yAY)— (y A AY) by axiom (Sg)

SIH(pNB)— ((6ANB)AY) Dby transitivity in 7 and 8. |

© X NS TR
N N N TN

LEMMA 3.20. Let T be a theory over ST. Let ¢, be formulas. If T F ¢ —
(¢ A1) then T U{o} F .

ProOF. Clearly TU {¢} F ¢. As T + ¢ — (¢ A1) by hypothesis, then
TU{p} ¢ — (6 AN). By SMP, T U {¢} F 9. [ |

PROOF. (Deduction Theorem) Suppose that there is an n such that 7'
" — (" ANY). Un=1,TF ¢ — (¢ A). From Lemma 3.20, T'U {¢p} - .
n>1TF¢AS " = (6A¢" L AY). By (Ss) and SMP, T F ¢ —
(@A (0" — (¢! Aep))) and consequently, T U {¢} F ¢ — (¢ A (¢" 1 —
(" A ). As TU{6} - 6 by SMP, TU {6} F 6" — (6" A 4).
Applying SMP n — 1 times we have T'U {¢} F 1.

Suppose now that T'U{¢} - . Let v1,..., v a proof of ¥ in the theory
TU{¢}. If k=1, ¢ is an axiom in the logic SH, ¢ € T or ¢ = ¢. Since
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TU{¢} F ¢ we have TU{¢p} F ¢ — (¢ A¢) (Lemma 2.4). If £ > 1, then
vk is obtained by applying semi-modus ponens to v,y — (7 A ). By
inductive hypothesis, there exist n,m € N such that T'F ¢" — (¢™ A;) and
TEQ" — (¢ A(vi — (v A))). From Lemma 3.19, T F (¢" A ¢™) —
(@™ A ™) Ayg). Hence T F ¢ — ("™ A y). |

DEFINITION 3.21. A theory T is contradictory (or inconsistent) if ' - a A -«
for some formula . Otherwise T is consistent.

LEMMA 3.22. T is inconsistent if and only if T & ¢ for each ¢.

PrOOF. If T is inconsistent, T" - a A -« for some formula «. Let ¢ be a
formula. By axiom (Si7), T+ (a A —a) — ((a A =) A ¢). Finally, by SMP,
T+ ¢. The converse is immediate. [

DEFINITION 3.23. Let T be a fixed theory over SZ. For each formula ¢, let
[¢]7 be the set of all formulas 1 such that T'F ¢ < ¢ (formulas T-provably
equivalent to ¢). Let Ly denote the set of all classes [¢]r. We define on Lp:

0:=[aA=a]r, 1:=[a = a7, [plr A[¢]r = [pAd]r, [0V [¢]r = [oV &]r
and [p|r = [¢']r = [¢ — ¢']r. This algebra is denoted by L.

As in Theorem 3.7 it can be proved that:
LEMMA 3.24. L1 is a semi-Heyting algebra.

According to [2, Def. 2.4.1] we adopt the following definition of com-
pleteness.

DEFINITION 3.25. A theory T is complete if for each pair ¢, of formulas,

TH(oVI(p—=1) = (¢—v)or THY — (¢NA).

We say that L € SH is a semi-Heyting chain if the lattice reduct of L is
totally ordered.

THEOREM 3.26. [1] An equational basis for the variety generated by semi-
Heyting chains relative to SH is given by

(zV(E=y)=@=y)Vy=(rry) =1

LEMMA 3.27. A theory T is complete if and only if the algebra Lr is a
semi-Heyting chain.

PROOF. Suppose that T" is complete. Let [¢|r, [¢)]r € L. By hypothesis,
TH(@V(d—=) = (@p—v)or TEY — (¢AY). Then [(¢V (¢ — b)) —
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(@ = Pr=Tor[p = (dAY)r =1 Solr = ((zV(z —y)) = (v —
y))V(y — (zAy)) = 1. Hence, by theorem 3.26 Ly is a semi-Heyting chain.
The converse in immediate since Ly = ((z V (x — y)) — (z = y)) V (y —
(x Ay)) = 1 whenever Ly is a semi-Heyting chain. |

DEFINITION 3.28. (a) An axiom schema given by a formula ®(p1,...,py)
is the set of all formulas ®(¢1, ..., ¢,) resulting by the substitution of
¢; forp; (i=1,...,n) in ®(p1,...,pn).

(b) A logical calculus C is a schematic extension of SZ if it results from
S7 by adding some (finitely or infinitely many) axiom schemata to its
axioms (semi-modus ponens remains the only inference rule).

(c) Let C be a schematic extension of S7 and let L be a semi-Heyting
algebra. L is a C-algebra if all axioms of C are LL-tautologies.

Observe that the algebra Lo of classes of C-equivalent formulas is itself
a C-algebra:
if ®(¢1,...,dy) is an instance of the axiom schema ®(py,...,p,) and e(p;) =

[ilc then e(®(p1,...,dn)) = [®(H],- .., ¢))]c, where ¢ results from ¢; by
substituting 1; for p;. Thus ®(¢],...,¢),) is also an instance of the schema

and therefore [®(¢), ..., ¢} )]c = [1]c.

Then, as in the proof of theorem 3.17 we can establish the next result:

THEOREM 3.29 (Completeness). Let C be a schematic extension of ST and
let ¢ be a formula. The following are equivalent:

(a) C proves ¢.
(b) ¢ is an L-tautology for each C-algebra L.

4. Relationship between the logics 7 and S7

In this section we prove that the intuitionistic logic is an axiomatic extension
of the semi-intuitionistic logic.

LEMMA 4.1. The logic I satisfies the following properties:
(a) I+ (a—p) = (a—(aAp)).

(b) IfTFa— B thenTF (aNy)— (BA7).
() ITFa— (aNa).
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PRrOOF.

F(a—a) = ((@a—=f) = (a—(anp))) by (Tz).

FlaAa)— a by (Ts).

F(((aha) =) Na) —a by (T5)

Fl(((eha) = a)ra) — o] = [((eha) = a) = (@ — a)] by (To).
.Il—((a/\a)—>a)—>(a—>a) by MP in 3 and 4.

.ZFa— a by MP in 2 and 5.

. IF(a—p)— (a— (aAnB)) by MP in 1 and 6.

Ik (aNvy)— a by (Ts).

. ZF a— [ by hypothesis.

. Ik (aANvy)— [ by (T1) and MP.

.IH(aANy) =~ by (T).

Ik (any)— (BA7) by (T7) and MP.

Ik (a—a)— (a— (aNa)) by(a).

I a—a.

. I+ a— (aANa) by MP. |

—
=3
S~—

W N R OU R W N ﬂoamfp'w‘ww

The following lemma states that the logic Z proves all the axioms of the
logic S7.

LEMMA 4.2. If ¢ is an axiom of the logic ST then T = ¢.

PROOF. Let ¢ an axiom of the logic SZ. So ¢ is provable in the logic SZ.
Let I be a Heyting algebra. In particular L is a semi-Heyting algebra. By
Theorem 3.17, ¢ is an L-tautology. Hence ¢ is provable in the logic Z [3]. =

In the following lemma we prove that Modus Ponens coincides with Semi-
Modus Ponens in the logic Z.

LEmMA 4.3. The following conditions are equivalent:

(a) fTFa and T+ a — (3 then T+ 5.
(b) IfTFa and I+ o — (aAB) then I+ .

PRrROOF. (a) = (b)
1. 7+ a by hypothesis.
2. TFa— (aAp) by hypothesis.
3. ZF (aNpB) — (B by (Tp).
4. T+ a— B by (T1) and MP.
5. ZF B by (a).
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(b) = (a)

1. ZTF a by hypothesis.

2. TF a — 3 by hypothesis.

3. IF (aNa) — (aAB) by Lemma 4.1.

4. T+ a — (e Aa) by Lemma 4.1.

.ZFEpB by (b). |

t

From Lemmas 4.2 and 4.3 we can state that the logic Z is an axiomatic
extension of the logic SZ. The following lemma shows that Z does not
coincide with S7.

LEMMA 4.4. There exists a formula ¢ such that T+ ¢ and STt ¢.

PROOF. Let ¢ be the formula (¢ A —a)) — (v — «). Clearly Z - (e A —a) —
( — «). Let L be the two-element semi-Heyting chain with 0 — 1 ~ 0
and consider a valuation e : Form — L. Suppose that ST F (o A ) —
(v — «). By Theorem 3.17, ¢ is an L-tautology. Hence e(¢) = 1. But
l=ce(p)=e((aNa) = (ad—a) =elaN-a)=ela—a)=0=1=0,
a contradiction. So ST I/ (a A —a) — (a0 — «). |
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